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1 Introduction

A best approximation pair relative to two closed convex sets A and B is a pair (a,b) €
A x B attaining ||a — b|| = min||A — B||, where A—B:={x—y|x €A,y € B}.

For a closed convex set C denote by P the metric projection operator onto C. Take
an arbitrary starting point ag € R, the d-dimensional Euclidean space, and consider
the sequence:

A2k+2

B
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A well-known theorem of Cheney and Goldstein [[15]] specifies conditions under
which alternating metric projections onto the two sets are guaranteed to converge to
the best approximation pair. In fact, their result applies when A and B are closed con-
vex sets in a Hilbert space, and one of them is compact. For related results, using
the averaged alternating reflections method and applying it to not necessarily convex
sets, see [6/23]]. For a study of von Neumann’s alternating projection algorithm for
two sets, see [3] and [21]]. For best approximation in general, we refer the reader to
Deutsch’s excellent book [16]]. A recent review of algorithms for inconsistent feasi-
bility problems, some of which relevant to the work presented here, appears in [|13]].

In real-life problems, convex polyhedra are usually represented by a set of linear
constraints, namely as the intersection of half-spaces. Projecting onto the polyhedron
can then be done using projections onto the half-spaces. We propose a projection
method for finding the best approximation pair that uses directly projections onto the
half-spaces, instead of on the polyhedra.

An algorithm for approaching the projection of a point a onto a polyhedron, using
projections onto the half-spaces defining the polyhedron, was proposed by Halpern,
Lions, Wittmann and Bauschke (HLWBﬂ [12,20,22.25]]. The HLWB algorithm works
by projecting successively and cyclically onto the half-spaces, the main stratagem
being that after each projection the algorithm “pulls” a bit back in the direction of a.
The latter guarantees that the algorithm does not “forget” the point @ whose projection
onto the polyhedron is sought after.

We propose and study the convergence of an iterative process based on projec-
tions onto the individual half-spaces defining the polyhedra, which are more nego-
tiable than projections on the polyhedra themselves. We apply the HLWB algorithm
alternatingly to the two polyhedra. Its application is divided into sweeps — in the odd
numbered sweeps we project successively onto half-spaces defining A, and in even
numbered sweeps onto half-spaces defining B. A critical point is that the number of
successive projections onto each set’s half-spaces increases from sweep to sweep.
The proof of convergence of the algorithm is rather standard in the case that the best
approximation pair is unique. The non-uniqueness case, however, poses some diffi-
culties and its proof is more involved.

The algorithm belongs to a family known as projection methods. These are iter-
ative algorithms that use projections onto individual sets, to converge to a point in

I This acronym was dubbed in [[10].
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the intersection of these sets, or images of them under some transformation. They
were originally used to solve systems of linear equations in Euclidean space (see,
e.g., [8:(9,/14,|18L|19])), and later were extended to solve general convex feasibility
problems in a Hilbert space, see, e.g., [5]. On the low computational cost of projec-
tion methods, see [7,/12]. Consult also [11]].

The paper is organized as follows. In Section 2] we present the alternating HLWB
algorithm. In Section [3| we prove some preliminary results needed for the proof of
convergence of the algorithm. The proof itself is given in Section ] Finally, in Sec-
tion[5 we discuss possible choices of the parameters for the algorithm.

2 An Alternating HLWB Algorithm

Throughout the paper, we assume that A := ﬂf}i (A;jand B := ﬁjjy:lB j are two nonempty
convex polyhedra, where {A,-}?il and {B j}lj\.]:l are two families of closed half-spaces.

By adding A; or B; that are equal to the entire space R? (or alternatively repeat the
same half-space) we may assume that M = N. For the purpose of performing un-
boundedly many projections, we extend the sequences {A;} and {B j} toalli,jeN
by the rules A; = A; mod v and Bj = B moq v, Where the mod N function takes values
in{1,2,...,N}.

We incorporate into our algorithm the HLWB algorithm, which is designed to
find the projection of a point a onto a polyhedron C, using the projections onto the
half-spaces defining C. Let Py, P», ..., Py be the respective projections onto these half-
spaces. The HLWB algorithm starts by choosing an arbitrary starting point xo and
numbers A, satisfying:

}Q}o%:O’ Yadn =00, Y,lhn— Apin| < oo )]
A sequence {x,},_; is then recursively generated by the rule:

Xn i= Ana~+ (1 — A) Py mod N (Xn—1),

Bauschke [2, Theorem 3.1] proved that the sequence {x,}, , generated by this
HLWB algorithm convergences to Pc(a). Some computational performance results
with the HLWB and the Dykstra [17]] algorithms were presented in [[10].

In our proposed algorithm, we apply the HLWB algorithm alternatingly to A and
to B. We call this method “A-HLWB” (“A” for “alternating”). Like in HLWB, we
choose numbers A, satisfying (T). For points a,x € R? and n € N, we recursively
define

Opola;x):==x and Qpn(a;x) :=Aa+(1—2A,)Ps,(Qpn—1(a;x)).
For b,x € R? and n € N, Q4 ,(b;x) is similarly defined
Oao(bix):=x and Qpn(b;x) :=2Ab+ (1 —2Ay)Ps,(Qan—1(b;x)).

Thus, Q4 ,(b;x) and Qp ,(a;x) are operators, each being defined by a sequence of n
iterations.
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We also choose an arbitrary starting point ag € R? and a non-decreasing sequence
(ng) such that

M
ng—oo and supg Y J] (1-24) p <ee. Q)

ko | k>k n>ny

Once the sequence (A,) is chosen so that (I)) holds, one can always make () increase
rapidly enough so that (2)) holds. For example, A, = n]?,nk = | 1.1%] satisfy both (T))
and (2). To see why these parameters satisfy the second inequality in (2, simply
notice that

Tk hp ng, 41 1.1k
Y [[a-2)=Y H0n+1:Z o m L =l

k>ko n>ng k> ko n>ng, k>kq k>kq

The kth sweep of the A-HLWB algorithm uses ny iterations of the HLWB algo-
rithm to generate:

bit1 = OBy, (ag;ay) if kis even;  agyq = O (bi;by) if k is odd, 3)

where the auxiliary parameter @) or bj is chosen before each sweep. The validity
of the algorithm is guaranteed if the auxiliary sequence (a5, b5, ) is bounded. For
example, one may simply take a, = b’, +1 = ao- We now state our main convergence
result.

Theorem 1 If the above assumptions on the mappings and on the parameters hold
and the auxiliary sequence (dy, b, ) is bounded, then the pairs (ax,by1), gen-
erated by the A-HLWB algorithm (3)), converge to a best approximation pair relative
to (A,B).

The second inequality in is technical and could possibly be redundant. In
fact, if the best approximation pair is unique, the convergence is assured without this
inequality (see Remark|[T)). However, we are unable to remove it for Theorem I]in the
non-uniqueness case.

3 Preliminaries for the Proof of Convergence

We present several preliminary results that will be used to prove Theorem |1} the first
of which says, in Lemma (1| below, that the set of points generated by the A-HLWB
algorithm is bounded. This follows from a result of Aharoni, Duchet and Wajnryb [|1]],
see also Meshulam [24]].

Theorem 2 (Theorem of Aharoni, Duchet and Wajnryb [1]) Any sequence of
points in R obtained by successive projections of a point onto elements of a finite
set of hyperplanes is bounded.

Lemma 1 For every bounded set D C RY, there exists a compact set C C R con-
taining D such that Q4 ;;(b;x), Qg n(a;x) € C for all a,b,x € C and m,n € N.
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Proof Take a simplex with vertices xg,x,...,x; € R that contains D. Denote the
bounding hyperplanes of the half-spaces A; and B; by dA; and 9dB;, respectively. Let
X be the set of points obtained by successive projections of xg,x1,...,Xx; on {aA,-}?il
and on {dB;}Y . By Theorem [2 we know that X is bounded, and so is its convex
hull Y := conv(X).

Notice that Q4 ,(b;x) is either A,b + (1 — Ap) Q4 m—1(b5x) or A+ (1 —Ay)
Pya, Oa.m—1(b;x) depending on whether Q4 ,,—1(b;x) is in A,,. One can then show by
induction on m that Q4 (b;x) € Y for every b,x €Y.

The same argument shows that Qp ,(a;x) € Y for every a,x € Y. Finally, let C be
the closure of ¥ in R?. Since O, and Qp , are continuous, Q4 ,,(b;x) and Qg ,(a;x)
are in C for every a,b,x € C. a

The following result is well-known, see, e.g., [[15, Theorem 3].

Theorem 3 If B is a closed convex set in Hilbert space, then the projection map Pp
onto B satisfies the Lipschitz condition ||Pg(x) — Ps(y)|| < ||x—y||, equality holding
only if ||x — Pp(x)|| = [ly = Ps(y) I

The classical 1959 result of Cheney and Goldstein, repeatedly referred to in this
paper, is given next as a paraphrased version of their Theorems 2 and 4.

Theorem 4 Let A and B be two closed convex sets in Hilbert space. A point of A is
nearest to B if and only if it is a fixed point of PsPp. If one set is finite-dimensional
and the distance between the sets is attained, then convergence of ((PsPg)"(x)) to a
fixed point of PsPp is assured.

We need also the following result, which appeared in [4, Lemma 2.2].

Lemma 2 Let A and B be two closed convex sets in Hilbert space, one of which
being finite-dimensional. Suppose that the distance between the sets is attained. If
S is a nonempty compact set such that PyP5(S) = S, then S consists of points of A
nearest to B.

Proof Define §' := {s € S| PPg(s) = s}. Since S is compact and PyP5(S) C S, by
the second part of Theorem |4} for any x € S, (P4P5)"(x) converges in S and its limit
is a fixed point of P4 Pp.

Since S is nonempty, so is " and it is easy to see that S’ is compact as well.

Let d := max,cgsinf||s—S'|| and let y € S be such that inf|[y —§'|| = d. Since
PyPs(S) D S, there exists x € S such that PyPg(x) = y. Since min ||x — §'|| < d, we can
take s’ € ' such that ||x — || < d.

By way of contradiction, assume that x ¢ S’. By the first part of Theorem E}

HPB(S/) —s’H =inf||A—BJ| < ||Ps(x) —x] .
By Theorem 3] we obtain
Iy = NEaPac) — PaPa(s)] < [Pute) ~ 2ol < .

This contradicts with |[x—s'|| < d < |ly—s'||. Therefore, x € §', hence y = x and
d = 0. By the first part of Theorem S = S’ implies that S consists only of points of
A nearest to B. a
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The last ingredient that will be used in our proof of Theorem|l|is the following.

Theorem 5 Let B be a polyhedron in Hilbert space, and assume that B = ﬂ?’: \Bi #
0, where {B;}Y| are closed convex sets. If the sequence (A,) satisfies (T), then
limy, .0 ||Qp 1 (a;x) — Pg(a)|| = O for any points a and x.

Proof This follows from Bauschke’s Theorem 3.1 in [2]]. In fact, Bauschke’s theorem
applies to a broader setting, in which the B;’s are sets of fixed points of nonexpansive
mappings in Hilbert space. d

It is easy to check that
[@nalas) = Qpafel )| < fla—a|| + x|

for all n. Together with the fact that Pp is nonexpansive (i.e., 1-Lipschitz), it is routine
to check the uniform convergence of (Qp,) on any compact set, leading to the next
lemma.

Lemma 3 Let B be as in Theorem[5] and let C be a compact set in the Hilbert space.
If the sequence (M) satisfies (1), then

lim (sup |08 (a;x) —PB(a)||> =0.

=\ gxeC

Proof For every € > 0, let Cy be a finite €-covering of the compact set C. By Theo-
rem 5] for every ag,xo € Co, there is N(ag,x0) € N such that ||Qp (a0:x0) — Ps(ao)|| <
¢ for all n > N(ao,xo). Set N := maxy, x,cc, N(ao,Xo). Given a,x € C, let ag,xo € Cp
be such that ||a —ag||,|[x—xo|| < €. For every n > N, since both Qp, and Pg are
nonexpansive, we have

|08 n(a;x) — Pg(a)|| < [|QBn(a;x) — Opnlao:xo)|| + ||Qrn(ao:xo) — Pg(ao)||
+1|Pg(ao) — Pe(a)|| < [la—aol| + ||x —xol| +- &+ [lag —a| < 4e. DO

4 Convergence of the A-HLWB Algorithm

In this section we present a proof of the convergence theorem of the A-HLWB algo-
rithm.

Proof (Proof of Theorem [I)) In order to prove this theorem we inspect the set of ac-
cumulation points of (ay;). We show that it is compact, fixed under P4 P and, finally,
that it is a singleton. By Lemma [1} there exists a compact set C C R? containing
{ap} U {a/zk}::o U {b’2k+1 }:20 such that both Q4 ,, and Qp, map C x C to C, hence
the sequences (ay;) and (byy1) are contained in C.

Let S be the set of accumulation points of (ay). By the Bolzano—Weierstrass
theorem S # (0. Moreover, since S is closed and S C C, it is compact.
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We claim that P4 P(S) = S. Pick any point s € S and any € > 0. Using Lemma 3]
and the first assumption in (2)) that n; — oo, one can choose k sufficiently large such
that

||a2k _S” <Eg,
Sup || Qg ny (a:%) — Pa(a)|| < €/2, supC||QA,nZk+1 (bix) — Py(b)|| < £/2.
a,xe

axeC

: 3 s _ A
In particular, since bog i1 = Opny (a2 ay) and axo = Qa oy, (boki13by, ), We
have

1Ps(az) —baxy1ll < €/2,  |[Pa(bay1) — a2l < €/2.

By the triangle inequality and the fact that P4 and Pp are nonexpansive, we obtain
that

|PaPs(s) — axial < [|PaPs(s) — PaPg(ax) || + [|PaPs(azk) — Pa(bi1)||

F1Pa(bars1) — aznyall < |ls — aok || + || Pa(@ak) — bows 1| + 1| Pa(boks 1) — anyall < 2€.
“4)

This implies that P4 Pg(s) is also an accumulation point of (ay;). Thus, P4Pg(S) C S.
On the other hand, suppose that s € S is the limit of the subsequence (ay,). Let
s’ € § be an accumulation point of the subsequence (as,—2). The same argument
for PoPg(S) C S shows that PyPg(s") is an accumulation point of (ay,), and so is
P4Pg(s") = 5. This means that P4 Pg(S) D S. By Lemma [2] S consists of points of A
nearest to B.

It remains to be shown that S is a singleton, namely that it contains only one point,
which is then the limit of (ay;). This is clear if there is only one best approximation
pair.

From here on we consider the case that A and B have parallel closest faces. This
situation requiers a deeper and more delicate analysis which we give now.

Let v be the shortest vector of the form a — b, where a € A and b € B. Put dif-
ferently, v is the projection of the origin onto A — B. Set T := AN (B+v). Clearly, T
is precisely the set of all points in A nearest to B. Therefore S C T. Moreover, T is
a convex polyhedron inside the supporting hyperplane of A that is perpendicular to v
(see Figure[l])

We decompose the polyhedron T into the relative interiors of its faces (see Fig-
ure[2]) Let e be the largest integer such that the relative interior of some e-dimensional
face F, intersects S, say at point s. We shall prove that (ay;) converges to s. Since,
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by Lemma 3] limy_,c [|bok 11 — Pg(axk)|| = 0, this will imply that (b 1) converges
to Pg(s), and (aok, bak1) thus converges to the best approximation pair (s, Pg(s)).

The proof that limy_,. ar;y = s combines ideas from the two extreme cases for
e, namely e = 0 or e = d — 1. We first handle these two cases and then present the
general case.

Case 1: e = 0. Suppose that all points of S are vertices of T. Let & > 0 be such
that Ng, (s) (the &-neighborhood of s) satisfies Ng, (s) N Tp = {s}. Denoting by T the
set of all accumulation points of (ax), S C Ty implies that every neighborhood of Tp
contains all but finitely many points of (ay). For every € € (0,€/4), we can then
choose ky € N so that

€ . e
lazky —s[| < 5. infllaz —To|| <  for all k > ko,
and, using Lemma[3]

€ £
sup [|Qan(b;x) —Ps(b)|| < T sup ||Qp.a(a;x) — Pg(a)|| < T for all n > ny,. (5)
bxeC axeC

We claim that for every k > ko, if ||axr — s|| < €/4, then ||as2 — s|| < €/2 (see Fig-
ure[3) and so |lagi2 — s|| = inf laz2 — To |, by the choice of &. In fact, (@) implies

lazks2 = || < ||laok — s|| + | Pe(azk) — bogs1 || + ||Pa(boxs1) — azes2|
<e/d+e/d+e/4<g/2.

Hence, Ng(az+2) C Ngy(s), and so
Ng(a2k+2) NTy C Ngo (S) NTy = {s} .

This means that
llazks2 —s|| = inf ||ask 2 — Tol| < €/4.

By induction, we know that ||ay — || < &/4 for all k > k.
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Case 2: e=d — 1. Suppose s is in the relative interior of the (d — 1)-dimensional face
T =T,. Let H be the supporting hyperplane of A that is perpendicular to v. Note that
T C ANH.If dA; goes through s, then dA; = H (otherwise, T would have dimension
smaller than d — 1.) Similarly, if dB; goes through Pg(s) = s —v, then dB; = H —v.

Thus, we can choose an &-neighborhood N, (s) of s such that Ng,(s) C A; for
all dA; # H and such that Ng,(Pg(s)) C B; for all dB; # H —v. This, in particular,
implies that for every x € Ng,(Ps(s)), Pp,(x) — x is always orthogonal to 7.

For the rest of the proof of this case for e = d — 1, we only highlight the key steps
and leave the full-fledged proof to the general case below. For a fixed k > ko, let T+
and T (ay;2) be the lines orthogonal to 7' through s and through as, respectively,
and define ¢ := ¢+ nyk, and gy := Qp ¢+ (axk;dy,) (see Figure EI) We claim that if
g € Ng,(Pg(s)) for all £ > 0, then

g
ianb2k+1 — TL(‘QI{)H = ianqO — TL(CZZk)‘ . H (1 — ln)
n>n2k0
Indeed, recall that for £ > 1, we have the recursion
g0 = M+ax+ (1= Ap+ )P, (qe-1)- (6)

Since gg—1 € Ng,(Pg(s)), by the choice of &, we know that Py, (qe—1) —qe—1 is
orthogonal to 7', hence

ianPBﬁ (qr-1) —TLH :iancM,l —TiH.

Therefore,
ianqg— TiH (1 —/lﬁ)ianqg,l —TiH .

The claim follows from repeated application of this equality and the fact that by =
Anyp—noy, -

Loosely speaking, the claim suggests that by, | does not deviate far from 7 (ayy),
and, similarly, neither does a1, deviate from T+ (bag+1)- The accumulated devia-
tions of ay from T then can be bounded. This, together with the fact that ay; con-
verges to a point in 7', implies that limy_,.. ax; = s.

General case: 0 < e < d—1. The proof of the general case is the juxtaposition of
the ideas in the two previos cases above. Let T, be the union of the e-dimensional
faces of T. Since s is in the relative interior of F,, we can choose & > 0 so that the
following hold:

1. Ng(s)NT, C Fy;
2. for every x € Ng,(s), Py, (x) —x is orthogonal to F, for all m;
3. for every x € Ng,(Pg(s)), P, (x) — x is orthogonal to F, for all n.

In view of (2), there is a constant Z > 1 such that

nj41
Y ] (1—4) <Zforallky € N. (7)

l>k0 n>n2k0
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F-(ax) s - o Pp(s')

T -e dzk
5b2k+l
qi

Fig. 5

For every € € (0,&/4), we can choose ko € N so that (3) and the following hold.
lax, —s|| < =, infllay —T.|| < — forall k > k.
0 4z’ 4z -

Let F;* be the (d — ¢)-dimensional affine subspace through s orthogonal to F,. We
prove by induction that for all k > ko,

€
inf *Fe A7
inf ||ay I < 17 (8a)
: YT
ianan—F (1-4 (8b)
€ 4Z ZZ 15T n>n,
llax —s|| <e. (8¢)

When k = ko, it is obvious from the choice of ky. Assume that @) holds for k, we
prove it for k+ 1.
Proof of (8a). We use (@) to obtain

|s — asks2l| < ||Is — aok|| + || P (k) — bars1 || + || Pa(bars 1) — a2l

<et—t— <D
47 4z 2
Hence, Nog(asi42) C Ng,(s), and so
Nog(ani2) NT, C Ney(s)NT, C F,.
This means that
inf ||z — Fel| = inf[|azio — To|| < 4Z

Proof of (8b). Again, define £ := £+ nyy, and gy := Qp 4+ (ax; dyy). For every £ > 0,
we have

1P (s) — qell < ||s — aaxl| + |1Ps(a2k) — qel| < €+ E < &. ©)
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Let F;*(ay;) be the (d — k)-dimensional subspace through ay; orthogonal to F, (see
Figure [5). We have the recursion (@) for £ > 1. Since ||Pg(s) —gq_1|| < &, by the
choice of &, we know that Pg - (ge—1) — qo—1 is orthogonal to F,, hence,

ianPB[Jr (qg,l) —Fel(azk)H = il‘lquIj,1 — FEL(Cle)H .
Therefore,
inf g — Fit(aa0) | = (1= A inf]| et — F-(ax)|. (10)

Let s’ be the intersection of F, and F,"(ay;), which is guaranteed to be nonempty by
|lazk — s|| < € < &. Moreover, we have

€
_ || = inflay - F|| < —.
||azk — 5'|| = inf|lax — F. || < 1z
Since s’ € T, Pg(s') = s' +v € F;*(ay;). Notice that
ianqo_Fi(aZk)H < lgo = Ps(s)| < llgo — Pe(az)| + |jazi — || < = + = = =
€ - - — 4z 4z 27

With repeated application of (T0) and the fact that by | = gy~ » W derive
ianbZkH —Fei(aZk)" <o [1 (=), (11)

Let F;-(by+ 1) be the (d — k)-dimensional subspace through by, | orthogonal to F,.
Notice that (@) implies that

4

||b2k+1 —PB(S)H < E+ 7

This would allow us to carry out a similar argument to conclude that

. N e M2kl
lanaszrz_Fe (b2k+1)H < 37 H (1 — ). (12)

n>n2k0

Combining (TT) and (I2)), we get what is needed for the inductive step.
Proof of (8d). It follows from
a

lazk+2 — sl <inf|lazes2 — Fel| +iana2k+2 —F;
and (7] [84] [Sb). 0

Remark 1 As mentioned in the proof, if the polyhedra A and B are known a priori
to have only one best approximation pair, then the set S is automatically a singleton,
hence (ak,barr1) converges to the best approximation pair. In this case, the second
inequality in (2) could be dropped from the assumptions in Theorem T}
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o o g

Fig. 6 Fig. 7

5 Discussion

One has the freedom to choose the auxiliary sequence (a,b%,, ;) in the A-HLWB
algorithm as long as it is bounded. The simplest way is to take a5, = b), 41 =ao-In
Figure[6] we run 50 iterations of the algorithm, and we plot the more recent points in
darker color. The half-spaces are

A dx—3y <17, Ay:x<—4, Az x+y < —11, Ag:y < —5;
B1:5x—4y <30, By:x—2y<0, B3: —x—4y<-24, By: —2x—y<—13.

The choices of the parameters are
ap=(8,—13), A, = ﬁ, ng = Ll.lkj7 dyy, = b’2k+1 =ay.

The auxiliary point a, can be seen as the starting point of the HLWB algorithm
for polyhedron B. It makes sense to choose @), close to B. Since by is our best
approximation to B so far, heuristically a5, = by, might be a better choice. Simi-
larly, it might be better to choose b}, +1 = azk- One can use Lemma (1| to show that
(dy, Py, 1) is bounded. In Figure [7, we again run 50 iterations for the same half-
spaces and the parameters, except that

a6 =ao, a/zk = by forall k > 0, b/2k+1 = ayy for all k > 0.

Comparing Figure [6] and Figure [7] interestingly we do not see significant differ-
ence in convergence. One possible explanation is the following. It is easily checked
that

108 06) — O ) | < =TT, (1= A1)

When [T'%#,(1 — A,) is extremely small, the contribution of the auxiliary points is
negligible.
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Now that the convergence of the A-HLWB algorithm has been established here,

it would be interesting in future work to investigate non-asymptotic bounds on the
number of steps of half-space projections to reach an approximate solution and rate
of convergence results.
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