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Abstract

The variational inequality problem (VIP) is considered here. We
present a general algorithmic scheme which employs projections onto
hyperplanes that separate balls from the feasible set of the VIP instead
of projections onto the feasible set itself. Our algorithmic scheme
includes the classical projection method and Fukushima’s subgradient
projection method as special cases.

1 Introduction

We consider the variational inequality problem (VIP) in the Euclidean space
R™. Given a nonempty closed convex set X C R"™ and a function f : R" —
R™, the VIP is to find a point z* such that

z* € X and (f(z*),z —2") >0, for all z € X. (1)

This problem was well-studied in the last decades, see, e.g., the treatise of
Facchinei and Pang [7] and the review papers by Noor [12] and by Xiu and
Zhang [13]. In particular, algorithmic approaches were investigated, using
projections of different types, in order to generate a sequence of iterates
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that converges to a solution. See, e.g., Yang [15], Yamada and Ogura [14],
Auslender and Teboulle [3] or Censor, Tusem and Zenios [5], to name but
(very) few out of the existing vast literature. The importance of VIPs stems
from the fact that some fundamental problems can be cast in this form, see,
e.g., [7, Volume I, Subsection 1.4].

Some algorithms for solving the VIP fit into the framework of the follow-
ing general iterative scheme.

Algorithm 1

Initialization: Let {1.}32, be a user-chosen positive real sequence, select
an arbitrary starting point 2° € R™ and set the iteration index k = 0.
Iterative step: Given the current iterate x¥, calculate the next iterate

2" = Py (2 — G f(2F)),

where G is a symmetric positive definite matriz, Px is the projection operator
onto X with respect to the G-norm ||z||¢ = (z, Gz)"/2.

See, Auslender [2] and consult [7, Volume 2, Subsection 12.1] for more
details. Such methods are particularly useful when the set X is simple enough
to project on. However, in general, one has to solve at each iterative step the
minimization problem

min{||z — (z* — G f(z"))||¢ | for all = € X}.

The efficiency of such a projection method may be seriously affected by the
need to solve such optimization problems at each iterative step.

An orthogonal projection of a point z onto a set X can be viewed as an
orthogonal projection of z onto the hyperplane H which separates z from X,
and supports X at the closest point to z in X. But, of course, at the time of
performing such an orthogonal projection, neither the closest point to z in
X, nor the separating and supporting hyperplane H are available. In view of
the simplicity of an orthogonal projection onto a hyperplane, it is natural to
ask whether one could use other separating supporting hyperplanes instead
of that particular hyperplane H through the closest point to z. Aside from
theoretical interest, this may lead to algorithms useful in practice, provided
that the computational effort of finding such other hyperplanes favorably
competes with the work involved in performing orthogonal projections di-
rectly onto the given sets.



To circumvent the difficulties associated with the orthogonal projections
onto the feasible set of (1) Fukushima [10] developed a method that utilizes
outer approximations of X. His method replaces the orthogonal projection
onto the set X by a projection onto a half-space containing X, which is easier
to calculate. Letting X := {x € R" | g(x) < 0} where g : R — R is convex,
Fukushima’s algorithm is as follows.

Algorithm 2

Initialization: Let {pp}32, be a user-chosen positive real sequence, select
an arbitrary starting point 2° € R™ and set the iteration index k = 0.
Iterative step: Given the current iterate z*,

(1) choose a subgradient ¢ € Og(z*) of g at 2% and let

TF .= {x € R"| g(2*) + (¢*, 2 — 2*) < 0}.
(2) Calculate the “shifted point”

2= ab — g G () /]| £ ()2,

and then the next iterate ¥+ is the projection of 2* onto the half-space T*
with respect to the G-norm, namely,

$k+1 = PTk (Zk)
(3) If 281 = 2% then stop, otherwise, set k =k + 1 and return to (1).

Since the bounding hyperplanes of the subgradiental half-spaces T*, used
by Fukushima, separate the current point z from the set X, the question
again arises whether or not any other separating hyperplanes can be used in
the algorithm while retaining the overall convergence to the solution.

This question presents a theoretical challenge and we are able to offer here
answers that hold under some not too restrictive conditions. Under these
conditions, we are able to show that, as a matter of fact, the hyperplanes
need to separate not just the point z from the feasible set of (1), but rather
separate a “small” ball around z from X. This is inspired by our earlier work
[1] on the convex feasibility problem. Whether or not our current restrictions
can be relaxed or removed still remains to be seen.



Our goal is to present the structural algorithmic discovery that both Al-
gorithm 1 and Algorithm 2 are realizations of a more general algorithmic
principle. Once we achieve this we are less concerned at the moment about
the minimal strength of the conditions under which our results hold. This
and generalizations of the new algorithmic structure to algorithms which use
two projections per iteration for the VIP are currently under investigation.
Our work is admittedly a theoretical development and no numerical advan-
tages are claimed at this point. The large “degree of freedom” of choosing
the super-sets, onto which the projections of the algorithm are performed,
from a wide family of half-spaces may include specific algorithms that have
not yet been explored. In Section 2 we present the algorithmic scheme and in
Section 3 we give our convergence analysis. Section 4 discusses special cases.

2 The Algorithmic Scheme

2.1 Assumptions

Let X := {x € R" | g(z) < 0} where g : R* — R is convex. Let G be
a symmetric positive definite matrix and denote the distance from a point
x € R" to the set X with respect to the norm || - || by

dist(z, X) := min{||z — z||¢ | z € X }.
For any € > 0, we denote
X ={x e R" | g(x) < e}
Following [10], we assume that the following conditions are satisfied.
Condition 3 f s continuous on X, for some € > 0.

Condition 4 f is strongly monotone with constant o on X, for some e > 0,
1.€.,
(f(x) = fy),z —y) > allz—yl3, foral z,y € X. and somea > 0. (2)

Condition 5 For some y € X, there exist a § > 0 and a bounded set
D C R"™ such that

(f(x),z —y) = B f (@), for all z ¢ D.

It is well-known that under Conditions 3 and 4, the problem (1) has a
unique solution, see, e.g., Kinderlehrer and Stampacchia [11, Corollary 4.3,
p. 14].



2.2 The algorithmic scheme

In order to present the algorithmic scheme a few definitions are needed.

Definition 6 Let G be a symmetric positive definite matriz. Given a 0 <
0 <1, a closed convex set X C R"™ and a point x € R",

(i) B(z, X, 6) := B(z,6dist(z, X)) = {z € R" | ||z — 2||¢ < édist(x, X)}
is the G-ball centered at x with radius 6 dist(x, X),

(it) for any x ¢ int X, denote by H(x,X,0) the set of all hyperplanes
which separate B(x, X, 0) from X,

(iii) for x,y € R", define the mapping

[ Az}, if x € int X
Axs(z,y) = { {Py-(y) | H € H(x,X,6)}, ifz¢intX,

where Py- is the projection operator, with respect to the G-norm, onto the
half-space whose bounding hyperplane is H and such that X C H™.

The mapping A defined above maps a quadruple (z,y, X, §) onto a set.
A selection from Ax s(x,y) means that if z ¢ int X a specific hyperplane
H € H(xz,X,0) is chosen and Py-(y) is selected. If x € int X then z is
selected.

Let {pr}32, be a sequence of positive numbers satisfying

klim pr =0 and Zpk = +o00. (3)
> k=0

Our algorithmic scheme for the VIP is as follows.

Algorithm 7

Initialization: Let {p;}32, be a user-chosen positive real sequence that ful-
fills (8). Choose a constant 6 such that 0 < 6 < 1, select an arbitrary starting
point 2° € R™ and set k = 0.

Iterative step: Given the current iterate z*,

(1) calculate the “shifted point”

o {2 =GN @) if f(2¥) #0, (4)
' zk, if f(zF) = 0.



(2) Calculate the next iterate by
" s a selection from Ax s(z", 2F). (5)

(3) If 281 = aF stop, otherwise, set k =k + 1 and return to (1).

In what follows, we shall denote by P the projection operator onto H,
where Hj, is the selected hyperplane Hy € H(z", X,6) Thus, in (5) we have

k ook o
ki1 | 2", if 2% € int X
v { Pi(2%), if 2% ¢ int X. (6)

The iterative step of this algorithmic scheme is illustrated in Figure 1.
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Figure 1: Illustration of the algorithmic scheme in Algorithm 7.

Remark 8 Observe that there is no need to calculate in practice the radius
s dist(z*, X) of the ball B(z*, X,6). If there would have been a need to cal-
culate this then it would, obviously, amount to preforming a projection of z*

6



onto X, which is the very thing that we are trying to circumvent. All that is
needed, when deriving from the algorithmic scheme a specific algorithm, is to
show that the specific algorithm indeed “chooses” the hyperplanes in concert
with the requirement of separating such B(z*, X, 8) balls from the feasible set
of (1). We demonstrate this in Section 4 below.

3 Convergence

First we show that if Algorithm 7 stops then it has reached the solution of
the VIP.

Theorem 9 If 2%+ = 2% occurs for some k > 0 in Algorithm 7, then x* is
the solution of problem (1).

Proof. First assume that f(z*) # 0, then z*t! = z* is possible only if
the radius of B(z*, X, §) is zero which implies that z* € X since § > 0. By
definition, P;(Y) is the solution of the problem min {|y — w|% | w € H; },
where H, is the half-space determined by Hj and X C H, . Applying [4,
Theorem 2.4.2] with the Bregman function h(y) = 3|[y||%, whose zone is R,
for the set H, , we get

(w— Py(y), Vh(y) — Vh(FPx(7))) <0, foralwe H,_,
where here VA(7) = Gy, Vh(Px(7)) = GFPx(7). So, we have
(w— Py(v),Gy — GPy(y)) <0, forallwe H, . (7)
Taking w = T, § = 2* in (7) we get
(T — Py(2¥), G2* — GP,(%)) <0, forallT € H, (8)
which, by (4), implies that for all 7 € H,

(T - 2™, Ga* - p G )/ F(@)]]2) — G
— (7 — L Gt — ) — pf ()1
— (7 - 2, Gt — 7)) — (T — 2, S ()])) < 0.

Since we assume that zF+1 = F

<T _ l‘k—H, G(:L’k . :L’k+1)> =0,
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so we get
@ — 2", oo f ")/ (2")l|2)) = 0, for all T € Hy,
and then py/[|f(z")]]2 > 0, X C H, , and z*"! = 2* lead to
(T —2F f(2*) >0, forall 7 € X.
On the other hand, if f(z*) = 0, then (8) holds with z* = 2% i.e.,
(T — Py(2*),Ga* — GPy(2")) <0, forallZ e H,
or, by (6) and zFt1 = ¥,
(T —2%0)<0, forallT € H,

which is true for all T € X since X C H, and the proof is complete. m

In the remainder of this section we suppose that Algorithm 7 generates an
infinite sequence {z*}2°, and establish the next lemmas that will be useful
in proving the convergence of our algorithmic scheme. The next lemma was
proved in [8] for G = I and under the assumption that F is compact.

Lemma 10 Let A, E and F' be nonempty closed convez sets in R"™, such that
A C E C F. For any point x € F, let y be the point in E closest to x. Then
we have

ly = 2lIE < Nl = 2l1& = lly — zll&, for all z € A. (9)

Furthermore,
(dist(y, A))? < (dist(x, A))? — [}y — =% (10)

Proof. Since y is the optimal solution of the problem min {|le — z||% | e € E},
it must satisfy the inequality (see, e.g., [4, Theorem 2.4.2])

(e —y,Gx — Gy) <0, foralle € E.
Thus, for all e € F,

lz —ell& = lly — 2l1& — lly —ellé =2 (y — e, Gz — Gy)
:_2<6_y7G$_Gy> > 0,

and, since A C E, we get

lz = 201& = lly — @lI& — lly — 21& > 0, forall z € A,
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which proves (9). In order to prove (10), let Z € A be the closest point to
x € F. Then, using (9), we obtain

(dist(y, A))* < [ly = Zl|& < [z = 211& — lly — =[%

which completes the proof. m

Lemma 11 Lety € R™ be an arbitrary point. Then, in Algorithm 7, for all
k > 0, we have the inequalities

1P:(@) — wli& < 17— wlle = 1P@) —Flle,  for all we X.

Proof. This follows from Lemma 10 with A= X, £ = H, and F = R". =m
The next lemma is quoted from [10, Lemma 2.

Lemma 12 Let {a;}32, and {b;}3>, be sequences of nonnegative numbers,
and let p € [0,1) be a constant. If the inequalities

apr1 < pag +bg, k=0,1,...,
hold and if lim by = 0, then lim a; = 0.
k—o0 k—o0
Lemma 13 If Condition 5 is satisfied, then any sequence {x*}32,, generated

by Algorithm 7, is bounded.

Proof. The proof is structured along the lines of [10, Lemma 3|. First
assume that f(2*) # 0. Let y € X be a point for which Condition 5 holds
and let M > 0 be such that ||z — y||¢ < M, for all x € D, where D is a
bounded set given in Condition 5. Lemma 11 implies that, for each z* € R,

1P(2*) = yllE < 12" — yli2. (11)
Therefore,
1 2 o [ 2 B )
bt ol < ot - iy, =], = ol
o P riaky gk Rk .
G A TieoT A )><12>



Thus, if ||z*¥ — y||¢ > M, then we have, by (12) and Condition 5,

2
||xk+1 _ yHé‘ < ka _ yHZG — 2018 + H]C(ZWQ‘(xk),Glf(mk» (13)

From Demmel [6, Equation (5.2), page 199] we have
(f(2%), G71f(2%)) < v(f(¥), f(2¥)),

where v is the largest eigenvalue of G~1, so that

(f(z"), G (")) < vTH{f(2"), f(2), (14)
where v is the smallest eigenvalue of G. By (13) and (14)

= yllE < ll2" = yllE — (28 — prv ).

[
Since limg_, o, pr = 0, the last inequality implies

k+1

I yle < llz* —yle, (15)

provided that k is sufficiently large. On the other hand, since y € X,

k
k+1 < |k _ — Ak — ot f(z") _
I vlle < 12" =vllg ={]=" = px 1) Yy .
k
— kE_ _ G—l f(ll? ) )
S TFoT
Using the triangle inequality with G-norms and (14) we obtain
L f(@h) -
(¢ —y) — G Heamp < |l2* =yl + prr 2,
so that
127" = yllg < 2" = vl g +e (16)

for all sufficiently large k, where € > 0 is a small constant. Inequalities (15)
and (16) imply that {z%}2°, is bounded. If f(z*) = 0 we have by (6) and
(11)

1254 — yllE < ll=* - ylIZ,

which implies (16) and the rest follows. m
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Lemma 14 Let X be a nonempty closed convex set X C R™ and let 0 <
6 < 1. Let W C R™ be a nonempty convex compact set, let W\X :=
{r e W |z ¢ X}. Denote by o(z) a selection from Axs(x,x), then there
ezists a constant p € [0,1) such that

dist(o(z), X) < pdist(z, X), for all z € W\X.

Proof. Since o(z) is, by definition, the closest point to x in the convex set
H=,and X C H~, we get

(dist(o(2), X))* < (dist(z, X))* — [lo(z) — z[[¢- (17)
This holds because
(dist(o(2), X))* < [lo(z) — Px(2)ll, (18)
and, by Lemma 10, we get

lo(2) = Px(@)|I& < llz — Px(2)[& — llo(2) — 2ll&
= (dist(2, X))* — |lo(2) — zl|¢- (19)
(18) and (19) imply (17). On the other hand, since o(z) is a selection from
Ax s(z,z) and ¢ X, we have that o(z) = Py-(z) where H € H(z, X, ¢),

S0
dist(z, X) - 6 < |lo(z) — z||g, for all = € R", (20)

(if z € X then both sides of (20) are zero.) Since 6 is a positive constant
such that 0 < § < 1, we have

—&6*(dist(x, X))? > —|lo(x) — z||%, forall z € W\X,
so, by (17), for all z € W\X

(dist(o(x), X))? < (dist(z, X))? — 6%(dist(x, X))?
= (1 — 6*)(dist(z, X))

Since also 0 < 1 — §% < 1, taking = /1 — 62 € [0,1), we get
dist(o(z), X) < pdist(z, X), for all z € W\X,

which completes the proof. m

11



Lemma 15 For any sequence {x*}32,, generated by Algorithm 7, we have
limy, o dist(z*, X) = 0.

Proof. Assume that f(2*) # 0, by (10) of Lemma 10 we have
(dist( Py (2%), X))? < (dist(2*, X))? — || Pe(2*) — 2F||%, for all k >0,
and, by Lemma 14, there exists a constant p € [0, 1) such that
dist(Py(2*), X) < pdist(z®, X), for all & > 0. (21)

On the other hand, the nonexpansiveness of the projection operator and reuse
of (14) implies

125 = Pr(a®) & = 1Pe(2") = Pe(=) 1 < 12" — "%

L fa) ?
_ k G 1 .k
ST e T N
-1 f(fk) ? 2 1
= G =71 v,
‘p’“ | =

Therefore,

124 = Pi(a") e < (22)

Pr
N
Let s* = Py (Pk (xk)) , namely,
| P (%) — s¥||¢ = dist(Py(z¥), X).
Then, by the triangle inequality, we get

12" = s*lg = [l2"*" = Pu(a®) + Pi(a") — 5"l

< [l = Pu(aM)lle + (| Pu(a") = s"le.
Now, since s* € X, we have
dist(z"1, X) < ||z — 5F||.
From the last three inequalities we get
dist (2", X) < ||z — Pu(2¥) || + dist(Pe(2), X),
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and, using (21) and (22), we have

dist(a*+1, X) < L5 4 pdist(a, X), for all k > 0.

N

So the result of this case is obtained by Lemma 12 and (3). In case f(z*) = 0,
(11) becomes

dist(2*™, X) < pdist(2*, X), for all k >0,

and, by Lemma 12 with {a;,}32, = {dist(z*, X))}, and b, = 0, for all k > 0,
the desired result is obtained. m

Lemma 16 For any iterative sequence {z*}%2, generated by Algorithm 7,
limy,_o [T — 2¥]|g = 0.

Proof. Assume first that f(z*) # 0, using the triangle inequality with G-
norms we have

125 = 2%l = 2" = Pi(a") + Po(a®) — 2"l
< [lo* = Po(a®) g + [ Pe(a") — 2"l

< % + (dist(z*, H)), for all k > 0, (23)

where the last inequality follows from (22) and the equality
dist(z", H,,) = || Pu(2*) — 2%||c.
Since X C H, , we have
dist(2*, H,) < dist(z", X),

thus,
2" — 2¥]|¢ < LR+ dist(a*, X).
1%

N

By Lemma 15 and (3) we now obtain the required result. In case f(z¥) =0,
(23) becomes

Iz — a¥lle < [l2" = Pi(a)lle + |1 Pu(a") — 2¥lle = [ Pe(=®) — 2*]l6

= dist(z", H, ) < dist(2*, X),

where the last inequality follows from X C H, . By Lemma 15 and taking
limits as kK — oo, we get the required result. m
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Theorem 17 Consider the VIP(X, f) (1) and assume that Conditions 35
hold. Then any sequence {x*}, generated by Algorithm 7, converges to the
unique solution x* of problem (1).

Proof. By Lemma 15, ¥ € X_, for all sufficiently large k, where X, is the
set given in Conditions 3 and 4. (We assume without loss of generality that
the value of ¢ is common in both conditions.) From Condition 4 we have

(f(@*) = f(a™), 2" —2%) > alla® — 2”3,

<f(£l?k) . f(x*),xk . karl 4 xk+1 . SU*>
— <f($k),$k . $k+1> + (f(xk),$k+1 . $*>
— (f(a"), 2" — %)

> afjz* — a*||3.
So, we obtain
(f(ah), 2" —a%) > allz® —a*|3+ (f(27), 2" —2") + (f (&%), " —aF). (24)

Let A be an arbitrary positive number. Since z* satisfies (1), it follows from
Lemmas 13 and 15 that the following inequalities hold, for all sufficiently
large k,

(fl@™),a" —a") > =\ (25)

Using the Cauchy-Schwarz inequality
(f(z"), 2" —a®) > —[| f(@®)||2|2" " — 2.

By Lemma 13, {2*}%°, is bounded, and with Condition 3 we get that { f(x*)}2,
is also bounded. Lemma 16 guarantees

(f(ah),a"t —af) > —A, (26)
for all sufficiently large k. Applying (25) and (26) to (24), we obtain
(f(@*), 2" —a") > allz® — 27||3 — 2. (27)
Let us divide the indices of {z*}%° as follows

I:={k>0]| f(z*) =0} and I := {k >0 f(2*) # 0}.
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Equation (27) implies, due to the arbitrariness of ), that for f(z*) =0

lim 2 = 2%
k—oo, kel’

Now consider the indices in I' and suppose that there exists a ¢ > 0 such

that B
|z* — 2|, > ¢, forall kel (28)

By Lemma 11

= ol = 1 Pu(=") = 2"l < 1% — [l = 1 Pul=¥) — 2113

_ H(xk—ka_l fa') )-ﬂ 2

1f (@F)]] G
k 2
. ka—(mk—pG_l f(x))
IO g
% Pk ky o k+l *
= ||zF — 2*||Z — ||zt = 2F)% — 22— (f (), 2" — 2%)
<z — 2|2 — 2—LE _(f(a* ot — ).
So, we get
* * Pk k k+1 *
" — 2% < ||oF — 2% — 2— o (f ("), 2" — 2).

Since \ in (27) is arbitrary, we choose A\ = a(?/4,

2
<f(xk)7xk+1 . x*> > aka . $*||§ . %,
provided that k are sufficiently large. So,
Pk ky o k+l * Pk k (2 ag?
—2———(f(z"), 2" — ") < —-2—r—— (aHm — ¥ ——)
[1f (%)l 1f ()| 2772
__aCp
1 ()12

By Lemma 13, {2*}2°, is bounded, thus Condition 3 implies that {f(z*)}%°,
is also bounded. So there exists a 7 > 0 such that

2 2
a6 P < G P for all k € T,

If@) =
15



so that,
ag®py

a4 — 27 < ok — a7 - S,

provided that k are sufficiently large. Then there exists an integer k € T
such that

2
1254 — 22 < 2% — 273 — 2<% for all k € T such that k > F. (29)
-

By adding the inequalities (29) from k = k to k + £, over indices k € I, we
have

2 K+
- - (6]
P e P A S
ker, k=k

for any ¢ > 0. However, this is impossible due to (3), so there exists no
¢ > 0 such that (28) is satisfied. Thus, {2*},cp contains a subsequence
{2*} s I' C T converging to z*, and so there is a subsequence {2*}icror
of the whole sequence {z*}2°, converging to x*. In order to prove that the
entire sequence {xk}iozo is convergent to xz*, suppose to the contrary that
there exists a subsequence of {z*}%°, converging to & € X, & # z*. Since, by
Lemma 16, klgg} |z*+t — 2*||¢ = 0, there must exist a ¢ > 0 and an arbitrarily

large integer j € I' such that
27 ="l = ¢ and  [la7" —2"|g = |27 — 2"|c- (30)

However, if j is sufficiently large, we may apply an argument similar to that
used to derive (29), and obtain the inequality

l27*F = 2*le < |27 — 2"l
which contradicts (30). Therefore, the sequence {x*}°, must converge to
the solution z*. m
4 Special Cases of the Algorithmic Scheme

Our general algorithmic scheme (Algorithm 7) includes as a special case the
classical projection method of Algorithm 1. This can be seen by using 6 = 1 in
Algorithm 7, which reduces the family of potential half-spaces to a singleton
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which includes only the half-space that supports X at the projection of z*
(of (4)) onto X.

Another important special case is obtained from Algorithm 7 if we choose
the convex function g(z) := dist(z, X). This is no restriction since any convex
set X can be presented in this way and Fukushima’s method of Algorithm 2
is obtained as a special case of our algorithmic scheme.

4.1 An interior anchor point algorithm

To illustrate that additional algorithms can be derived from Algorithm 7 we
present below an algorithm that uses other hyperplanes to project on. This
particular realization requires that (the interior) int X is nonempty. The idea
of using an interior point as an anchor to generate a separating hyperplane
appeared previously in [1] for the convex feasibility problem, and in [9] for
an outer approximation method.

Algorithm 18

Initialization: Lety € int X be fized and given. Select an arbitrary starting
point z° € R and set k = 0.

Iterative step: Given the current iterate ¥,

(1) if 2 € X set 2% = 2*** and stop.

(2) Otherwise, calculate the “shifted point”

s [ =GV IF O f £ 0, o
R if f(z*)=0.

and construct the line Ly, through the points ¥ and y.

(8) Denote by w* the point closet to z* in the set L, N X.

(4) Construct a hyperplane Hy separating x* from X and supporting X at
k

w”.

(5) Compute z*+1 = PH;(zk), where H,  is the half-space whose bounding

hyperplane is H, and X C H, , set k =k + 1 and return to (1).

The iterative step of this algorithm is illustrated in Figure 2. We show

that Algorithm 18 generates sequences that converge to a solution of problem
(1) by showing that it is a special case of Algorithm 7.

Theorem 19 Consider the VIP(X, f) (1) and assume that Conditions 3-5
hold and that int X # (). Then any sequence {z*}°,, generated by Algorithm
18, converges to the solution x* of problem (1).
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Figure 2: Ilustration of Algorithm 18: Interior anchor point

Proof. First assume that G = I, the unit matrix. Algorithm 18 is obviously
a special case of Algorithm 7 where we choose at each step a separating
hyperplane which also supports X at the point w*. The stopping criterion is
valid by Theorem 9. In order to invoke Theorem 17 we have to show that for
such an algorithm ¢ > 0 always holds. By Lemma 13, {2} is bounded
and, since ¥ ¢ X, we have

* — wlally = P ()]
P (k) — 2F|], = 2" — w*ll2]ly — Pr, ()2 39

and we also have
2% — w*||y > dist(z*, X).

Defining d := dist(y, bd X), since y € int X,

ly = Pr(y)]2 = d > 0.
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From the boundedness of {z"}°, we know that there exists a positive N
such that ||y — w*||; < N, for all k& > 0. Combining these inequalities with
(32) implies that

d
”PH;(xk) — kaQ > Ndist(:zck,X)7

which shows that the algorithm is of the same type of Algorithm 7 with
6:=d/N > 0.

To show convergence for a general symmetric positive definite matrix G
we recall that all norms are equivalent in R™ so that there exists constants
M; and M5 such that, for all x € R",

M|zl < flzlle < Mozl

Actually,
[zl < p(G)||z]l2,

where p(G) is the largest eigenvalue of G (see, e.g., [6, Equation (5.2), page
199]). So, we get

1
a* — wk|y > zF — wk||g > dist(z*, X),
[ I > | o> — 5 dist(a*, X)
thus, R
Iy = Pars(@)ll> > —=slly — Par, ()l > —er
T TGy

where d := dist(y, bd X). Also,
ly — w*lla < Mslly — wh[|a < MoN.
So, by (32) and the last three inequalities, we get

2% — w*||ally — Pr, (y) |2
ly — wk||2

|
1Py (%) — 2¥lle = My - [Py (a) — ¥l = M -

1 d
dist(zF, X) - —— ~
p(G) pG) w5 d ok
> . — R
> M, LN M Ndlst(ac X)),

(33)
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where M := M, /(Ms(p(G))?) and this completes the proof. m
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