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Abstract

We present a subgradient extragradient method for solving variational
inequalities in Hilbert space. In addition, we propose a modified version
of our algorithm that finds a solution of a variational inequality which is
also a fixed point of a given nonexpansive mapping. We establish weak
convergence theorems for both algorithms.
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1 Introduction

In this paper, we are concerned with the Variational Inequality (VI), which
consists in finding a point x*, such that

z* e Cand (f(z*),x —2") >0, Vx € C, (1)

where H is a real Hilbert space, f : H — H is a given mapping, C C H is
nonempty, closed and convex, and (-,-) denotes the inner product in H. This
problem, denoted by VI(C, f), is a fundamental problem in Variational Analysis
and, in particular, in Optimization Theory. Many algorithms for solving the VI
are projection algorithms that employ projections onto the feasible set C' of the
VI, or onto some related set, in order to iteratively reach a solution. In particu-
lar, Korpelevich [1] proposed an algorithm for solving the VI in Euclidean space,
known as the Extragradient Method (see also Facchinei and Pang [2, Chapter
12]). In each iteration of her algorithm, in order to get the next iterate z¥*1,
two orthogonal projections onto C' are calculated, according to the following
iterative step. Given the current iterate z*, calculate

y* = Po(a® — 7f(a")), (2)

and then
2"t = Po(a® — 7 f(y"), (3)

where 7 is some positive number and Pc denotes the Euclidean least distance
projection onto C. Figure 1 illustrates the iterative step (2) and (3). The

Figure 1: Korpelevich’s iterative step.

literature on the VI is vast and Korpelevich’s extragradient method has received



great attention by many authors, who improved it in various ways; see, e.g.,
[3, 4, 5] and references therein, to name but a few.

Though convergence was proved in [1] under the assumptions of Lipschitz
continuity and pseudo-monotonicity, there is still the need to calculate two pro-
jections onto C. If the set C is simple enough, so that projections onto it are
easily executed, then this method is particularly useful; but, if C' is a general
closed and convex set, then a minimal distance problem has to be solved (twice)
in order to obtain the next iterate. This might seriously affect the efficiency
of the extragradient method. Therefore, we developed in [6] the subgradient
extragradient algorithm in Euclidean space, in which we replace the (second)
projection (3) onto C' by a projection onto a specific constructible half-space,
which is actually one of the subgradient half-spaces as will be explained later.
In this paper, we study the subgradient extragradient method for solving the VI
in Hilbert space. In addition, we present a modified version of the algorithm,
which finds a solution of the VI that is also a fixed point of a given nonexpansive
mapping. We establish weak convergence theorems for both algorithms.

Our paper is organized as follows. In Section 3, we sketch a proof of the
weak convergence of the extragradient method. In Section 4, the subgradient
extragradient algorithm is presented. It is analyzed in Section 5. In Section
6, we modify the subgradient extragradient algorithm and then analyze it in
Section 7.

2 Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm | - ||, and let
D be a nonempty, closed and convex subset of H. We write ¥ — z to indicate
that the sequence {xk}]jio converges weakly to = and 2* — z to indicate that

the sequence {xk}zo:(] converges strongly to z. For each point x € H, there
exists a unique nearest point in D, denoted by Pp(x). That is,

[z = Pp (2)]| < llz —yll, Vy € D. (4)

The mapping Pp : H — D is called the metric projection of H onto D. It is
well known that Pp is a nonexpansive mapping of H onto D, i.e.,

I1Pp (x) = Pp ()l < |z —yll, Yo,y € H. (5)

The metric projection Pp is characterized [7, Section 3] by the following two
properties:
Pp(z) e D (6)

and
(r—Pp(x),Pp(z)—y) 20, Vo€ H, y € D, (7)
and if D is a hyperplane, then (7) becomes an equality. It follows that

lz = ylI* > ||lz = Pp (2)|* + lly = Pp (2)|*, Yz € H, y € D. (8)



We denote by Np (v) the normal cone of D, at v € D, i.e.,
Np (v) = {d € H | {d,y—v) <0, Wy € D}. (9)
We also recall that in a real Hilbert space H,
A2+ (1= Nyll* = Mzl + @ = NIyl = A1 =Nz = yl*  (10)
for all z,y € H and X € [0,1].

Definition 2.1 Let B : H = 2 be a point-to-set operator defined on a real
Hilbert space H. B is called a mazimal monotone operator iff B is monotone,
i.e.,

(u—v,x—y) >0, Vu € B(z) and Yv € B(y), (11)
and the graph G(B) of B,
G(B) :={(v,u) € Hx H |u e B(z)}, (12)
is not properly contained in the graph of any other monotone operator.
It is clear ([8, Theorem 3]) that a monotone mapping B is maximal if and
only if, for any (z,u) € H x H, if (u —v,x —y) > 0 for all (v,y) € G(B), then
it follows that u € B(x).

The next property is known as the Opial condition [9]. Any Hilbert space
has this property.

Condition 2.1 (Opial) For any sequence {xk}?:o in H that converges weakly
tox (¢ —x),

liminf ||2* — z|| < liminf ||2* — y||, Yy # z. (13)
k— o0 k—o0
The next lemma was proved in [10, Lemma 3.2].

Lemma 2.1 Let H be a real Hilbert space and let D be a nonempty, closed and
convex subset of H. Let the sequence {xk};io C H be Fejér-monotone with
respect to D, i.e., for every u € D,

2"+ = ul| < [la* —ul|, Yk > 0. (14)
Then {PD (xk) }210 converges strongly to some z € D.
Notation 2.1 Any closed and convex set D C H can be represented as
D={xze€H|c(x) <0}, (15)

where ¢ : H — R is an appropriate conver function.



We denote the subdifferential set of ¢ at a point = by
dc(x) :={§ € H | cly) = c(x) + &y —2), Vy € H}. (16)
For z € H, take any £ € dc(z) and define
T(z):={weH|cz)+ (§w—2z) <0}. (17)

This is a half-space the bounding hyperplane of which separates the set D from
the point z if z ¢ int D. Otherwise T'(z) = H.
The next lemma is known (see, e.g., [11, Lemma 3.1]).

Lemma 2.2 Let H be a real Hilbert space, {ou}r a real sequence satisfying
0<a<a, <b<1foralk >0, and let {Uk};io and {wk}iozo be two
sequences in H such that for some o > 0,

limsup [|[v¥| < o, (18)
k—oc0
limsup |w®|| < o (19)
k—oo
and
klim laxv® + (1 — ap)w®|| = 0. (20)
Then
Jim ok — wk|| = 0. (21)

The next fact is known as the Demiclosedness Principle [12].
Demiclosedness Principle. Let H be a real Hilbert space, D a closed and
convex subset of H and let S : D — H be a nonexpansive mapping, i.e.,

15(z) = Sl < llz —yll, Yo,y € D. (22)
Then I — S (I is the identity operator on H) is demiclosed at y € H, i.e., for
any sequence {mk};ozo in D such that ¥ — % € D and (I — S)z* — y, we have
(I-S)zT=y.
3 The extragradient algorithm

In this section we sketch the proof of the weak convergence of Korpelevich’s
extragradient method, (2)—(3).
We assume the following conditions.

Condition 3.1 The solution set of (1), denoted by SOL(C, f), is nonempty.

Condition 3.2 The mapping f is monotone on C, i.e.,



Condition 3.3 The mapping f is Lipschitz continuous on C with constant
L >0, that is,
1f(x) = FW)Il < Lllx = yll, Yo,y € C. (24)

We will use the same outline in Section 5. The next lemma is a known result
which is crucial for the proof of our convergence theorem.

Lemma 3.1 Let {z¥}2, and {y*}32, be the two sequences generated by the
extragradient method, (2)—(3), and let w € SOL(C, f). Then, under Conditions
3.1-8.3, we have

&9+ —u||” < [|lo* —u|)* = (1 = 7202 ||y* —2*|*, vk >0.  (25)
Proof. see, e.g., [1, Theorem 1, eq. (14)], [2, Lemma 12.1.10, p. 1117] =

Theorem 3.1 Assume that Conditions 3.1-8.8 hold and let T < 1/L. Then any
sequences {z*}2° ) and {y*}3°, generated by the extragradient method weakly
converge to the same solution u* € SOL(C, f) and furthermore,

u' = lim Psorc,f) (z"). (26)

Proof. Fix u € SOL(C, f) and define p := 1 — 72L% Since 7 < 1/L,
p € (0,1). By (25), we have

plly* = 2*|* < [|2* — ] (27)
plly" = 2*|* + oyt = Y < et = (28)

Continuing, we get for all integers K > 0,

K
P Il — M| < o — ]’ (29)
k=0
and therefore -
3 [l = [ < [ = . (30)
k=0
Hence
kli_)ngo Hyk - azkH =0. (31)

By Lemma 3.1, the sequence {2*}3° is bounded. Therefore it has at least
one weak accumulation point. If Z is a weak limit point of some subsequence
{xhi }‘;‘;0 of {xk}zozo, then

w- lim zhi
j—o0

=2z (32)



and
M=z (33)

Let

where N¢ (v) is the normal cone of C at v € C (see 9). It is known that A is a
maximal monotone operator and A~! (0) = SOL(f,C). If (v,w) € G(A), then

(w,v—7) >0, (35)

and therefore z € A~! (0) = SOL(f,C)) . The Opial condition now implies that
the entire sequence weakly converges to z. Finally, if we take

u* = Psorc.p)(a"), (36)

then by (7) and Lemma 2.1, we see that {uk};ozo converges strongly to some
u* € SOL(C, f). We also have

(T —uu*—7) >0, (37)

and hence u* = T, which completes the proof. m

4 The subgradient extragradient algorithm
Next we present the subgradient extragradient algorithm [6].

Algorithm 4.1 The subgradient extragradient algorithm
Step 0: Select a starting point x° € H and T > 0, and set k = 0.
Step 1: Given the current iterate z*, compute

y* = Po(a® — 7f(a")) (38)
construct the half-space Ty, the bounding hyperplane of which supports C at y*,
Ty :={we H|((«" —7f(")) —y*,w—y*) <0} (39)

and calculate the next iterate
et = Pr (b — 7 f(y")). (40)

Step 2: If 2% = y* then stop. Otherwise, set k «— (k + 1) and return to
Step 1.

Remark 4.1 FEvery convex set C' can be represented as a sublevel set of a convex
function c: H — R as in (15); so if c is, in addition, differentiable at y*, then
{(z" = 7f (")) — y*} = dc(y®) = {Ve(y*)}. Otherwise, (z* — 7 f(a%)) — y* €
de(y").



Figure 2: xF+!

hyperplane Tj.

is a subgradient projection of the point ¥ — 7f(y*) onto the

Figure 2 illustrates the iterative step of this algorithm.
We assume the following condition.

Condition 4.1 The function f is Lipschitz continuous on H with constant
L >0, that s,
If(@) = f@W)I < Lz —yl, Yo,y € H. (41)

5 Convergence of the subgradient extragradient
algorithm

In this section we give a complete proof of the weak convergence theorem for
Algorithm 4.1, using similar techniques to those sketched in Section 3. First we
show that the stopping criterion in Step 2 of Algorithm 4.1 is valid.

Lemma 5.1 If 2% = y* in Algorithm 4.1, then z* € SOL(C, f).

Proof. If z¥ = y*, then 2% = Po(2*—7f(2%)), so 2% € C. By the variational
characterization of the metric projection onto C, we have

(w— A ey ) xk> <0, Yw € C, (42)

which implies that
T (f(a"),w—2") >0, vw e C. (43)

Since 7 > 0, inequality (43) implies that z* € SOL(C, f). m
The next lemma is crucial for the proof of our convergence theorem.



Lemma 5.2 Let {z¥}° ) and {y*}32, be the two sequences generated by Algo-
rithm 4.1 and let uw € SOL(C, f). Then, under Conditions 3.1, 8.2 and 4.1, we

have 9 9 2
[l = ul” < flo* —ul” = (1= 222 |lg* —2*7, VR 0. (44)

Proof. Since u € SOL(C, f), y* € C and f is monotone, we have

(F*) = flu),y* —u) =0, VE > 0. (45)
This implies that
(F@"). 9" —u) >0, ¥k >0. (46)
So,
<f(yk),l'k+1 _ u> > <f(yk),l'k+1 _ yk> . (47)
By the variational characterization of the metric projection onto T}, we have
(@ —yF, (@ =7 f(?) —yF) =0 (48)

for all £ > 0. Thus,

<xk+1 — yk, (xk — Tf(yk)) — yk> = <3?k+1 - ykaxk - Tf(xk) - yk>
T

(49)
Denoting z* = 2% — 7f(y*), we obtain
o541 =l = 1P () — o
= <PTk(zk) — 2P 2k, P (2F) — 2 4 2R - w)
= |28 —u|]® + ||&* = Pr(29)|]” + 2(Pr(z%) — 25, 2% — ). (50)
Since
2 sz - P;pk(,zk)H2 +2(Pr, (2F) = 2¥, 2" —u)
=2 <zk — Pr,(2"),u — Pr, (zk)> <0 (51)

for all k£ > 0, we get

|25 = Pro ()| + 2 (Pr,(2F) — 25,25 —u) < — ||2* = Pr, (29"

for all k£ > 0. Hence,
ot =l < % — ul® |2 = Pr M)
— ||(&* = £ (") — | = || @* = 7 F ") —
= [l —ul|* ~ [l — 257 + 2 (u— 2FFL F(R))

< [l —ul|* = [|2* = F 7+ 27 (g — 2 PR, (53)



where the last inequality follows from (47). So,
4 =l <l =l — [J* = P 2 (g - )
_ ka _ “H2 _ (<xk gk gk gkl gk gk gk xk+1>)
+2r (y* =" f(yh))
= [la* —ull” — fla* = o*" — o 2t
+ 2" —yF b — T f(yF) - yF), (54)
and by (49),
4 < fla* —ul* — fla* ¥~ [l 2
+27 (P — o @) - FY) - (55)
Using the Cauchy—Schwarz inequality and Condition 4.1, we obtain
27 (2" — ¥, f(@¥) = F(4)) < 2Ll — g of —oH . (56)
In addition,
0< (vL fla* =y = [ly* —2**])"
= 7L [la* P - 2r L g e = o] g -t T
So,
2L [[250 = gH| [l — ot < P2 [l ol - 69
Combining the above inequalities and using Condition 4.1, we see that
o =l < =) — [l = g — g -2t
+27 L[| =y o o
< Jlot =l = fla* g — o
S e I A
= [la* =l — fla* = o*" L2 2t M (59)
Finally, we get
o =l < ot =l — (0= 22 |l -2 (60)
which completes the proof. m

Theorem 5.1 Assume that Conditions 3.1, 3.2 and 4.1 hold and let T < 1/L.
Then any sequences {x*}2° ) and {y*}22, generated by Algorithm 4.1 weakly
converge to the same solution z* € SOL(C, f) and furthermore,

u' = lim Psoro,y) (") (61)
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Proof. Fix u € SOL(C, f) and define p := 1 — 72L2. Since 7 < 1/L,
p € (0,1). By (60), we have

0< o —ul* = o ls* — 2|, (62)
or ) )
oot =t < 1% . (63
Using (60) with &k «— (k — 1), we get
ot = uf)” < fla* " —u]* = p =t = 2F (64)
or 2 2 2
Pl =2t + oy = 2T < T (65)
Continuing, we get for all integers K > 0,
X 2 2
Y lly* =t < [l —wl”. (66)
k=0

. 2 . . . .
Since the sequence {Zf:o ||yk = :EkH } is monotonically increasing and
’ K>0
bounded,

o ok =t [” < [la = (67)
k=0
Hence
klirn ||yk - azkH =0. (68)

By Lemma 5.2, the sequence {xk}zozo is bounded. Therefore, it has at least
one weak accumulation point. If Z is a weak limit point of some subsequence
{xhi }?’;0 of {xk}z"zo, then

w- lim 2% =7 (69)
J—00
and
w- lim y% = Z. (70)
J—00

Define the operator A by (34). It is known that A is a maximal monotone
operator and A~1 (0) = SOL(f, C). If (v,w) € G (A), since w € A(v) = f(v) +
N¢ (v), we get w — f(v) € N¢ (v). Then

(w— f(v),v—y)y >0, VyeC. (71)
On the other hand, by the definition of y* and (7),

<xk - Tf(‘rk) - ykayk - ’U> > 07 (72)

or

11



<(yk7—zk)+f(xk),vyk>20 (73)

for all k£ > 0. Using (68) and applying (71) with {ykﬂ' };’;0 , we get

(w— f(v),v—y")>0. (74)

Hence,

and
k; kj kj k yhi —ak k
(w0 =) 2 (1) = )0 =) = () o maf) . (7o)
Taking the limit as 7 — oo, we obtain
(w,v—%) >0, (77)

and since A is a maximal monotone operator, it follows that z € A~ (0) =
SOL(f,C). In order to show that the entire sequence weakly converges to Z,

- o0
assume that there is another subsequence {xkﬂ} of {Jik }Zio that weakly

j=0
converges to some Z # Z and & € SOL(f,C). Note that from Lemma 5.2 it
follows that the sequence {|[z* — Z[|},~  is decreasing for each u € SOL(C, f).
By the Opial condition we have

lim ||z* — Z| = liminf||2" — Z|| < liminf |z — Z ||
k—o00 Jj—o00 j—o0
= lim ||2* — || = liminf 2% — Z'|| < liminf|jz* — z||
= lim [lz* -z, (78)
k—oo

and this is a contradiction, thus # = z. This implies that the sequences {«F }1;“;0
and {yk}Z‘;O converge weakly to the same point Z € SOL(C, f). Finally, put

u* = Psorc. (@), (79)

12



so by (7) and since € SOL(C, f),

<§3—uk,uk —xk> > 0. (80)

By Lemma 2.1, {uk};‘;o converges strongly to some u* € SOL(C, f). Therefore
(Z—u"u*—2)>0 (81)

and hence u* =Z. m

6 The modified subgradient extragradient algo-
rithm

Next we present the modified subgradient extragradient algorithm which finds a
solution of the VI which is also a fixed point of a given nonexpansive mapping.
Let S : H — H be a nonexpansive mapping and denote by Fix(S) its fixed
point set, i.e.,

Fix(S) ={z € H| S(z) = =} (82)

Let {ou}pe o C [c, d] for some ¢, d € (0,1).
Algorithm 6.1 The modified subgradient extragradient algorithm

Step 0: Select a starting point x° € H and 7 > 0, and set k = 0.
Step 1: Given the current iterate x*, compute

y* = Pe(a" —7f(a")), (83)
construct the half-space Ty, as in (39) and calculate the next iterate
2F = apa® + (1 — ap)SPr, (2% — 7f(y")). (84)

Step 2: Set k «— (k+ 1) and return to Step 1.

Figure 3 illustrates the iterative step of this algorithm. We assume the
following condition.

Condition 6.1 Fix(S)NSOL(C, f) # 0.

7 Convergence of the modified subgradient ex-
tragradient algorithm

In this section we establish a weak convergence theorem for Algorithm 6.1. The
outline of its proof is similar to that of [11, Theorem 3.1].

Theorem 7.1 Assume that Conditions 8.2, 4.1 and 6.1 hold and 7 < 1/L.
Then any sequences {xk}iozo and {yk}zo:() generated by Algorithm 6.1 weakly
converge to the same point u* € Fix(S) N SOL(C, f) and furthermore,

ut = lerr;O PFix(S)ﬁSOL(C,f)(xk)~ (85)

13



=T koM
k- 1'1 ‘l‘ j
X _d____'_:______.. —J"t__:x_kn__‘d_ | [T
. 5 *

Figure 3: The iterative step of Algorithm 6.1.

Proof. Denote t¥ := Pr, (2% — 7f(y*)) for all & > 0. Let u € Fix(S) N
SOL(C, f). Applying (8) with D =T}, z = 2* — 7f(y*) and y = u, we obtain
2 2 2
[£" = ull” < [l2* = (") = ull]” =[] =7/ (") = 2]
= [la® —ull® — [|lz* — "] + 27 ( ("), u — t*)
= [la* —u® —||2* —¢*|®

+ 27 (") = Fw),u = y") + () u = ") + (F@") 0" = 17)) -

(86)
By Condition 3.2,
(") = flu)u—y*) <0, (87)
and since u € SOL(C, f)
(Fw,u=y*) <0, (88)
So,
[#* = ull® < e — ull® ~ fla* 1P + 27 (F5), 0" ~ 1)
= |lz* —u|? = |l2* = ¥ — 2 (" — ¥y —1F)
— Iy — )7 + 27 (F(yF), v —tF)
= [|a¥ — ul® = [|2* — ¢*|12 = |y* — |2
+2 (% — rf(yF) — o R - b (89)

14



By (7) applied to T},
((@" = 7f@")) =y 8" —y*) =0, (90)

SO

= —Tf — gkt —yF) + (rf (@) — T FF) - )
= F@R) 5 =) <7l (%) = FEPINIEE ="
<7 ||x ~y |||\t’“ Y, (91)

where the last two inequalities follow from the Cauchy—Schwarz inequality and
Condition 4.1. Therefore

£ = ul|” < [l2* —ul)? = ||2* = y* |2~ y* — 5] +2rL]la® — y* |1 "] (92)
Observe that
0< (ItF =" = 7Llla* = y*)°
= [[t" = y*|1* = 2rLlla® — y* (16" = oF [ + 722l — yF)1?, (93)
s0,
2rLfja® — y*|[1t* — y* || < % = yF (1P + 722 la® — ) (94)
Thus
I = ul)” < fla* = wl® = fla* = ¥~y — ¢4
I = g2 722
= fla* —ul® = [la* = y*|* + T2 L?|ja" - y* |
= [la* —ul® + (r2L% = D" - y*|
< Jla* =%, (95)
where the last inequality follows from the fact that 7 < 1/L. Using (10), we get
2 —u))? = faga® + (1 — ) (1*) —ul?
= flag (¢% —u) + (1 = ax) (S (") —u) |I?
= ag|z® —ul|®> + (1 — ap)||S (tk) — ul?
—ag(l—ap)| (z* —u) = (S (") — ) "
< apfla® —ul? + (1 = ap)[|S (%) — ul®
aglla® —ul® + (1= ap)|[S (t*) = S (u) [
aglla® = ul® + (1 — ag)[t* —u]?
agllz® —ul® + (1= ag) (l2* —ul® + (7L = D]la* - y*]?)
l#* —ul® + (1 = a) (2L = D fJa* — "> < [|l2* — ], (96)

IA A

15



SO

[+ wl? < fla* ~ ul (97)
Therefore there exists
klim 2% — | = o, (98)

and {xk};io and {tk}iozo are bounded. From the last relations it follows that

(1= )1 = 72L)[|z" —y*|* < [l2* —ul® — 2" — ], (99)
" o — w2 — =+ — u?
kN2 ¥ —ul]® —||zF —u
— < 100
o 1P < e (100)
Hence,
lim ||z* —¢*|| = 0. (101)
k—o0
In addition, by the definition of y* and Ty,
ly* — 51> = || Po(2® — (")) — Pr (" —7f(y"))II
= ||Pr, («* — 7f(2")) = Pr,(«" = 7£(*)?
< I(2* = 7f(@h)) = (@ = f NI
= |I7f(y*) — M)
< L2 yR -2, (102)
where the last inequality follows from Condition 4.1. So,
ly* = ¢5]1* < T2L2||y* — 2", (103)
and by (101) we get
lim [|y* —t*|| = 0. (104)
k—o0
By the triangle inequality,
% =% < Jl2® = yF [+ lly* = £l (105)
so by (101) and (104), we have
lim |lz% —t*| = 0. (106)
k—o0

Since {xk};io is bounded, it has a subsequence {xkﬂ' }j.;o which weakly con-
verges to some T € H. We now show that T € Fix(S)NSOL(C, f). Define the
operator A as in (34). By using arguments similar to those used in the proof
of Theorem 5.1, we get that T € A=!(0) = SOL(f,C). It is now left to show
that T € Fix(S). To this end, let u € Fix(S) N SOL(C, f) as before. Since S is

nonexpansive, we get from (95) that

15 (%) —ull = 8 (t*) = S () || < [1¢* —ul| < * —ul.  (107)
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By (98),
limsup [|S (t*) —u| < 0. (108)
k—o0

Furthermore,
klim lagz® + (1 —ax)S (tk) — ul|
= kllngo |lcv (l’k —u)+ (1 —ag) (S (tk) —u) ||

= lim ||;13]ﬁLl —ul| =o. (109)
k—o0

So applying Lemma 2.2, we obtain
Jim [|$ (t") — 2| =0. (110)
Since
IS (%) — 2*| = ||IS («*) — S (t*) + S (t*) — =*||
< IS (%) = S () I+ 118 (¢7) — 2|
< Jla® =%+ 1S (%) — 2|, (111)
It follows from (106) and (110) that

Jim IS (z¥) — || = 0. (112)
Since S is nonexpansive on H, ¥ — Z and

lim [|(I —8) (z") || = Jim |z%1 — S (z%7) || = 0, (113)
J—00 — 00

we obtain by the Demiclosedness Principle that (I — S)(Z) = 0, which means
that T € Fix(S). Now, again by using similar arguments to those used in the
proof of Theorem 5.1, we get that the entire sequence weakly converges to 7.
Therefore the sequences {mk};ozo and {yk};io weakly converge to T € Fix(S)
N SOL(C, f). Finally, put

u" = Prigsynsoric,p(@®). (114)
Since T € Fix(S) N SOL(C, f), it follows from (7) that

<§—uk,uk—xk> > 0. (115)

By Lemma 2.1, {uk};io converges strongly to some u* € Fix(S) N SOL(C, f).
Therefore
F—ut 0 —T) >0 (116)

and hence T =u*. ®m
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Remark 7.1 In Algorithm 6.1 we assumed that S was a nonexpansive mapping
on H. If it is defined only on C' we can replace it by S = SPc, which is a
nonexpansive mapping on C. In this case the iterative step is as follows:

y* = Po(2® — 1f(zh)),
construct the half-space Ty, (39) and calculate the next iterate

2" = qpaf + (1 — a)SPr, (2% — 7f(5). (117)

8 Conclusions

In this paper we proposed two subgradient extragradient algorithms for solving
variational inequalities in Hilbert space and established weak convergence the-
orems for both of them. The second algorithm finds a solution of a variational
inequality which is also a fixed point of a given nonexpansive mapping.
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