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Abstract. The problem considered in this paper is that of finding a point which is common to almost all the
members of a measurable family of closed convex subsed®§ of provided that such a point exists. The main
results show that this problem can be solved by an iterative method essentially based on averaging at each st
the Bregman projections with respecttox) = Y [, xi - Inx; of the current iterate onto the given sets.
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1. Introduction

1.1. In this paper we approach a particular version of shechastic convex feasibility
problem(SCFP formulated by Butnariu and & [8]: Given a complete probability space
(2, A, n) and a measurable point-to-set mapping Q — R, having nonemptyclosed
and convex valuedéind an almost common point ®fthe sets Q, i.e., findapointx € R"
such that

n({w € Q[ x* € Quh) =1, 1)

provided that such a point existRecall that the point-to-set mappijs calledmeasurable
if, for every closed subsdt C R", the setfw € @ | Q, N F # ¥} is measurable (in the
sense that it belongs td). Note that ifQ is measurable, then, for eaghe R", the set
{we Q| xe Q,}is measurable and, therefore, formula (1) makes sense.

The SCFP stated above is a natural generalization of the well-knongistent convex
feasibility problem(CFP). A CFP is a particular SCFP in whid is a finite set,4 = 2%
is the collection of all subsets 6f and the measure : A — [0, 1] is defined by

w(A) =" o, )

weA
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for some given positive real numbens,, € 2, such that)_, . 1, = 1. In this par-
ticular case, the set of almost common points of the Qetss exactly(),,., Q., that is,

the problem of finding an almost common point of the given sets is exactly the problem of
determining an element of their intersection.

1.2. We study the SCFP, formulated above, under the assumption that

Si=cl conv( U Qw> CRY,. (3)

we2

The question we pose is whether, and under what additional conditions on the data of the
SCFP, sequences generate®ih, according to the following algorithmic scheme, which

we call theaveraged entropic projection methQEPM), are well-defined and converge to
almost common points of the sef,, w € Q: Choose an arbitraripitial point x° e R,

and, for each integde > 0, let

Xkl — / I, (xX)du(w), (4)
Q

wherell, (x) := I1g, (x) denotes the Bregman projectiorvobnto the seQ,, with respect
to the functionf: R} | — R given by

f(x)=in~Inxi. 5)
i=1

Recall that, according to Censor and Lent [9] , Bregman projection with respect toof
a pointx onto the closed convex st C R} | is the (necessarily unique) minimizer over
K, denoted (x), of the functionalD¢ (-, x) : R | — R, defined by

Df(Y»X)Z f(Y)— f(X)_<Vf(X)7y_X>’ (6)
ie.,

[k (x) = argmin{D¢ (y,X) | y € K}. (7)

Lemma 2.2 in [9] ensures tha@ik (x) exists. Since the functio defined by (5) is the
negative of Shannon&ntropy functionwe call ithegentropyand the Bregman projections
with respect to ientropic projections

According to Theorem 8.2.11 of Aubin and Frankowska [2], for each R}, the
functionw — I, (x) : @ — R7, is measurable, and thus the average

M(x) := /Q I, (X)du(w) (8)

exists and belongs to [60]". Obviously, ifQ2 is finite, A = 2 andu is defined by (2), then

M) ="y My(x) €S (9)

we2
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We prove in Section 2 that, if (3) holds, théh(x) exists and belongs t8 even if Q2 is
infinite. This implies that the sequen@e}«en, recursively defined by (4), exists and is
included inR?} , no matter how the initial point® is chosen irR'} . .

1.3. Inthis work we show that the answer to the question posed above is affirmative, i.e.,
sequenceéx}xen generated by the AEPM converge to almost common points of the sets
Q.- The convergence result is presented in Section 3. It gives an algorithm to solve SCFP:
which, in its specific framework, can be used as an alternative to the stochastic projectior
method studied by Butnariu andafi’ [8]. Applied to CFPs, the AEPM represents a new
addition to a long list of existing techniques for finding common points of finite collections
of closed convex subsets@f which have nonempty intersection. The classical methods of
finding solutions of CFPs, based on computing metric projections onto the closed convex
setsQ,,, have recently been surveyed by Bauschke and Borwein [3] and Combettes [13]. The
AEPM we propose falls in the category of iterative algorithms introduced by Bregman [5]
and further developed by Censor and Lent [9] and others. They differ from the classical
methods by the essential feature that, at each iterative step, the new iterate is determine
by combining not metric projections but Bregman projections of the current iterate onto
the set9,,. The known algorithms in this category are either “sequential” in the sense that
each new iterate is computed by using the Bregman projection of the previous iterate on «
single setQ,, (see [1, 4, 5, 9—-11, 14]) or “simultaneous” in the sense that the computation
of the new iterate requires determining the Bregman projection of the current iterate on all
setsQ,, (see [10, 11]). The AEPM, seen as a method for solving CFPs, is simultaneous. In
other simultaneous entropic projection based algorithms (see [10x't"])s defined as

the geometric meanf the individual entropic projectiond,,(x¥). In the AEPM,x**1 is
determined as theeighted averagésee (4) and (9)) of the individual entropic projections
I1,(xX), € Q. This fact represents an advantage of the AEPM because computation of
weighted averages is more efficient and less error prone than computation of geometri
means.

1.4. The AEPM, whenever applicable, is an alternative to the expected (metric) projec-
tion method of solving SCFPs presented in [8]. It was observed in [8] and [6, Section 3]
that SCFPs for finding numerical solutions of Fredholm type integral equations or of best
approximation problems ih* as well as minimization problems for differentiable convex
functionals over compact subsets Rt involve setsQ,, which are hyperplanes or half
spaces. Such SCFPs can be efficiently solved by the expected projection method becau:
the metric projections onto hyperplanes and half spaces are easily computable using explic
formulae (see, for instance, [1, Section 5]). However, if the geometry of theQsets

more complicated (i.e., nonpolyhedral), then computing metric projections onto them is
rather difficult. In specific situations, determining entropic projections may be easier and,
then, application of the AEPM proposed here provides an alternative device. An example
illustrating this fact is given in Section 4. In general, computing the entropic projections
required by the AEPM can be demanding. This leads to the question whether, and unde
what conditions, one can guarantee convergence of algorithms for solving SCFPs similar tc
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the AEPM in which the negentropfy is replaced by a function other than the square of the
norm. Replacing the negentropy in the AEPM by the square of the norm one obtains the
expected metric projection method mentioned above. Having a large pool of such functions
would allow users to fit the method of solving particular SCFPs to the nature of the sets
Q., involved in such a manner that the effort of computing the corresponding Bregman
projections is reduced (see Section 4).

1.5. The question asked above points to another interesting problem: Can the proofs o
the main results in this work (namely, Proposition 2.5(ii), Proposition 3.2 and Theorem 3.3)
be extended to functions other than the negentropy and the square of the norm? In thi
respect, a careful analysis of our arguments reveals that these results are based on tv
features of the negentropy which are common to a large class of convex functions: The
property of being very convex and the convexity@f on int(dom( f)) x int(dom(f)).

The notion of a very convex function is a generalization of the notion of a uniformly con-
vex function discussed in [19]. Very convex functions are defined in Section 2 via the
newly introduced concept of modulus of local convexity (see Definition 2.2) whose basic
properties are emphasized in general terms by Proposition 2.4. The proof of Propositior
2.5(ii) can be adapted to show that, fifis any very convex function with solid closed
domain and if the functiorf is differentiable on in[dom( f)), then the integrall(x) in

which entropic projections are replaced by the general Bregman projections with respec
to f exists and belongs to dqrh) for eachx € int(dom(f)). Thus, the existence of the
sequences}ken defined by (4) can be ensured in a more general framework provided that
S c int(dom(f)). The convergence analysis pf<}cn (i.€., the proof of Theorem 3.2)
follows the pattern of proof devised by lusem and De Pierro [16] and Butnariu and Censor
[7]. However, in the convergence proof we use particular properties of the negentropy,
namely the convexity oD (-, -) onR", x R | and the relationship between the modulus

of local convexity of the negentropy and the modulus of local convexity of the function
g(t) =t - Int (see (14)). The properties of the modulus of local convexity of the negen-
tropy used in the proof of Theorem 3.2 are shared with all uniformly convex functions
(in spite of the fact that the negentrofiyis not uniformly convex). Thus, we conjecture
that, by following the basic ideas of our analysis, new algorithms for solving SCFPs can
be developed.

1.6. One can approach SCFPsR#f with other techniques in addition to the expected
projection method and the averaged entropic projection method discussed above. On
such technique, pointed out to us by a referee, consists of reformulating the SCFP as
stochastic programming problem in the sense of Wets [20]. More precisely, the SCFP
can be seen as a minimization problem for the average of the indicator funtgons

which the Progressive Hedging Algorithm of Rockafellar and Wets [18] can be applied. In
practice, solving the SCFP in this way amounts to approximating solutions of a sequence
of nonlinear programming problems. The relative advantage of the methods of solving
SCFPs via iterative averaging of Bregman projections onto the(xgts that, in specific
circumstances as those discussed in Section 1.4, they allow us to avoid computationall
costly nonlinear optimization procedures.
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2. Modulus of local convexity: existence ofI(x)

2.1. In this section we show that the averaged entropic projediiox) defined by (8)
exists and belongs t6 for anyx € R’ .. As noted in Section 1.2, the measurability of
the mapping» — II,(X) : @ — R?_ is guaranteed. Thus it remains to prove that this
mapping is integrable (in the sense that the integral of each one of its coordinates is finite)
To do this we need the following notions and results.

2.2. LetU be a nonempty, convex and open subsd®band letg : U — R be a convex
function. Recall (see, for instance, [17, Lemma 1.2] or [12, Proposition 2.1.2]) that the
right hand side derivative @ at a pointx € U in a directiond € R", defined by

g(x + rd) — g(x)

°(x,d) = li 10

g°(x,d) fim, . (10)
exists, is finite and satisfies

g°(X, y — X) < g(y) — 9(X). (11)

This allows us to introduce the following notions.

Definition Themodulus of local convexity of the function g at the poing XU is the
functionvg(x, -) : [0, c0) — [0, oc] given by?

vg(X, 1) = inf{Dg(y,x) |y e U, |ly — X|| =}, (12)
where
Dg(y, X) := g(y) — 9(X) — g°(X, y — X). (13)

The functiong is calledvery convexf, for eachx € U, vg4(x, t) > 0 whenevet > 0.

2.3. The notions of modulus of local convexity and of very convex functions introduced
here are not equivalent to the analogous notions of modulus of (uniform) convexity and,
respectively, uniformly convex function studied by Vladimirov et al. in [19]. Recall that
themodulus of convexitgf g is the functiondy : [0, co) — [0, oo] defined by

-9+ A-1)-9%) —gry+ (1 —-1)X)
T-(1-1)

Sg(t) = inf{ 7€(0,1), IIy—X||=t},
and that the functiog is called uniformly convex if4(t) > 0 whenevet > 0. It follows
from Remark 4 in [19] that G< §4(t) < vg(x, 1) forallt € [0, oo) andx € U. However,
in generalg andyy are not equal. For instance gf. (0, oo) — R is the function defined
by g(x) = x - In x, then

vg(X, t) = min{Dg(X +t, X), Dg(X —t, X)}

[ )1
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This shows that the functiagis very convex becausg(x, 0) = 0 and the functiomgy(x, )
is strictly increasing o0, co) (its derivative is positive). Nevertheless, since for tisy 0,
we have

0 < 8g(t) < lim vg(x,t) =0,
X—00
it follows thatdgy(t) = 0 and that the functiog is not uniformly convex.

2.4. Our proof that the functiom — TI1,,(x) is integrable for eacl € R, is based on
the properties of the modulus of local convexity summarized in the next result.

Proposition. If U is an open convex and unbounded subseR3fand if g: U — R is
a convex functionthen for each xe U, the functionvg(x, -) is everywhere finite and has
the following properties
(i) Ifc e[1,00), then forany te [0, 00), vg(X,C-t) > C- vy(X, t);
(i) vg(x, ) is nondecreasing and it is strictly increasing iff g is very convex
(iii) vg(x, -) is continuous from the right of®, co);
(iv) If §: clU — R is a convex continuous function whose restriction to U is g and if
vg(X, -) is continuousthen for each te [0, co),

vg(X, t) = inf{Dg(y, x) | y e clU, |ly — x|| =t}. (15)

Proof: SinceU is unbounded and convex one can find a peirt U at any distance
from x. Thus,vy(X, -) is everywhere finite. We prove the other statements point by point.

() Itissufficientto prove this statementfor- 1 and > 0. Inthis case, letbe a positive
real number. According to (12), there exists a poirt U such thafju — x|| =c -t
and

vg(X,C-t) +& > Dg(u, X) = g(u) — g(x) — g°(X, U — X). (16)
For everyx € (0, 1), denoteu, = au + (1 — a)x. Let 8 = ¢! and observe that

lug =Xl =B - Jlu=x|| =t. 17)

Note that, for any € (0, 1),

%uﬂ+(l—%>x:%[ﬂu+(1—ﬁ)x]+<l—%)x:ua. (18)

The functiona — 9X+«U=X)-0% js nondecreasing on (0, 1) becausés convex
(see, for instance, [17, p. 2]) Therefore, by combining (10) and (16), we obtain

gX +a(u—Xx) — g(X)

o

vg(X,C-t) +¢& > g(u) — g(x) —
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forall « € (0, 1). As a consequence,

- gW) + (1—a) - g(x) — g(X +a(u — X))
o
- g + (L —a) g0 — - gug) — (1— %) - 9(x)
o

N 9Ug) + (1= %) - 900 — 9(Ua)

Vg(X,C't)“r‘g >

o

_B-9W + (21— B) - g0 — glUp)
B
L 59U + (2 5) 900 g5 + (1 - §)x)

3

o

where the last equality results from (18). The first term of the last sum is nonnegative
because is convex. Thus,

L) + (1— %) - 900 — g(5up + (1 - 4)x)
o

g(x + §us —x) — g(X)}

™[R

Vg(X,C-t)+8 >

1
= 5 |:9(Uﬂ) —g(x) — z

Letting 0 and taking into account (16) and (10) we deduce that
vg(X,C-t) +& > C- Dg(ug, X) > C-vg(X, t).

Sincee is an arbitrary positive real number, this proves (i).
(ii) Suppose thas andt are real numbers such that0s < t. Then,

vg(X, 1) = vg<x, é -s) > g -vg(X, 8) > vy(X, s), (29)

where the first inequality follows from (i). Thusy(x, -) is nondecreasing. tis very
convex, then the last inequality in (19) is strict and this shows that the fungf{@n-)
is strictly increasing ori0, co). The converse is obvious. Hence, (ii) is proven.
(iii) First we show thabgy(x, -) is continuous from the right at 0. To this end, {&§xen be
a sequence in (0, 1) converging nonincreasingly.tagplying (ii) and (i) we deduce

t 1
Vg(X, 1) > vg(X, VE) = ug<x, T%) = Vg(X, ).

Hence,

vg(X,0) =0 < kIim vg(X, t) < vg(X, 1) - kIim Vi =0.
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This shows thabg(x, -) is continuous from the right at 0. Now suppose that 8 <
t < oo. Fix an arbitrary real number > 0. According to (12), there exists a point
Y. € U such thaf|y, — x|| = sand

vg(X,'s) + % > Dg(Ye, X).
Applying (ii), we deduce that
&
0 < |vg(X, t) —vg(X, 8)| = vg(X, 1) — vg(X, S) < vg(X, 1) — Dg(Y, X) + 1

The functionDgy(-, X) is continuous otJ (see (13)) becauspandg’(x, -) are contin-
uous (cf. [17, Proposition 1.19 and Corollary 1.7]). Therefore, there exists a number
8(¢) > 0 such that, for ang € R" with ||z — vy, || < §(¢), we havez € U and

&
|Dg(z, X) — Dg(Ye, X)| < 7

If0 <t —s < §(s), then the vector

t t
P oyt (1- 2 )x
A Sy+< S)

satisfieq|y. — y.|| =t —s < §(¢) and|ly, — x| = t. Hencey, € U and

0 < vg(X,t) —vg(X,s) < Dg(y,, X) — Dg(Ye, X) + % < %—1— Z < 6.
This proves (iii).
(iv) Denote bywvg the right hand side of (15). Clearlyy < vg(x,t). Lete > 0 be
arbitrarily fixed and observe that there exigtse clU such that|z, — x| =t and
vo + 7 > Dg(z, x). If z. € U, then

&
vo+ 7 > Dg(Z., X) = Dg(Z, X) = vg(X, 1). (20)
Otherwise, there exists a sequerigé.y C U which converges ta,. Fort :=
12 — x|| we have lim_, « tx = t and, therefore, lif, « vg(X, t) = vg(X, t) because
vg(X, -) is continuous. Thus, there exists a positive intdgeuch that, for any integer
k > k., we havevg + § > Dg(zk, X) andvg(X, ty) > vg(X,t) — 7. By consequence,

if kK > k., then
3 K 3
vo + 1 > Dg(Z%, X) = vg(X, k) = vg(X, 1) — 2
This and (20) imply that, for any > 0, we havevy + 5 > vg(X, t). The proof is
complete. ]

2.5. The next result emphasizes important features of the negenfrolpghows that the
averaged entropic projection operaldfx) exists and belongs t8no matter howk € R
is chosen.
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Proposition.
(i) The function f: R, — R defined by5) is a very convex function.

(i) For each xe R the averaged entropic projectior (x) = fg IT,(X)du(w) exists
and belongs to S.

Proof:

(i) Let@:[0, c0) — R be the continuous convex function defined by

(ii)

_ X-Inx, if x>0,
900 = {O, otherwise (1)
The functionf : RT — R given by
—_ n —
foo=>"090x, (22)
i=1

is convex and continuous and its restrictiorR, is exactly f. Let
vi(x,t) =inf{Ds(y,x) |y e R, |y — x|| = t}.

Since the sety € R} | |y — x|| =t} is compact irR" andD¢(-, X) is continuous on
this set, there existg* € R} such thaf|y* — x|| =t and

Vi, 1) = DX, ) = De(y, x) = ) Dg(¥', %)
i=1

Let g be the restriction ofj to (0, co) . The modulus of local convexity @ is given
by (14) and is continuous in Therefore, we can apply Proposition 2.4(iv) and obtain
that, for each € {1,2, ..., n},

Dg(¥", Xi) = vg(Xi, |¥" — Xi]).

Hence,
n
Vi) =) v, 1Y — Xil). (23)
i=1

Whent > 0, we havd|y — x|l > O for at least one index As noted in Section 2.3
the functiong is very convex. Consequentlyy(x;, |y — xi|) > O for at least one
indexi. This and (23) show that, tf> 0, thenv{ (x,t) > 0, i.e., f is very convex.

It was noted in Section 1.2 that the functian— I1,(x) : @ — R, is measurable.
By the definition of the integral, the averaged entropic projecki@gr) is the limit of
a coordinatewise nondecreasing sequence of elemeR$ otonsisting of points of
the form ZT‘:UL(QJ-) - I, (X), whereQy, ..., Qn is a partition of$2 and, for each
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j e{l,...,m}, wj € Qj (see Halmos [15, Theorem B, p. 85]). Each such pointis a
convex combination of elements 8f Therefore, if we show that the averaged entropic
projectionI1(x) is (coordinatewise) finite, then it will follow thdfl (x) must be an
element of the closed s& In order to show this, let € R} | be an arbitrary almost
common point of the set®,,, w € Q. Set

= / 1T () — Xl dp(@).
Q

This integral exists because the function— I1,,(x) is measurable. It is sufficient to
prove thatl is finite because

/Qlll'lw(x)lldu(w) < I+ IXx].

Observe that, for almost all € €2,
vi (X, [T, (X) — X]|) < D¢ (IT,(X), X) < D¢ (z, %),

because is an almost common point of the s&ps,, w € Q. Sincef is very convex,
we havev; (x, 1) > 0. Also, according to Proposition 2.4(i), for eack [1, c0), we
havevs(x,t) > t - vs(X,1). Hence, lim., vi(X,t) = +oco. Consequently, there
exists a numbelp > 0 such thaD¢(z, X) < v (X, tg). These show that, for almost all
w € Q,

vi(X, [TIu(X) — X|) < Di(z, X) < vi(X, to).
According to Proposition 2.4(ii), this can happen only if
[T,(X) — x| < to, as.

Integrating this inequality we obtain thht< ty and the proof is complete. ]

3. Aconvergence analysis of the AEPM

3.1. Proposition 2.5 ensures that, for any initial pokdt e R7,, the sequence}yen
generated by the AEPM exists and is include8.iin this section we show that the sequence
{x*}lken converges and its limit is an almost common point of the §isw € Q. Our

convergence proof is based on the following fact.

Lemma. If K € R?, is nonempty convex and closedhen the entropic projection

Ik : RY, — K is continuous.

Proof: Let {x¥}xen be a convergent sequenceRh, such thak* := limy_ xK e RT..
Denotey* = Ik (x¥), k € N. The sequencgy}xn is bounded. Indeed, observe that for
an arbitrarily fixedz € K and for allk € N we have

D¢ (Y, x¥) < D¢ (z, x¥). (24)
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Since the functiorD¢ (z, -) is continuous, the sequenB (z, X¥)}ken iS bounded. Acc-
ording to (24), this implies thdD ; (y¥, x*)}ken is bounded too. By (6), this cannot happen
unless y*}ken is bounded. Thereforéy¥}cn has an accumulation point and, obviously, all
accumulation points ofy¥}icn are inK. We show that any accumulation point{gf}ien
coincides withllk (x). This will imply

lim Mk (xX*) = lim y* = g (x*),
k— oo k— o0

that is, [Tk is continuous.

In order to prove that any accumulation poyritof {y¥},en equalsITy (x*), let {ykp}peN
be a subsequence pf*} ey Which converges tg*. According to [11, Theorem 2.2], for
each nonnegative integerand for allz € K,

n
Z (In X —In yik”) (z - yik”) <O0.

i=1

Letting p — oo we get
n
> nx —Iny) - (z —y) <0,
i=1

for all z € K. Applying again Theorem 2.2 of [11], this impligg = ITx (X*). |
3.2. Now we apply Lemma 3.1 to obtain another useful result.

Lemma. IfK C R isnonemptyconvex and closedhen the functio®y : R}, — R
defined by

Pk (X) = D¢ (TTk (X), X), (25)
is convexdifferentiable andfor every xe R,
® i — I
(AL R L T (26)
X% X

WhererI‘K (X) denotes the ith coordinate dfk (x).
Proof: Letx,y e R", anda € (0,1). Then,

Di(@x+ 1 —a)y) = Di[lIk(ex+ (1 —a)y), ax + (1 — a)y]

< D¢fallx (X) + (1 — )Tk (Y), aX + (1 — a)Y]
<a-Di(Tk(X),X) + (L —a) - Dt (TTk (Y), y)
= Ok (X)+ (1 —a)- Pk(y),

A
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where the first inequality follows from the convexity kif combined with the definition of
the entropic projectiollx (see (7)) and the second inequality results from the convexity
of the functionD¢ : R}, x R} — R. This shows thatk is convex. Now, in order to
prove thatd is dlfferentlable ak e R, letu € R"\{0} and suppose thate (0, co) is
sufficiently small so thax 4 6u € R}, . Then, applying (7) twice, we get

1 [Df (TIk (X + Ou), X + 6u) — D¢ (T (X + Hu), X)]
<6071 [D¢ (Mg (X + 0U), X + Ou) — D¢ (Mg (X), X)]

<671 [Df(ITk (X), X + 6u) — D (T (X), X)]. (27)
Observe that
lim Dt (ITk (X), X + 6u) — D¢ (TTk (X), X)
6\,0 0

n

_Z ( MMy (X)> 28)

INn(X +6 -uj) —Inx u
0 - U I

According to Lemma 3.1, the entropic projectiblix is continuous. Therefore,

D¢t (T (X+6 -u), x +6u) — D¢ (ITk (X 4 Ou), X)

lim
6\.0 0
s i In(x +6 - u) — Inx;
— lim [i—mw+wy(m+ m m“&
ONO = 0 - U
n Hi
AT <1_ K(X)>. (29)
i1 Xi

Letting® \, 0in (27) and taking into account (28) and (29), we obtain that the middle term
converges and its limit is the common limit of the left and the right hand sidespikeis
differentiable and (26) holds. ]

3.3. Using the results above we are in a position to prove that AEPM generated sequence
converge to almost common points of the Wts w € Q.

Theorem. Forany SCFP which satisfi€8), and foreach £ € R" . ,the AEPM generated
sequencdx“}en, having ¥ as initial point, exists and converges to an almost common
point of the sets Q w € Q.

Proof: The existence of the sequenpe}yen follows from Proposition 2.5. We now
prove the convergence ¢f¥},cn. To this end, le be an arbitrary almost common point
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of the setsQ,,, w € Q. Denoted,, = &g, , Wheredq, is the function given in (25) for
K = Q,. Define the functiorb : R} | — R by

d(X) = /Q @,,(x) diu(w). (30)

This function is well-defined because the mapping—> @, (x) is measurable (it is the
composition of the measurable function— I1,,(x) with the continuous functiob ¢ (-, X))
and, for eaclw € Q and allx e R} ,

0< ®,(x) <Dt (z x). (31)

Observe thatd is convex because, for all € 2, the functionsd,, are convex (cf. Propo-
sition 3.2). Note that, ik € R, andu € R"\{0}, then there exists a real numigigr> 0
such that, for any < (0, 6], x +6u € R}, and

(Vb (00, u) < 2eX 9‘;) — P _ g (x+ o) — D). (32)

This is because the convexity &f, implies that the mapping

d,(X +0u) — d,(X)
%
0
is nondecreasing o0, 6g]. Since the functionsw — @, (X + 6pu) — ®,(X) andw —

(Vd,(x), u) are integrable (cf. Proposition 2.5(ii), Proposition 3.2 and (31)), the inequality
(32) allows us to apply the bounded convergence theorem in order to conclude that

im D(X +6u) — d(X) — lim / D,(X +0u) — D, (X) ()
6\0 6 6\0 Jo 0

_ . DX+ 0u) — D,(X)

=/ m o du(@)

= /Q(VCDQ)(X), u) du(w).

This and Proposition 3.2 show thatis differentiable orR" , and

E(x>=/ X2 @), 1<i=n, (33)
Q

wherelT! (x) denotes théth coordinate off1,,(x). Taking into account (4) and (33) we
deduce that, for each nonnegative inteiger

k k+1
00 XA
9X%; Xik ’

1<i<n. (34)
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By a specialization of [5, Lemma 1] we have that, for ang R’ and for almost all
w € Q,

D+ (I, (x), X) + D¢ (z, M, (X)) < D¢ (z X). (35)

Observe that the functiam— D+ (u, X)+ D¢ (z, u) is convex orR"} . . Therefore, Jensen’s
inequality applies and gives

D¢ (T(x), X) + Dt (z, 1(x)) = /Q [D (M (X), X) + Dt (2, My (x)] du(@).  (36)

Letting x = x¥ in (35) and in (36) and, after that, integrating the resulting inequality with
respect tav € 2, we obtain that, for each nonnegative intelger

D (X, x) + D (z, X*) < Dy (z, x9). 37)
Summing up the inequalities in (37) corresponding te 0, 1, ..., m, we get

m

Y D x4 < D1 (2, x% — Dy (z, X < Dy (2, X%,

k=0
This shows that the seri€sy. , D¢ (x*1, x¥) converges and, therefore, that

Jim D¢ (X1, x) = 0. (38)

Letg: (0, 00) — R be the function defined bg(t) =t - Int. Then,
n
Df (Xk+1’ Xk) — Z Dg (Xik+1a Xik)7
i=1

where, for each, Dg(xi"*l, x¥) > 0. This, together with (12) and (38), implies that, for
eachi € {1,...,n},

0< lim Ug(Xik, Xik+1_
k— 00

X|) = Jim vg (X, [t = x€|)

< kIim Dg(xM, x€) < inm D (xkt1, x*) = 0,
—> 00 —> 00

lim vg(x,
K 00 9( i

X —xK)=0 1<i<n (39)

Observe that, according to (37), the sequeiZe(z, x¥)}ken iS Nonincreasing and bounded
from above byy := D;(z x%. The set{u e R%, | D¢(z,u) < y} is bounded in
R" and contains the sequen@e}ren. Thus, {XK}ken is bounded. Also, according to
Proposition 2.5(ii),{x"}xen € S C R", (cf. (3)) and this shows that iy xik > 0, for
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eachi € {1,2,...,n}. These facts, combined with (14), imply that the equalities in (39)
are satisfied only if

_ |Xik+l_ .
im ———— =0, 1<i<n

k— 00 Xik

According to (34), this means

Jim Vo (x*) = 0. (40)

The bounded sequende®},cy has a convergent subsequemxév}peN. Let x* =
liM p- 0o x%. Note thatx* € S C R%, becausexK}en € SandSis closed. The
function @ is convex and, therefore, for ayye R’} |, we have

D(y) — D(X*) = (P(y) — D)) 4 (D(X?) — D(X"))
> (VO(XK?), y — x) + (VD (x*), X — x*).

Since{xkp}peN is bounded, the right hand side of the last inequality converges to zero as
p — oo by (40). Thus, lettingp — oo on both sides of the last inequality, we obtain
®(y) > ¢(x¥), forall y € R"} . This shows thak* is a minimizer of® overR!} , . Note
that® is nonnegative and thdi(z) = 0. Hence®(x*) = ®(z) = 0. According to (30),

this means that

/ Dt (e (X"), X*) du(w) =0,
Q

i.e., D¢ (I, (x*), x*) = 0 foralmost alw € Q2. Observe thaD+ (y, X) vanishes if and only
if x = y. Consequently, we havd, (x*) = x* for almost allw € Q. This proves thax*
is an almost common point of the sé&ds,, w € Q.
Observe that (37) was proven above for an arbitrary almost commorgudithte set<),,,
w € Q. This means that it still holds far = x*. Therefore, the sequen¢® ; (x*, X*)}ken
is nonincreasing. Hence, this sequence converges and it must have the same limit as i
subsequencfD ¢ (x*, X5*)} pen, i€,

lim D¢ (x*, x*) = lim D¢ (x*, x%) = 0. (41)
k— o0 p—oo

Since, for eack € N,

n
D (x*, X) = Y Dg(x. x{).
i=1

and the terms of the last sum are nonnegative, we deduce from (41) that

lim Dg(x*,xf) =0, 1<i=<n,

k— o0
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and, as a consequence (see (12)),

The boundedness ¢k }xcn and the fact that infy x¢ > 0,1 < i < n, combined with
(14), show that this can happen only if

. X .
im ——— =0, 1<i<n,
k— 00 X

that is, only if

lim |x*—x|=0, 1<i=<n
k— o0

This means thafx*}xcn converges toc* which is an almost common point of the sets
Q. w € Q. The proof is complete. a

4. An example and comments

4.1. Inthis section we demonstrate how the AEPM works and illustrate the idea mentioned
in Sections 1.3 and 1.4 that employing Bregman projection type methods for solving the
SCFP can have computational advantages when the funttigith respect to which the
Bregman projections are computed is fitted to the nature of th€ggtsthe given problem.
To this purpose we consider the following example.

Let © be the intervald, b] and, foreach € {0, 1,2,...,n}, letg; : @ — (0, 0) be a
continuous function. For eaeh € 2, we consider the functiog, : R — R given by

9 (V) =Y $i(@) - i - Inyi + go(w), (42)
i=1

with the usual convention that-0n0 = 0. We want to find an element € R’} | which,
for all w € @, satisfiegy,,(x*) < 0. To this end, observe that, for easte 2, the set

Q,={z€eR] |g.(2 <0} (43)

is convex and closed and that finding a poihias mentioned above, is equivalent to finding
a common element of the se,, ® € Q. We assume that the sefk, have common
points (that is(,,.o Qu # ¥) and that (3) is satisfied.

4.2. We reduce the problem of finding a pokitin (., Q. to @ SCFP as follows. We
provide Q with the probability structurg.A, 1), where A is the family of all Lebesgue
measurable subsets@fandu = (b —a)~*- A, andx denotes the Lebesgue measurgon
The probability spacé, A, 1) is complete and the point-to-set mappi@g: 2 — R",
which assigns to each € Q2 the closed convex s€,,, is measurable (its graph is closed).
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Note that, for everx e R, the functionw — g¢,(X) : & — R is continuous. Therefore,
any almost common point of the s&@s,, » € Q, isa pointin), ., Q.. Thisis so because

if zis an almost common point of the given sets angl () ., Q., theng,,(2) > 0, for
somewgy € 2 and this impliesg,(z) > 0 for all w € Ng N [a, b], where Ny is an open
neighborhood ofvg; this is a contradiction since(Ng N [a, b]) > 0. Hence, the problem
of finding a pointx* € (),.o Q. is exactly the SCFP of finding an almost common point
of the setQ,,, w € Q.

4.3. Underthe assumptions made in Section 4.1, Theorem 3.2 guarantees the convergen:
of each AEPM generated sequence to a common point of theGgte € Q. For
determining an AEPM generated sequence we would like to have an explicit formula for
computing the entropic projections required in (4). To this end we have to solve, for every
fixedx € R" , , the optimization problem

++1
min D¢(y, X)

such that (44)
() <0, yeR],

where f is defined in (22). The Kuhn-Tucker conditions for this optimization problem
(note that, according to [4, Theorem 3.12], the optimum of (44) is necessarily a point in
R"_)are

++

{Inyi —Inx +a-¢i(w)-(Iny; +1)=0, 1<i<n,
gw(y)=0,

wherea > 0 represents the Lagrange multiplier. The solution of this system of equations
is the vectory with the coordinates

. _a-di(w) —Inx .

yl—exp( —a-¢i(w)+1 ) 1<i<n, (45)
whereq is a positive solution of the equation

o o - ¢i(w) —Inx a - ¢ (w) — InXx; B

§¢' N P S ~exp(——a o @) 1 1 ) — ¢o(w) = 0. (46)

This equation can be solved by standard numerical procedures.

4.4. Theorem 4.4 in [8] ensures that the SCFP formulated in Section 4.1 can be also
approached with the expected metric projection method of Butnariu ard . This
method, applied to the given SCFP, produces sequences which converge to common poin
of the set9,,, w € , defined in (43). Computing the metric projectiBp(x) of the point
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x onto the sef),, amounts to solving the optimization problem

min|ly — x||?
such that 47

g.(y) <0, yeR].

Compared with the relatively simple way of solving (44) which practically consists of
computing a positive solution of (46) and of using (45), finding a solution of (47) may be
computationally costly. In fact, writing down the Kuhn-Tucker conditions for the optimiza-
tion problem (47) shows that this requires numerical computation of a sotutign. . ., y,

to the system

{2~(yi —X)+a-gi(wny+1) =0, 1<i<n,
du(y) <0.

4.5. The relative easiness with which the entropic projectidpgx) were determined in

Section 4.3 advocates the AEPM in this specific case. In other situations the expected metri
projection method may be more friendly than the AEPM. In fact, this happens when one has
to solve SCFPs like those required for computing the inverse of the Radon transform in com:
puted tomography (see [8, Section 6]). This is a SCFP similar to that in Section 4.1 but with

Q. :={z€R"| (a(w), 2) = b(w)}. (48)
In this case,
_ b(w) — (a(w), X)
Po(X) = X+ W - a(w).

However, computing the entropic projectidh,(x) onto the seQ,, defined in (48), pro-
vided that they exist, is rather complicated. It can be shown th@x, if\ R’ # ¢ for all
w € 2, then

I, (X) = X; - [0, (0],
whereu, (X) is the unique positive solution of the equation
n
> a@) %@ =b).
i=1

The comparison of the AEPM and of the expected metric projection method emphasizes
the practical meaning of the conjecture in Section 1.5 that our results concerning the con
vergence of the AEPM can be extended to procedures based on functions other than th
negentropy and the square of the norm.
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Notes

1.
2.

All over this paper the integral of a vector function is the vector of the integrals of its coordinates.
We use the convention that the infimum of the empty setis.
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