The effect of edge weights on clique weights

Raphael Yuster *

Abstract

Suppose the edges of the complete r-graph on n vertices are weighted with real values. For
r < k < n, the weight of a k-clique is the sum of the weights of its edges. Given the largest gap
between the weights of two distinct edges, how small can the largest gap between the weights
of two distinct k-cliques be? We answer this question precisely.
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1 Introduction

All hypergraphs considered in this paper are uniform, i.e. they are r-graphs for some r > 2. The
complete r-graph on n vertices is denoted by K, . For an r-graph H, let E(H) denote its edge set
and V' (H) denote its vertex set. We assume that V(K] ) = [n]. Let ([Z]) denote the set of k-cliques
of K] where r < k < n. We are interested in weighings of the edges of K and their effect on the
weights of larger cliques in K.

A weighing of K] is a function w : ([:‘]) — R. Observe that any weighing of K], induces a
weighing of its subgraphs, where the weight of a subgraph is the sum of the weights of its edges.
Trivially, if w is constant, then the weight of any two subgraphs with the same number of edges
is the same. Now suppose that w is far from constant, what can be said about the weights of all
subgraphs with the same number of edges and how far are they from being constant? In particular,
what can be said about the weights of the k-cliques? We state this basic question more formally
as follows.

Given w : ([n]) —R,and r <k <n, let

r

disci(w) = A,gea()[cz]) lw(A) —w(B)| .

Notice that disc(w) = disc,(w) is just the maximum discrepancy between the weights of any two

edges, i.e. the maximum gap between two values of w. The extremal question which emerges is to
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determine: discr (1)
. . k
disc(r,k,n) = min ise(w)
where r < k < n and the minimum is taken over all non-constant weighings w of K.

Our main motivation for this question (besides being natural on its own right) is that it is closely
related to inclusion matrices and their generalized inverses. Inclusion matrices (see Section 2 for
a definition) have been introduced by Gottlieb [3] and have since been well studied, mainly with
respect to their rank, with applications in several areas such as quasi-randomness, see [1, 2, 4, 5, 8].
Our approach computes their generalized inverse, which, as it turns out, gives additional information
and in particular assists in determining disc(r, k,n).

One can easily determine disc(r,k,n) when k > n — r. Indeed, trivially, disc,(w) = 0 so
disc(r,n,n) = 0. More generally, if £ > n — r, then the number of elements in ([Z}) is smaller than
the number of edges so the system of linear equations indexed by ([Z]) where each equation is just
the sum of all variables corresponding to the edges contained in the k-set corresponding to that
equation, has a nontrivial solution. Namely, we can have all weights of k-cliques 0 while w is not
constant. Thus, disc(r,k,n) = 0 for k > n — r. This ceases to be the case when £k < n —r. Our
main result determines disc(r, k,n) for all relevant values of k.

To state our result, define for 0 <t <r < k:

(kfr:rtfl)

(5 )

Theorem 1 Forintegers2 <r < k < n—r we have disc(r, k,n) = disc(r, k, k+r) and furthermore,

Q(tvra k) = (_1)t

2
max_q (s Xpeo (P () (79 (550 ) late k) — aty v B))

For every fixed r, we have that for all k sufficiently large the mazimum in the last equality is

disc(r,k,n) =

obtained for s = 0 hence for k sufficiently large

disc(r, k. n) :
isc(r,k,n) = — — — .
Zx:O Zy:O (z) (y) (leyfm) |Q(xa T, k) - Q(ya T, k)|
Furthermore,
disc(r,k,n) = o 1 + o(1) .

We see from Theorem 1 that for every fixed r, for k sufficiently large disc(r, k,n) is a rational

function in k. For small r, it is simple enough to state the exact closed form expression.

Corollary 1.1 For r = 2 (graphs), for all n > k + 2 we have disc(2,k,n) = % for k = 3 and

disc(2,k,n) = % for k > 4.



Corollary 1.2 For r = 3 (3-graphs), for all n > k + 3 we have disc(3,k,n) = % for k = 4,

disc(3,k,n) = % for k=05, disc(3,k,n) = % for k=6, and disc(3,k,n) = %ﬂ) fork>17.

The proof of Theorem 1 proceeds as follows. We first establish that disc(r, k,k + r) is at least
the value stated in the theorem. We then construct a weighing of K}, . achieving this value thereby
proving that disc(r, k, k+r) is precisely the claimed value. This construction has the property that
it can be extended to K], for n > k + r thereby proving that disc(r,k,n) is at most the stated
value. But since disc(r,k,n) > disc(r,k,k + r) for n > k + r, equality holds. The fact that
disc(r,k,n) > disc(r,k,k +r) for n > k + r is seen by any Kj . subgraph of K} that contains
two edges with maximum discerpancy. As mentioned earlier, an important ingredient in our proof
is the determination of the generalized inverses of inclusion matrices, which is done in Section 2.
The cases of graphs and 3-graphs are given in Sections 3 and 4, respectively. Section 5 proves the
general case of Theorem 1. In Section 6 we generalize our result in the graph-theoretic case to

graphs that are not necessarily complete.

2 Inclusion matrices

For 2 < r < k < n consider the binary matrix W = W(r, k,n) whose rows are indexed by ([Z}),
columns are indexed by ([ﬁ]), and W[A,B] = 1 if and only if B C A. W(r,k,n) is called the
inclusion matriz of r-sets in k-sets of [n]. Gottlieb [3] proved that if & < n — r, then W has full
column rank. In particular, W (r, k,r + k) is non-singular.

We provide here a proof of Gottlieb’s result which is obtained by explicitly constructing a matrix
Q = Q(r,k,n) such that QW = I where W = W(r, k,n) and I is the identity matrix of order (:f)
Recalling that for a matrix X with full column rank, a matrix Y such that Y X = I is called the

left generalized inverse of X, we have that Q(r, k,n) is the left generalized inverse of W(r, k,n).

2.1 Constructing Q(r, k,n)

Throughout this subsection we assume that W = W (r, k,n) and construct a matrix Q = Q(r, k,n)
such that QW = I. The rows of () are indexed by ([Z]) while the columns of @ are indexed by
([Z]). We designate r + 1 distinct values denoted by qo, . .., ¢-. Each entry of () will be one of these
values.

Let A € ([Z]) be a row of Q) and B € ([Z]) be a column of ). Then it will be the case that
Q[A, B] = qanp|- Notice that since 0 < |[AN B| < r the indices are well-defined. It remains to
choose values for the ¢; so that indeed QW = I.

We start with g,. Consider A € ([:f}). Then the product of row A of @@ and column A of W is
just the sum over all B D A of Q[A, B], namely it is g, - ('_}). As this product must be 1 it follows

that one must choose



Next consider ¢,_1. Let A,C € ([’;]) such that |[ANC| =r — 1. Then the product of row A of
@ and column C of W is obtained as follows. Consider some B € ([Z]) such that B O C. Then
either B D A or else [BN A| = r — 1. In the former case, the value ¢, contributes to the product

and in the latter case the value g,_1 contributes to it. As the product must be zero we obtain

n—r—1 + n—r—1 _ 0
qr n—k qr—1 n—k—1) """

. -1 .
Hence, using ¢, = (n_ k) , we obtain that

_ k=
AN IO

In general, consider ¢, for t = 0,...,r. Let A,C € ([:f]) such that |ANC| = r —t. Then the
product of row A of () and column C of W is obtained as follows. Consider some B € ([Z]) such
that B D C. Then |[BN A| =r — j for some j =0,...,t. As the product must be zero we obtain

t
t n—r—t

Sas() (120 -0

= j j

Specifically, using the already determined values of ¢, and ¢,_1 we obtain that

qM(::::]:) (k= r)(k—r+1)

n—k)(n—-k—-1)"
Continuing in the same fashion,

QT—3<n_T> _ (k=) k—r+1)(k—1+2)

n—~k m—k)n—k—1)(n—k—2)
and by induction substituting the previously determined values g, ..., gr—¢+1 We obtain that
t—1 .
n—r k—r+j
_ =D —=. 1
i1 ) =TI 1)
7=0
This proves that the required qo, ..., ¢, exist and explicitly determines their value.

2.2 The case of Q(r, k,r + k)

We will be particularly interested in the values of ¢,_; determined in (1) in the case n =r + k. In

this case, we define ¢(t,7, k) = ¢,—¢ so we have by (1) that

(kfr;rtfl)

(1))

Q(t7r7 k) = (_1)t



3 Graphs

Suppose that w : E(K,) — R is a weighing of the complete graph K,. One can consider w as a
(column) vector indexed by ([g]) with real entries. Thus, for the inclusion matrix W = W (2, k,n)
where 2 < kK < n — 2, we have that v = Ww is a vector indexed by ([Z]) where for X € ([Z]), vy is
the weight of the k-clique induced by X.

We consider first the case n = k + 2. In this case, W = W (2, k, k + 2) is non-singular, and
W1 = Q(2,k, k + 2) where the entries of @ are explicitly determined in the previous section. So,
assume that we are told the weight of each k-clique of K9, and record these values in a vector
v indexed by (UCZQ]) where vy is the weight of the k-clique induced by X. Then we can recover
uniquely the edge-weighing w of Ky o giving rise to these weights of the k-cliques by computing
w = Qu.

Recall that our goal is to estimate discy(w)/disc(w). Now, disci(w) is the maximum difference
between two coordinates of v while disc(w) is the maximum difference between two coordinates of
w, i.e. two coordinates of Qu.

Suppose that diski(w) = 26, and hence there exists s € R such that each coordinate of v is
in [s — d,s + §]. We may assume that s = 0 as subtracting the same weight from all edges does
not change the discrepancies. Suppose that disc(w) is realized by the two edges e and f so that
|lw(e) —w(f)| = disc(w). Now, w(e) is the product of row Q[e] with v while w(f) is the product of
row Q[f] with v. Thus,

disc(w) = [(Q[e] — Q[f])v] - (2)

Entry Qle, Z] for Z € (k;gQ) is either qo, q1, or g2 depending on |e N Z| € {0,1,2}. Similarly

Q[f, Z] is either qg, q1, or g2 depending on |f N Z| € {0,1,2}. We recall from the previous section

that

T a2k =~ w2 = @)
Now, clearly, e # f as w is assumed to be non-constant. So, there are two cases to consider:

either [eN f| =1 or en f = (). Consider first the case eN f = (. For how may distinct Z could

we have that Qle, Z] = qo and Q[f, Z] = qo? Clearly, this can never happen. Similarly, it can

never happen that Qle, Z] = qo and Q[f, Z] = q1. However, Qle, Z] = qo and Q[f, Z] = g2 happens

exactly once, for Z = [k + 2] \ e. Now, Q[e, Z] = ¢1 and Q[f, Z] = ¢1 occurs four times, as such

q2 = q(07 27 k) -

a Z must contain all elements of [k 4+ 2] — (e U f), and also contain one of the two endpoints of e
and one of the two endpoints of f. Likewise, Q[e, Z] = ¢1 and Q[f, Z] = g2 occurs 2(k — 2) times.
Finally, Qle, Z] = ¢2 and Q[f, Z] = g2 occurs (kg2) times. The other possibilities are computed
symmetrically by changing the roles of e and f. These values are summarized in the left part of
Figure 1. It follows from this discussion, from (2), from (3), and from the fact that every coordinate
of v has absolute value at most § that
6k — 14
k-1~

disc(w) < 6 (2- |ao — a2l + 40k —2) - g1 — @2) = 6 (4)



Q[fv Z] Vs. Q[Q,Z} q0 q1 q2 Q[f? Z] Vs. Q[Q,Z] q0 q1 q2
qo 0 0 1 qo 0 1 0
q1 0 4 2k —4 Q1 1 k k—1
% 1| 26-4] (5,9 a0 0 [k—1]|(*"
enf=10 lenfl=1

Figure 1: The number of entries of @ for which Qle, Z] = ¢; and Q[f, Z] = ¢q; where Z ranges
over all columns. The left table is for the case where e N f = () and the right table is for the case
len f] =1.

We now consider the case |e N f| = 1. In a similar way, for every ¢ = 0,1,2 and j = 0,1,2 we
compute the number of columns Z for which Qle, Z] = ¢; and Q[f,Z] = qi. These values are
summarized in the right part of Figure 1. Thus, in this case we have that
. 4k — 6
disc(w) <6 (2-lgo — a1| +2(k = 1) -|a1 — qof) = 6 —— (5)

Since diskg(w) = 24, it follows from (4) that in the case e N f = () we have discg(w)/disc(w) >
(k—1)/(3k — 7) and it follows from (5) that in the case |eN f| = 1 we have discg(w)/disc(w) >
(k —1)/(2k — 3). We therefore have that for k = 3, disc(2,3,5) > 2/3 while for k > 4 we have
disc(2,k,2+ k) > (k—1)/(3k — 7). We now show that this lower bound is tight.

For the case k = 3, consider the following weighing of K5: Assign weights w(1,2) =1, w(2,3) =
0, w(4,5) =1/2, w(1,3) = 1/2, the two remaining edges incident with 1 receive weight 1/3, the two
remaining edges incident with 2 receive weight 1/2, and the two remaining edges incident with 3
receive weight 2/3. It is easy to verify that the smallest weight of a triangle is 7/6 while the largest
wright of a triangle is 11/6. So for this weighing we have disc(w) = 1 while disc3(w) = 2/3. The
construction proves that disc(2,3,5) = 2/3.

For the case k > 4 the construction proceeds as follows. We construct a vector v* as above
which corresponds to all the weights of the K} in Ky, o where each coordinate of v* is in {—9,0,d},
at least one coordinate is 49 and at least one coordinate is —§. We need to show that v* has the
property that there are two coordinates of Quv* that differ by ¢ %j‘l. Recall that we know that
in this case our lower bound (k — 1)/(3k — 7) is obtained in the case e N f = (). So, wlog, we will
use e = {1,2} and f = {3,4}. For the unique Z such that Q[e, Z] = qo and Q[f, Z] = ¢z (i.e. for
Z ={3,4...,k+2}), set v}, = 0. For the unique Z such that Qle, Z] = ¢» and Q[f, Z] = qo, set
vy = —d. For all Z such that Qe, Z] = ¢1 and Q[f, Z] = ¢ (recall from Figure 1 that there are
2k — 4 such Z), set v}, = —¢ and for all Z such that Qle, Z] = g2 and Q[f, Z] = qi, set v}, = J. For

all other Z, set v}, to the same value, say 0. Now, since gg > g2 > ¢1, our construction shows that

for this v*, (4) is, in fact, an equality, and coordinate e of Qv* is larger than coordinate f of Qu*
6

by precisely § 2:14. Let w* = Qv* denote the resulting edge weighing of K,,. The construction



proves that disc(2,k,2+ k) =(k—1)/(3k —7) for k > 4.

‘We show how to extend this construction of w* from the case n = k+2 to all n > k+ 2. For an
ordered pair of edges (e, f) of K, the profile of any edge g € E(K,) is the ordered triple (p1, p2, p3)
where p1 = |eNg|, p2 = |f Ng| and ps = [eN f N g|. So, by the above construction of w* (that is,
by the construction of v*), we see that if ¢ and ¢’ are two edges of Kj,o having the same profile,
then w*(g1) = w*(g2). Thus, we can extend the weighing w* to all edges g of K,, by setting w*(g)
equal to the weight of an edge of K12 with the same profile.

In fact, notice that in our construction for the case k > 4, we have used e = {1,2} and
f ={3,4} so there are 6 distinct profiles, (2,0,0), (0,2,0),(1,0,0),(0,1,0),(1,1,0),(0,0,0). In our
construction for the case k = 3 we have in fact used e = (1,2) f = (2,3) and there are 7 distinct
profiles, (2,1, 1) which is the profile of (1,2), (1,2,1) which is the profile of (2,3), (1,1,0) which is
the profile of (1,3), (1,0,0) which is the profile of (1,4) and (1,5), (1,1,1) which is the profile of
(2,4) and (2,5), (0,1,0) which is the profile of (3,4) and (3,5), and (0,0,0) which is the profile of
(4,5).

Now, suppose n > k + 2. Define the profile of a Ky copy Z of K, as the vector indexed by
all possible profiles, where each coordinate is the number of edges of Z with the given profile. So,
for example, consider the case k = 4 and the extension of our constructed weighing w* of Ky to
K. The profile of, say, Z = {2,3,4,7} is as follows. There are no edges of Z with the profile
(2,0,0) since Z does not contain e = {1,2}. There is one edge of Z with the profile (0,2,0) since
Z contains {3,4}. There is one edge of Z with the profile (1,0,0), namely {2,7}. There are two
edges of Z with the profile (0,1,0), namely {3,7} and {4,7}. There are two edges of Z with the
profile (1,1,0), namely {2,3} and {2,4}. There are no edges of Z with the profile (0,0, 0).

Since two K}’s with the same profile have the same weight, and for any Z there is a Z’ already in
Kj.. o with the same profile, we obtain that disci(w*) and disc(w*) did not change after this exten-
sion. This proves that disc(2, k,n) < disc(2, k, k+2). Since, trivially, disc(2, k,n) > disc(2, k, k+2),
equality holds. Summarizing, we have obtained that For all n > k + 2 we have disc(2,k,n) = % for
k =3 and disc(2,k,n) = % for k > 4. Hence, we have proved Corollary 1.1.

4 3-graphs

The arguments given in the previous section for graphs can be extended to r-graphs for » > 3, but
become more involved as there are more intersection types, more pairwise intersections, considerably
more edge profiles, and even more clique profiles. Still, the case r = 3 is simple enough to be
explicitly given as a closed formula.

Suppose that w : E(K2) — R is a weighing of the complete 3-graph K. One can consider w as
a (column) vector indexed by ([g]) with real entries. Thus, for the inclusion matrix W = W (3, k, n)
where 3 < k < n — 3, we have that v = Ww is a vector indexed by ([Z]) where for X € ([Z]), vy IS
the weight of the k-clique induced by X.



We consider first the case n = k + 3. In this case, W = W (3, k,k + 3) is non-singular, and
W1 = Q(3,k,k + 3) where the entries of Q are explicitly determined in Section 2. So, assume

that we are told the weight of each k-clique of K ,Z’ and record these values in a vector v indexed

+3
by ([kz-:;]) where vx is the weight of the k-clique induced by X. Then we can recover uniquely the
edge-weighing w of K3 giving rise to these weights of the k-cliques by computing w = Qu.

As in the previous section, suppose that diski(w) = 20, and that each coordinate of v is in
[0, d]. Suppose that disc(w) is realized by the two edges e and f so that |w(e) — w(f)| = disc(w).
In the graph theoretic case we had only two possibilities to consider, corresponding to |e N f|. Now
we have three since |e N f] € {0,1,2}.

Further, we recall from Section 2 that

_ b __k-3 _ k-3 _ k-3 (6)
CI3—(,§)7Q2— 3(]§) 7CI1—k(k_1)aQO— L .

We compute tables analogous to the tables in Figure 1. We need a table for each possible value
of |eN f|. These are given in Figure 2.
As in (4) we obtain from Figure 2 for the case e N f = ) that

. k—3
disc() <6+ (2o — ol + 18 a1 = ] + 606~ Bl — ol +6(" S Voa - ). (D

For all k > 5 we have ¢1 > q3 > g2 > qo so (6) and (7) imply for k& > 5 that

k-3 12
di > 6 4 — 42k + 14k3 8
iselw) 2 01—k =) (k—3+ - ) ®)
while for £ =4
disc(w) > 56 . 9)

For the case |eN f| = 1 we obtain from Figure 2 that
. k—2
disc(w) <6 (2-]g2 = qol +4(k = 1) a1 — @2 + 2(k = 2)|a1 —g3| + 4 ", Jlas —a2]) . (10)

So for k > 5 we get from (6) and (10) that

k—3 12

di >4 - — 4 — 26k + 12k* 11
ise(w) 2 k(k—l)(k:—?)( k—3 + ) (11)

while for k£ =4 13
disc(w) > ?(5 : (12)

For the case |eN f| = 2 we obtain from Figure 2 that

. k—1

discl) <6+ 2+ = ol + 406~ 1+ lor = el +2(" 5 ) len = ) (13)



Qlf, Z] vs. Qle, Z] || qo aQ Q@ q3
qo0 0 0 0 1
¢ 0 0 9 3(k —3)
0 o[ 9 Jok-3)| 3(%7
a3 L3k-3) | 3(%°) | (%59
enf=10
Qlf, Z] vs. Qle, Z] || qo q 9 q3
q0 0 0 1 0
¢ 0 4 2k — 1) k—2
@ 1 2(k—1) | (%) +4k—2) | 2(%,?)
a3 0| k-2 2(*3%) (39
lenfl=1
Qlf, Z] vs. Qle, Z] || qo qQ 7 q3
q0 0 1 0 0
¢ 1| k+1 2k —1) 0
¢ 020k-1)| (k-1 +2"" | (31
Q3 0 0 (*3") (kgl)
len fl =2

Figure 2: The number of entries of @ for which Qle, Z] = ¢; and Q[f, Z] = ¢; where Z ranges over
all columns in the various possibilities of |e N f| for 3-graphs.



So for all £ > 4 we get from (6) and (13) that

. k-3 12
dzsc(w)Zék(k_l)(k_z) <k_3+4—8k+8k2> . (14)

Recall that disky(w) = 26. For k = 4, the maximum of (9),(12), (14) is obtained by (9) which
implies that discy(w)/disc(w) > 20/(59) for all possible w hence disc(3,4,7) > 2/5. For k =5, the
maximum of (8), (11), (14) is obtained by (14) and it is 176/3. Hence, disc(3,5,8) > 6/17. For
k = 6, the maximum is obtained in (11) and it is 67/10. Hence, disc(3,6,9) > 20/67. For all k > 7
the maximum of (8), (11), (14) is obtained by (14) and hence for all k > 7,

25 (b-k=2) 1

) T TR — 42k +65
5%(%%—4%“41@2) 7 +65 7

disc(3,k, k,k+3) >

As in the proof for the graph theoretic case in the previous section, for each of the possible
values of |[eN f| we can construct a vector v* which corresponds to all the weights of the Kj in Ky, 3
where each coordinate of v* is in {—0,0,d}, and such that each of (7), (10), (13) is an equality,
and the corresponding weighing is Qu* = w*. Hence all lower bounds for disc(3, k, k + 3) that have
been computed in the previous paragraph are, indeed, equalities.

We show how to extend w* from the case n = k + 3 to all n > k£ + 3. We use the exact same
idea of profiles as in the previous section for the graph-theoretic case. For an ordered pair of edges
(e, f) of K32, the profile of any edge g € E(K?) is the ordered triple (p1,p2,p3) where p; = |e N g,
p2 = |fNg|land p3s = leNn fNg|. So, if g and ¢ are two edges of K,§’+3 having the same profile, then
w*(g1) = w*(g2). Thus, we can extend the weighing w* to all edges g of K by setting w*(g) equal
to the weight of an edge of K ,2’ 3 with the same profile. Now, suppose n > k + 3. Define the profile
of a K ,‘3 copy Z of K2 as the vector indexed by all possible profiles, where each coordinate is the
number of edges of Z with the given profile. Since two K g’ ’s with the same profile have the same
weight, and for any Z there is a Z’ already in K} 3 with the same profile, we obtain that disc(w*)
and disc(w*) did not change after this extension. This proves that disc(3, k,n) < disc(3,k, k + 3).
Since, trivially, disc(3, k,n) > disc(3, k, k 4+ 3), equality holds.

Summarizing, we have obtain Corollary 1.2: For all n > k + 3 we have disc(3,k,n) = % for

k =4, disc(3,k,n) = & for k =5, disc(3,k,n) = 22 for k = 6, and disc(3,k,n) = % for
k>T.

5 r-graphs

As can be seen from the two previous sections, we can determine disk(r, k,n) for all 2 < r < k < n,
but the precise closed formula becomes increasingly difficult to compute as r grows. The following
describes the general procedure.

So, suppose r is fixed and w : F(K]) — R is a weighing of the complete r-graph K. One can

consider w as a (column) vector indexed by ([:f]) with real entries. Thus, for the inclusion matrix

10



W = W(r,k,n) where r < k < n —r, we have that v = Ww is a vector indexed by ([Z]) where for
X e ([Z]), vx is the weight of the k-clique induced by X. As shown in the previous two sections,
we need to consider the case n = k + 3 where in this case, W = W (r, k, k + r) is non-singular, and
W= = Q(r,k,k + r) where the entries of Q are explicitly determined in Section 2. So, assume

that we are told the weight of each k-clique of K; , , and record these values in a vector v indexed

+7
by ([kzr]) where vx is the weight of the k-clique induced by X. Then we can recover uniquely the
edge-weighing w of Ky, giving rise to these weights of the k-cliques by computing w = Qu. As in
the previous two sections, suppose that disky(w) = 26, and that each coordinate of v is in [—d, J].
Suppose that disc(w) is realized by the two edges e and f so that |w(e) — w(f)| = disc(w). Notice
that [e N f| € {0,1,2,7 — 1}.

We define tables analogous to the tables in Figure 1 and Figure 2. We need a table for each
possible value of |e N f|. Denote the tables by M for s = 0,...,r — 1. Each M] is a symmetric
matrix of order r + 1 whose rows and columns are indexed by qo, .. ., g where ¢,y = q(t,7, k). The
value of M][¢;,q;] equals the number of entries of Q = Q(r,k,k + r) for which Qle, Z] = ¢; and
Q[f, Z] = qj where Z ranges over all columns, and |e N f| = s. So, for example M; is the middle
table in Figure 2 and M?[qq,q3] = 2(k;2). We next determine M] [g;, ¢;] in general. Namely, we
have that |eN f| = s and wish to determine the number of subsets Z of [k + ] of order k for which
|ZNe|l=1iand |ZNf|=j. Letting i = r — z and j = r — y we clearly have

L R > )[4 | | iy 1
s lYr—xy Yr—y = ] .%‘—j y—j T—y—$+j :

Let disc(s,r, k,r + k) denote the minimum of disc(w) where w ranges over all weighings w :
E(Kj,,) — R with discy(w) = 20 and where the two edges e, f that realize disc(w) (i.e. |w(e) —
w(f)| = disc(w)) satisfy |e N f| = s. Generalizing (4), (5), (7),(10),(13), we have that

disc(s,r,k,r+k)>6 ZZMﬁ[qi,quqi — qj]
i=0 j=0

As shown in the previous two sections, equality can always be attained by choosing an appropriate

vector v* and hence we have

T 2 2
disc(r, k,r + k) = min 0 =

520 disc(s,r kor + k) maxy_ (Z?:o > im0 MElgi, gillai — Qj!>

Using the argument of edge profiles and clique profiles given in the previous two sections we obtain
that for all n > r + k,

2

disc(r,k,n) = disc(r,k,r + k) = - - :
ma_y (27 27— Mz [ais a51ls — a51)
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Plugging in (15) we get that
2

max_o (Lo Zjmo (Z557 () G2 (29) (4,752 ) lars — 0y

where for any fixed r > 2, ¢,—, = q(z,r, k) and ¢.—y = q(y, 7, k) and thus

disc(r,k,n) =

(16)

k—r+z—1 k—r+y—1
Qr—x — Qr—y| = _1$( - ) - _1y( Y )
Y r\ (k

() () () ()

This proves the first part of Theorem 1.

Notice that for any fixed r we have that disc(r,k,n) is a rational function in k. We have
determined it precisely for r = 2,3 in the previous two sections. Although a closed formula for
numerator and denominator coefficients of this rational function for arbitrary r seems hopeless, we
would still like to determine its asymptotic value, and thus complete the proof of Theorem 1.

So, we now fix r > 2 and wish to determine the asymptotic value of disc(r, k,n) = disc(r, k,r+k)

as a function of k. We start with ¢,_, and ¢,_,. Notice that

S I )
(r) (k) kr—t 4 0(/-{:7"_'5) :

t/) \r

’qT—t’ = |Q(t77ﬂ7 k)| =
Thus, if t = max{z,y} and furthermore x # y, then

(r—1)!
lgr—o — q7‘—y‘ = m . (17)

We next analyze the denominator of (16) for each s separately. Thus let
r min{z,y}
s\ (r—s\(r—s k—r+s )
S r, k . . . . Qr—z — dr—y| -
-2 X (CTGICE ) e

Consider first the case s = 0. Here we have

0= EE ()0 45

By (17) all terms in the sum defining g(0,r, k) are ox(1) unless precisely one of = or y is 0. If, say,
2 =0 and y > 0 the corresponding term is (;) (k T)% ( ) + 0x(1). Thus,

r—y/) kT=Y+o(kT—Y)
r k)= ~ (" ~ (7 —ortl _ 0 i
9(0,7, k) ; <y> +0x(1) | + (; <l’> + Ok(1)> 2 24 og(1)

Now consider the case s > 0. Here we have by (17) that whenever, say, y > z, the terms in the

inner summation on j in the definition of g(s,r, k) are all ox(1) unless j = z. Hence the inner term

(;) (;;;) 1)
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Thus,
r—1 r
s\ [(r—s
gls,mk) =21 )" <x> <y ] x) +0k(1) =27t — 2ot 4 0p(1) .
=0 y=x+1

Since for all k sufficiently large 2"+ — 2571 + 0, (1) is maximized when s = 0, we have that for all

k sufficiently large, the denominator of (16) is maximized when s = 0 and hence

disc(r, k,n) 2
isc(r,k,n) = —; — — .
Zx:O Zy:O (z) (y) (r]jyfm) |Q(xa r, k) - Q(ya r, k)‘
and furthermore,
di k,n) = 1
isc(r,k,n) o 1 + ox(1)
completing the proof of Theorem 1. [ ]

6 Dense graphs

We can generalize the definition of discy(w) from complete r-graphs to general r graphs. Let G be
an r-graph and let w : E(G) — R. Then, discy(w) = max, pe () |w(A) — w(B)| where now (f) is
the set of all k-cliques of G. Generalizing the notion of disc(r, k,n), for an r-graph G and k > r,
we define )

disc(G, k) = min dsz(w)

w disc(w)

where 7 < k£ and the minimum is taken over all non-constant weighings w of G.

Trivially, if G has no k-clique, then disc(G, k) = 0. But since the Turdn number of hypergraphs
is by itself a notoriously difficult problem (the Turdn number of any K* and where k > r > 2 is
not known, even asymptotically [6]), we will restrict our attention to graphs. Let us consider all

graphs with n vertices and minimum degree at least d for some 0 < d < n. Thus, let
disc([n,d], k) = mGin disc(G, k)

where the minimum is taken over all graphs with n vertices and minimum degree at least d. The
reason for looking at the family of graphs with a certain minimum degree requirement and not just
the family of graphs with a certain number of edges is obvious. In the latter case we can construct
graphs which are almost complete, say take a K,,_1, and an additional vertex v connected to just
one other vertex of the K,_;. We can assign a nonzero weight to the edge incident with v and
weight 0 to all other edges. For k > 3, every K}, in this graph has weight 0, while the edge weighing
is non-constant.

Once again, if there exist graphs with n vertices and minimum degree d that do not contain a
K, then, trivially, disc([n,d], k) = 0. However, Turdn’s theorem [7] tells us what is the minimum

d which guarantees that every graph with n vertices and that minimum degree has a K. That,
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however, is not enough since it may still be possible for a non-constant weighing to have all k-cliques

with the same weight.

Theorem 2 If d < Lkiﬂnj, then disc([n,d),k) = 0. Ifd > Lkiﬂnj, then disc(n,d], k) =
disc(2,k,n).

Proof. Recall that the Turén graph T'(s,n) is the unique complete s-partite graph with n vertices
and with each vertex part of size either |n/s| or [n/s|. While T'(s,n) does not contain K1,
Turén’s theorem states that if a graph with n vertices has more edges than T'(s,n) has, then it
does contain Kgy.

Recall also from the introduction that there are nonzero weighings of Kj1 such that every
copy of K} has the same weight, that is disc(2,k, k4 1) = 0. So take such a weighing w of Kj11 on
vertex set [k + 1] and notice that T'(k 4+ 1,n) is a blowup of Kj1, that is we replace vertex v with
an independent set X, of size either [n/(k+1)] or [n/(k+ 1)] and add all possible edges between
X, and X, when u # v. So we can also assign the weight w(u,v) to all edges between X,, and X,

and obtain a nonzero weighing of T'(k + 1,n) where each copy of Kj in T'(k 4+ 1,n) has the same

weight. Now, since the minimum degree of T'(k 4+ 1,n) is n — [n/(k+ 1)] < LkLHnJ we have that
whenever d < LkLHnJ, then disc([n,d], k) = 0.
Now suppose that G is a graph with n vertices whose minimum degree d satisfies d > LkLHnJ +1.

Every set of t vertices where 1 < ¢ < k + 1 has a common neighbor. Indeed, suppose T is such a
set, then the number of vertices not adjacent to at least one element of 7" is at most ¢(n — 1 — d) so
at least n — ¢ —t(n — 1 — d) > 0 vertices are adjacent to all vertices of T'. It follows that for each
Ki-subgraph of G on the set of vertices T', there is a K} o subgraph of G that contains 7.

Consider the graph H whose vertices are the edges of G and two vertices of H are adjacent
in H if the corresponding edges appear in the same copy of a Ki 9 in G. We claim that H is
connected. Indeed, suppose not. Then it is possible to partition V(H) = E(G) into two parts F}
and F5 with no edges of H connecting the two parts. For each v € V(G) let F;(v) be the set of all
edges of G incident with v that belong to F; for ¢ = 1,2. Notice that |F}(v)| + |F2(v) > d. Since G
is connected, we must have that for some v € V(G), Fi(v) # 0 and also F5(v) # (. Wlog, assume
|Fy(v)| > |Fi(v)] and let (v, x) € Fy(v). But since k > 3 and |Fy(v)| + |Fa(v)| > d > k—iln we must
have that (z,y) € E(G) for some y with (v,y) € F»(v). But according to the previous paragraph,
the triple (v, z,y) belongs to some K} o-subgraph of G. So it cannot be that (v,z) and (v,y) are
in distinct components of H.

Now suppose that w is a non-constant weighing of G. By the connectivity of H, there is some
copy of Kjio of G which has two edges whose weight is not the same. thus discy(w)/disc(w) >
disc(2,k,k+2). It follows that disc(G, k) > disc(2,k, k + 2) = disc(2, k,n). Thus, disc([n,d], k) >
disc(2, k,n). Since trivially disc([n,d], k) < disc(2,k,n), the theorem follows. [ ]

14



References

[1] D. De Caen. A note on the ranks of set-inclusion matrices. The Electronic Journal of Combi-
natorics, 8(1):N5-N5, 2001.

[2] A. Frumkin and A. Yakir. Rank of inclusion matrices and modular representation theory. Israel
Journal of Mathematics, 71(3):309-320, 1990.

[3] D.H. Gottlieb. A certain class of incidence matrices. Proceedings of the American Mathematical
Society, 17(6):1233-1237, 1966.

[4] J. Guo, F. Li, and K. Wang. Incidence matrices of finite attenuated spaces and class dimension
of association schemes. Discrete Mathematics, 315:42—-46, 2014.

[5] A. Shapira. Quasi-randomness and the distribution of copies of a fixed graph. Combinatorica,

28(6):735-745, 2008.

[6] A. Sidorenko. What we know and what we do not know about Turdn numbers. Graphs and
Combinatorics, 11(2):179-199, 1995.

[7] P. Turdn. On an extremal problem in graph theory. Mat. Fiz. Lapok, 48(436-452):137, 1941.

[8] R.M. Wilson. A diagonal form for the incidence matrices of t-subsets vs. k-subsets. FEuropean
Journal of Combinatorics, 11(6):609-615, 1990.

15



