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1. ROTH’S PROBLEM ON THREE-TERM PROGRESSIONS

In 1953 K. F. Roth [37] proved that the largest subset of [N] :=
{1,2,..., N} containing no three-term arithmetic progression x,z +
d,z + 2d has size o(N). Working through his proof (suitably inter-
preted) one can even get a quantitative bound of the form O(N/ loglog V).
This then naturally leads to the following question.

Roth’s Problem. What is the size of the largest subset S C [N]
containing no three-term arithmetic progressions?

Most of the progress on this problem since Roth’s seminal work
makes heavy use of a “density increment argument” pioneered by him.
The idea is that if one assumes S C [N] has no three-term progression,
and if |S| = aN and N > Ny(a), then one can show that there exists
an arithmetic progression P := {a,a+d,a+2d, ...,a+kd} C [N], where
k > N'Y27°() such that |S N P| > a(l + ca)|P| for some ¢ > 0. By
translating and rescaling, one then has a progression-free set 5" C [N'],
|N’| > N1/272M) 18| > a(1+4ca)|N’|. Tterating this (staying above the
No(a) threshold for the interval length), eventually one reaches a con-

tradiction if & > ¢’/ loglog N, because if « is this big, one of the sets S”
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so constructed would have to have density 1, yet also is progression-free.
Thus, if the original S is progression-free, then |S| < N/loglog N.
Further refinements on the idea included achieving a greater den-
sity increment per iteration relative to the length of the interval [26,
42], resulting in bounds for progression-free sets of the type |S| <
N(log N)™°, for some 0 < § < 1/2. Replacing density-increments
on sub-progressions (as in Roth’s method) with density-increments on
so-called Bohr-neighborhoods, Bourgain [10] achieved a bound of the

form |S| < N blg();#gNN. Then in a series of papers by himself [11] and

Sanders [38, 39] the bound was improved to |S| < N(log N)~'*°M). Im-
proving this bound even a little bit (lowering the —1 to —1 — ¢) would
establish the special case k = 3 of the following famous conjecture [19],
which if proved would give a far-reaching generalization of Szemerédi’s
Theorem [43].

Erdés-Turan Conjecture on k-term arithmetic progressions.
If Ais a set of positive integers such that ) _, 1/a diverges, then for
every k > 2, the set A contains a k-term arithmetic progression.

The best quantitative bounds in the direction of addressing this the-
orem in the general case (for all values of k) are due to Leng, Sah, and
Sawhney [28], who recently proved that for every k& > 5 there exists
cx > 0 such that the largest subset S of [IV] having no k-term arithmetic
progressions has size |S| < N exp(—(loglog N)*). This improved
upon Gowers’s bounds [21] that |S| < N (loglog N)*2_2k+9. In the case
k = 4, Green and Tao [24, 25] established the bound |S| < N(log N)~¢
for some 0 < ¢ < 1.

Bloom and Sisask [7] were the first to prove the above conjecture
for k = 3, building on the work of Bateman and Katz [5], by show-
ing that for N > Ny the largest progression-free set S C [N] has size
S| < N(log N)~'7¢ (for some explicit ¢ > 0). Then, in a remark-
able breakthrough, Kelley and Meka [27, 8] improved this to |S| <
N exp(—c(log N)¥/1?), which Bloom and Sisask [9] refined to give |S| <
N exp(—c (log N)'/?). These bounds are not far off from the best possi-
ble, since from the work of Behrend [6] it was known that there exists a
three-term progression-free set S C [N] satisfying |.S| > N exp(—(2+/log 4+
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0(1))+v/log N). This was improved by Elkin [17] by a small factor tend-
ing to infinity, and then recently Elsholtz, Hunter, Proske, and Sauer-
mann [18] gave a substantial further improvement |S| > N exp(—(C +

o(1))y/1og N), where C' = 2/log(24/7)log(2) < 24/log 4.

2. FINITE FIELD SETTINGS

As we saw, the main difficulty in Roth’s original approach was getting
a high enough density increment of the set along progressions, relative
to their (the progressions) size. Meshulam [31] considered what this
argument gives in the case where instead of working with subsets of
intervals in the integers, one works with subsets of the finite field vector
space ). The case p = 3 is known as the cap set problem.

In Meshulam’s treatment of the general case ), rather than getting
a density increment inside a sub-progression at each iteration (of Roth’s
argument), one gets a density increment on affine subspaces (translates
of subspaces) t+V where dim(V') = n— 1. Since these affine subspaces
are p"~! in size, one can run the density increment argument for more
steps than if one’s sets S were drawn from integer intervals [N] when
N = p"; and, furthermore, the whole argument is more elegant and
simpler than the integer case, while also containing many of the same,
or analogous, difficulties. In fact, this is true of many additive combi-
natorial problems [22, 48, 34]. Thus, it is often fruitful when trying to
solve a problem over Z, say, to first see what one can prove for an F}
analogue of that problem.

In the end, Meshulam proved that the largest subset S C I} without
three-term progressions (or solutions to = + y = 2z) satisfies

n
15| < 22

Meshulam’s proof uses Fourier methods, but in [30] Lev developed a
purely combinatorial approach to achieve the same bounds.

Significantly improving upon Meshulam’s bound was considered a
major challenge, and Terry Tao [44] even once referred to the overall
problem of understanding the size of sets without three-term progres-
sions in [F% as “perhaps my favorite open question”.

Bateman and Katz were the first to make major progress on it,
proving that there exists ¢ > 0 such that in the case p = 3 one has
|S| < 3"/n'*te. Then Ellenberg and Gijswijt [16], building on our work
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in [13], used algebraic methods to prove that for every prime p > 3
there exists d, > 0 such that |S| <, (p—6,)". Further algebraic gener-
alizations of the method were given by Tao, Sawin [45, 46], and Petrov
[35].

More recently, Kelley and Meka [27] have developed a combinatorial
argument (one ingredient of which being [14]) to prove weaker bounds,
but still much stronger than other combinatorial and Fourier-analytic
approaches, achieving |S| < 27/ pn.

Lower bounds were proved by Edel [15] for p = 3 giving the exis-
tence of a set S without three-term progressions that satisfies |S| >
(2.217389)"™. This then was improved upon by Tyrrell [47] to |S| >
(2.218)", by Romera-Paredes et al [36] to |S| > (2.2202)", and by
Naslund [33] to |S| > (2.2208)". Recently, Elsholtz, Hunter, Proske,
and Sauermann [18] achieved a general lower bound of the shape |S| >
(ep)™ for some ¢ > 1/2 for all primes p > 3.

3. THE RISE OF ALGEBRAIC METHODS

Algebraic methods have been used in several ways in the fields of
finite geometries, additive combinatorics, and additive number theory.
For example, the Chevalley-Warning theorem can be used to quickly
prove a special case of Olson’s theorem [1] (among many other uses of
it); and Stepanov’s method [41] can be used to count points on curves
over a finite field.

More relevant to our discussion is perhaps Alon’s Combinatorial
Nullstellensatz [2], one version of which is:

Theorem 1. Suppose F is a field and let f(z1,...,z,) € Flz1,...,2,].
Suppose the degree deg(f) of f is Y I ,t;, where each ¢; is a non-
negative integer, and suppose the coefficient of [}, a:f in f is nonzero.
Then if Sy, ..., S, are subsets of F' with |S;| > ¢; + 1, there are s; € S,
So €S9, ..., 8, €S, so that f(s1,...,8,) # 0.

To apply this sort of result, one needs to encode the combinatorial
problem under consideration in terms of vanishing of some low-degree
polynomial, and then show that the properties of the polynomial (re-
flecting the original combinatorial problem) are inconsistent with the
low-degree condition.
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This style of reasoning was used in our paper [13] on three-term
progressions in Z}, as we will now discuss.

In [29] Lev had generalized Meshulam’s result to arbitrary finite
additive abelian groups G, showing that if S C G has no three-term
progressions then |S| < 2|G|/rank(2G). Here, 2G = {2¢ : g € G},
and rank(H) denotes the unique number 7 in a decomposition H =
Lg, @ -+ @ ZLg,, di|ds|---|d.. Note that in the case G = Z} we have
that rank(2G) = n, so |S| < 2-4™/n. Using Fourier methods, Tom
Sanders [40] gave a stronger bound |S| = 0(4"/n). And in our work
[13] we used algebraic methods to prove

|S| < 4", where ¢ ~ 0.926,

thus giving an “exponential improvement” over previous results.
A key lemma in our work was the following.

Lemma 1. Let F be a field. Suppose n > 1 and d > 0 are integers, and
let f € Flxy, ..., x,] be a multilinear polynomial (that is, all monomials
are square-free) of degree at most d. Suppose A C F" satisfies |A| >
22 o<i<do ("). If fla—b) = 0 for every a,b € A with a # b, then
f(0)=0.

The way this lemma can be used to deduce strong bounds on progression-
free sets in Z} is as follows. (We will not give here an optimized version
of the argument with the bounds claimed above, but rather just an
easy-to-follow one.)

First, let F,, < Z} be the subgroup of the 2" elements of {0, 2}", and
for a subset A C Z} we let A; denote the set F,, N (A —t). We note
that A;, Ay + Ay and 2% A = {2a : a € A} all are subsets of F,.
As an additive group we have that F), is isomorphic to Fy; and so we
can treat these three sets as subsets of F3. In fact, if p : F,, — Fy is
the obvious group isomorphism, we can define A" = p(2x A) and define
Al = p(Ay).

Now we suppose we have a set S C Z} having no three-term pro-
gressions. And let us suppose, for simplicity of discussion, that each of
the sets S; either has 0 elements or has N elements, for some N (one
could imagine removing some elements from S until this “either empty
or N elements” condition holds, without much shrinking the size of S).

So, [ = [p(2 % )| = |S|/N.
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The set S having no three-term progressions implies that all the
restricted sumsets S;+S; + 2t = {51 + 52+ 2t : 51,80 € S}, 81 # 2}
are disjoint from 2 x S. The same will be true of S{+S; + p(2t) C F3
and ' = p(2* S) C F3.

The idea now is to let f(z1,...,x,) € Fa[zy,...,z,] be a multilinear

polynomial of as low a degree as possible that vanishes on S’ = F3 \ S’.
Given a degree d we know there are Z?:O (’Z) square-free monomials
in xy,...,x, of degree at most d; and an easy degrees-of-freedom or
dimension-counting argument shows that if this sum exceeds [S’| =
2" — |S|/N, then there exists such a polynomial (that vanishes on S)
of degree at most d. Furthermore, this polynomial f will be non-zero
and does not vanish on all F7.

We will assume d is minimal such that this holds.

Now, for every ¢ such that S} # 0, since S/+S;+p(2t) C S, we would
have the polynomial g(xy,...,z,) = f((x1,...,x,) + p(2t)) vanishes on
Si4+S). By Lemma 1 if |S]| = N > 22 o<i<da ("), then we would also
have that ¢((0,...,0)) = 0, which means f(p(2t)) = 0. Since this holds
for all those ¢t with S; # 0 it would follow that f also vanishes on
S'. Since f vanishes on S’ and S’, f vanishes on all of F}, which is a
contradiction.

If one now considers the possibilities for |[S| and N > |S]/2" so that
both N <23 i 4 (") and S (") > 2" —|S|/N hold, one will see

this forces |S| < 4" for some ¢ > 0.

Ellenberg and Gijswijt [16] adapted the algebraic argument in the
Zy case to prove similar bounds for . Their proof turned out to be
simpler, partly because they didn’t have to deal with an analogue of
cosets of F,.

They proved that for every prime p > 3 there exists 0 < ¢, < 1 such
that if S C ) contains no three-term progressions, then

S| < p".

Taking inspiration from these papers, Terry Tao [45, 46] introduced
what he called a “symmetric formulation” of the methods from [13] and
[16]. He and Will Sawin [46] introduced the so-called slice-rank, which
for the case of 3 variables x,y, z (the case of interest to proving bounds
on sets without three-term progressions) can be defined as follows.
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Slice-Rank. Suppose that F is a field, A C F is a finite set, and f is
an [F-valued function on the cross product A x A x A. The slice-rank
of f is the minimum number d > 1 such that one can write f as a
linear combination (over IF) of d functions of the forms g;(x)h(y, 2),

gg(y)hg(l’, Z)v and g3<2)h3(l’, y)
And one of the results he proved about this is the following.

Lemma 2. Suppose A is a finite subset of a field ' and suppose that
f(z,y,2) : Ax Ax A — Fis the “diagonal map” — that is, f(z,y,2) =1
if ¥ =y = z, and is 0 otherwise. Then the slice-rank of f is |A].

The idea for how to apply this is to assume S C F%, say, has no
three-term progressions. Then, f(Z,v,2) = [[;_,(1 — (@ + yi + 2:)?) is
the diagonal map on S x S x S, because first note that f takes either
the value 0 or 1 (it cannot take the value —1); and then in order to
be 1 we would have to have all x; + y; + 2; = 0, which would mean
r+y—+2z = 0. Then, since S has no three-term progressions, this could
only happen if x =y = z.

Next, we expand f into monomials % - - - inyt - - - yfn 21 ... 2Fn where
the exponents are in {0, 1,2} and have sum < 2n (since the degree
of fis 2n). And now the idea is to write this linear combination of
monomials as a linear combination of functions of the form f(z)g(y, z),
f(y)g(x, z), and of the form f(z)g(x,y). For each choice of iy, ..., i,, with
ih+ -+ +1i, < 2n/3 we group all the y,’s and z,,’s together that ap-
pear and call that g(y, z), and then f(z) = 2% - - x'». We do a similar
grouping for each choice of jy, ..., j, when j; + -+ + j, < 2n/3 for all
the remaining terms (after excluding those where 7y + - -+ + 4, < 2n/3
we already counted) in the monomial expansion of f, except we get
functions of the form f(y)g(z, z); and then the remaining terms will all
have k1 +- - -+ k, < 2n/3, and we get functions of the form f(z)g(z,y).

If one counts up the number of different functions of each of the
three types (f(z)g(y, z) or f(y)g(z, z) or f(2)g(x,y)), one gets a linear
combination involving at most

n!
3 Z alble!l’

a+b+c=n, b+2c<2n/3
a,b,c>0
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terms. Since this is an upper-bound on the slice-rank of f, Lemma 2
above tells us it is also an upper bound on |S|. And now it is not hard
to see that this upper bound has the form 3" for some 0 < k < 1.

4. FURTHER APPLICATIONS

One of the early applications of the various methods [13, 16, 40]
from the previous section was the work of Naslund and Sawin [32] on
upper bounds for 3-sunflower-free sets. That is, suppose F is a family
of subsets of {1,2,...,n} that does not contain a triple of sets A, B,C
with the property ANB=ANC=BnNC.

Erdés and Szemerédi [20] proved that that any such family F must
satisfy |F| < 2"exp(—cy/n). Then, Alon, Shpilka, and Umans [3]
showed that upper bounds on the size of capsets (progression-free sets
in F7) translate into upper bounds on the size of 3-sunflower-free sets;
and then using the capset bounds from [16] one obtains a bound of
the shape |F| < ¢, for some ¢ = /1 + 2.7552 = 1.9378.... However,
Naslund and Sawin [32] further strengthened this by applying the poly-
nomial method directly to the problem (rather than passing through
capset bounds) to obtain the stronger bound |F| < (2/2%/3)"(1+e(1) ~
1.889881574n(1+0(L),

In [4] Blasiak, Cohn, Grochow, Naslund, Sawin, and Umans used
these algebraic methods to rule out the existence of a certain type
of fast matrix-multiplication algorithm that could multiply two n x n
matrices in time n?t°M. This type of algorithm had been conjectured
to exist by Cohn, Kleinberg, Szegedy, and Umans [12].

5. DIRECTIONS

Here we list a few questions worthy of consideration.

e Can algebraic methods be used to estimate the size of the largest
set S without a k-term progression in Fy, for k > 47

e Can one use the algebraic methods in the restricted difference
settings? For example, how large can a subset S C [F§ be given
that S does not contain any three-term arithmetic progression
with the difference in {0, 1}"?

e Along the same lines — but more general — is the question of
addressing exactly which problems can be solved by the kinds
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of algebraic methods in this paper. The work [35] is perhaps a
path towards addressing this.

e Can these methods be extended somehow to address questions
in the integers? Progress on three-term progressions in subsets
of integer intervals is already fairly advanced, thanks to the
recent work of Kelley and Meka [27]; however, it would be nice
to have other approaches.

e [s there a way to unify all the different algebraic methods for
proving combinatorial statements, such as uses of Chevalley-
Warning, Stepanov’s method, Alon’s Nullstellensatz, and now
the methods for proving strong bounds on sets without three-
term arithmetic progressions? Are they all really “the same
method” in some sense?

REFERENCES

N. Alon, S. Friedland and G. Kalai, Regular subgraphs of almost regular
graphs, J. Comb. Theory Ser. B, 37 (1984), 79-91.

N. Alon, Combinatorial Nullstellensatz, Combin. Prob. Comput. 8 (1999),
7-29.

N. Alon, A. Shpilka, and C. Umans, On sunflowers and matriz multiplication,
Comput. Complexity 22 (2013), 219-243.

J. Blasiak, T. Church, H. Cohn, J. A. Grochow, E. Naslund, W. F. Sawin,
and C. Umans, On cap sets and the group-theoretic approach to matriz mul-
tiplication, Discrete Anal. 27 (2017), Paper No. 3.

M. Bateman and N. Katz, New bounds on cap sets, J. of the Amer. Math.
Soc. 25 (2012), no. 2, 585-613.

F. A. Behrend, On sets of integers which contain no three terms in arith-
metical progression, Proc. Nat. Acad. Sci. (PNAS) 32 (1946), 331-332.

T. Bloom and O. Sisask, Breaking the logarithmic barrier in Roth’s theorem
on arithmetic progressions, https://arxiv.org/abs/2007.03528

T. Bloom and O. Sisask, The Kelley—-Meka bounds for sets free of three-term
arithmetic progressions, https://arxiv.org/abs/2302.07211

T. Bloom and O. Sisask, An improvement to the Kelley-Meka bounds on
three-term arithmetic progressions, https://arxiv.org/abs/2309.02353

J. Bourgain, On triples in arithmetic progression, Geom. Funct. Anal. 9
(1999), 968-984.

J. Bourgain, Roth’s theorem on progressions revisited, J. Anal. Math. 104
(2008), 155-192.

H. Cohn, R. Kleinberg, B. Szegedy, and C. Umans, Group-theoretic algo-
rithms for matriz multiplication, Proceedings of the 46th Annual Symposium
on Foundations of Computer Science (FOCS), October 2005, Pittsburgh, PA,
pp. 379-388

E. Croot, V. Lev, and P. Pach, Progression-free sets in Z} are exponentially
small, Ann. of Math. 185 (2017), 331-337.



10
[14]
[15]
[16]
[17]

[18]

[19]

[20]
[21]
[22]
[23]

[24]

ERNIE CROOT, VSEVOLOD F. LEV, AND PETER PAL PACH

E. Croot and O. Sisask, A probabilistic technique for finding almost-periods
of convolutions. Geom. Funct. Anal. 20 (2010), 1367-1396.

Y. Edel, https://www.mathi.uni-heidelberg.de/ yves/ Ma-
tritzen/CAPs/Is/lindex.html

J. Ellenberg and D. Gijswijt, On large subsets of Fy with no three-term arith-
metic progression, Ann. of Math. 185 (2017), 339-343

M. Elkin, An improved construction of progression-free sets, Israel J. Math.
184 (2011), 93-128.

C. Elsholtz, Z. Hunter, L. Proske, and L. Sauermann, Improving Behrend’s
construction: Sets without arithmetic progressions in integers and over finite
fields, https://arxiv.org/abs/2406.12290

P. Erdos. Problems in number theory and combinatorics, Proceedings of the
Sixth Manitoba Conference on Numerical Mathematics (Univ. Manitoba,
Winnipeg, Man., 1976), Congress. Numer., XVIII, pages 35-58. Utilitas
Math., Winnipeg, Man., 1977.

P. Erdés and E. Szemerédi, Combinatorial properties of systems of sets, J.
Comb. Theory Ser. A, 24 (1978), 308-313.

W. T. Gowers, A new proof of Szemer “edi’s theorem, Geom. Funct. Anal. 11
(2001), 465-588.

B. J. Green. Finite field models in additive combinatorics. Surveys in combi-
natorics 2005, p. 1-27. Cambridge Univ. Press, Cambridge, 2005.

B. Green and J. Wolf, A note on Elkin’s improvement of Behrend’s construc-
tion, Additive number theory, Springer, New York (2010), 141-144.

B. Green and T. Tao, New bounds for Szemerédi’s theorem. II. A new bound
for r4(N), Analytic number theory, Cambridge Univ. Press, Cambridge,
2009, pp. 180-204.

B. Green and T. Tao, New bounds for Szemerédi’s theorem, III: a polyloga-
rithmic bound for r4(N), Mathematika 63 (2017), 944-1040.

D. R. Heath-Brown, Integer sets containing no arithmetic progressions, J.
London Math. Soc. 35 (1987), 385-394.

Z. Kelley and R. Meka, Strong bounds for 3-Progressions, 2023 IEEE 64th
Annual Symposium on Foundations of Computer Science (FOCS), 933-973.
J. Leng, A. Sah, and M. Sawhney, Improved bounds for Szemerédi’s theorem,
https://arxiv.org/abs/2402.17995

V. Lev, Progression-free sets in finite abelian groups, J. Number Theory 104
(2004), 162-169.

V. Lev, Character-free approach to progression-free sets, Finite Fields Their
Appl. 18 (2012), 378-383.

R. Meshulam, On subsets of finite abelian groups with no 3-term arithmetic
progressions, JCT-A 71 (1995), 168-172.

E. Naslund and W. Sawin, Upper bounds for sunflower-free sets, Forum Math.
Sigma, 5:e15, 10, 2017.

E. Naslund, Lower bounds for the Shannon Capacity of Hypergraphs, manu-
script. 2024.

S. Peluse, Finite field models in arithmetic combinatorics — twenty years on,
https://arxiv.org/abs/2312.08100

F. Petrov, Combinatorial Results Implied by Many Zero Divisors in a Group
Ring, Funct. Analy. Appl. 58 (2024), 80-89.

B. Romera-Paredes, M. Barekatain, A. Novikov, M. Balog, M. Kumar, E.
Dupont, F. Ruiz, J. Ellenberg, P. Wang, O. Fawzi, P. Kohli, and A. Fawzi,



PAST AND FUTURE OF THE CAP SET PROBLEM 11

Mathematical discoveries from program search with large language models,
Nature 625 (2023), 468-475.

K. F. Roth, On certain sets of integers, J. London Math. Soc. 28 (1953),
104-109.

T. Sanders, On Roth’s theorem on progressions, Ann. of Math. 174 (2011),
619-636.

T. Sanders, On certain other sets of integers, J. Anal. Math. 116 (2012),
53-82.

T. Sanders, On Roth’s theorem in Z}, Anal. PDE 2 (2009), 211-234.

S. A. Stepanov, On the number of points of a hyperelliptic curve over a finite
prime field, Izv. Akad. Nauk SSSR, Ser. Mat. 33 (1969), 1103-1114.

E. Szemerédi, Integer sets containing no arithmetic progressions, Acta Math.
Hungar. 56 (1990), 155-158.

E. Szemerédi, On sets of integers containing no k elements in arithmetic
progression, Acta Arith. 27 (1975), 299-345.

T. Tao, Open question: best bounds for capsets,
https://terrytao.wordpress.com/2007/02/23 /open-question-best-bounds-
for-cap-sets/

T. Tao, A symmetric formulation of the Croot-Lev-Pach-Ellenberg-Gijswijt
capset bound, https://terrytao.wordpress.com/2016/05/18 /a-symmetric-
formulation-of-the-croot-lev-pach-ellenberg-gijswijt-capset-bound/

T. Tao and W. Sawin, Notes on the “slice rank” of tensors,
https://terrytao.wordpress.com/2016 /08 /24 /notes-on-the-slice-rank-of-
tensors/

F. Tyrrell, New lower bounds for cap sets, Discrete Anal. 2023, Paper No.
20, 18pp.

J. Wolf, Finite field models in arithmetic combinatorics — ten years on, Finite
Fields Appl. 32 (2015), 233-274.

(Ernie Croot) DEPARTMENT OF MATHEMATICS, GEORGIA INSTITUTE OF TECH-
NOLOGY, ATLANTA, GEORGIA, U.S.A., 30332.
Email address: ecroot@math.gatech.edu

(Vsevolod F. Lev) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF HAIFA AT
ORANIM, TIVON, ISRAEL.
Email address: seva@math.haifa.ac.il

(Péter Pal Pach) DEPARTMENT OF COMPUTER SCIENCE AND INFORMATION
THEORY, BUDAPEST UNIVERSITY OF TECHNOLOGY AND EcoNowmics, MUEGYE-
TEM RKP. 3., H-1111 BUDAPEST, HUNGARY;, MTA-BME LENDULET ARITH-
METIC COMBINATORICS RESEARCH GROUP, MUEGYETEM RKP. 3., H-1111 Bu-
DAPEST, HUNGARY.

Email address: pach.peter@vik.bme.hu



	1. Roth's problem on three-term progressions
	2. Finite field settings
	3. The rise of algebraic methods
	4. Further applications
	5. Directions
	References

