Math 317 Final Exam : August 20, 2015

Final Exam
Math 317
August 20, 2015

Last Name: %O\V\A:\QY‘E _ First Name:

Student # : Instructor’'s Name

, Instructions:
No memory aids allowed. No calculators allowed. No communication devices
allowed. Use the space provided on the exam. If you use the back of a page,
write “see back” on the front of the page. This exam is 180 minutes long.

Rules governing examinations

¢ Each examination candidate must be prepared to produce, upon the request of the Question Points Score
invigilator or examiner, his or her UBCcard for identification.

e Candidates are not permitted to ask questions of the examiners or invigilators, except

in cases of supposed errors or ambiguities in examination questions, illegible or missing 1 17

material, or the like.

» No candidate shall.be permitted to enter the examination room after the expiration of
one-half hour from the scheduled starting time, or to leave during the first half hour of

13

the examination, Should the examination run forty-five (45) minutes or less, no candidate
shall be permitted to enter the examination room once the examination has begun.

o Candidates must conduct themselves honestly and in accordance with established rules

for a given examination, which will be articulated by the examiner or invigilator prior to
the examination commencing. Should dishonest behaviour be observed by the examiner(s)
or invigilator(s), pleas of accident or forgetfulness shall not be received.

e Candidates suspected of any of the following, or any other similar practices, may be
immediately dismissed from the examination by the examiner/invigilator, and may be
subject to disciplinary action:

(a) speaking or communicating with other candidates, unless otherwise authorized;
{b) purposely exposing written papers to the view of other candidates or imaging
devices;

(c) purposely viewing the written papers of other candidates;
(d) using or having visible at the place of writing any books, papers or other memory
aid devices other than those authorized by the examiner(s); and,

17

(e) using or operating electronic devices including but not hmxted to telephones, cal-
culators, computers, or similar devices other than those authorized by the examiner{s)—
(electronic devices other than those authorized by the examiner(s) must be completely

O | | | Tt x| w |
oo
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powered down if present at the place of writing).

e Candidates must not destroy or damage any examination material, must hand in all 9 8
examination papers, and must not take any examination material from the examination

room without permission of the examiner or invigilator,

e Notwithstanding the above, for any mode of examination that does not fall into the 10 6
traditional, paper-based method, examination candidates shall adhere to any special rules

for conduct as established and articulated by the examiner.
¢ Candidates must follow any additional examination rules or directions communicated Tota,l: 100

by the examiner(s) or invigilator(s).
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1. Provide a short answer in the box next to each question.

(a) Compute div (emyz i+ 2% sin(z?y) § + e oos(@) E) .‘

X )(%% ) o 20 5 X ’
Yze ° + 22 oGyt conee o

me+ﬂma+%%
(b) Compute curl (mz T+ 2zyj+ ln(m“yz) E) :
/A AP
A %) 9”\67
T 7 ] | |
3 O _ f4 4 oau-
Yx %y % . ‘“4"3 0, x-% 2y o>
ge ZX) th«?}@\ju{—/&«\% |

(c) It is given that at a certain time, a particle has velocity (1,1,—1) and
acceleration .<2’ 0,1). Find the particle’s normal component of acceleration at this

time.
o
>
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* (d) |3 points| Evaluate [,y dz-+ye® dy where C is the curve ¥ () = titetj, 0<t<1.

A.os Y
e*g@ -/‘-é
4 A
. | . | |
fdeegedy = ) o51veted ol = [ oo ft
C - x:% {7:0 . ‘t:O |
oAx =t
y=et
0‘@*:@“’0&
ﬁ [@“‘?+ ig}ty a Q+4’€/5-—-4—-£ _ e*i‘@%/q‘
2 0 B 3 N 3 3

(e) M Let f(z,y,2) = —cos(z? + y* — 2%) and let F = grad f. The force field

F is moving an object with mass 0.5, from (0,0,0) to (v/, /7, /7). It is given
that the object’s speed at (0,0, 0) is 25 Use the Law of Conservation of Energy

to find the object’s speed at (\/_,\/— /).
\RE WYe
U, = 5?&3,1 ok (0,0,0)

?(xm@\‘: - acuﬂt%k\ = (05 ()61“07"’%7’) QP"MV“‘& wﬁé}
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2
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A
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\)]:\r/\tz
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() Find a potential function for the vector field

F = (ye® + yz cos(zy)) 1 + (€% + zz cos(zy)) §+ (€% + sin(zy)) K

W+ Zhn(xg)+ 2*

F=%p £, = Qb+ hy

T = Y+ Yacoshy) h,= e®

F = Y&+ zgin@y)t 4(4,2) hayz e+ C

547 5 Rz oSyt Ay 5oz Wer+ 28n (Xy) + €5+
dp=0 | |
A= h@)

R Mk 26in (XY ha |

() Find the work done by the force field F of (f) in moving a particle along
the curve #(£) = 11+ (2 —8) J— 2k, 0< ¢ < 1.

et (

~ —?uxiiaww’hl thm, of T in\ezﬁmug
Lork= gF“W = HEw)-F(f0)
= 41,0, - 4(0,0,0)
= [O+ O+ ?f{] «'[O{— O+ e"]

= :@b{,\ {
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2. Consider the curve 9
7 () :ti’+t2j'+§t311:'.

(a) w Find and simplify the unit tangent vector T(¢).

b= Ak U1
s () = 64%%{7? Lt;w = A4

TC%} ((’c\ l_ «K‘ ;Ur2>

\ 4»&1{?1 4+7,[/1 /(J(’Lj(

(b) Find and simplify the curvature x(¢).

ey = (0, 2,4ty

—3 1 T T /&:) /\‘j\tzx '
( (Jt o Gf) 1 b W= <3>“\‘“Z—'Lfklj”"‘f‘h Z>
| © 2 4t |
= | I : .
ke O f)\ B A e S
'@ -
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(c) Find the principal unit normal vector at £ = 1.
T v < M2k 2k (1t _Hb(/\—eu:l 26 ud) |
(t) = (x26)”y  (et?)? |

, A—(—'U&)

T0=(5 % 5)- tinay

- —_— “’.Li 2} H— “;
| T ') S t6+ 4+ br b ©

(d) Find the binormal vector at ¢ = 1.

2= (525

2 = ”\i(ﬂm(/\): ? 3k = {8z 42 4y
' Y My 22, 9,9, 9 B
_1/3 ,,,4/3'97?/2

e) M Find the equation of the osculatlng plane (the plane containing the os-
culating circle) at ¢ = 1.
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3. Find the arc-length parametrization of the curve .
— — l ) —
F(t) = sin(¢?) 1+ cos(t?) j + St + 1)%2 k

starting from ¢ = 0. ,

_ , ‘ 4
T = {ateos(£), -2t sialt?), {;"%_’H(uﬁfl)Z?
~ | , {
[P @ = | U cos (k) + HE> sin(E2) + Ut + 4 G

/
= Lyer=ut +11" = 244
S = j(ZM-F’()GlJ(,L:[ul’FUJi = t5+t
O
t* 4t -4 =0
"'E = 1i \};’qu | (‘)ja,lce “fF“ bQCﬂW-ge g ig PO{)LF'H\/Q)
() = 3 X qu)"")"f +
cos (0T 1)) T +
%
1@(24%5 _—1)7'?" I
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4. Let S be the surface obtained by revolding the graph of & = z%, —1 < z < 1, around the
T axis.

(a) Give a parametrization of S.

c (7,6) = { x, s, f‘s‘ir\@>
~ &1 L)
0 %6 g

(b) |5 points| m Evaluate the surface integral [[y+/4x? +1dS.

— 3 . q
- — b J? K (-—\ji(_/—%
Q - X Sir\‘a x &‘*759 ~2 5 @7

| & {%xﬁw 2 c@s?@Jr?b snle] ‘! UxCltxt = 25 i
U A
SSlLV’/-M &g S Sx&qx"« xm &%&9
x=

8]

Q=0
! {
= o 4rte iy = o[ *4"3]
: p S | -1
= ‘L’r[‘i U }
A
= oqp. AxES=<lve o BY

Ag 15
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5. Use Stoke’s Theorem to evaluate the integral
\?

Y R
/ (yz\:— e“’z)dx + (z +\g\;ey2+zz)dy + (y.;zeyz*'”_z)dz ‘: <P Q R>
- Jo T

where C'is the triangle with vertices (2,0, 0), (0,3,0), (0 0,4), oriented clockwise when
viewed from above.

Let & be the node of e "bﬂw“i)la c,
oriented &w&i hen C = %

%3 Ftalkes T‘f\e’o‘(\m? SEA? = Sjwiﬁig

~l%je* ‘j 0, 4-%) = <4‘34%>
?arwmwnu 3 Fluyy = {2,0,0) +UL-2,3,0) +5C-2,0, 1)
' = L2-2u-3v, 3u, UeS

curl B = {4+ 292.¢°

R N W AR Y

<°'1 3,0p% {2, vy = <Al)g @7 — Pomﬁ gf_v ward |

A

jj c,wrmg J‘Z = -—5 J(’! ?;\.{ AUy UZ,% (971\:'0[“

- =3
R

A a-u tre v 4 -y
f:—’—j §’\&+wu~%(9v&uwﬁud& = -j ['(XU'—P 3"’@\1‘»’@)\)’7‘1 (IM

‘K?o ¥=0 Uu=o 0

A .

= ”54%(4~\A)+&L\u(4~\)\)»4&(4—\4)20'1&'

V.50

| 1
= ’J_'%%xuﬂww—mﬁum%uuvmuzcm §é+ 20u - %u%lu
U=o0

= “’[6u+4§'u1_4a,u?’]l = -'[[9445— 42] ‘ 9!




An albemdave Colubion bq one of the dudenfs wL\o
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6. Let B be the region bounded between the paraboloids z = 4 — z2 — 92 and
z = z?+y? and let S be the boundary of E with outward orientation. Use the Divergence

Theorem to evaluate [, F - dS where
F=Wl+22—o)i+ @B +32)j+V1+a2 -z k.
(T‘/\.Q/ F&m\o o\'ahi (&‘% W\Z&% w\\;u\

KET =y ar-uT.
2% zv,jl —

A

Therefore £ = { (X\Y,2)
: o gol_(:\ﬁ?, 42 < L{"’X}"\S’L

i B = _«37-,(_ ?_)«a?; _ﬂé?.» — 4232_

By the divexognce Yagorems

5#? 13 —-&”-ﬁvF:&yQ 55 oy .
° Al Ay

= { %%z = 297) Ay %Jj~' |
ey, e U % J jfls‘“‘ze(”"lr?’)f&r&e

.,r(,@S@ 9=0 r-g

o : 5 Y = sing
—_— 5 C A2 3 2, WI( A
= . 2 -

. =0 =0 .

— | A A . bt
= [ 20 - Y sin(29) [ o4

[7/ v m(z_e:Jo | .T - rél [, ZT—:( [Lf _ ‘_1

¥ A

I
a.
\
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7. Let ¥ = (z,y,2), r = | (z,y,2) | and

& ) _ r _ T Y Z
(:E,y,z =3 (:122 + 92 +z2)3/2 ? (wz + 2+ z2)3/2 ’ (3;2 + 2 +z2)3/2 .

a) m Let S denote the sphere z? + 92 + 2% = (£)? with p051t1ve orientation.
Evaluate the flux integral [f,F

\ﬁ**&i:ﬁiiﬁﬁérf s

S c ©
N _
= BEdS = LS
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(b) Let R be the part of the plane z = —1 lying inside the cylinder z?4+y? = 1.
Evaluate the flux of F though R downwards.

(P&Afam“bri%g R: ¥ (X\U\S)':(\;(.L)rﬁ

Ky <

N= = Lo,0. v §
I {0,0,-17 B x“k\/\zﬁ
P Fal= o sopod 2o =

Jf?rﬁ? jf MJ% (|- )(x;mé?ém Ay 4 dedy
R | |

LS
) . oar A
-
’S (g e " T j S QRN dede
le)“tg\ 820 =g
Lz reoLp
A= 0s1n0
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™ A O{}A 4
EZKjlgizm.ij__v 5z
r;(g\' ‘-\’«) /. T 2 ug/l —_ Tt 2-‘./‘&
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{
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+
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(c) Simplify div F = div(¥ /r3).

= L )
PQW?—&: 2 v + od

: 4 _ -
277 4 [~ Megad ) ¥

= AT e E 2 BN (k)

V‘) V@(‘

i

—_ -3 - —H ztolexr
207 as_q?(;%

= 2¢2 _Lev x> |

(d) |3 Let S’ be the part of the paraboloid z = 1 — 2z% — 2y? lying above the

plane z = —1, oriented toward the positive z-axis. Use your previous answers and
the Dlvergence Theorem to evaluate [f, F.dS. :

Let E be “he cedjon \DO\W\M bekueen
R Ow\&% , Qx(@?\r M\A%\(Q-Q,O‘\: S.

QE = Q+«R-5
B\CJ) '\’\(\g, ’D-\W(%@“CGT\(\@Q\(@M

. |
= 855 die® Aol = S+ 55~
= 2

S R g
'PT\f\@wz,‘GQ‘(\e
Ifeds = JJedi- iz 42
,g? g |
= HT —(2- BT = |2+t
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8. For each of the following closed oriented curves, find an oriented surface S whose
boundary is the given oriented curve. You must describe the surface in words, draw it,
give a parametrization, and indicate the orientation (e.g. by drawing the normal vector
field, or by writing “upward”, “downward”, etc.). If the surface is made of several pieces,
give a parametrization and an orientation for each of the pieces.

(a) C is the intersection of the cylinder 22 4 y? = = with the surface
z = cos ¥y, oriented clockwise when viewed from above.

S'is the pat of Z=cosy inside the
. 2. .
Cfindar ¥*eyt= T7, oriented dowmosd

- .
Thagl= &y sy
eyt /4

(b) [6 points | C consists of the five oriented line segments: (0,0,0) to (0,1,0), (0,1,0)
£0 (0,0,1), (0,0,1) to (1,1,0), (1,1,0) to (1,0,0), (1,0,0) to (0,0,0).

S=gQu5, |
,2_ s the Jcﬁmeée, with vertices
(0,4:0); (0,0,4) , (1. 10) | Oviented “\""‘mlf
() = €90,0,4) tudo, 4,1+ gl -0
= Uk aou-vy

02Usl, 04y 4y

gzl’ (¢ e Square wikh vertices
(0,0,0), (2A0) | (1,4,0) ,(,5,0)
ociented  dowdnwosd,

) = U0y o g u<gy
A

w<

(/\ N

a
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9. Determine whether the following vector fields are conservative in the domain
{(=z,) # (0,0)}. No marks will be given for answers without a correct explanation.

? Yy oz
() [4 points| m (z,9) = +y21+ 2?4 g2 )

'\P \Q

(\;\}(L howe. @ P\c’) ‘\au‘\' M domain s ot ‘Stm() ‘a Conh@f}é&)
We £ind £ i # ﬁ% clc 1=0
- | )
N x14\5;x 4 . C(‘j) :D
F = Ealing pound ,5:_@ —
e S Iy = 1 T2 Sy 4D
A . N ) —
A = 298y %M[,g F $V.P)
= LL, g -4 N ‘ — | |
2 "+ Cly) = LQ”‘("*‘jﬁL)*‘rC(D*) F s (Qnsgﬁrairivel

- 4, 2 \ - | -
£ -2 ;%ﬁc%) = %ﬁﬁ )

. = -y 2 Z e

) o] 89) = 55205 T4 s
N\ < AN

P Q

E\\)Q \\OJ\H?, @xtﬂ)% f\Du,\’ jVY/\;), &mﬂa}f\ c\5 V\D\’ %\M?la (‘;OYW‘;QU{\Q&,J |
Let C e "th curve ?(Jc):@os% SMP> oL t£ uw

;E Fde = j < S Co‘;k> <’Sml' (Lost) aﬁt fﬁ,_(_cpc =T

[N

?(vca) | ,.r '

The inkegral of P almg Hhe closgd core ¢ b pof

= T ¥ wb congraivel

T,
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10. Evaiuate

/ (m+y +ycos(a®y?))dz + (n° + 3z + = cos(z”y?))dy
AT

where C is the line segment from (0, 2) to (3,0).
(Hint: Some of the terms simplify when z =0 or y = 0.)

QX‘“ P?) = 3+ s (ry?) - Ksin (xlb?— *2765;1 |
| —1 - Oos(xlljiir‘af ‘;m()&fj ZD% =7

Lt ¢y <%’0>/°Sfé3‘ 'r @’4 %[?’0
Cy: <Oi‘{3> ,.o.s”f;ézi E@:Q(;ﬂ':1

D = the inside of e %ianala with verticeg 0,2), 0, ),(0f0)
{%6 Cﬁ‘\e@ns ”\Zwr’,m Sy&)(-R& JK% y f J

Cﬁ Cy Ce
N 2
.JDJQ"—PB chfl,é J ?Jx _{_@Aa ggdﬂ@ |
L

= ~2A-M(D) - 5(:—{5%0):0& + J ([‘t-(-o)ﬁf
. tro t-o -

-7

-— P
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