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Q1 [8 marks]

Use Green’s Theorem to evaluate∫
C

(cos(x2 − x)− y3)dx+ (x3 − y2)dy

where C is the curve
~r (t) = 2 cos t~i + 2 sin t ~j , −π

2
≤ t ≤ π

2

with direction increasing with t. Notice that C is not closed.
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Q2 [10 marks]

Let ~F(x, y) = P (x, y) ~i + Q(x, y) ~j be a vector field defined everywhere except (−2, 0) and
(2, 0). Let C1 be the circle (x+ 2)2 + y2 = 1, oriented counterclockwise, and let C2 be the circle
(x− 2)2 + y2 = 1, oriented clockwise. It is given that

Py = Qx,
∫
C1

~F · d~r = 2,
∫
C2

~F · d~r = π .

Compute the following line integrals. No credit will be given for answers without an explanation.
You can get partial credit by drawing all relevant curves with their correct orientation.

(a) Let C be the circle (x− 2)2 + y2 = 0.25, oriented counterclockwise.∫
C
~F · d~r =

(b) Let C be the circle x2 + y2 = 25, oriented clockwise.∫
C
~F · d~r =
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(c) Let C be the curve consisting of the four oriented line segments: (−5, 5) to (5,−5), (5,−5)
to (5, 5), (5, 5) to (−5,−5), and (−5,−5) to (−5, 5). (Notice that C is not simple.)∫
C
~F · d~r =
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Q3 [14 marks]

Let S be the surface parameterized by

~r (u, v) = cos u(cos v + 2)~i + sinu(cos v + 2)~j + sin v ~k

where 0 ≤ u ≤ 2π, 0 ≤ v ≤ 2π.

(a) Draw S. (Hint: Try substituting u = 0, π
2
, π, 3π

2
.)

(b) Below is a list of parameterized surfaces. Clearly mark those which also parameterizes S.

A: ~r (u, v) =
〈√

1− u2(2− sin(2v)), 2u− u sin(2v), cos(2v)
〉
, −1 ≤ u ≤ 1, 0 ≤ v ≤ π.

B: ~r (u, v) = 〈− sin v(2− cosu), cos v(2− cosu), sinu〉, 0 ≤ u ≤ 2π, 0 ≤ v ≤ 2π.

C: ~r (u, v) =
〈
sinu(2 +

√
1− v2), cosu(2 +

√
1− v2), v

〉
, 0 ≤ u ≤ 2π, −1 ≤ v ≤ 1.

D: ~r (u, v) = 〈cos(2u)(cos v − 2), sin(2u)(cos v − 2), sin v〉, 0 ≤ u ≤ π, 0 ≤ v ≤ 2π.

E: ~r (u, v) =
〈
v cosu, v sinu,

√
1− (v − 2)2

〉
, 0 ≤ u ≤ 2π, 1 ≤ v ≤ 3.
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(c) Find the area of S.
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Q4 [10 marks]

Let f(u) be a function defined for any number u, and let f ′ = ∂f
∂u

and f ′′ = ∂2

∂u2
f . Consider the

vector field
~F(x, y, z) = f(r)~r

where ~r = 〈x, y, z〉 and r = |~r |. In the following questions, express you final answer in terms of
~r , r, f , f ′ and f ′′.

(a) Simplify grad f(r). (Hint: Use the chain rule.)

(b) Simplify div ~F.
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(c) Simplify curl ~F.

(d) Simplify ∇2(f(r)).
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Q5 [8 marks]

Let S be the part of the cylinder y2 + z2 = 4 lying between the planes x = 3 + 1
2
y + 1

2
z and

x = −1
2
z.

(a) Complete the following parametrization: The surface S can be parameterized as ~r (u, v) =

v ~i + 2 cosu~j + 2 sinu ~k where 0 ≤ u ≤ 2π and f(u) ≤ v ≤ g(u) with

f(u) =

g(u) =

(b) Compute the flux integral
∫∫

S
~F · d~S where ~F(x, y, z) = exyz ~i + ~k and S is oriented such

that its normal vector points toward the inside the cylinder y2 + z2 = 4.
(You may use the identities sin2 α = 1−cos(2α)

2
and cos2 α = 1+cos(2α)

2
.)


