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#H#---———-- case 1324,1342

restart:

aal:=proc(n,i,j) option remember: if n=1 then return(l): fi: if
n=2 then if i=1 and j=2 then return(l): fi: if i=2 and j=1 then
return(q): fi: return(0): fi: if n=3 then if i=1 and j=2 then
return(l): fi: if (i=1 and j=3) or (i=2 and j=1) or (i=2 and j=3)
or (i=3 and j=1) then return(q): fi: if i=3 and j=2 then
return(g*2): fi: return(0): fi: if 0<j and j<i and i<n+1l then
return (add (g*aal (n-1,3j,ii) ,ii=1..n-1)): fi: if j=i+l1l and i>0 and
i<n then return(add(aal(n-1,i,3jj),jj=1l..n-1)): £fi: if j=n and i>0
and i<n-2 then

return(g*aal (n-1,i,n-1)+add(add(g*aal(n-2,3jj,ii),jj=1..i),ii=1. .n-
2)): fi: if i=n-2 and j=n then

return (add (add (g*2*aal (n-3,ii,jj) ,ii=1..n-3),jj=1. .n-3)+add (add (g*
aal(n-2,jj,ii) ,jj=1..n-3) ,ii=1..n-2)): fi: return(0): end:

NN:=13:

AA:=(x,v,w)->add (add(add(aal(n,i, j) *x*n*v*i*w”*j,j=1..n) ,i=1..n) ,n=
2..NN) :
AAP:=(x,v,w)->add (add (add (aal(n,i, j) *x*n*v*i*w*j,j=i+l..n) ,i=1. .n)
,n=2. .NN) :
AAN:=(x,v,w)->add (add (add (aal(n,i, j) *x*n*v*i*w*j,j=1..i-1) ,i=1. .n)
,n=2. .NN) :

CAA:=(x,v)->add (add(aal(n,i,i+l) *v*i*x*n,i=1..n-1) ,n=2. .NN):
DAA:=(x,v)->add(add(aal(n,i,n) *v*i*x*n,i=1..n-1) ,n=2..NN) :

#EQ1:

simplify (taylor (-AAN (x,v,w) +gq*v 2*w*x*2+q*x/ (1-v) * (V*AA (x,v*w,1) -v
A2*AA (v*x,w,1)) ,x,12));

#EQ2
simplify (taylor (-CAA (x,Vv)+v*x*2+x*AA (x,v,1) ,x,12));

O(x12)
#EQ3:

simplify (taylor (-DAA (x,Vv)+g*x*DAA (x,v) -q*2*v*x*3*AA (x*v,1,1) -gq*2*v
A2*xr4+q*x”*2/ (1-v) * (AA(x,v,1)-AA(v*x,1,1))+0*g"2*v*x*3*AA (v*x,1,1)
+g*x*2* (AA(v*x,1,1) -0*g*v*x*AA (v*x,1,1) ) +g*v*x*2* (AA(v*x,1,1) +v*x+
1/q) ,x,12)) ;

O(x12)
#EQ4 :

simplify (taylor (-AAP (x,Vv,w)+w*CAA (x,v*w) +DAA (W*x, V) —g*x*2*v*w”2*AA
(v*w*x,1,1) —-v*wr2*x*2-q*v*2*w 3*x*3 ,x,12)) ;

()(XIZ)
eql :=-FAAN (x,Vv,W) +q*v*2*w*x*2+q*x/ (1-v) * (v*FAA (x,v*w,1) -v*2*FAA (v*



x,w,1));
gx (vFAA(x,vw, 1) =V FAA(vx, w, 1))

1-v

eql = -FAAN(x,v,w)+¢q Vwx+
> eq2:=-FCAA(x,V)+v*x*2+x*FAA (x,v,1);

eq2 .= -FCAA(x,v) + vl x FAA(x,v, 1)
> eq3:=-FDAA (x,V)+g*x*FDAA (x,Vv) ~-g*2*v*x*3*FAA (x*v,1,1) -g*2*v*2*x*4+q
*x*~2/(1-v)*(FAA(x,v,1)-FAA(v*x,1,1))+gq*2*v*x*3*FAA (v*x,1,1) +gq*x"2*
(FAA (v*x,1,1) -g*v*x*FAA (v*x,1,1) ) +g*v*x*2* (FAA (v*x,1,1)+v*x+1l/q) ;
qx2 (FAA(x,v,1)-FAA(vx,1,1))

1-v

eq3 := —-FDAA(x,v)+ g x FDAA(x,v) — q2 vVt

1
+gx* (FAA(vx,1,1)—gvxFAA(vx,1,1))+gvx (FAA(vx, 1, 1)+vx+—j
q

> eq4:=-FAAP (x,Vv,W)+w*FCAA (x,Vv*w) +FDAA (W*x , V) —~q*x*2*v*w 2*FAA (v*w*x,
1,1)-v*wr2*x*2-q*v*2*w"3*x"3;

eq4 .= —-FAAP(x,v,w)+wFCAA(x,vw) + FDAA(wx,v)—¢q X vw? FAA(vwx, 1, 1)

2.2 2 3.3
- VW X —qv w X

> j##teq 25,26 from the paper

> eq25:=-FAA(x,V,wW)+ (w*x+v*g*x/ (1-v) ) *FAA (x,v*w,1l) -v*2*g*x/ (1-v) *FAA
(v*x,w,1) +v*wr2*gq*x*2/ (1-v) / (Wwkgq*x-1) *FAA (v*w*x,1,1) -w 2*g*x*2/ (1-
v) / (w*g*x-1) *FAA (w*x ,v, 1) + (v*w*g*2*x-v*g-w) *v*w*x*2/ (wxgq*x-1) ;

1

X vquFAA(vx,w,l)

1-v

v
eq25 = -FAA(x,v,w)+ (wx + " 9 j FAA(x,vw, 1) -

vwquzFAA(vwx, I,1) wquzFAA(wx, v, 1) (qszx—qv—w)vwx2

+ +
L (I-v)(gwx—-1) (I-v)(gwx—-1) gwx—1
[ > eq26:=subs (w=1,x=x/v,eq25) ;

x x vgxFAA(x, 1,1 ¥ FAA(x, 1, 1
JFAA(_’V, j_ q (v 11D g (x, 1, 1)
\%

b=y v(l—v)(ﬂ—l]
v

X X q
eq26 = -FAA| —, v, 1 |+|—+
v

y 1-v

X
qx FAA(_, v, IJ ) )
v (¢x—qv—-1)x

- +
vz(l—v)(ﬂ—lj v(ﬂ—lj
v v

> solve (coeff (eq26,FAA(x/v,v,1))=0,v);
v0:=(1+x+ (4*q"2*x*2-4*q*x"2-4*q*x+x"2-2*x+1)*(1/2)) /2;

x 1 «/4q2x2—4qx2—4qx+x2—2x+l x 1 «/4q2x2—4qx2—4qx+x2—2x+l
—+_+ s N T AT
2 2 2 2 2




x 1 J44%3—4qf—4qx+f—2x+l
W%=—+5+ 5

1

> ##formula of A(x,1,1) in the paper
> FINAx1ll:=simplify (simplify (rationalize (subs (v=v0,solve (subs (FAA (x/
v,v,1)=0,eq26)=0,FAA(x,1,1))))+1)-1);

—Qq%f+2qf+2qx+¢4fx;—4qf—4qx+f—2x+1+x—1

FINAxI1 =

I 2q(qgx—x-1)

> factor (subs (x=v*x,solve (subs (FAA(x,1,1)=FINAx1l,eq26)=0,FAA (x/v,V,
1)))):
FINAv1:=(x,V)->1/2%v*x* (-2*qr3*vr2*x"3+4*qr2*vA2*x 34+2*xgqr2*vr2*x"2
—2*q*vA2*xN34+2*qr2rvEhxA2-3*qrxN2* v A2+ (4*gr2RvA2* x M 2-4*qRvA2*x N 2+v A
2*xA2-4*q*vrkx-2*%vrx+l) A (1/2) *q*vrx+2*vA2*xA2-3*gqrx*v-vA2*x-3*vrxr2
= (4*gr2*vA2*XN2-4*qrvA2*xA24vA2*x A 2-4*qrvrx-2*vrx+1) A (1/2) *v- (4*g*
2 yA2*XA2-4*xqrvA2* XN 24vA2*x A2 -4*qivrkx-2%vrx+1) A (1/2) *x+2*v*x+v-x) /
(g*v*x-v*x-1) / (Q*2*v*x " 2-g*v*x*2-g*x+v*x-v-x+1) ;

v (2@ VX +48V Y428V -2V X +24 v =3 g XV

+J4fv%f—4qfoH;f—4qvx—2vx+1qvx+2v%f—3qxv—fx—3vf

—J4fv%f—4qfoH;f—4qvx—2vx+1v

—%4qux;—4q&x;+fxz—4qvx—2vx+lx+2vx+v—x)/%2(qvx—vx—l)

(fvx2—qwf—qx+vx—v—x+ln

1
1%%@]F(Lvyagvxbiq%}f+4q%}f+2q%}f—2qfx?+2fvf—3qx%}

+J4fv%f—4qvaH;f—4qvx—2vx+1qvx+2v%f—3qvx—fx—3vf

—J4fv%f—4qvaH;f—4qvx—2vx+1v

—J4quxz—4qfv;+fx2—4qvx—2vx+1x+2vx+v—x)/%(qvx—vx—l)
2

(fvx-—qwf—qx+vx—v—x+ln

> #presentation of theorem 11 , formula A(x,v,1)

> factor (coeff (FINAvV1 (x,v) , (4*g 2* v 2*x 2-4*q*vA2*x" 24V 2*x 2-4*g*v*
x-2*v*x+1)*(1/2),1)) ;

1

vx(gvx—v—x)

2(qvx—vx—1)(fxm3—qvx2—qx+vx—v—x+1)
> s:=factor (coeff (FINAvV1 (x,V) , (4*g*2*v r2*x 2-4*q*v 2*x"24+v 2*x*2-4*q
*ykx-2*v*x+1)~(1/2) ,0) -vr2*gq*x*2/ (1-v*g*x)) ;
factor (taylor (numer(s) /v/x,v,10)) ;

3.3 2 3 3 2 3 2 2 2.3 2 2

s:=vx(2q3v X —qVvx -2qgvx-2gvx-3qv x2+qv3x2+qux3+qux2

+3qfx+qvx2—2fx2+qvx+fx+3vx2—2vx—v+x)/%2(qvx—vx—1)




(qzvxz—qvxz—qx+vx—v—x+1)(qvx—1))
x+(qx2+qx+3x2—2x—1)v—x(2q2x2+3qzx—qxz—qx—?’q+2x—1)v2+

g (2q=1)(gx=1)V’
[ > #formula for A~-=FAAN=AAAN from eql;
[ > eql;
AAAN:=(x,V,W) —>q*v*2*w*x*2+g*x/ (1-v) * (V¥*FINAv1 (x,v*w) -v*2*FINAvl (v
*xX,W));
qgx (vFAA(x,vw, l)—szAA(vx, w, 1))

I-v

qx(vFINAvl(x,vw)—v2 FINAvI(vx, w))

1-v

-FAAN(x, v, w)+¢q Vwx+

AAAN = (x,v,w) > ¢q Vwx +
> eq2; FINCC:=(x,V)->+v*x*2+x*FINAv1 (x,V) ;
—FCAA(x,v) +vx" +x FAA(x, v, 1)

FINCC = (x,v) = vx* + x FINAvI(x, v)
> eq3;
FINDD:=(x,v)->1/(1-gq*x) * (-g*2*v*2*x*4+q*x*2/ (1-v) * (FINAvV1 (x,v) -FIN
Avl (v*x,1) ) +g*x"2* (FINAv]1 (v*x,1l) ~-g*v*x*FINAvl (v*x,1) ) +gq*v*x*2* (FIN
Avl (v*x,1)+v*x+1l/q)) ;

gx* (FAA(x, v, 1) - FAA(vx, 1,1))

1-v

-FDAA(x,v)+ g x FDAA(x, v) — q2 vt

1
+qx2 (FAA(vx,1,1)—gvxFAA(vx, 1, 1))+qvx2 (FAA(vx, 1, 1)+vx+—j
q

g x* (FINAvI(x, v) - FINAvl(vx, 1))

1-v

FINDD = (x,v) > (—qz vVt

1
+qx2 (FINAvl(vx, 1)—gvxFINAvl(vx,1))+g¢q v x> (FINAVl(vx, 1)+vx+—]]/(l - qXx)
q

r > eqg4;
AAAP:=(x,v,w) ->W*FINCC (x,v*w) +FINDD (w*x,V) —g*x*2*v*w* 2*FINAv1 (v*w*
x,1) -v*wr2*x"2-g*v*2*wr3*x*3;

-FAAP(x, v, w)+wFCAA(x,vw)+FDAA(wx, v)— qu v FAA(vwx, 1,1)—v w?x’

2 33
—qV wx

AAAP = (x,v,w) >

L w FINCC(x, vw) + FINDD(wx, v) — qu v FINAvli(vwx, 1)—v w” Xt — q V' X

[ > #checking all equations

[ > eql;
simplify (-AAAN (x,V,W) +q*v*2*w*x*2+g*x/ (1-v) * (V¥*FINAvV]1 (x,v*w) -V A2*F
INAvV1 (v*x,w)));




qx(vFAAanmg1)—v2FAA(vam1))

1-v

—FAAN(nv,w)+qv2wx2+

L 0
> eq2; simplify (-FINCC(x,v)+v*x*2+x*FINAvl (x,Vv)) ;
—FCAA(x,v) +vx" +x FAA(x, v, 1)

L 0

> eq3;
simplify (-FINDD (x,v)+g*x*FINDD (x,v) -g*2*v*2*x*4+g*x*2/ (1-v) * (FINAvV
1(x,v)-FINAvl (v*x,1))+g*x"*2* (FINAv]l (v*x,1l) -q*v*x*FINAvl (v*x,61) ) +g*
v*xA2* (FINAv1 (v*x,1) +v*x+1/q)) ;

2
x" (FAA(x,v,1)—-FAA(vx, 1,1
—FDAALLv)+quDAAan)—fv?f4—q ( ( 1) ( )
-V
2 2 1
+qgx" (FAA(vx,1,1)—gvxFAA(vx,1,1))+qgvx | FAA(vx,1,1)+vx+—
q
L 0
[ > eq4;
simplify (-AAAP (x,v,w)+w*FINCC (x,v*w)+FINDD (w*x,Vv) —g*x*2*v*w*2*FINA
vl (v*w*x,1l) —-v*wr2*x*2-q*v2*wr3*x"3) ;
—FAAH}J@w)+wFCAAanw)+FDAAOvLv)—qfvngAAﬁmv&IJ)—vw%f

2 33
—qV wx

[ >
[>
[



