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Abstract
We study two projection algorithms for solving the Variational
Inequality Problem (VIP) in Hilbert space. One algorithm is a mod-
ified subgradient extragradient method in which an additional pro-
jection onto the intersection of two half-spaces is employed. Another
algorithm is based on the shrinking projection method. We establish
strong convergence theorems for both algorithms.

1 Introduction

We are concerned with the Variational Inequality Problem (VIP) of finding
a point z* such that

¥ € Cand (f(z*),z —2*) >0 for all x € C, (1.1)
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where H is a real Hilbert space, f : H — H is a given mapping, C' C H is
nonempty, closed and convex and (-, -) denotes the inner product in H. This
problem, denoted by VIP(C, f), is a fundamental problem in Optimization
Theory. Many algorithms for solving the VIP are projection algorithms that
employ projections onto the feasible set C' of the VIP, or onto some related
set, in order to iteratively reach a solution. In particular, Korpelevich [19]
proposed an algorithm for solving the VIP in Euclidean space, known as
the Extragradient Method; see also Facchinei and Pang [10, Chapter 12].
In each iteration of her algorithm, in order to get the next iterate x**1,
two orthogonal projections onto C' are calculated, according to the following
iterative step. Given the current iterate z*, calculate

y* = Po(a® — 7f(a")), (1.2)

o = Po(a® — mf(y")), (1.3)

where 7 is some positive number and P denotes the Fuclidean least distance
projection onto C. Figure 1 illustrates the iterative step (1.2) and (1.3). The

Figure 1: Korpelevich’s iterative step.

literature on the VIP is vast and Korpelevich’s extragradient method has
received considerable attention by many authors who improved it in various
ways; see, e.g., [16, 17, 23] and references therein, to name but a few.



Though convergence was proved in [19] under the assumptions of Lipschitz
continuity and pseudo-monotonicity, there is still the need to calculate two
projections onto C'. If the set C' is simple enough so that projections onto
it can be easily computed, then this method is particularly useful; but if C'
is a general closed and convex set, a minimal distance problem has to be
solved twice in order to obtain the next iterate. This might seriously affect
the efficiency of the extragradient method.

As part of our continued efforts to circumvent the need to perform these
two projections onto C' within the framework of the extragradient method, we
developed in [7] the subgradient extragradient algorithm in Euclidean space,
in which we replace the second projection (1.3) onto C' by a specific subgra-
dient projection. A weak convergence theorem for this algorithm in Hilbert
space is presented in [8]. The question of also replacing in this algorithm the
first projection onto C' with a step that will not involve a projection (onto
a nonlinear convex set) and will be easier to compute, remains, to the best
of our knowledge, open to this very day. We believe that our work in the
present paper will lead to further progress in this direction.

In this paper we study two modifications of the subgradient extragradi-
ent method for solving the Variational Inequality Problem (VIP) in Hilbert
space. These modifications originate in the work of Haugazeau [14], which
was successfully generalized and extended in recent papers by Combettes [9],
Solodov and Svaiter [24], Bauschke and Combettes [2, 3], and by Burachik,
Lopes and Svaiter [5]. In both modifications we are again able to replace
one of two projections onto a closed convex set by a specific subgradient pro-
jection. While our work is admittedly of a theoretical nature its potential
numerical advantages lie in this fact. Every projection onto a closed convex
set that can be replaced by a step that will not involve a projection (onto a
nonlinear convex set) and will be easier to compute constitutes a practical
saving in the overall algorithmic effort.

Our paper is organized as follows. In Section 3 the first modified subgra-
dient extragradient algorithm is presented. It is analyzed in Section 4. In
Section 5 we present another modification of the subgradient extragradient
algorithm and then analyze it in Section 6.



2 Preliminaries

Let H be a real Hilbert space with inner product (-, -) and the induced norm
|| - ||, and let D be a nonempty, closed and convex subset of H. We write

2% — 7 to indicate that the sequence {xk},io converges weakly to z and

2% — z to indicate that the sequence {xk}zozo converges strongly to x. For

each point x € 'H, there exists a unique nearest point in D, denoted by
Pp(z). That is,

|z — Pp (2)|| < ||z —yl| for all y € D. (2.1)

The mapping Pp : H — D is called the metric projection of H onto D. It is
well known that Pp is a nonexpansive mapping of H onto D, i.e.,

1Pp (x) = Pp (y)|| < [l =yl forall z,y € H. (2.2)

The metric projection Pp is characterized [13, Section 3| by the following

two properties:
Pp(z) € D (2.3)

and
(x —Pp(x),Pp(x)—y)>0forallz € H, y € D, (2.4)

and if D is a hyperplane, then (2.4) becomes an equality. It follows that
lo = yl? > 1z = Po @) +lly - Po @)|? forall € H, y e D.  (2.5)
We denote by Np (v) the normal cone of D at v € D, i.e.,
Np(v):={deH|(d,y—v) <O0forally € D}. (2.6)
We also recall that in a real Hilbert space H,
Az + (1= Nyll* = Azl + @ = Vllyl* =A@ =Nz —ylI*  (27)
for all z,y € H and A € [0, 1].

Definition 2.1 Let B : H = 2™ be a point-to-set operator defined on a real
Hilbert space H. The operator B is called a mazimal monotone operator if
B is monotone, i.e.,

(u—v,x—y) >0 for allu € B(x) and v € B(y), (2.8)
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and the graph G(B) of B,
G(B) :={(x,u) e Hx H|u € B(x)}, (2.9)
18 not properly contained in the graph of any other monotone operator.

It is clear ([22, Theorem 3]) that a monotone mapping B is maximal if
and only if, for any (z,u) € HxH, if (u — v,z —y) > 0 for all (v,y) € G(B),
then it follows that v € B(z).

The next property is known as the Opial condition [21]. Every Hilbert
space has this property.

Condition 2.2 (Opial) For any sequence {xk}zozo in H that converges
weakly to x (vF — x),

lilgn inf ||2% — 2| < lign inf ||2* — y|| for all y # . (2.10)
Any Hilbert space H has the Kadec-Klee property [12], that is, if {xk};ozo
is a sequence in ‘H with 2% — z and ||z*|| — ||z, then ||z* — z|| — 0.

Definition 2.3 A function g : H — (—o00,+00] is called (weak) lower
semi-continuous if
liminf g(z*) > g(2) (2.11)

for all sequences {xk}iio such that (z* — z) 2* — .
Notation 2.4 Any closed and convex set D C H can be represented as
D={zeH|c(zx) <0}, (2.12)

where ¢ : H — R 1s an appropriate convex and lower semi-continuous func-
tion. Take, for example, c(x) = dist(z, D), where dist is the distance func-
tion; see, e.g., [15, Chapter B, Subsection 1.3(c)].

We denote the subdifferential set of ¢ at a point x by

Oc(z) :={& e H | cly) > c(z)+ (&, y —x) for all y € H}. (2.13)
For z € H, take any £ € Oc(z) and define
T(z):={weH|c(z)+{{w—2) <0}. (2.14)

This is a half-space the bounding hyperplane of which separates the set D
from the point z if £ # 0; otherwise T'(z) = H; see, e.g., [1, Lemma 7.3].
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3 The first modification of the subgradient
extragradient algorithm

We assume the following conditions.

Condition 3.1 The solution set of (1.1), denoted by SOL(C, f), is non-
empty.

Condition 3.2 The mapping f is monotone on C, i.e.,

(f(x) = fly),x —y) >0 forall z,y € C. (3.1)

Condition 3.3 The mapping f is Lipschitz continuous on H with con-
stant L > 0, that 1s,

1f(x) = fWIl < Lllz =yl for all z,y € . (3.2)

Next, we present the subgradient extragradient algorithm [7].

Algorithm 3.4 The subgradient extragradient algorithm
Step 0: Select a starting point 2° € H and 7 > 0, and set k = 0.
Step 1: Given the current iterate x*, compute

y* = Po(a® — 1 f(a")), (3-3)
construct the half-space T}, whose bounding hyperplane supports C' at y*,
Ty ={weH | {(a" = 7f(2")) —y* w—y") <0} (3.4)
and calculate the next iterate
= Pr,(af = mf(5). (3.5)

Step 2: If 2% = y*, then stop. Otherwise, set k «— (k+ 1) and return to
Step 1.

Remark 3.5 Observe that if ¢ is lower semi-continuous and Gateauz differ-
entiable at y*, then {(z* — 7f(z¥)) — y*} = dc(y*) = {Ve(y")}; otherwise
(z% — 7f(a%)) — y* € Oc(y¥). See [1, Facts 7.2] and [11] for more details.
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Figure 2: "1 is a subgradient projection of the point 2% — 7 f(y*) onto the
hyperplane Tj,.

Figure 2 illustrates the iterative step of this algorithm.

Inspired by Takahashi and Nadezhkina [20], we now present our first
modification of the subgradient extragradient algorithm.

Algorithm 3.6 The first modification of the subgradient extragra-
dient algorithm

Step 0: Sclect an arbitrary starting point 2° € H and 7 > 0, and set
kE=0.

Step 1: Given the current iterate x*, compute

;

y* = Po(a* —1f(2")),

2k = ozkxk + (1 - Oék)PTk(xk - Tf(yk))7
Co={zeH || =2 <" -=[|},
Qr={zeH|{(a"—22°—2") >0},

L gttt = Foynqx (:L‘U) )

where Ty, is as in (3.4) and {ouw}y C [0, @] for some o € [0,1).
Step 2: Set k «— (k+ 1) and return to Step 1.

(3.6)




3.1 Connection with Haugazeau’s method

In this subsection we describe the connection between our Algorithm 3.6 and
the work of Haugazeau. Haugazeau presented an algorithm for solving the
Best Approximation Problem (BAP) of finding the projection of a point onto
the intersection of m closed convex subsets {D;}", C H. Defining for any
pair x,y € H the set

H(z,y) ={ueH| (u—y,z—y) <0}, (3.7)

and denoting by Q(z,y, z) the projection of z onto H(x,y)NH (y, z), namely,
Q(,y, 2) = Pr(ay)nH(y,) (), he showed, see [14], that for an arbitrary start-
ing point 2° € H, any sequence {z*}?°, generated by the iterative step

$k+1 = Q(xoa xka Pk(modm)+l(xk)) (38)
converges strongly to the projection of 2% onto D = N, D,. The operator @
requires projecting onto the intersection of two constructible half-spaces; this
is not difficult to implement. In [14] Haugazeau introduced the operator ) as
an explicit description of the projector onto the intersection of the two half-
spaces H(z,y) and H(y, z). So, following, e.g., [4, Definition 3.1], denoting
T=(@ -y, y—2z,p=|zr—yl*v=|y— 2| and p = pr — 7%, we have

z, if p=0and 7 >0,
Qz,y,2) =1 z+ (1+Z)(z—y), if p>0and 7v >p, (3.9)
y+2(m(@—y)+u(z—y)), if p>0and v <p.
In our Algorithm 3.6 we may write
Co={z e H [ 2] < la* <]}
={zeH|{z"—(1/2)(a" +2*), 2 — (1/2)(z* + 2¥)) < 0}
= H(z*, (1/2)(z* + 2*)) (3.10)
and
Qr={zeH | (2" —22"—2") >0} = H(2° 2"). (3.11)
This leads to the following alternative phrasing of the iterative step of Algo-

rithm 3.6:
y* = Pe(a* — 7f(a")),
P = gk + (1 — o) Pr, (2% — 7 f(y)), (3.12)
Mt = Q(a0, 2%, (1/2)(a* + 2F)).
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Observe that using the explicit description (3.9) of the operator ) and the
projector onto T}, the iterative step (3.6) of Algorithm 3.6 can be rewritten
even more explicitly as follows.

(Y = Pola® — (")),
denote a* := 2% — 7 f(2*) — y* and w* := 2% — 7f(y¥),
wk — max <0 (atwruh) ak, ifak #0
PTk (wk> = tk = ’ lla®]2 ’ ’
wk, if a* = 0.
2P = gt + (1 — ),
denote 7y, := (2% — 2¥, (1/2) (% — 2)), pp := [|2° — 2F|?,
vp o= ||(1/2)(z* — 2%)||? and py, := v — (m3)2.
Then,
(1/2) (2" + 2F), if p, = 0 and 7, > 0,
R — 0 + (1 + Z—:) (1/2)(2F — a*), if pr, > 0 and 7, > g,
Yk + Z—:(ﬂk (20 — 2%) + L (2% — 2F)), if pp > 0 and me < py.

(3.13)

4 Convergence of the first modification of the
subgradient extragradient algorithm

In this section we establish a strong convergence theorem for Algorithm 3.6.
The outline of its proof is similar to that of [20, Theorem 3.1].

Theorem 4.1 Assume that Conditions 3.1-3.8 hold and 7 € (0,1/L). Then
any sequences {xk};io and {yk}zozo generated by Algorithm 3.6 strongly con-
verge to the same point u* € SOL(C, f) and furthermore,

u* = Psor(c,p)(@°)- (4.1)



Proof. First observe that for all £ > 0, Q). is closed and convex. The set
(' is also closed and convex because

Cr={z et |25 = 2" < Jo* = 2"}
—{zem || -2 okt - ) <0p (42
By the definition of Qj, and (2.4), we have
a* = Py, (2°). (4.3)

Denote t* := Pp (2% — 7f(y*)) for all k > 0. Let u € SOL(C, f). Applying
(2.5) with D = T}, . = 2% — 7f(y*) and y = u, we obtain

[ =l < fla* = 77" =l = [la* = 7 = ¥
= lla* = ul]? = fla* — 7 + 27 (), u — 1)
= Ilo* —ull? = Jo* —

+27 (") = flw)su = ") + (F(w)yu—o*) + ("), yF = 15)) .

(4.4)
By Condition 3.2,
(f(*) = flu),u—y*) <0, (4.5)
and since u € SOL(C, f),
(f(u),u—y*) <0. (4.6)
So,
It —ul® < lla® = wll® = la* — "] 27 (£(4), 4" — 1*)
= |lz* —ul® = [l2* = y*|* = 2(a" — ¢*, 4" —1F)
=l ="+ 2r (F(h) v = 1Y)
= Jla* —ul® = fl2* = y*|* — [ly* — |
+2(a" —7f(y") =y 1" = ob). (4.7)
By the definition of Ty,
(" =7f@@h) =o' 1" =) <0, (4.8)
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SO
(@® =7 f(") =y " —oF)
= (a" — 1 f(a¥) =yt — ")+ (T F(@P) — T F (). = oF)
<A{7f(@") = 7). " — ") < 7| F(&®) = FOINIET = oF
< 7L|ja* — y*|||1tF — o], (4.9)

where the last two inequalities follow from the Cauchy—Schwarz inequality
and Condition 3.3. Therefore

2
[ = ul|” < la*—ul > [|2* g (> [ly* — £+ 27 Llla" —* | |5 ~5"]|. (4.10)
Observe that
2
0 < (|5 — y"|| — TL|l=" — *|I)
= 5 — o2 = 27Ll|2* — P [IEF - |+ TPt - M2, (410)
S0,
27 L™ — yHl[[tF — o || < 15— FI? + 2Lk — F). (4.12)
Thus
£ =) < fla* = ul|® = [|2* — y*|2 = |ly* — 25|
+ [t — P12 + L2 )2* — o)
= [la* —ull? — Ja* — y*|2 + 72L2|2* — y*||?
= " —ul® + (L2 — 1)||2* — ¥
< Ha:k - qu, (4.13)

where the last inequality follows from the fact that 7 € (0,1/L). Now by the
definition of 2* and (2.7), we get

128 = ull® = flaga® + (1 = ax)t* — ulf?
= |Jag (xk — u) + (1 — ay) (tk — u) &
= agllz” —ul]® + (1 — ap)[[t* — u]]?
—ap(1— )| (xk —u) — (tk —u) |I?
< oz —ul® + (1 = ap) [t —ul®
< aflz® —ull® + (1 =) (2" —ul® + (7L = 1)|2" — y*|*)
= |l2* =l + (1 = a)(7°L% = D" —*|?
< ||lz* — ul|?, (4.14)
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so u € C} and therefore SOL(C, f) C C} for all £ > 0. Now we show,
by induction, that the sequence {xk };io is well-defined and SOL(C, f) C
Cp, N Qg for all £ > 0. For £ = 0 we have Qg = H, so it follows that
SOL(C, f) C Cy N Qp and therefore x' = Pgyng,(2°) is well-defined. Now
suppose that 2" is given and SOL(C, f) C Cx N Q) for some k. By Condition

3.1, CxNQy is nonempty, closed and convex, and therefore 2™ = Pg, g, (2°)
is well-defined. By (2.4), we have
(z — 2" 2% — 1) <0 for all 2 € G, N Q. (4.15)
Since SOL(C, f) C Cr N Qx,
(u— 2P 2% — 2*1) <0 for all u € SOL(C, f), (4.16)

which implies that v € Q4. Thus SOL(C, f) C Cii1 N Qry1, as re-
quired. Denote u* = Psor(c,p)(2°). It is clear that u* € SOL(C, f). Since
SOL(C, f) C C, N Qy, u* € SOL(C, f) and 2" = P, g, (2°), we have

|2* T — 2% < |ju* — 20| for all k& > 0. (4.17)

This implies, in particular, that {:z:k}zozo is bounded, and it follows from
(4.13) and (4.14) that so are {t"}~ ‘and {z*} " . By the definition of z***,
we have zFt1 € Q) and by the definition of Qy, z¥ = Py, (2°), so

|2% — 20| < ||o*Tt — 2°)| for all k > 0. (4.18)
Hence there exists
klim |2 — 20 (4.19)

Applying (2.5) with D = Qy, = 2° and y = 2"}, we obtain
|25 — 2F))2 <[]t — 202 — ||l2* — 2% for all k > 0 (4.20)

and so,
lim |z* T — 2F|| = 0. (4.21)

Since z*t1 € Cy, ||2% — 21| < ||z% — 2*1|, and therefore by the triangle
inequality,

2 = ¥ < Jla® = 2+ 2t = 2 < 2l — 2 (4.22)
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and so,

dm [l* — 2 = 0. (4.23)
By (4.14),
o = ul? < 2 = ulP + (- @) (P12~ Dlla* =y P, (424)
or
o g2 < et — et —
(1 —ayg)(1 —72L2)
N (1- ozk)(ll — 120?) (l% = ull = [|2" = ull) (2" — ul| + [|z" = u|)

F—ull + 12" =) la* = 2 (4.25)

<
S T aga 2y e
By (4.23) and the boundedness of {xk}zozo and {zk}:;o, we obtain
Jim |2 — ¥|| = 0. (4.26)

By Condition 3.3,
Tim |£(a*) — £4)] = 0. (427)

Using a similar argument to the one following (4.10),

2
[#° = ul|” < lla® —ull® = fla* = y* I = lly* — "] + 27 Llla® — y*[[[1£* - o]
<l = ull® = fla* =y 1% = lly* =517 + la® — y*|* + 72 L2]ly" — )7
< la® —ull® + (7L = Dly* — ¢, (4.28)

Now by (4.14),
12 — )l < afl2® —ull* + (1 — ) [[t* — ], (4.29)
and by the last inequalities,

1% = ull? < aullz® —ul* + (1 = aw) (Jla" — wl® + (7227 = )]ly* — ")
= [lo" —ull® + (1 — o) (T*L* = Dly" — ¢*]* < [la* — u]]*. (4.30)
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Thus

2% — ulf® — []=" — ulf?

k k2
—1 <
Iy I < (1 — ag)(1 — 72L2)
1
= Toaya e U~ ull = 11 =l (l2* =l + 1% — ul)
1
< Ao ez e =l 1125 =l 12 = 2l (4.31)

By (4.23) and the boundedness of {xk}ZO:O and {zk}ZO:O, we obtain
Jim |y* —t*|| = 0. (4.32)

By the triangle inequality, we also have

2 — 5| < [l — || + [ly* — ¥l (4.33)
and therefore
Jim |z* — t*| = 0. (4.34)

Since {xk }20:0 is bounded, there exists a subsequence {xkﬂ' };’;0 of {xk }ZO:O
which converges weakly to some T € H. We claim that T € SOL(C, f).
Indeed, let

A(U) _ { f(U) +®]7VC (U) ) ;) ; g: (435)

where N¢ (v) is the normal cone of C' at v € C (2.6). It is known [22, Theorem
3] that A is a maximal monotone operator and A~!(0) = SOL(f,C). If
(v,w) € G(A), then w € A(v) = f(v)+ N¢ (v), or w— f(v) € N¢ (v). Hence

(w—f(v),v—y)>0forall y e C. (4.36)
On the other hand, by the definition of y* and (2.4),

(ab — 7 f(a*) = ¥ yF —0) >0, (4.37)

<(yk;xk> +f($k>7v_yk> >0 (4.38)

or
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for all £ > 0. Applying (4.36) with {ykf };’;0, we get

(w— f(v),v—y") > 0. (4.39)

(U)7U_ykj> > <f(v)7v_ykj
— (g) + f(z*), v _ykj>
= (f(0) = F"9),0 =) + (f (") — f(2"), 0 —y)

i — ki
Y T )>U_ykj>

> (f(y") = fa"),0 = o) - <(y;> ' ‘y>
(4.40)
and
(w0 =) = (F(y) = fla*), 0 —y") = <(u) " _ykj>'
(4.41)

Since y* — 7 by (4.26), taking the limit as j — oo and using (4.26), we
obtain
(w,v—2) >0, (4.42)

and since A is a maximal monotone operator, it follows that 7 € A~!(0) =
SOL(f,C), as claimed. From u* = Psorc,5)(2°), © € SOL(f,C), (4.17) and
the weak lower semi-continuity of the norm it follows that

lu* — 2| < ||z — 2| < liminf |25 —2°|
j—oo

< limsup ||z" — 2% < |Ju* — 27, (4.43)
J—0
SO
lim [|2* — 2 = ||z — 2°. (4.44)
j—00

Hence we have 2% — 20 — 7 — 20 and ||2% — 2°|| — ||Z — 2°||, and so by the

Kadec-Klee property of H we obtain ||z% — z|| — 0. Since z% = P, (29)
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and u* € Qy;, we see that

—||U* o l,ijQ — <u* . {L‘kj,l‘kj _ (L‘0> + <U* o J?kj,fL‘O o U*>

> <u* A - u*> : (4.45)

Taking the limit as j — co, we obtain

—u* = z|]* > (u* = 7,2° — u*) >0, (4.46)
and therefore
klim =7 =" (4.47)

. L) OO

Since {azkﬂ }jzo
Je) .o . k x

we conclude that {az } Lo converges strongly to u*, i.e., limy 2" = u* =

Psorc,p)(x°), as asserted. m

is an arbitrary weakly convergent subsequence of {xk}zozo,

5 The second modification of the subgradient
extragradient algorithm

Takahashi, Takeuchi and Kubota [26] presented an algorithm for finding a
fixed point of a nonexpansive mapping S in Hilbert space. Let C' C H be
a closed and convex subset, and S be a nonexpansive mapping of C' into
itself such that Fix(S) # (). Their iterative method, known as the shrinking
projection method, is presented next.

Algorithm 5.1

Step 0: Select an arbitrary starting point 2° € H, C, = C, x* = P, (29),
and set k = 1.

Step 1: Given the current iterate x*, compute

y* = gt + (1 — ag)S(aF),
Cuos = {= € ol | — =] < |~ <]}, 51
gt = P0k+1 (IO) )

where {ay}re, C [0,a] for some o € [0,1).
Step 2: Set k «— (k+ 1) and return to Step 1.
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They proved that any sequence {xk}zozo generated by Algorithm 5.1 con-

verges strongly to
ut = Ppix(s)<£€0). (52)

A comment on implementability is in order here. Observe that in the
Takahashi-Takeuchi-Kubota algorithm, the sets C}.; become increasingly
complicated because at every iteration another half-space is used to cut
the set. This may render the algorithm unimplementable, unless one uses
an inner-loop for calculating an approximation of the projection zFt! =
Pe,., (2°) at each iterative step. Such an inner-loop can indeed be con-
structed from an iterative projection method that solves the Best Approxi-
mation Problem (BAP); see, e.g., [6] and the many references therein. These
considerations also apply to our next algorithm.

Inspired by Algorithm 5.1 and a recent development of Sudsukh [25], we
now present the following algorithm for solving variational inequalities.

Algorithm 5.2 The second modification of the subgradient extra-
gradient algorithm
Step 0: Select an arbitrary starting point 2° € H, a constant 7 > 0,

C,=C, z' = Po,(2°), and set k = 1.
Step 1: Given the current iterate x*, compute
y* = Pe(a* — 7f(a*)),
2= ayr® + (1 = ay) Pr, (2" — 7f(y")),
Cun = {z € [ = 2] < [l = =]}
xk—H = PCk+1 ('TO) ’

where {ay}re, C [0,a] for some o € (0,1) and Ty, is as in (3.4).
Step 2: Set k «— (k+ 1) and return to Step 1.

(5.3)

We now prove a convergence theorem for this algorithm by using argu-
ments which are quite similar to those we employed in the proof of Theorem
4.1.

6 Convergence of the second modification of
the subgradient extragradient algorithm

Theorem 6.1 Assume that Conditions 3.1-3.3 hold and 7 € (0,1/L). Then
any sequences {xk}zio and {yk}zozo generated by Algorithm 5.2 strongly con-
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verge to the same point u* € SOL(C, f) and furthermore,
u* = Psouop(@”). (61)

Proof. First we show that C}, is closed and convex for all k > 1. C; =C
is clearly closed and convex by assumption. Now assume that C} is closed
and convex. Then Cy,; is closed and convex as an intersection of C', and a
half-space. Now we prove, using induction, that the sequence {a:k};io is well-
defined, by showing that SOL(C, f) C Cj for all £ > 1. For C} = C this is
clear. Now assume that SOL(C, f) C Cy. Denote t* := Pr, (z* — 7f(y")) for
all k > 0. Let u € SOL(C, f). Applying (2.5) with D = Ty, v = 2% — 7 f(y*)
and y = u, we obtain

64—l < o = 7 0) [l ) 4
= |lo* —ul* = [la® = "1 + 27 (f(y"), u — 1*)
= ||l* —u? = [|la* — ¢*|®

+ 21 ((FF) = Flu),u—o*) + (F(u),u—y*) + (f("), 9" = 1))

(6.2)
By Condition 3.2,
(f") = flu),u—y*) <0, (6.3)
and since u € SOL(C, f),
(f(u),u—y*) <0. (6.4)
So,
2
[ =" < flo® —al® = fla® = 51" + 27 (f(4*), 4" = t7)
= [la* —ull® = [la* — y¥|* — 2 (2" — ¢, y* — )
= [ly* =51 + 27 (f(y"). y" —t7)
= [l2* —ull® = [la* - kaQ —[ly" —*|I?
+2(2F — 7 f (") = yF " —yF). (6.5)
By the definition of T,

18



SO
(@® =7 f(") =y " —oF)
= (a" — 1 f(a¥) =yt — ")+ (T F(@P) — T F (). = oF)
<A{7f(@") = 7). " — ") < 7| F(&®) = FOINIET = oF
< 7L|ja* — y*|||1tF — o], (6.7)

where the last two inequalities follow from the Cauchy—Schwarz inequality
and Condition 3.3. Therefore

68— ul|” < [l =l = la* —y* |2 = |y* = |2+ 2L * —y* || |5 —y"]|. (6.8)
Observe that
0 < (It — y*|| — rLl|2* — y*]))*
= It — o1 = 2r Lz — P — o)+ T2 L3 )t — 2 (6.9)
S0,
2 Ll|a* — y[|[[¢F — yF|l < [[¢F — yF|? + L2 2k — g2 (6.10)
Thus
[£* =) < l2® — al® = [la* — y* )1 — |ly* — )12
+ |5 = yF |2 + L2k — g2
= ||l2* — u|]? — |2* — yH||? + T2L2 [ — yF)?
= ||lz* — u]? + (L2 — 1)||2* — y*||?
< |la® — ul)?, (6.11)

where the last inequality follows from the fact that 7 € (0,1/L). Now by the
definition of 2* and (2.7), we get

128 = ull® = flaga™ + (1 = ax)t* — ulf?
= |Jag (xk — u) + (1 — ay) (tk — u) &
= agllz” —ul]® + (1 — ap)[[t* — u]]?
—ap(1— )|l (xk —u) — (tk —u) I&
< agflz® —ul® + (1 — ) [t* —ul®
< aflz® —ull® + (1 =) (2" —ul* + (7L = 1) |2" — y*|*)
= |l2* —ul® + (1 = a)(7°L* = D" —*|I?
< [|a* — ul?, (6.12)
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so u € Cyy1 and therefore SOL(C, f) C Cy1. Denote u* = Psorc,p)(2°). It

is clear that u* € SOL(C, f). Since SOL(C, f) C Cyy1, u* € SOL(C, f) and
2" = Pe, ., (2°), we have

2" — 20| < [ju* — 2°|| for all & > 0. (6.13)

This implies, in particular, that {xk};io is bounded, and it follows from
(6.11) and (6.12) that so are {tk}];“;o and {zk}zozo. By the definition of the
iterative step, ¥ = Pg, (2°), so by (2.4) we have

(zF —a® 2z —2*) > 0 for all 2z € C. (6.14)
Since SOL(C, f) C Cj, we have
(2% — 2% u—2") >0 for all u € SOL(C, f). (6.15)
So by the Cauchy—Schwarz inequality,

0< (2 —a%u—2a") = (2" — 2% u—2%+ 2" — )
= —|lz* — 2°* + (2" — 2°, u — 2°)

[l = 2l + fl2* — 2°[[Ju — 27| (6.16)

N

and therefore
2% — 20| < ||u — 2°|| for all u € SOL(C, f). (6.17)

Now by the definition of our algorithm, z* = P, (2°), 2" = Pr,, (2°) €
Clri1 C Cy and (2.4), we have

<:c0 —aF ak — xk+1> > (0 for all k£ > 0. (6.18)
Now by (6.18),
ka o xk+1H2 _ ka 00 :L,k—i—l”?
_ ka . on2 4+ 9 <xk . x07x0 . xk+1> + on . xk+1H2
= H:z:k — :170H2 + 2 <:pk — xo,xo — bk — xk+1> + on — kaHz
_ ka . :EOH2 _9 ka . :EOH2 4+ 9 <xk . IO,JJk . xk+1> + ||a:0 . kaH?

< —|Ja* = 20| + [|2° — 7. (6.19)
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Thus,
|z% — 20| < ||2° — 2" for all k >0, (6.20)

o0 . . . . . .
and therefore the sequence {||z% — 2°|} Lo 18 increasing and since it is also
bounded, it converges to some [ € R, i.e.,

Jlim 2% — 2| = 1. (6.21)
Apply (6.21) to (6.19), to obtain
Jim |2* T — 2F|| = 0. (6.22)
In addition, since ¥! € C11 C Cy,
128 — 252 < [lab — (6.23)

and by the triangle inequality,

lo% = 2F|| < [la® — 2™ [l = 2| < 2|2 -2, (6.24)
SO
klim |z¥ — 2*|| = 0. (6.25)
By (6.12),
125 = ul* < Jla® = ul* + (1 = ap)(7°L% = 1)|la* — |2, (6.26)
or
||$k _ ka2 < ka — u||2 — sz — u||2
(1= ap)(1—72L2)
1 k k k k
— g O~ = 1 =) (Ja* = ul + 2~ )
1

S A-aga =y I el 1 —ul) " =2 (627)

By (6.25) and the boundedness of {xk}zio and {zk}zozo, we get

Jim |2* — o*|| = 0. (6.28)
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By Condition 3.3,
lim | (2*) — F4)] = 0 (6.29)

Since {xk};‘;o is bounded, there exists a subsequence {xki };‘;0 of {xk }zo:(]
which converges weakly to some T € H. We claim that Z € SOL(C, f).
Indeed, let

0, vé¢C,

where N¢ (v) is the normal cone of C' at v € C' (2.6). It is known [22, Theorem
3] that A is a maximal monotone operator and A~! (0) = SOL(f,C). If
(v,w) € G(A), then w € A(v) = f(v)+ N¢ (v), or w — f(v) € N¢ (v). Hence

Av) = { f(v)+ Neo(v), ved, (6.30)

(w— f(v),v—y)>0forally € C. (6.31)
On the other hand, by the definition of y* and (2.4),

(2" = 7f(a*) = yF yF —0) >0, (6.32)

<(yk ; mk) b (a0 — yk> >0 (6.33)

for all £ > 0. Applying (6.31) with {yki };‘;0, we get

(w— f(v),v—y") > 0. (6.34)

> (f(y") = flat),0 —yF7) — <(L) T y>

' (6.35)
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and

ki — gk
(w0 =) 2 (1) = )0 3) = ((E5) o).
(6.36)
Since y* — 7 by (6.28), taking the limit as j — oo and using (6.28), we
obtain
(w,v—2) >0, (6.37)

and since A is a maximal monotone operator, it follows that 7 € A~ (0) =
SOL(f,C'), as claimed. From u* = Psorc,p)(2°), z € SOL(f,C), (6.13) and

the weak lower semi-continuity of the norm, it follows that

lu* = 2® < |7 — 2°|| < liminf [|2* — 27
j—00

< limsup ||z" — 2% < |Ju* — 29, (6.38)
Jj—0o0
SO
lim [|2* — 2 = ||z — 2°. (6.39)
J—00

Hence we have 2% — 2% — 7 — 20 and ||2% — 2°|| — ||z — 2°||, and so by the
Kadec-Klee property of H we obtain [|z% — Z| — 0. Since x% = Fey (29)

and u* € Cy; 41, we see that

_||u* —.TijQ — <U* o a:kj,xkj . I’O> 4 <U* —ij,l’o . U*>

> (u* — a2k, 2% —u*). (6.40)

Taking the limit as ;7 — 0o, we obtain

—|u* = z|]* > (u* = z,2° — u*) >0, (6.41)
and therefore
klim ot =7 =" (6.42)

o is an arbitrary weakly convergent subsequence of {mk};ozo,

we conclude that {xk}zozo converges strongly to u*, i.e., limj_ o 2" = u* =
Psorc,p)(2°), as asserted. m

Since {xki }ji

Remark 6.2 In Theorems 4.1 and 6.1 we assume that [ is Lipschitz con-
tinuous on ‘H with constant L > 0 (Condition 3.3). If we assume that f is
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Lipschitz continuous only on C with constant L > 0, we can use a Lipschitz
extension of f to H in order to evaluate the function at x*. Such an ex-
tension exists by Kirszbraun’s theorem [18], which states that there exists a
Lipschitz continuous function f : H — H that extends f and has the same
Lipschitz constant L as f. Alternatively, we can take f = fPq. In any case,
the extension is not necessarily monotone on H but preserves monotonicity
on C, which is all that we need in the proofs.

Remark 6.3 Note that in the proofs of Theorems 4.1 and 6.1, once the fact
that the weak cluster points are solutions is established, it is possible to refer
to [9, Proposition 3.1(vi)] or to [2, Theorem 3.5 (iv)] and deduce the strong
convergence to the projection onto the solution set of the initial point.
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