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Abstract

Let F be a family of graphs. For a graph G, the F-packing number, denoted vz(G), is
the maximum number of pairwise edge-disjoint elements of F in G. A function ¢ from the
set of elements of F in G to [0,1] is a fractional F-packing of G if ) o rw(H) < 1 for each
e € E(G). The fractional F-packing number, denoted v (G), is defined to be the maximum value
of ZHe(g) Y(H) over all fractional F-packings ¢». Our main result is that v3(G) — vr(G) =
o(|V(G)|?). Furthermore, a set of vz(G) — o(|V(G)|?) edge-disjoint elements of F in G can be
found in randomized polynomial time. For the special case F = {Hp} we obtain a simpler proof
of a recent difficult result of Haxell and Rédl [9] that v}y (G) — vi,(G) = o(|V(G)|?). Their
result can be implemented in deterministic polynomial time. We also prove that the error term
o(|V(G)|?) is asymptotically tight.

1 Introduction

All graphs considered here are finite and have no loops, multiple edges or isolated vertices. For
the standard terminology used the reader is referred to [3]. Let F be any fixed finite or infinite
family of graphs. For a graph G, the F-packing number, denoted vx(G), is the maximum number
of pairwise edge-disjoint copies of elements of F in G. Let (]G_.) denote the set of copies of elements
of Fin G. A function v from (g;_.) to [0,1] is a fractional F-packing of G if ZeeHe(ﬁ) Y(H) <1 for
each e € E(G). For a fractional F-packing 1, let w(¢) = ZHE@) W(H). The fractional F-packing
number, denoted v-(G), is defined to be the maximum value of w(v) over all fractional packings
1. Notice that, trivially, v%(G) > v#(G). If F consists of a single graph Hy we shall denote the
parameters above by vy, (G) and vy (G).

Since computing v (G) amounts to solving a linear program, it can be computed in polynomial

time for every finite 7. On the other hand, it was proved by Dor and Tarsi in [4] that computing
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v, (G) is NP-Hard for every H( with a component having at least three edges. Thus, it is interesting
to determine when v (G) and v7(G) are “close”, thereby getting a polynomial time approximating

algorithm for an NP-Hard problem. The following result was proved by Haxell and Rodl in [9].

Theorem 1.1 If Hy is a fized graph and G is a graph with n vertices, then vy (G) — vu,(G) =

o(n?).

The proof of Theorem 1.1 presented in [9] is difficult. The major difficulty lies in the fact that their
method requires proving that there is a fractional packing which is only slightly less than optimal,
and which assigns to every copy of Hy either 0 or a value greater than 7 for some 7 > 0 which is
only a function of Hy. Their method of proof also supplies a polynomial time algorithm that finds
a set of vy, (G) — o(n?) edge-disjoint copies of Hy in G.

In this paper we present a simpler and more general proof of Theorem 1.1. Our proof method

enables us to generalize Theorem 1.1 to the “family” case.

Theorem 1.2 If F is a fized family of graphs and G is a graph with n vertices, then vi(G) —
vr(G) = o(n?).

Notice that Theorem 1.2 immediately yields a polynomial time algorithm for approximating vz (G)
to within an additive term of en? for every ¢ > 0. Furthermore, if F is finite, the degree of the
polynomial depends only on F, and not on 1/e. Our proof also supplies a randomized polynomial
time algorithm that finds a set of v£(G) — o(n?) edge-disjoint copies of elements of F in G. Our
proof relies heavily on probabilistic arguments, and is consequently simpler than the proof in [9].
However, as noted above, the proof in [9] yields a deterministic algorithm.

We also prove that the o(n?) error term in Theorem 1.2, cannot, in general, be improved.

Proposition 1.3 For every € > 0 there ezist k = k(e) and N = N(¢) such that for alln > N there

exists a graph G with n vertices for which vy (G) — v, (G) > n?=e.

2 Tools used in the main result

As in [9], a central ingredient in our proof of the main result is Szemerédi’s regularity lemma [11].
Let G = (V,E) be a graph, and let A and B be two disjoint subsets of V(G). If A and B are
non-empty, let F(A, B) denote the set of edges between them, and put e(A, B) = |E(A, B)|. The
density of edges between A and B is defined as

e(A, B)

WA B) = TA1BT

For v > 0 the pair (A, B) is called «y-regular if for every X C A and Y C B satisfying | X| > ~|A]
and |Y'| > v|B| we have



An equitable partition of a set V' is a partition of V into pairwise disjoint classes Vi, ..., V,, whose
sizes are as equal as possible. An equitable partition of the set of vertices V of a graph G into the
classes Vi, ..., Vy, is called y-regular if |V;| < y|V| for every i and all but at most v('}') of the pairs
(Vi,V;) are y-regular. The regularity lemma states the following:

Lemma 2.1 For every v > 0, there is an integer M(y) > 0 such that for every graph G of order
n > M there is a y-regular partition of the vertex set of G into m classes, for some 1/y <m < M.
|

Let Hy be a fixed graph with the vertices {1,...,k}, k > 3. Let W be a k-partite graph with
vertex classes V1,...,Vi. A subgraph J of W with ordered vertex set v1, ..., vy is partite-isomorphic
to Hy if v; € V; and the map v; — 4 is an isomorphism from J to Hy.

The following lemma is almost identical to the proof of Lemma 15 in [9] (which, in turn, relies

on a result from [7]) and hence the proof is omitted.

Lemma 2.2 Let § and ¢ be positive reals. There exist v = v(5,(, k) and T = T(0,(, k) such that
the following holds. Let W be a k-partite graph with vertex classes Vi,..., Vi and |V;| =t > T
fori =1,...,k. Furthermore, for each (i,5) € E(Hy), (V;, V) is a vy-regular pair with density
d(i,j) > 0 and for each (i,5) ¢ E(Hy), E(V;,V;) = 0. Then, there exists a spanning subgraph
W' of W, consisting of at least (1 — ¢)|E(W)| edges such that the following holds. For an edge
e € E(W'), let c(e) denote the number of subgraphs of W' that are partite isomorphic to Hy and
that contain e. Then, for all e € E(W'), if e € E(V;,V;) then

_ tk—2 H(S,p)EE(HO) d(sa p)

k—2
a(i. ) <

c(e)

Finally, we need to state the seminal result of Frankl and R6dl [5] on near perfect coverings and
matchings of uniform hypergraphs. Recall that if z, y are two vertices of a hypergraph then deg(x)
denotes the degree of x and deg(x,y) denotes the number of edges that contain both x and y (their
co-degree). We use the version of the Frankl and R6dl Theorem due to Pippenger (see, e.g., [6]).

Lemma 2.3 For an integer v > 2 and a real B > 0 there exists a real p > 0 so that: If the
r-uniform hypergraph L on q vertices has the following properties for some d:

(1) (1 — p)d < deg(z) < (1+ p)d holds for all vertices,

(i) deg(z,y) < pd for all distinct x and y,

then L has a matching of size at least (q/r)(1 — 53). [ ]



3 Proof of the main result

Let F be a family of graphs, and let ¢ > 0. To avoid the trivial case we assume Ky ¢ F. We
shall prove there exists N = N(F,¢) such that for all n > N, if G is an n-vertex graph then
Vi(G) —vr(G) < en®.

Let ks denote the maximum order of a graph in F (it may be that ko, = o0). Let ky =
min{koo, [20/€]}. Let 6 = 8 = ¢/4. For all r = 2, ..., ko?, let ju, = u(3,7) be as in Lemma 2.3, and
put p = minf‘;{,ur}. Let ( = u5k02/2. For k =3,... ko, let vz =(d,(, k) and T, = T'(6,(, k) be
as in Lemma 2.2. Let v = miniozg{’yk}. Let M = M(ve/(25ko?)) be as in Lemma 2.1. Finally, we
shall define N to be a sufficiently large constant, depending on the above chosen parameters, and
for which various conditions stated in the proof below hold (it will be obvious in the proof that all
these conditions indeed hold for N sufficiently large). Thus, indeed, N = N(F,¢).

Fix an n-vertex graph G with n > N vertices. Fix a fractional F-packing ¥ with w(v) = v-(G).
We may assume that 1 assigns a value to each labeled copy of an element of F simply by dividing
the value of 1 on each nonlabeled copy by the size of the automorphism group of that element. If
Vi(G) < en? we are done. Hence, we assume vj(G) = an? > en?.

We apply Lemma 2.1 to G and obtain a y/-regular partition with m/ parts, where ' = ve/(25ko?)
and 1/9 < m/ < M(y'). Denote the parts by Uy,...,U,s. Notice that the size of each part is
either [n/m’| or [n/m']. For simplicity we may and will assume that n/m’ is an integer, as this
assumption does not affect the asymptotic nature of our result. For the same reason we may and
will assume that 25ko? /e and n/(25m’ko?/e) are integers.

We randomly partition each U; into 25ko?/e equal parts of size n/(25m’ky%/€) each. All m/
partitions are independent. We now have m = 25m/kq? /e refined vertex classes, denoted Vi, ..., V,,.
Suppose V; C Us and V; C Uy where s # t. We claim that if (Us,Uy) is a y'-regular pair then
(V;,V;) is a y-regular pair. Indeed, if X C V; and Y C V; have |X|,|Y| > yn/(25m'ko?/¢) then
| X],[Y] > «'n/m' and so |d(X,Y) — d(Us,Us)| < +'. Also |d(V;,V;) — d(Us,Uy)| < +'. Thus,
d(X,Y) - d(Vi, V})| < 29" <.

Let H be a labeled copy of some Hyg € F in G. If H has k vertices and k < kg then the expected
number of pairs of vertices of H that belong to the same vertex class in the refined partition is
clearly at most (g) ¢/(25ko*) < €/50. Thus, the probability that H has two vertices in the same
vertex class is also at most €/50. We call H good if it has k < ko vertices and its k vertices
belong to k distinct vertex classes of the refined partition. By the definition of ky we observe that,
if H has k > ko vertices, then ks > k > ko and consequently k& > 20/e. Since graphs with &
vertices have at least k/2 edges, the contribution of graphs with k > kg vertices to v5(G) is at most
(5)/(10/€) < en?/20. Hence, if ¢** is the restriction of ¥ to good copies (the bad copies having
Y**(H) = 0) then the expectation of w()**) is at least (o — €/50 — €/20)n%. We therefore fir a
partition V1,...,V,, for which w(¥**) > (a — 0.07¢)n>.



Let G* be the spanning subgraph of G consisting of the edges with endpoints in distinct vertex
classes of the refined partition that form a ~-regular pair with density at least J (thus, we discard
edges inside classes, between non regular pairs, or between sparse pairs). Let ¢)* be the restriction
of 1** to the labeled copies of elements of F in G*. We claim that v3(G*) > w(¢*) > w(y**) —
0.726n2 > (a—0.07¢ — 0.725)n? = (a— §)n?. Indeed, by considering the number of discarded edges
we get (using m’ > 1/4" and § > +/)

w(y™) —w(y*) < |B(G) - E(G*)|
<fy’(rgl> TZ; + <Tgl)(5+v) n,2 +m <n/ ) ( + 292 < 0.726n2.

Let R denote the m-vertex graph whose vertices are {1,...,m} and (i,5) € E(R) if and only if

(Vi, Vj}) is a y-regular pair with density at least §. We define a (labeled) fractional F-packing ¢’
of R as follows. Let H be a labeled copy of some Hy € F in R and assume that the vertices
of H are {uy,...,ur} where u; plays the role of vertex i in Hy. We define ¢)'(H) to be the sum
of the values of ¢* taken over all subgraphs of G*[V,,,...,V,,] which are partite isomorphic to
Hy, divided by n?/m?2. Notice that by normalizing with n?/m? we guarantee that ¢’ is a proper
fractional F-packing of R and that v5(R) > w(¢') = m?w(¢*)/n? > m?(a — §).

We use 1’ to define a random coloring of the edges of G*. Our “colors” are the labeled copies
of elements of F in R. Let d(i,j) denote the density of (V;,V;) and notice that |Eg«(V;, V;)| =
d(i,j)n?/m?. Let H be a labeled copy of some Hy € F in R, and assume that H contains the
edge (i,7). Each e € E(V;,V}) is chosen to have the “color” H with probability ¢'(H)/d(i, j). The
choices made by distinct edges of G* are independent. Notice that this random coloring is legal (in
the sense that the sum of probabilities is at most one) since the sum of ¢/( H) taken over all labeled
copies of elements of F containing (4, 7) is at most d(i, j). Notice also that some edges might stay
uncolored in our random coloring of the edges of G*.

Let H be a labeled copy of some Hy € F in R, and assume that «/(H) > m!'~%. Without
loss of generality, assume that the vertices of H are {1,...,k} where i € V(H) plays the role of
i € V(Hyp). Let r denote the number of edges of H. Notice that r < k. Let Wy = G*[V4,..., V4]
(in fact we only consider edges between pairs that correspond to edges of Hy). Notice that Wy is a
subgraph of G* which satisfies the conditions in Lemma 2.2, since t = n/m > Ne/(25ko’>M) > Tj,
(here we assume N > 25kg?MT}/e). Let W1, be the spanning subgraph of Wy whose existence
is guaranteed in Lemma 2.2. Let X denote the spanning subgraph of W}, consisting only of the
edges whose color is H. Notice that Xy is a random subgraph of W/,. For an edge e € E(Xg),
let Cgr(e) denote the set of subgraphs of Xy that contain e and that are partite isomorphic to H.
Put cy(e) = |Cru(e)|. A crucial argument is the following:

Lemma 3.1 With probability at least 1 —m3/n, for all e € E(Xpy),

cr(e) — "2 (H) ™ < pgp! (H)" 12 (1)



Proof: Let C(e) denote the set of subgraphs of W}, that contain e and that are partite isomorphic
to Hy. Put c(e) = |C(e)|. According to Lemma 2.2, if e € E(V;, V}) then

_ o llsmeniy 4s:p)
d(i, j)

Fix an edge e € E(Xpg) belonging to E(V;,V;). The probability that an element of C(e) also

belongs to C(e) is precisely

c(e) < (2 (2)

d(i, j)

p=1/(H) :
Hs.nen) 4(s:p)

We say that two distinct elements Y, Z € C(e) are dependent if they share at least one edge other
than e. Consider the dependency graph B whose vertex set is C'(e) and whose edges connect
dependent pairs. Since two dependent elements share at least three vertices (including the two
endpoints of ¢), we have that A(B) = O(t*=3). Hence, x(B) = O(t*=3). Put s = x(B). Let
C'(e),...,C%(e) denote a partition of C(e) into independent sets. Let C%(e) = C%(e) N Cy(e),
cl(e) = |C(e)| and % (e) = |C}(e)|. Clearly, c'(e) + -+ + c*(e) = c(e) and ck(€) + - + ci(e) =
cr(e). The expectation of ¢4 (e) is pc?(e). Consider some C?(e) with ¢?(e) > v/t. According to a
large deviation inequality of Chernoff (cf. [2] Appendix A), for every n > 0, and in particular for
n = u/8, if n (and hence ¢ and hence c?(e)) is sufficiently large,

_ (mpcd(e))?

Pr{|ct (e) — pcl(e)| > npci(e)] < e 37 = O CE I

Since t = n/m and n is sufficiently large, it follows that with probability at least 1—st=*=1 > 1—¢=3
for all C4(e) with ci(e) > v/t, (1 —n)pci(e) < L (e) < (14 n)pci(e) holds. Since the sum of ¢4(e)
having c?(e) < V/t is O(t*=25) and since c(e) = O(t*~2) we have that this sum is much less than
pnc(e). Thus, together with (2) and the fact that p < ¢/(H)"~16~" we have

cr(e) = chie) < p(1+n) (D c(e)) + pele) = p(1 + 2n)c(e) < (3)

H(SW)EE(HO) d(s,p)
d(i, j)
=2 () Y1+ 20) (1 4+ ¢677) < tF 720" (H) "Y1 4 p/4) (1 + p/2) < (14 p)tF =2/ (H)" L.

p(L+2n)t"2(C + )= (L+ 20" 2 (' (H) ! +¢p) <

Similarly,
cr(e) = p(1 —mn)c(e) — pne(e) = p(1 — 2n)c(e) = (4)
(s pyerm,) (s, p)
d(i, )
52 (H) (1= 2n) (1= ¢67") = "2/ ()1 (1 = p/4) (1 = p/2) > (1 — p)t* 29 (H)" .

p(L—2n)t"%( = Q) == 2" (W (H) = (p) 2



Combining (3) and (4) we have that (1) holds for a fixed e € E(Xp) with probability at least
1 —t3. As |E(Xg)| < n? we have that (1) holds for all e € E(Xy) with probability at least
1—n2/t3=1-m3/n. [ ]

We also need the following lemma that gives a lower bound for the number of edges of Xp.

Lemma 3.2 With probability at least 1 — 1/n,

TL2
IB(Xn)| > (1= 20)r /().

Proof: We use the notations from Lemma 3.1 and the paragraph preceding it. For (i,5) € E(Hy),
;LL—QQ@Z)’ (H). Summing over all 7 edges of Hy, the expected number of edges of Wy that received the
color H is precisely T,Z—QQW (H). As at most ¢|E(Wp)| edges belong to Wy and do not belong to W,
we have that the expectation of |E(Xy)| is at least (1 — C)r%w’(H). As ¢, r, m are constants and
as ¢/(H) is bounded from below by the constant m!'~*0 we have, by the common large deviation
inequality of Chernoff (cf. [2] Appendix A), that for n > N sufficiently large, the probability that

|E(X )| deviates from its mean by more than ¢ TTZ—QQ@Z/ (H) is exponentially small in n. In particular,

the expected number of edges of E(V;,V;) that received the color H is precisely d(i, j)

the lemma follows. [ |

Since R contains at most O(m*?) labeled copies of elements of F with at most ko vertices, we
have that with probability at least 1 — O(m*o/n) — O(m*o*+3/n) > 0 (here we assume again that
N is sufficiently large) all labeled copies H of elements of F in R with /(H) > m!~*0 satisfy the
statements of Lemma 3.1 and Lemma 3.2. We therefore fix a coloring for which Lemma 3.1 and
Lemma 3.2 hold for all labeled copies H of elements of F in R having +/(H) > m!~*o,

Let H be a labeled copy of some Hy € F in R with ¢/(H) > m!'~*0 and let r denote the number
of edges of H. We construct an r-uniform hypergraph Ly as follows. The vertices of Ly are the
edges of the corresponding Xy from Lemma 3.1. The edges of Ly correspond to the edge sets of
the subgraphs of Xy that are partite isomorphic to Hy. We claim that our hypergraph satisfies the
conditions of Lemma 2.3. Indeed, let ¢ denote the number of vertices of L. Notice that Lemma
3.2 provides a lower bound for g. Let d = t*~2¢/(H)"~!. Notice that by Lemma 3.1 all vertices of
Ly have their degrees between (1 — p)d and (1 + p)d. Also notice that the co-degree of any two

vertices of Ly is at most tF3 th—3

as two edges cannot belong, together, to more than subgraphs
of Xy that are partite isomorphic to Hy. In particular, for N sufficiently large, pud > t*=3. By
Lemma 2.3 we have at least (¢/r)(1 — (3) edge-disjoint copies of Hy in Xp. In particular, we have

at least
2 2

(1= B)(1 = 20250/ (H) > (1= 28)/ ()

such copies. Recall that w(v)’) > m?(a — 6). Since there are at most O(m*?) labeled copies H of
elements of F in R with 0 < ¢/(H) < m!'~*0, their total contribution to w(s)) is at most O(m).



Hence, summing the last inequality over all H with ¢/(H) > m'~* we have at least

1. n?

(1—28)m?(a =6 — O( ))W > n?(a —e€)

m
edge disjoint copies of elements of F in G. It follows that vz(G) > n%(a —€). As vi(G) = an?,

Theorem 1.2 follows. ]

The proof of Theorem 1.2 implies an O (nP°(%0)) time algorithm that produces a set of n?(a —¢)
edge-disjoint copies of elements of F in G with probability at least, say, 0.99. Indeed, Lemma 2.1 can
be implemented in o(n3) time using the algorithm of Alon et al. [1]. Lemma 2.3 has a polynomial
running time implementation due to Grable [8]. Since we only need to compute ¥**, rather than
¥, we can do this in O(nP°¥(%)) time using any polynomial time algorithm for LP. The other

ingredients of the proof are easily implemented in polynomial time.

4 The gap between integral and fractional packings

Theorem 1.2 shows that the integer and fractional packing differ by at most o(n?). Thus, it is
interesting to determine how large the gap between them can be. Proposition 1.3 shows that, in
general, the gap is essentially this large.

Proof of Proposition 1.3: Let ¢ > 0 be given. Let k = k(¢) be a constant to be chosen sufficiently
large as a function of e. It is well known (see, e.g., [10]) that for N = N (k) sufficiently large, K,
contains more than, say, n?/(2k?) edge-disjoint copies of Kj 1. Hence, let G* be an n-vertex graph
with r(k 4+ 1)k/2 edges where r > n?/(2k?) and which consists of a set R* of r edge-disjoint copies
of Kj1.

Consider a copy H of K} in G*. We say that H is good if it is contained entirely in some Kj41
element of R*. Other copies of K} are called bad. A bad copy H corresponds to a decomposition
of the edges of K into smaller cliques, corresponding to the intersection of H with elements of R*.
Let Zj denote the family of all nontrivial clique decompositions of K (hence, e.g., Zy = {A, B}
where A is the decomposition of K4 into 6 edges and B is the decomposition of K into a triangle
and three edges). Thus, each bad copy H has some type t(H) € Zj. For X € Zj let ¢(X) denote
the number of elements of X (in the example above, ¢(4) = 6 and ¢(B) = 4). It is well known
that if X € Zj then k(k —1)/2 > ¢(X) > k. For X € Zj let s(X) denote the minimum number
of elements of X incident with a vertex (in the example above, s(A) = 3 and s(B) = 2). Clearly,
2<s(X)<k-1

We construct a random spanning subgraph G of G* by independently choosing each element of
R* with probability n=¢/2. Let R C R* denote the random subset chosen. Clearly, E[|R|] = rn~¢/2.
The maximum number of edge-disjoint good copies of K, in G is precisely |R|. For any X € Z, let
us estimate the number of bad copies H with ¢(H) = X that survived in G. Clearly, the probability



¢(X). How many such H appear in G*? Trivially, every

that H appears in G is precisely n—(€/2)
vertex v of G* appears in O(n) elements of R*. Hence, v can play the role of the vertex of X
yielding s(X) at most O(n*X)) times. Summing this for each vertex of G* we get that the number
of H with t(H) = X is O(n*X)*+1). We consider two cases. If s(X) < ek/4 the expected number

of surviving bad copies H with ¢t(H) = X is therefore at most

O(n~ (/X psX)H1y < O (= (/D (/DrHD) = (1),

If s(X) > €k/4 then consider the number of elements of X with at most 8/¢ vertices. By the
definition of s(X) each vertex in the X-decomposition of K} appears in a least s(X)— (k—1)e/8 >
ek /8 elements with at most 8/e vertices. It follows that ¢(X) > k(ek/8)/(8/¢) = k%*¢%/64. Thus,
the expected number of surviving bad copies H with ¢(H) = X is at most

O(n~ /DXy < O (IDEE/6ky = o(1),

Since |Zk| is a constant depending only on k we have shown that the expected number of bad

—¢/2 we have that with

copies in G is o(1). Since |R| is highly concentrated around its mean rn
positive (in fact, high) probability, G has no bad copies and at least 0.5rn</2 good copies. Now,
Vi, (G) = |R| and since vy, (Kg41) = (k+1)/(k — 1) we have vj, (G) = |R|(k +1)/(k —1). Thus,

Vi (G) = vig (G) = 2IR|/(k — 1) > n?~<, m

It is interesting to determine the largest possible difference between integer and fractional
packings of specific graphs. For K3 an argument similar to the proof of Proposition 1.3 shows
that there are n-vertex graphs G for which v (G) — vk, (G) = ©(n'®). Thus, it is interesting to
determine whether v (G) — vk,(G) = O(n'?®) holds for all graphs G. We note that the method
of proof of Theorem 1.2 would probably not be adequate in order to prove such a result since the

regularity lemma is not sensitive enough to establish sub-quadratic error terms.
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