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BLOCK-ITERATIVE ALGORITHMS WITH
DIAGONALLY SCALED OBLIQUE PROJECTIONS
FOR THE LINEAR FEASIBILITY PROBLEM*

YAIR CENSOR' AND TOMMY ELFVING#

Abstract. We formulate a block-iterative algorithmic scheme for the solution of systems of
linear inequalities and/or equations and analyze its convergence. This study provides as special
cases proofs of convergence of (i) the recently proposed component averaging (CAV) method of
Censor, Gordon, and Gordon [Parallel Comput., 27 (2001), pp. 777-808], (ii) the recently proposed
block-iterative CAV (BICAV) method of the same authors [[EEE Trans. Medical Imaging, 20 (2001),
pp. 1050-1060], and (iii) the simultaneous algebraic reconstruction technique (SART) of Andersen
and Kak [Ultrasonic Imaging, 6 (1984), pp. 81-94] and generalizes them to linear inequalities. The
first two algorithms are projection algorithms which use certain generalized oblique projections and
diagonal weighting matrices which reflect the sparsity of the underlying matrix of the linear system.
The previously reported experimental acceleration of the initial behavior of CAV and BICAYV is thus
complemented here by a mathematical study of the convergence of the algorithms.

Key words. block-iterative algorithms, component averaging (CAV), block-iterative CAV,
simultaneous algebraic reconstruction technique, oblique projections, linear feasibility problem
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1. Introduction. Recently Censor, Gordon, and Gordon proposed and studied
new iterative schemes for linear equations: In [7] the CAV (component averaging)
method was presented as a simultaneous projection algorithm and in [8] BICAV was
proposed as a block-iterative companion to CAV. In these methods the sparsity of
the matrix is explicitly used when constructing the iteration formula. Using this
new scaling we observed considerable improvement compared to traditionally scaled
iteration methods. In [7] a proof of convergence was given for unity relaxation only,
whereas no proofs at all were given for the block-iterative case [8].

The purpose of this paper is to describe a generalization to linear inequalities
(with linear equations as a special case) of the Censor, Gordon, and Gordon schemes
and study its convergence. It is shown that for the consistent case the block-iterative
scheme (of which the fully simultaneous method is a special case) converges. For the
inconsistent case we consider only linear equations and show that the simultaneous
scheme converges to a weighted least squares solution. The treatment of the consistent
case is based on our paper [6], in which an accelerated version of the fully simultaneous
method with orthogonal projections for linear inequalities was proposed and studied.
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DIAGONALLY SCALED OBLIQUE PROJECTIONS 41
Recent relevant work of Byrne [5] and Jiang and Wang [19] is referred to at the
end of Examples 7.1 and 7.2, respectively.

2. The CAV algorithm: Motivation and review. To motivate this work,
let us consider linear equations and denote the hyperplanes

(2.1) Hi:={z eR" [ (d',2) = bi}

fori=1,2,...,m, where (-, -) is the inner product and a’ = (aj»);?:l € R", a' # 0, and
b; € R are given vectors and given real numbers, respectively. Then the orthogonal
(nearest Euclidean distance) projection P;(z) of any z € R™ onto H; is

b; — (a', z)

2
||GZH2

A
)

(2.2) Pi(z) = z+
where || - ||2 is the Euclidean norm.

In Cimmino’s simultaneous projections method [11] (see also, e.g., Censor and
Zenios [9, Algorithm 5.6.1] with relaxation parameters and with equal weights w; =
1/m), the next iterate x**! is the average of the projections of 2* on the hyperplanes
H;, as follows.

ALGORITHM 2.1 (Cimmino).

Initialization: z° € R™ is arbitrary.
Tterative Step: Given z*, compute

m
(2.3) af = gk X
m

where {A}r>o are relazation parameters.
Expanding the iterative step (2.3) according to (2.2) produces, for every compo-
nent 5 =1,2,...,n,

Mo wm by — (a, zF)
k+1 k k 7 )

= el
i.

When the m X n system matrix A = (a%) is sparse, only a relatively small number

J
of the elements {a]l, a?, ...,a'} in the jth column of A are nonzero, but in (2.4) the
sum of their contributions is divided by the relatively large m. This observation led

Censor, Gordon, and Gordon [7] to consider replacement of the factor 1/m in (2.4) by

a factor that depends only on the nonzero elements in the set {aj,a3,...,a7"}. For
each j =1,2,...,n, denote by s; the number of nonzero elements of column j of the

matrix A, and replace (2.4) by

Mo o= by — (@, z%)

& k

= o - e By
J =1 2

Certainly, if A is sparse, then the s; values will be much smaller than m. But this
posed a theoretical difficulty. The iterative step (2.4) is a special case of

b; — {(at, z¥)

a3

i
)

(2.6) AR LI V) Zwi
i=1
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where the fixed weights {w;}, must be positive for all i and > ", w; = 1. The
attempt to use 1/s; as weights in (2.5) does not fit into the scheme (2.6), unless one
can prove convergence of the iterates of a fully simultaneous iterative scheme with
component-dependent (i.e., j-dependent) weights of the form

“ b; — {a’,x*) ,

k+1 k i ) i

(27) R S P
i=1

forall j =1,2,...,n.

To derive a proof of convergence for (2.7), Censor, Gordon, and Gordon modified
it further by replacing the orthogonal projections onto the hyperplanes H; by certain
oblique projections induced by appropriately defined weight matrices, as will be ex-
plained next. Consider a hyperplane H := {z € R" | {(a,x) = b}, with a = (a;) € R",
b € R, and a # 0. Let G be an n x n symmetric positive definite matrix and let
2|2 := (z,Gz) be the associated ellipsoidal norm; see, e.g., Bertsekas and Tsitsiklis
[4, Proposition A.28]. Given a point z € R™, the oblique projection of z onto H with
respect to G is the unique point P§(z) € H for which

(2.8) PS(2) = argmin{|jz —z||¢ |z € H}.
Solving this minimization problem leads to

b—{a,z) ,_4

2
lallg-

a,

(2.9) PS(z) = 2+

where G~! is the inverse of G. For G = I, the identity matrix, (2.9) yields the
orthogonal projection of z onto H, as given by (2.2); see, e.g., Ben-Israel and Greville
[3, section 2.6].

In order to consider oblique projections onto H with respect to a diagonal matrix
G = diag(g1, g2, - - -, gn) for which some diagonal elements might be zero, the following
definition is used.

DEFINITION 2.1 (see [7]). Let G = diag(g1,92,--.,9n) with g; > 0 for all j =
1,2,...,n, let H = {z € R" | {a,x) = b} be a hyperplane with a = (a;) € R"
and b € R, and assume that g; = 0 if and only if a; = 0. The generalized oblique
projection of a point z € R™ onto H with respect to G is defined, for allj =1,2,...,n,
by

b—{a,z) a; .
Zj‘i’ﬁ‘ﬁ if gj7é0,
(2.10) (P§(2)); = Sy

Zj if gj:0

It is not difficult to verify that this P (z) belongs to H, that it solves (2.8) if
|z —z||¢ is replaced there by (x—z, G(x—z2)), and that it is uniquely defined, although
other solutions of (2.8) may exist due to the possibly zero-valued g;’s. This P ()
reduces to (2.9) if g; #0 for all j =1,2,...,n.

Consider next a set {G;}™, of real diagonal n x n matrices G; = diag(g:1, gi2, - - - ,
gin) With g;; > 0foralli=1,2,...,mand j =1,2,...,n and such that ) ;" | G; = I.
Referring to the sparsity pattern of A, one needs the following definition.

DEFINITION 2.2 (see [7]). A family {G;}7, of real diagonal n x n matrices with
all diagonal elements g;; > 0 and such that Y .- G; = I is called sparsity pattern
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oriented (SPO) with respect to an m xn matriz A if, for everyi=1,2,...,m, ¢g;; =0
if and only if aé =0.

The CAV algorithm of [7] combined three features: (i) Each orthogonal projection
onto H; in (2.3) was replaced by a generalized oblique projection with respect to G;.
(ii) The scalar weights {w;} in (2.6) were replaced by the diagonal weighting matrices
{G;}. (iil) The actual weights were set inversely proportional to the number of nonzero
elements in each column, as motivated by the discussion preceding (2.5). The iterative
step resulting from the first two features has the form

(2.11) ghl = gk +)\kiGi (Pg;(xk) ka),

i=1

or, equivalently, substituting from (2.10) for each Pg, one gets the following.
ALGORITHM 2.2 (diagonal weighting (DWE); see [7]).
Initialization: z° € R™ is arbitrary.

Iterative Step: Given x¥, compute ¥t by using, for j =1,2,...,n, the formula
m ik
b — {a", 2"y
k+1 __ k 4 )
(2.12) T = x A E o @ -aj,
9;;#10 il?zl?fo git

where {G; 14 is a given family of diagonal SPO (with respect to A) weighting matrices
as in Definition 2.2, and {\,}r>0 are relazation parameters.

Finally, the diagonal matrices {G;}", are constructed in order to achieve the
acceleration discussed above. Define

| T
55 if aj #0,
0 if aé =0.

With this particular SPO family of G;’s one obtains the CAV algorithm.
ALGORITHM 2.3 (component averaging (CAV); see [7]).

Initialization: z° € R™ is arbitrary.

Iterative Step: Given z¥, compute ¥t by using, for j =1,2,...,n, the formula

(A

k+1 __ k 7 ) 7

(214) AT NU VA o Sl L
i=1 2.1=1 51 (az)

where {A}r>o are relazation parameters and {s;}]_, are as defined above.

It was shown in [7] that Algorithm 2.2, with A\, = 1 for all & > 0, generates
sequences {x” }e>0 which always converge regardless of the initial point z° and in-
dependently from the consistency or inconsistency of the underlying system Az = b.
Moreover, it always converges to a minimizer of a certain proximity function.

3. The block-iterative component averaging algorithm (BICAV). The
basic idea of the block-iterative CAV (BICAV) algorithm is to break up the system
Ax = binto “blocks” of equations and treat each block according to the CAV method-
ology, passing cyclically over all the blocks. Throughout the following, T" will be the
number of blocks and, for t = 1,2,...,T, let the block of indices By C {1,2,...,m}
be an ordered subset of the form By = {i{,15,...,4,, ., }, where m(t) is the number of
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elements in B;. There is nothing preventing different blocks from containing common
indices; we require, however, the following.

ASSUMPTION 3.1. Ewvery element of {1,2,...,m} appears in at least one of the
sets By, t =1,2,...,T.

For t = 1,2,...,T, let A; denote the matrix formed by taking all the rows {a’}
of A whose indices belong to the block of indices By, i.e.,

al
(3.1) Ay = . ,t=1,2,....T
‘t'
a'm()
The iterative step of the BICAV algorithm, developed and experimentally tested by
Censor, Gordon, and Gordon in [8], uses, for every block index t = 1,2,...,T, general-
ized oblique projections with respect to a family {G!};cp, of diagonal matrices which

are SPO with respect to A;. The same family is also used to perform the diagonal
weighting. The resulting iterative step has the form

t(k)
(3.2) A= Y G (Pﬁ; (ﬂ)ﬁ),
iEBt(k)

where {t(k)}r>0 is a control sequence according to which the ¢(k)th block is chosen
by the algorithm to be acted upon at the kth iteration, and thus, 1 < t(k) < T for all
k > 0. The real numbers {\x }x>0 are user-chosen relazation parameters. Substituting

(k)
from (2.10) for each Pg , one obtains the following.

ALGORITHM 3.1 (block-iterative diagonal weighting (BIDWE); see [8]).
Initialization: z° € R™ is arbitrary.

Iterative Step: Given a¥, compute ¥t by using, for j =1,2,...,n, the formula
b — (a’, 2%y |
k+1 k 1 9 i
3.3 T = x4+ X E — a4t
o : S R C
D T (S S
g:;k)¢0 9; 70 Tl

where, for each t = 1,2,...,T, {G'}icp, is a given family of diagonal SPO (with
respect to Ai) weighting matrices, as in Definition 2.2, the control sequence is cyclic,
ie., t(k) = kmodT + 1 for all k > 0, {M\x}k>0 are relazation parameters, and
G} = diag(gi1, iz - -+ Gin)-

Finally, in order to achieve the acceleration, the diagonal matrices {G'};cp, are
constructed as in the original CAV algorithm [7], but with respect to each A;. Let s}
be the number of nonzero elements a§- # 0 in the jth column of A; and define

slt if aj» # 0,
to._ J
(3.4) 9ij =
0 ifa%=0.

It is easy to verify that, foreacht =1,2,...,T, ZZEB‘ G = I holds for these matrices.
With these particular SPO families of G!’s one obtains the block-iterative algorithm.
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ALGORITHM 3.2 (block-iterative component averaging (BICAV); see [8]).
Initialization: 20 € R™ is arbitrary.
Iterative Step: Given =¥, compute z*+1 by using, for j =1,2,...,n, the formula

b; — (ai xk> )

k+1 k T 9 7

(35) x] =T + Ak Z n t(k)/ i\ Yo
$€By () 2u1=1 51 (a})

where {\y }x>0 are relazation parameters, {st}], are as defined above, and the control
sequence is cyclic, i.e., t(k) = kmod T + 1 for all k > 0.

For the case T'=1 and By = {1,2,...,m}, Algorithm 3.2 becomes fully simulta-
neous, i.e., it is the CAV algorithm of [7]. For T =m and B, = {t}, t =1,2,...,m,
BICAV simply becomes the well-known ART (algebraic reconstruction technique)
(see, e.g., Herman [17]), also known as Kaczmarz’s algorithm [20] (see also, e.g., [9,
Algorithm 5.4.3]).

4. The algorithmic schemes that cover the CAV and BICAV algo-
rithms. We consider the system of linear inequalities

(4.1) Az < b,

where A is a real m x n matrix. We partition A into row blocks, precisely as done at
the beginning of section 3. The right-hand-side vector b is partitioned similarly with
b denoting those elements of b whose indices belong to the block of indices By,

(4.2) po=| | t=12..T

The classical partitioning with fixed nonoverlapping blocks of equal sizes results by
taking m(t) =1, t =1,2,...,T, with [ x T'=m. For each i = 1,2,...,m, the closed
half-space

(4.3) Li:={zcR"| {a",z) <b; }

has (2.1) as its bounding hyperplane. Define L := N, L; and note that L is a closed
convex set in R™. The task of finding a member of L, i.e., a solution of (4.1), is called
the linear feasibility problem, which is a special case of the convex feasibility problem;
see, e.g., Bauschke and Borwein [2] or [9, Chapter 5].

It is well known and easy to verify that the orthogonal projection Py, (z) of a
point z € R™ onto L; is

(4.4) P (z)=z+ ci(z)ai, where ¢;(z) = min {0, W} .
a’|la

Note that if z ¢ L;, then ¢;(z) < 0; otherwise ¢;(z) = 0. Further define

(4.5) Li(z):={i|i <i< ifn(t) and ¢;(z) <0}
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as the set of indices of the half-spaces in the ¢th block which are violated by z. We
also introduce diagonal matrices {D;}]_;, corresponding to the blocks {4;}Z ;,

() O ={ 5 e

Let {M;}_, be some given positive definite and symmetric matrices with nonnegative
elements. Define

(47) Mt(Z) = Dt(Z)MtDt(Z), t= 1,2,...,T.

If {z*}1>0 is a sequence of vectors, then we use the following abbreviations: ¢;(z*) =
¥ I, (z%) = IF, Dy(2*) = DF, and M;(2*) = M}. We propose now the block-iterative
algorithmic scheme which will work as an algorithmic structure that covers the CAV
and BICAV algorithms and extends them from methods for solving linear equations
to methods for solving the linear feasibility problem (i.e., both linear equations and
linear inequalities). We use T to denote matrix transposition, but no ambiguity with
the index T can arise.
ALGORITHM 4.1 (block-iterations for linear inequalities).

Initialization: z° € R™ is arbitrary.

Iterative Step: Given a¥, compute

(4.8) et = 2 N A My (0 — Aygya®),

where { A, }k>0 are relaxation parameters, and {¢t(k)}x>0 s the control sequence gov-
erning which block is taken up at the kth iteration.

For the choice T' = 1 there is only one block, and we get the fully simultaneous
version of Algorithm 4.1. In fact this method is then identical to Algorithm 2 of
Censor and Elfving [6]. In addition to the cyclic control sequence, defined and used
in Algorithms 3.1 and 3.2 above, we consider here two additional control sequences.
These additional controls are problem-dependent. Denote by d(z, L;) the Euclidean
distance between a point z € R™ and the set L; and define

(4.9) O(z) = {supd(x, L;)|1 <i<m}.

DEFINITION 4.1. (i) We say that a sequence {t(k)}r>0 such that 1 < ¢(k) < T
for all k > 0 is an approximately remotest block control sequence (with respect to the
sequence {x*}r>0, the family of sets {L;}, and the blocks {B,}_,) if, for every
k >0, there exists an i € By, such that

(4.10) lim d(z*,L;) = 0 implies that lim ®(z*) = 0.
k—o0 k—o0

(ii) We say that a sequence {t(k)}r>0 such that 1 < t(k) < T for allk >0 is a
remotest block control sequence (with respect to the sequence {mk}kzo, the family of
sets {L;} 1, and the blocks {B}{—,) if, for every k > 0, there exists an i € By,
such that

(4.11) Jim d(z*, L;) = ®(z").

Every remotest block control is an approximately remotest block control. If all
blocks consist of a single index, then these two definitions coincide with the definitions
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of the approximately remotest set control and the remotest set control, respectively, of
Gubin, Polyak, and Raik [16, section 1] (see also [9, section 5.1]). We will prove the
next result in what follows.

THEOREM 4.1. Assume that L # () and that the relaxzation parameters are re-
stricted to

(4.12) 0 <e< A < (2—6)/p(Aly My Aury) for all k > 0,

where € is an arbitrarily small but fived constant and {M;}]_, are given symmetric and
positive definite matrices with nonnegative elements. If {t(k)}r>o0 is a cyclic control
or an approximately remotest block control, then any sequence {xk}kzo, generated by
Algorithm 4.1, converges to a solution of the system (4.1).

We also formulate the corresponding block-iterative algorithmic scheme for linear
equalities

(4.13) Az =b.

ALGORITHM 4.2 (block-iterations for linear equalities).
Initialization: z° € R™ is arbitrary.
Iterative Step: Given a¥, compute

(4.14) 2 = b N AT My (0 — Ay 2®),

where { A\, }k>0 are relaxation parameters, and {t(k)}r>0 s the control sequence gov-
erning which block is taken up at the kth iteration.
For this algorithm the following theorem will be proven in the next section.
THEOREM 4.2. Assume that H := N H; # () and that the relazation parameters
are restricted to

(4.15) 0 <e< Ak < (2= €)/p(Afjy Myry Ag(ry) for all k>0,

where € is an arbitrarily small but fived constant and {M;}L_| are given symmetric and
positive definite matrices with nonnegative elements. If {t(k)}r>0 is a cyclic control
or an approximately remotest block control, then any sequence {xk}kzo, generated by
Algorithm 4.2, converges to a solution of the system (4.13). If, in addition, 2° €
R(AT) (the range of AT), then {z*}r>0 converges to the solution of (4.13), which
has minimal FEuclidean norm.

5. Proofs of the convergence theorems. In proving Theorem 4.1 we use a
convergence theory developed by Gubin, Polyak, and Raik [16]; see Bauschke and
Borwein [2, Theorem 2.16 and Remark 2.17], which also contains a review and gener-
alizations.

DEFINITION 5.1. A sequence {xk}kzo is called Fejér-monotone with respect to
the set L if, for every x € L,

(5.1) [|2F T — ||y < ||z* — z||2 for all k> 0.

It is easy to verify that every Fejér-monotone sequence is bounded. The conver-
gence theory of Gubin, Polyak, and Raik applies to convex closed sets in general. For
the sets L;, defined here, their theorem is the following.
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THEOREM 5.1. Let L = N, L; # 0. If, for a sequence {a*}r>0, the following
conditions hold, then limy_ oo ¥ = 2* € L:

(i) {z*}x>0 is Fejér-monotone with respect to L, and

(ii) limg_ o0 ®(z%) = 0.

Theorem 4.1 will be proved by establishing the conditions of Theorem 5.1. First
we establish, in the next proposition, condition (i) of Theorem 5.1.

PROPOSITION 5.2. Under the assumptions of Theorem 4.1, any sequence {xk}kzo,
generated by Algorithm 4.1, is Fejér-monotone with respect to L, provided that z* ¢ L
for all k > 0.

Proof. We use the notation

(5.2) rt Rk = pitk) At(k)xk and  dtk)F Mk( k)" rtkk,
Let z € L (i.e.,, b— Az > 0), and define e* := 2% — x. Then, by (4.8),
(5.3) eF Tl = eF 4 XAl dT P,

It follows that

(5-4) 1415 = 1P 113 + AR ATy " F113 + 200 (Af a1, ).

From z € L, it we obtain (recall that b; ¢*) is the jth component of the block b*(¥) of
the vector b)

-t (k)

(5.5)  rE g @i by > @l ey =12, mt(k)).
Hence we have for the last summand on the right-hand side of (5.4) that
(¢(k)

<At(k)dt(k)’k7 Z t(k) k t(k),ek>
m(t(k))
(5.6) < - Z d;(k)’kY‘;(k)’k _ _<dt(k),k’7,t(k),k>7
provided that
(5.7) dé(k)’k <0 for j=1,2,...,m(t(k)) and for all k> 0.

To see that (5.7) holds, observe that
(5.8)

0% = (8 ©4) = (Dl D) = (k) | 3 il

SEIWC)

)
where {ms } are the entries of the zj( )th row of Mk, which are nonnegative by

t(k), k

assumption, and observe that r < 0 whenever s € I¥ t(k)*

Turning now to the second summand in the right-hand side of (5.4), we decompose
the semidefinite matrix M t(k) S Mt(k) = WTW and use the well-known inequality

(5.9) (Qy,y) < p(Q)y,y),
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which holds for any symmetric and positive semidefinite matrix ¢ (where p(Q) denotes
the spectral radius of the matrix @Q; see, e.g., Demmel [12, equation (5.2)]), to obtain
||At(k)d k||2 = <ATk)M(k)7" k)k A;‘F(k)Mtk(k)Tt(k)’k>

= t(k)At(k)At(k)Mt(k)rt(k)vk’Tt(k),k>

= <(WAt(k)At’IEk)WT)W7,t(k)7k;7 W,r.t(k)),k)>
g p(WAt(k)AZEk WT)<W1"t(]C)’k’ W']"t(k)’k>
(5.10) = p(At(k At(k))<d t(k),k (k)7k>.

Substituting (5.10) and (5.6) into (5.4), we get
(5.11) 113 < 11113 + Ak (Af g My Acry) — 2){d EIH, B8,

where (dt(F)k ptR)EY — (Wptk)k J7ptk)kY > 0, Now using (4.12), the desired con-
clusion |[eF*1|] < ||e’“\| follows. 0O

Note that if I =0 (ie., Aygyz® < b'®), then Df(k) =0, and hence dt()-F =
so that the second summand in the right-hand side of (5.11) disappears. The next
proposition establishes condition (ii) of Theorem 5.1.

PROPOSITION 5.3. Under the assumptions of Theorem 4.1, any sequence {xk}kzo,
generated by Algorithm 4.1, has the property

(5.12) lim ®(2%) = 0.

k—o0

Proof. Fejér-monotonicity, guaranteed by Proposition 5.2, implies that the se-
quence {||e¥||2}x>0 is monotonically decreasing, and thus converging. It follows then
from (5.11) that

(5.13) lim (dt(F)k ptk)ky — g

k—oo

But

(5.14) (@' VK 1R = (0l R, 0R) = (M ) DE oy et F, DE et 98,

and thus
(5.15) lim Df(k)rt(k)*k =0.
k—oo
Using (4.4),
(k) )
(5.16) (Dl ®*) = chioalla B, =12, m(t(k),
leads to

d(xk’ Lﬁ(k‘)) = ||PLit_(k) (xk) - 'rk||2

it
(5.17) =ik a” ll: = | (Do @) | /1"



50 YAIR CENSOR AND TOMMY ELFVING

for all j =1,2,...,m(t(k)). This shows, by (5.15), that
(5.18) Jim d(z*,L;) = 0 for all i € By ).

If {t(k)}r>0 is an approximately remotest block control, then the required result
follows directly from (5.18) and Definition 4.1(i) and Assumption 3.1. For a cyclic
control we argue as follows. From (4.8) and (4.7) we get

kaH - 95k||2 = )\k\|AtT(zc)Df(k)Mt(k)Df(k)Tt(k)’k||2

1/2 1/2
(5.19) < Nl AT Do M3 1 - 1M 2] [ D gy F1- |

Therefore, using (4.12) and the fact that, for any matrix Q, it is true that p(Q7Q) =
QT3 (see, e.g., Demmel [12, Fact 9, p. 23]), we obtain

(5.20) [+ — 22 < 0105 | Dyyr ™2,

where

(5.21)
01 == 2max{||M/?|]3 | 1 <i<T} and 65 := max{||ATDFM?||, | 1<i<T}.

The max in the expression of #; exists and is independent of k because of the way
these matrices were defined. If 6, = 0, then, by (4.8), 2**! = 2%, If, on the other
hand, 65 # 0, then 05 is bounded away from zero and, thus, (5.15) and (5.20) yield

(5.22) kllr&||xk+1 — 2|y =0.

Let € > 0 be such that for all k > K, we have ||zFT! — zF||y < ¢/T. To reach the
required conclusion (5.12) we look at d(z*, L;) = ||Pr,(z*) — 2%||2 and observe that
if i € Byx), then (5.18) shows that ||Pr, (z¥) — 2*||2 < € for all k > K. Otherwise,
if i & By, the cyclicality of {#(k)}r>0 guarantees that there exists a 7 such that
1 <7 <T and i€ Bygqr). Then,

d(z, L;) = ||z* — Pp, (2")|]2 < ||l2* — P, (2"17)]]2
< |la? = aFH7T()p + (| — P (2R
<l — a4 [T = 2T 4 (| — P (2T

(5.23) <(T-1)(e/T)+e=¢ 1

for all k > K. Therefore, ®(2*) < € for all k > K, and, using Assumption 3.1, the
result follows. d

So, we see that the last two propositions, combined with Theorem 4.1, imply the
truth of Theorem 4.1.

Proof of Theorem 4.2. Theorem 4.2 follows from Theorem 4.1. To simplify the
discussion we deal only with the case that the weight matrices {M;} are positive
diagonal matrices. This assumption actually holds in all three examples given in
section 7. The general case can be proved along lines similar to the following argument.
Any equation {(a’,x) = b; can be written as a pair of inequalities (a’,x) < b; and
(—a®, ) < —b;. Now for a given linear system Az = b, where A € R™*", and given
diagonal weight matrices {M;} we construct the inequalities Az < b as follows:

(5.24)  a¥t=d', a* =—d', by_1=Dbs by =—b, i=1,2,...,m.
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Denoting the (4, j)th element of a matrix A by (A); ;, we also set
(5.25) (Mt) - (Mt) = (M,),, foralli=1,2,....m.
2i—1,2i—1 24,23 ’

Recall that M} = D,(z*)M,D,(z*), where the matrix Dy(z) is defined in (4.6). Then,
for any x*, one can verify that

(5.26) Ay My (0" — Ay 2y = AT My (0% — Ayya®)

so that the two iteration formulas (4.8) and (4.14) generate the same sequence of
iterates, provided they are initialized with the same vector. It is also true, for any x*,
that

(5.27) (AL M3y Auiy) = PUAT Gy My Avcry )
hence Theorem 4.2 follows. 0

6. The inconsistent case. When there is just one block, i.e., t =T = 1, the
resulting methods are fully simultaneous. We consider here the inconsistent case
behavior only for linear equations. Let M; = M, ¢ = ATMb, and T' = ATM A. Then
the iteration (4.14) can be written as

(6.1) oF T = 2% 4 A\ (e — Tab),

This is the nonstationary Richardson iteration method; cf. Young [24, p. 361]. We
observe that ¢ € R(I") (the range of I') and, if we assume that & satisfies ¢ = I'z, then
# = argmin || Az — b||yr (with ||z||3, = (z, Mz)). Let u* = # — 2% and note that, with
v® = ¢ —T'z¥, it is true that v* = Tu®. It follows that

k—1

(6.2) ub =TT = M),
j=0

Assume first that T is a positive definite matrix. Then any sequence {z*} k>0 gener-
ated by Algorithm 4.2, as given by (6.1), is convergent for any z if and only if

k—1
(6.3) Jim. [[u-x1)=0.
j=0

Since || Hﬁ:é (I =X D)2 < Hf;é p(I — \;T), it follows that any sequence {x*};>o,
generated by Algorithm 4.2, as given by (6.1), converges to a weighted least squares
solution if 0 < € < A\, < (2 —€)/p(T"). In case I is only positive semidefinite we have
a similar result. All of these observations lead to the following theorem.

THEOREM 6.1. Assume that M is a positive definite matriz. If 0 < € < A <
(2—¢€)/p(AT M A) for all k > 0, where € is an arbitrarily small but fived constant, then
any sequence {x*}>0, generated by Algorithm 4.2, as given by (6.1), converges to a
weighted least squares solution # = argmin ||Az — b||ar. If, in addition, z° € R(AT),
then {xk}kzo converges to the unique solution of minimal Euclidean norm among all
weighted least squares solutions.

The proof of Theorem 6.1 can essentially be found in, e.g., Eggermont, Herman,
and Lent [13, p. 44]; see also Elfving [14, p. 4].

We do not give a proof of convergence for the case of linear inequalities. We note,
however, that a variant of Algorithm 4.1 for "= 1 (Cimmino’s method; see Example
7.3 below) was shown to converge locally for the inconsistent case by Iusem and De
Pierro [18] and to converge globally in that case by Combettes [10].
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7. Applications. In this section we will consider only diagonal matrices M; =
diag{ug |7 =1,2,...,m(t)} with positive diagonal elements. For such diagonal ma-
trices let

(7.1)
Wy = AT M A forall t =1,2,...,T and W[,y = Al Ml Ay for all k>0,

and note the expansions

m(t(k

T it N T
(7.2) t(k) Z ’ut(k) t(’”)(zt(k)> ’ Wt(k)— Z Mt(k) (k) (a’yk))

jEIt(k)

Hence the iterative step of Algorithm 4.1 takes the form

(7.3) 2P = gk 4, Z N;(k) (bj( ) _ (ai;(k>,xk>> ai;(k)7

jGIt(k)

and the iterative step of Algorithm 4.2 becomes

m(t(k)) ‘ .
(7.4) gkt — gk, Z u;(k) (b (k) <ai5(k),q;’f>> “ ](m.

j
j=1
Also note that, by (7.2), for all k¥ > 0,

(7.5) P(Wity) < p(Winy)-

In the following examples we show that several algorithms, including the BICAV
and simultaneous algebraic reconstruction technique (SART) algorithms, are in fact
special cases of the algorithmic schemes studied in the previous sections.

Ezample 7.1. The BICAV (Algorithm 3.2) and CAV (Algorithm 2.3) are both
algorithms for equalities and of the form (7.4) with

k 1 1
(7.6) M;( )= i

t(k)
a2, ., zn,lsz“@( )

Here {t(k)}x>0 is the control sequence, st is the number of nonzero elements in the

vth column of the block Ay ), and Sy 1) = diag{s,t,(k) lv=1,2,...,n}. We first study
the upper bound on the relaxation parameters for CAV, i.e., allowing one block only
so that t =T =1 and m(1) = m; cf. (3.1). The following result (Lemma 7.1) is due
to Dr. Arnold Lent [22] (see the acknowledgments at the end of this paper).

LEMMA 7.1. Lett =T =1 and m(1) = m, let M = diag{u; | j = 1,2,...,m}
with p; = u; obtained from (7.6) fort =t(k) =1, and let A = A, s, =s,, 51 =9,
and W := AT M A. Then p(W) < 1.

Proof. Let aé- be the element in the ith row and jth column of A and write, by
(7.6),

i=1,2,...,m(t(k)).

(7.7) (ui)*lzzesj (a;-)2, 1=1,2,...,m.
j=1
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Let (A, v) be an eigenpair (i.e., eigenvalue and eigenvector) of W so that AT M Av =
M or AATMAv = AM~'MAv, or, with w := MAv, AATw = AM~'w. Hence
[|ATw||3 = MwTM~tw or, in component form, switching the order of summations
and using (7.7),

(7.8)

lATwi%=i(iazwi)2=Aiw3 > )' | <A (iws <a;¢>2).

j=1 \i=1

From Cauchy’s inequality we have

m 2 m
i=1 =1

and by summing both sides of (7.9) over j and comparing with (7.8), one finds that
A< 1. O

Remark 7.1. The critical estimate is (7.9). Let a,w, and e be three vectors of
equal length. Denote by z = a * w componentwise multiplication, i.e., z; = a;w; for
all j. Further, let e; = 0 if 2; = 0, and let e¢; = 1 otherwise. Then

2 2
(7.10) (a,w)" = (e, 2)” < [lell3 - [I2113 < sl2ll3,

where s is the number of nonzero elements in the vector a.
By applying Lemma 7.1 to each block A;, t =1,2,...,T, we obtain the following.
COROLLARY 7.1. Let My = diag{p}" | j = 1,2,...,m(t(k))}, k > 0, with

uz-(k) obtained from (7.6), and let Wy, = AtT(k)Mt(k)At(k). Then p(Wywy) < 1 for all

k> 0.

The next theorems establish the convergence of the BICAV algorithm in the
consistent case for linear equations and linear inequalities, respectively, with relaxation
parameters within the interval [e, 2 — €].

THEOREM 7.1 (BICAV for linear equalities). Let 0 < e < A\, < 2—¢ for allk > 0,
where € is an arbitrarily small but fized constant. If the system (4.13) is consistent,
then any sequence {x*}i>0, generated by Algorithm 3.2 (BICAV), converges to a
solution of the system (4.13). If, in addition, 2° € R(AT), then {x*}r>0 converges to
the solution of (4.13), which has minimal Euclidean norm.

Proof. The proof follows from Theorem 4.2 and Corollary 7.1. 0

THEOREM 7.2 (BICAV for linear inequalities). Let 0 < € < A\ < 2 — € for
all k > 0, where € is an arbitrarily small but fized constant. If the system (4.1) is
consistent, then any sequence {xk}kzo, generated by Algorithm 4.1, with Mgy =
diag{,u;(k) |i=1,2,...,m(t(k))} and {uz(k)} given by (7.6), converges to a solution
of the system (4.1).

Proof. The proof follows from Theorem 4.1, Corollary 7.1, and (7.5). ]

The next theorem shows that any sequence {z*} k>0, generated by the fully simul-
taneous Algorithm 2.3 (CAV), converges to a weighted least squares solution of the
system of equations Az = b, regardless of its consistency, for relaxation parameters
in the interval [e,2 — €]. Only the case of unity relaxation, i.e., Ay = 1 for all k > 0,
was proven by Censor, Gordon, and Gordon in [7], where CAV was first proposed and
experimented with.
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THEOREM 7.3 (CAV for linear equalities). If0 < e < Ay <2 —¢€ for all k > 0,
where € is an arbitrarily small but fixed constant, then any sequence {:ck}kzo, generated
by Algorithm 2.3 (CAV for linear equations), converges to a weighted least squares
solution with weight matriz My = Mcay = diag{1/|[a’||% | i = 1,2,...,m} and with
S = diag{s; | j = 1,2,...,n}, where s; is the number of nonzero elements in the
jth column of A. If, in addition, 2° € R(AT), then {z*}r>0 converges to the unique
solution of minimal Fuclidean norm among all weighted least squares solutions.

Proof. The proof follows from Theorem 6.1 and Lemma 7.1. 0

Note that Theorems 7.1 and 7.2 assumed cyclic control of the blocks, as formu-
lated in Algorithm 3.2; however, due to the analysis presented here, we may also allow
approximately remotest block control of the blocks (by Theorems 4.2 and 6.1). Re-
cently, and independently of our work, Byrne [5] derived convergence results analogous
to Theorems 7.1 and 7.3, but only for the cyclic control and without explicit consid-
eration of weighting. He also used Lent’s result as expressed above in Lemma 7.1.

Ezample 7.2. The simultaneous algebraic reconstruction technique (SART) was
proposed by Andersen and Kak [1] for solving the large and very sparse systems of
linear equations arising from a fully discretized model of transmission computerized
tomography problems; see also Kak and Slaney [21, section 7.4]. We show that a
simplified version of SART falls within the convergence analysis presented here. First
recall that the 1-norm of a vector x € R" is ||z||; = Z?Zl |z;| and that the induced
matrix norm of an m X n matrix A4 is [|A]|; = max{>_\" | |a;;| | 7 =1,2,...,n}. Let
ak? be the Ith column of A;. Then the iterative step of the original SART algorithm
for linear equalities [1, equation (32)] (see also [23, equation (4)]) is

t(k)
L )\k- m(t(k)) bt(k) _ <alj k ’xk‘> Zt(k>

k+1 _ J J —
(711) o} 7xl+||a?t(k)”1 Zl e a’ . 1=12,...,n
iz

Note that in (7.11) it is tacitly assumed that all blocks A; have nonzero columns.
The formula (7.11) is slightly more general than the original algorithm in [1] since
it allows (i) a relaxation parameter A\, (ii) a more flexible row-partitioning (origi-
nally the matrix was partitioned into nonoverlapping row blocks, where each block
corresponds to all equations in one tomographic scan direction), (iii) arbitrary sign of
the matrix elements (originally only nonnegative elements were considered), and (iv)
apart from the cyclic control of blocks also the remotest block control.

We first note that (7.11) can be written in matrix-vector form, using our previous
notation, as

(7.12) 2P = 2 4 XDy Al Migry (0% — Ayya®),
where

(7.13) Dy = diag{1/||a%"®||y | 1=1,2,...,n}
and

(7.14) My = diag{1/[|a’ |l | j=1,2,...,m(t(k))}.

We will not, however, analyze this iteration here. Instead, we consider a simplified
version which fits into the class of methods (4.8) and (4.14), respectively. Let a’ be
the Ith column of A and put D = diag{1/||d!||; | I =1,2,...,n}.
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Replacing Dy(;y by D in (7.12) we get
(7.15) 2F T = aF £ N DAL My (0" — Ayya®).

We will call the method which uses the iterative step (7.15) block simplified SART
(BSSART). The method is a scaled version of (7.4). To see this we put

(716) yk = Dil/zxk and At(k) = At(k)Dl/Z,
which converts (7.15) into
(7.17) YT =y A My (0" = Ayayy”),

which is of the form (7.4) (or equivalently (4.14)). Next observe that with W) =
D1/2A§k)Mt(k)At(k)D1/2a we have

(7~18) P(Wt(k)) = p(AtTEk)Mt(k)At(k)D) < ||AtT(k)Mt(k)H1 ) ||At(k)D||1 =1L

It follows from Theorem 4.2 that y* converges to some y*. Since, by (7.16), every
row of A is postmultiplied by D'/2, we also conclude that AD'/2y* = b. Then, using
(7.16),

(7.19) lim z* = D'/2y* = 2*.

k—o00

Hence Az* =b.
Now consider BSSART adapted to inequalities, i.e., the iterative step

(7.20) aF T = 2P N DAT ) ME G (6 — Ay a?).

It is clear, using (7.5) and Theorem 4.2, that the above analysis also holds for the
iteration (7.20). Hence the following companion results to Theorems 7.1 and 7.2 hold.

THEOREM 7.4 (BSSART for linear equalities). Let 0 < ¢ < A\, < 2 — € for all
k > 0, where € is an arbitrarily small but fixed constant. If the system (4.13) is con-
sistent, then any sequence {x*}>0, generated by the iterative step (7.15) (BSSART),
converges to a solution of the system (4.13).

THEOREM 7.5 (BSSART for linear inequalities). Let 0 < € < A\ < 2 — € for all
k > 0, where € is an arbitrarily small but fixed constant. If the system (4.1) is con-
sistent, then any sequence {x*}r>0, generated by the iterative step (7.20) (BSSART
for inequalities), converges to a solution of the system (4.1).

When T =1, SART (7.12) and BSSART (7.15) coincide and can be written

(7.21) " = 2% 4+ N DAT M (b — Az"),

with M = diag{1/||a’||1 | 7 =1,2,...,m}. Using the corresponding transformations
as in (7.16),

(7.22) y* =D7Y2% and A= AD'Y?,
we find that

(7.23) Yl = b L M AT M (b — AyP).
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It follows from Theorem 6.1, and by using (as above) the fact that p(ATMAD) < 1,
that

(7.24) klim y* =y* such that ||[Ay* —b||ps is minimal.
— 00

But limg_ o 2F = DY2y* = 2* so that * minimizes ||Az — b|| 5. Also, by using
(7.25) ly*[l2 = [|ID~2DY2y*||5 = [|2*|| p-1,

it follows that =* has minimal D~ !-norm. Hence the following result holds.

THEOREM 7.6. If0 < e < Ay < 2—¢€ for all k > 0, where € is an arbitrarily small
but fived constant, then any sequence {x*}r>0, generated by Algorithm (7.21), con-
verges to a weighted least squares solution with weight matriz M = diag{1/||a’||y | i =
1,2,...,m}. If, in addition, z° € R(DAT), then the limit point has minimal D™1-
norm.

No proof of convergence was given in [1] or has, to the best of our knowledge,
been published elsewhere since then. Recently, however, and independently of our
work, Jiang and Wang [19] have also derived, under the additional assumption that
the elements of the matrix A are nonnegative, Theorem 7.6.

Ezxample 7.3. Block-Cimmino methods for linear equations and linear inequalities
can also be viewed as special cases of Algorithms 4.1 and 4.2. To see this we define

#(k) bisco
(7.26) py = | i&mHQ, i=1,2,...,m(tk)),
a 2

3

where 6..x) > 0 and Z;"':(i(k))ﬂ,;(k> = 1. Tt follows, using (7.2), that p(Wyu)) =
Wi llz < 700,000 = 1 and that
(7.27) P(Wiiny) = Wi ll2 < Z Oi;m <1
GETE
Therefore, also in this example, we may conclude convergence just as in Theorems 7.1,

7.2, and 7.3 with My = Mcry = diag{6;/||a’||3 | i = 1,2,...,m} in Theorem 7.3.
The geometric interpretation of this scaling is as follows. By (2.2),

(7.28) Pu, () —x = (b — (@', 2)) ——,
lla®|]5
so that
i m 92 bi— ai,x 2
(729) S Pu@) -2l =3 W b Azl
=1 i=1

Cimmino’s original algorithm for linear equations [11] is purely simultaneous (T = 1),
i.e., of the form (2.4). An interesting detail is that Ay = 2 is used by Cimmino, and for
this a special convergence analysis is furnished. We also remark that for inequalities
the requirement on the relaxation parameters can be relaxed, using (7.27), to

2—¢€
Zje[k at(k)

t(k) Y

(7.30) 0<e<A <
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In fact, the choice A\, =2/ > jelky, 0, is also allowed but requires a special analysis,
(k)

which appears, for the fully simultaneous case T' = 1, assuming consistency, in Censor
and Elfving [6]. See also Bauschke and Borwein [2, Remark 6.48] for a correction. A
similar analysis can be done also for the block-iterative case. Iusem and De Pierro
[18] have shown that this method (with T = 1) also converges (locally) for the incon-
sistent case and generalized it to closed convex sets in R™. A generalization to global
convergence in infinite dimensional Hilbert spaces was done by Combettes [10].

We finally mention that if all block sizes are equal to 1 (m(t) = 1) and linear
equations are considered, then we get the algebraic reconstruction technique (ART)
of Gordon, Bender, and Herman [15], also known as Kaczmarz’s method. For more
on the history of this method and many of its variants, see, for example, Herman [17]
and Censor and Zenios [9].
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