[ > restart: #1324,1423

1 T

[ > rr:=proc(n,i,j) option remember: local s: if n=2 then if i=3 and

j=1 then return(p?2*q): fi: if i=3 and j=0 then return(p): fi:
return(0): fi: if n=3 then if i=4 and j=0 then return(p): fi: if
i=4 and j=1 then return (p*g+p”*2*q): fi: if i=4 and j=2 then
return (p*3*g*2): fi: if i=3 and j=0 then return (p*2*qg+p”3*q): fi:
fi: if i=j+3 and j>-1 and j<n-2 then
s:=p*q*rr(n-1,3j+2,j-1)+p*q*add(rr(n-1,ii,j) ,ii=j+3..n)+p*add(add(r
r(n-1,ii,kk),ii=kk+2..n) ,kk=j+1..n-2): return(simplify(s)): £fi:
if 3<j+4 and j+4<i+l1l and i<n+1l then
s:=p*g*rr(n-1,i-1,j-1)+p*rr(n-1,i-1,j)+p*gq*add(rr(n-1,11,3) ,11=1i..
n) : return(simplify(s)): fi: if i=j+2 and j>-1 and j<n then if
j=n-1 then return(p”n*g”(n-1)): fi: return(0): fi: if i=n+l1l and
j>-1 and j<n-1 then

s:=add (p*1l1*g*j*binomial (n-11-1,n-j-2) ,11=1..n-1):

return (simplify(s)): fi: return(0): end:

NN:=14: ##AAp=R*+, CC=C, EE=E, DD=D,
AAP:=(x,v,w)->add (add (add (xrr(n,i,j) *v*i*w*j*x*n,j=0..i-4) ,i=4..n),
n=4. .NN) :
CC:=(x,v)->add(add (rr(n,i+2,i) *v*i*x*n,i=0..n-1) ,n=2. .NN) :
DD:=(x,v)->add (add (rr(n,i+3,i) *v*i*x*n,i=0..n-3) ,n=3..NN) :
EE:=(x,v)->add (add (rr(n,n+1,]j) *v*j*x*n,j=0..n-2) ,n=2. .NN) :

#EQ4

simplify (taylor (-EE (x,v)+add(add (add (p*11*g*j*binomial (n-11-1,n-j-
2) *v*j*x*n,11=1. .n-1),3j=0..n-2) ,n=2. .NN) ,x,14)) ;

simplify (taylor (-EE (x,v)+add(add(add (p*11l*g”*j*binomial (n,j+1-11) *v
A9*x” (n+1+11) ,j=0. .n+11-1) ,n=0..NN) ,11=1..NN) ,x,14));

simplify (taylor (-EE (x,v)+add(add (add (p*11*g” (j+11) *binomial (n, j+1)
*vA (j+11) *x* (n+1+11) ,n=j+1. .NN) ,j=0. .NN) ,11=1. .NN) +add (add (add (p*1
1*g*j*binomial (n,j+1-11) *v*j*x* (n+1+11l) ,n=0..NN),j=0..11-1) ,11=1..
NN) ,x,14));

simplify (taylor (-EE (x,v)+add(add (p*11l*g” (j+11) *v* (j+11) *x* (j+2+11)
/ (1-x)*~(j+2) ,3=0..NN) ,11=1. .NN)+add (add (add (p*11*g*j*binomial (n, j+
1-11) *v*j*x* (n+1+11) ,n=0..NN) ,j=0..11-1) ,11=1. .NN) ,x,14));
simplify (taylor (-EE (x,v)+add (p*1l*g” (11) *v~ (11) *x* (2+11) / (1-x)/ (1-
x-g*v*x) ,11=1. .NN)+add (add (add (p*11*g*j*binomial (n, j+1-11) *v*j*x* (
n+l1+11l) ,n=0..NN),j=0..11-1) ,11=1..NN),x,14));

simplify (taylor (-EE (x,Vv)+p*q*v*x*3/(1-x) / (1-x-gq*v*x) / (1-p*gq*v*x) +a
dd (add (add (p*11*g*j*binomial (n,j+1-11) *v*j*x* (n+1+11l) ,n=0. .NN) ,b j=0
..11-1) ,11=1. .NN) ,x,14));

simplify (taylor (-EE (x,v) +p*q*v*x*3/ (1-x) / (1-x-g*v*x) / (1-p*g*v*x) +a
dd (add (p” (1+]) *g*j*v*j*x* (n+2+]j) ,n=0. .NN) ,j=0. .NN) ,x,14)) ;



simplify (taylor (-EE (x,v) +p*gq*v*x*3/ (1-x) / (1-x-g*v*x) / (1-p*g*v*x) +a
dd (p” (1+3) *g*j*vrj*x* (2+3) / (1-x) ,3=0. .NN) ,x,14));

simplify (taylor (-EE (x,Vv)+p*q*v*x~3/(1-x) / (1-x-gq*v*x) / (1-p*q*v*x) +p
*x*2/(1-x)/ (1-p*g*v*x) ,x,14)) ;

O(x14)
O(x14)
O(x14)
O(X14)
O(x14)
O(x14)
O(x14)
O(x14)

#EQ3
simplify (taylor (-CC(x,Vv)+p*2*gq*v*x*2/ (1-p*g*v*x) ,x,14));

()(x14)
#EQ1 ;
simplify (taylor (-DD (x,v)+add(add (p*gq*rr (n-1,i+2,i-1) *v*i*x*n,i=0..
n-3) ,n=3. .NN) +add (add (add (p*gq*rr (n-1,j,1i) *v*i*x*n,j=i+3..n) ,i=0..n
-3) ,n=3. .NN) +p*add (add (add (add (rr (n-1,ii, k) *v*i*x*n,ii=k+2..n) k=i
+1..n-2),i=0..n-3) ,n=3..NN) ,x,14));
simplify (taylor (-DD (x,v)+p*g*v*x*add (add (rr(n,i+3,i) *v*i*x*n,i=0..
n-3) ,n=2. .NN) +p*g*x*add (add (add (rr(n,j,i) *v*i*x*n,j=i+3..n+1) ,i=0.
.n-2) ,n=2. .NN) +p*x*add (add (add (add (rr (n,ii, k) *v*i*x*n,ii=k+2. .n+1)
,k=i+1..n-1) ,i=0..n-2) ,n=2. .NN) ,x,14));
simplify(taylor (-DD (x,Vv)+p*q*v*x*DD (x,V) +p*q*x*AAP (x,1,Vv) +p*gq*x*EE
(x,v)+p*q*x*DD (x,V)
+p*x*add (add (add (add (rr(n,ii, k) *v*i*x*n,ii=k+2. .n+1) ,k=i+l..n-1),1i
=0..n-2) ,n=2..NN) ,x,14));
simplify (taylor (-DD (x,Vv)+p*gq*v*x*DD (x,V) +p*q*x*AAP (x,1,Vv) +p*gq*x*EE
(x,Vv)+p*g*x*DD (x,V)
+p*x*add (add (add (add (rr(n,ii, k) *v*i*x*n,i=0..k-1) ,ii=k+2..n+1) ,k=1
..n-1) ,n=2..NN) ,x,14));
simplify (taylor (-DD (x,Vv)+p*g*v*x*DD (x,Vv) +p*q*x*AAP (x,1,v) +p*q*x*EE
(x,v)+p*q*x*DD (x,V)
+p*x/ (1-v) *add (add (add (rr(n,ii k) * (1-v*k) *x*n, k=1..ii-2) ,ii=3. .n+1
) ,n=2..NN) ,x,14));
simplify(taylor (-DD (x,Vv)+p*q*v*x*DD (x,V) +p*q*x*AAP (x,1,Vv) +p*g*x*EE
(x,v)+p*q*x*DD (x,V)
+p*x/ (1-v) * (AAP(x,1,1)-AAP(x,1,v))+p*x/ (1-v) *(EE(x,1) -EE (x,V) ) +x"4



*q*pr2* (pr*q*vr*x+p*q*x-p-1) / (q*x-1) / (gq*v*x-1) / (p*q*x-1) / (p*q*v*x-1)
+p*x/ (1-v) *add (add (rr(n,ii+3,ii) * (1-v*ii) *x*n,ii=0..n-2) ,n=2. .NN) +
p*x/ (1-v) *add (add (rr(n,ii+2,ii) *(1-v*ii) *x*n,ii=1..n-1) ,n=2..NN)  x
,14)) ;

simplify (taylor (-DD (x,Vv)+p*g*v*x*DD (x,Vv) +p*q*x*AAP (x,1,v) +p*q*x*EE
(x,Vv)+p*g*x*DD (x,V)

+p*x/ (1-v) * (AAP(x,1,1)-AAP(x,1,v))+p*x/(1-v) *(EE(x,1) -EE (x,V) ) +p*x
/(1-v)*(DD(x,1)-DD(x,v))+p*x/ (1-v)*(CC(x,1)-CC(x,Vv)) ,x,14));

O(x14)
O(x14)
O(x14)
O(x14)
O(x14)
O(X14)

()(x14)
#EQ2
simplify (taylor (-AAP (x,Vv,wW)+p*g*v*w*x*add (add (add (rr(n,i, j) *v i*w”"
j*x*n,j=0..i-4) ,i=4..n) ,n=3. .NN) +p*v*x*add (add (add (rr(n,i,j) *v*i*w
A9*x*n,j=0..i-3) ,i=3..n) ,n=3. .NN) +p*g*x*add (add (add (add (rr(n,11,3j)
*vAi*wArj*x*n,11=i..n+l) ,j=0..i-4) ,i=4. .n+l) ,n=3..NN) ,x,14));
simplify (taylor (-AAP (x,V,W)+p*q*v*w*x*AAP (x,V,W) +p*v*x*AAP (x,Vv,wW) +
p*v*4*x*DD (x,v*w) +p*gq*x*add (add (add (add (rr (n, 11, j) *v*i*w*j*x*n,1ll=
i..n+1),j=0..i-4) ,i=4..n+1) ,n=3..NN) ,x,14));
simplify (taylor (-AAP(x,Vv,wW)+p*q*v*w*x*AAP (x,V,W) +p*v*x*AAP (x,V,W) +
p*v*4*x*DD (x,v*w) +p*gq*x*add (add (add (add (rr (n, 11, j) *v*i*wrj*x*n,i=]
+4..11) ,11=j+4+4. .n+1) ,3j=0..n-3) ,n=3. .NN) ,x,14)) ;
simplify (taylor (-AAP (x,V,W)+p*q*v*w*x*AAP (x,V,W) +p*v*x*AAP (x,Vv,wW) +
p*v*4*x*DD (x,v*w) +p*gq*v*x/ (1-v) *add (add (add (xrr (n, 11, 3j) * (v* (j+3) -v*
(11) ) *w*j*x*n,3j=0..11-4) ,11=4. .n) ,n=3. .NN) +p*g*v*x/ (1-v) *add (add (a
dd(rr(n,11,j)*(v*(j+3)-v*(1l1l) ) *w*j*x*n,j=0..11-4) ,11=n+1. .n+1) ,n=3
..NN) ,x,14)) ;
simplify (taylor (-AAP(x,Vv,wW)+p*q*v*w*x*AAP (x,V,W) +p*v*x*AAP (x,V,wW) +
p*v*4*x*DD (x,v*w) +p*q*v*x/ (1-v) * (v*3*AAP (x,1,v*w) -AAP (x,V,W))
+p*gq*v*2*x/ (1-v) * (EE (x,v*wW) *v*2-EE (v*x,w) ) ,x,14)) ;

O(x14)
O(x14)
O(x14)
O(X14)
O(x14)



1 T

> #all equations
> eq3:=-FCC(x,Vv)+p*2*gq*v*x*2/ (1l-p*q*v*x) ;
2 2
qvx
eq3 =-FCC(x,v)+———
-pqvx+1
> eq4:=-FEE (x,v)+factor (p*gq*v*x*3/(1-x) / (1-x-g*v*x) / (l-p*g*v*x) +p*x”*
2/(1-x)/(1-p*g*v*x)) ;

px
(pgvx—1)(gvx+x—1)

> eql:=-FDD (x,V)+p*q*v*x*FDD (x,Vv) +p*q*x*FAAP (x,1,v) +p*q*x*FEE (x,Vv) +p

*q*x*FDD (x,V)

+p*x/ (1-v) * (FAAP(x,1,1) -FAAP(x,1,v))+p*x/ (1-v) * (FEE (x,1) -FEE (x,V))

+p*x/ (1-v) * (FDD(x,1) -FDD (x,Vv) ) +p*x/ (1-v) * (FCC(x,1) -FCC(x,V)) ;
eql :=—-FDD(x,v)+pgvxFDD(x,v)+pqgx FAAP(x, 1,v)+p g x FEE(x, v)
px(FAAP(x,1,1)-FAAP(x, 1,v)) px(FEE(x,1)—-FEE(x,v))

+

I—v I-v

eq4 .= —FEE(x,v) +

+p gx FDD(x, v) +

px (FDD(x,1)-FDD(x,v)) px(FCC(x,1)—-FCC(x,v))
+ +
1-v I-v
> eq2:=-FAAP (x,V,W)+p*q*v*w*x*FAAP (x,V,W) +p*Vv*x*FAAP (x,V,W) +p*v 4 *x*
FDD (x,v*w) +p*g*v*x/ (1-v) * (v*3*FAAP (x,1,v*w) -FAAP (x,Vv,w))
+p*gq*v*2*x/ (1-v) * (FEE (x,v*w) *v*2-FEE (v*x,w) ) ;
eq2 = -FAAP(x,v,w)+pqgvwxFAAP(x,v,w)+pvxFAAP(x,v,w)+p Vx FDD(x, vw)
pqvx (v3 FAAP(x, 1,vw)—-FAAP(x,v,w)) pgq v x (FEE(x, vw) V- FEE(vx,w))
+ +

1-v 1-v

>
> ##solution
> FFCC:=(x,V) ->pr2*q*v*x*2/ (-p*g*v*x+1l) ; ##by eqg3;

2 2
P qvx

-pqvx+1
> FFEE:=(x,v)->p*x*2/ (p*q*v*x-1) / (q*v*x+x-1) ; ##by eq4d

FFCC =(x,v) >

px’
(pgvx—1)(gvx+x-1)

> (coeff (eq2,FAAP(x,v,w) ,1))*FAAP(x,Vv,w)+coeff (coeff (eq2,FAAP(x,V,W)
,0) ,FDD (x,v*w) ) *FDD (x,v*w) +coeff (coeff (eq2 ,FAAP(x,v,w) ,0) ,FDD (x,v¥*
w),0):

> meq2:=(-l+p*g*v*wrx+p*v* *x-p*q*v*x/ (1-v) ) *FAAP (x,v,W) +p*v* 4 *x*FDD (x
,V*W) +p*g*v*4*x/ (1-v) *FAAP (x,1,v*w) +factor (p*g*v*2*x/ (1-v) * (FFEE (x
,V*W) *v*2-FFEE (v*x,w))); ##eqld4d in the paper

FFEE = (x,v) >

VX

meq2 := (—1 +pgvwx+p vx—plq ]FAAP(x, v, W)+p v4xFDD(x, vw)



pqv4xFAAP(x, l,vw) x4p2qv4

1—-v (pqvwx—IHQwa+x—1HQwa+vx—l)
> coeff (eql,FDD(x,Vv) ) *FDD (x,Vv) +tcoeff (coeff (eql,FDD(x,v) ,0) ,FAAP(x,1,
v) ) *FAAP (x,1,v) tcoeff (coeff (coeff (eql,FDD(x,v),0) ,FAAP(x,1,v),0) ,F
AAP(x,1,1))*FAAP(x,1,1)+coeff (coeff (coeff (coeff (eql,FDD(x,v),0) , FA
AP(x,1,v),0) ,FAAP(x,1,1),0) ,FDD(x,1))*FDD (x,1) +coeff (coeff (coeff (c
oeff (eql,FDD(x,v),0) ,FAAP(x,1,v) ,0) ,FAAP(x,1,1),0) ,FDD(x,1),0);

px FAAP(x, 1, 1)

1-v

pXx pXx
-1 +pqvx+pqx—l— FDD(x, v) + pqx—l— FAAP(x, 1,v)+

x FDD(x, 1 x (FEE(x, 1) — FEE(x, v
P ( )+pquEE(x,v)+p (FEE(x, 1) (x,v))
1-v 1—-v

px (FCC(x,1)—-FCC(x,v))
+
L 1-v
[ > meql:=(-l+p*g*v*x+x*q*p-p*x/ (1-v) ) *FDD (x,Vv) + (x*g*p-p*x/ (1-v) ) *FAAP
(x,1,v)+p*x/ (1-v) *FAAP (x,1,1)+p*x/ (1-v) *FDD (x,1) +factor (p*q*x*FFEE
(x,v)+p*x/ (1-v) * (FFEE (x,1) -FFEE (x,Vv) ) +p*x/ (1-v) * (FFCC (x,1) -FFCC (x,
v))); ##eql3 in the paper

RS
J FDD(x, v) + (p qx _IP;J FAAP(x, 1,v)

pXx
meql =| -1 +pqvx+pqx—l—

pxFAAP(x,1,1) pxFDD(x,1) (qx—1)(pqvx+pqx+px—p—l)pqu3
+ + -

L 1-v 1-v (pgx—1D)(gx+x—-1)(pgvx—-1)(gvx+x—-1)
[ > subs (w=w/v,meq2); ##eq below eq 14 in the paper

Pq Vix FAAP(x, 1, w)

1-v

VX
(—1+pqwx+pvx—pq jFAAP(xv J+pv x FDD(x, w) +

%

Xt p qv
L (pgwx—-1)(gwx+x—-1)(gwx+vx—1)
[ > vvv0:=solve (-l+p*q*w*x+p*v*x-p*gq*v*x/ (1-v)=0,v) ;

VWO :=(1l-p*gq*w*x-x*q*p+p*x- ( (1-p*gq*w*x-x*q*p+p*x) *2-4*p*x* (1-p*g*w*
x))*(1/2))/2/p/x%;

vva:=(—pqwx—pqx+px+1+(pzq2w2)c2+2pzq2wx2+pzc]2xz+2pzqwx2—2pqu2

2 2 (172) 2 2 2 2

+p X -2pgqwx—-2pgx—-2px+1) )/ 2px),—(pgwx+pgx—px+(p ¢ w x

(1/2)

Jr2172q2W?CZWLPZqz)CerzpzqW)cz—2pzqx2+pz)c2—2pqwx—2pqx—2px+1) -1
)/ (2px)
VY0 = 1—pqwx—pqx+px—«/(—pqwx—pqx+px+1)2—4px(—pqwx+1)
2px

[> #solution eq below eq 14 in the paper
> subs (FAAP (x,v,w/v)=0,subs (w=w/v,meq2) )=0; ##kernel=0




pqv4xFAAP(x, I,w) x4p2qv4

p vx FDD(x, w) + 0

1—-v (pqwx—l)(qwx+x—1)(qwx+vx—1):
> FAAPvl:=subs (v=vv0 (w) ,x*3*p* (1-v) / (p*gq*w*x-1) / (q*w*x+x-1) / (Q*w*x+Vv
*x-1) - (1-v) /gq*FDD (x,w)) ;
X p(1=vwo(w)) (1 =vv0(w)) FDD(x, w)
(pgwx—-1)(gwx+x—-1)(gwx+vwO(w)x—1) q
> simplify (taylor (-AAP(x,1,w)+x*3*p* (1-VV0)/ (p*gq*w*x-1) / (g*w*x+x-1) /
(gq*w*x+VVO0*x-1)+(VV0-1) /g*DD (x,w) ,x,14)) ; #checkeing eq 15

o(x")

FAAPvI =

[ >
[ > AAAPv1:=(x,w)->x"3*p* (1-vv0 (w)) / (p*gq*w*x-1) / (g*w*x+x-1) / (q*w*x+vv0
(w) *x-1)+ (vvO0 (w) -1) /g*FDD (x,w) ;

AAAPvI =

X p(1=wo(w)) N (vwO(w) — 1) FDD(x, w)

(pgwx—-1)(gwx+x—-1)(gwx+vwO(w)x—1) q
> simplify (taylor (subs (vv0 (w)=VVO,FDD (x,w)=DD(x,w) ,AAAPv1 (x,w) ) -AAP (
x,1,w),x,14)); ##checking formula 15 in the paper

O(x14)

(x,w)—>

>
> meql;

1

px FAAP(x, 1, 1)

1-v

pXx pXx
—1+pqvx+pqx—1 FDD(x, v) + pqx—1 FAAP(x, 1,v)+

px FDD(x, 1) (gx—1)(pgvx+pgx+px—p-1)p gx
+

+
L 1-v (pgx—1)(gx+x—-1)(pgvx—-1)(gvx+x—1)
[ > Eql6:=(1-v) *q*subs (FAAP (x,1,v)=AAAPvl (x,v) ,FAAP(x,1,1)=AAAPvl (x,1)

,meql) ;

X
Eql6 =(1-v)q (—1 +pqvx+pqx—lp;jFDD(x,v)+

px ( X p(1=wo(v)) (wO(v) — 1) FDD(x, v)j
(pqx—l_vJ (pqvx—l)(qvx+x—1)(qvx+vv0(v)x—1)+ q
( X p(1-wo(l)) (VVO(I)—l)FDD(x,l)J
g (pqx—l)(qx+x—1)(qx+VVO(l)x—1)+ q
l-v

pxFDD(x,1)  (qx-1)(pgvx+pgx+px—p—1)p°qx’
+ +
1—-v (pgx—1)(gx+x—-1)(pgvx—-1)(gvx+x—1)




[ >

[ > Eql6a:=- (q* (L-p*q*x-p*grv¥x) * (1-v) +p*q*x-p*x+ (q* (1-v) -1) * (vv0 (v) -1
) ) *FDD (x,Vv) +p*x* (vv0 (1) +gq-1) *FDD (x,1) + (p*g*x* (1-v) —-p*x) *x*3*p*qg* (1
-vv0 (v)) / (p*g*v*x-1) / (gq*v*x+x-1) / (q*v*x+vv0 (v) *x-1) +pr2*g*x*4* (1-v
v0 (1)) / (p*g*x-1) / (g*x+x-1) / (q*x+vv0 (1) *x-1) + (gq*x-1) * (1-v) * (p*g*v*x
+p*q*x+p*x-p-1) *pt2*qr2*x*3/ (p*q*x-1) / (q*x+x-1) / (p*q*v*x-1) / (q*v*x
+x-1) ;

Eql6a =

~(q(-pgvx—-pgx+1)(1-v)+pgx—px(qg(1-v)—1)(vO(v)—-1))FDD(x,v)

(pgx(1-v)=px)x’pq(1-vO(v))
(pgvx—1)(gvx+x—-1)(gvx+vwO(v)x—-1)
P’ gx" (1-w0(1))
i (pgx—1)(gx+x—1)(gx+vO(1)x—1)

+px(vO(l)-1+¢g)FDD(x, 1)+

(gx-1D)(1=-v)(pgvx+pgx+px-p-Dp' ¢x

+
L (pgx—1)(gx+x-1)(pgvx—-1)(gvx+x—1)
> simplify (Egl6-Eqglé6a) ;

> simplify (taylor (subs (FDD(x,v)=DD(x,v) ,FDD(x,1)=DD(x,1) ,vv0(1l)=subs
(w=1,VvVO0) ,vvO (v)=subs (w=v,VV0) ,Eglé6a) ,x,14));

O(x14)

1T 11T
\%

> vvvl:=solve (coeff (subs (vv0 (v)=subs (w=v,VV0) ,Eql6a) ,FDD (x,v))=0,v) ;
vvl:=vvvl[3];

1 2pqx—px+1+«/4p2q2x2—4p2qx2+p2x2—4pqx—2px+1

vyl = . .
pqx 4pqx
—2pqx+px+«/4p2q2x2—4p2qx2+p2x2—4pqx—2px+1 -1
- 4pqgx
—2pqx+px+«/4p2q2x2—4p2qx2+p2x2—4pqx—2px+1 -1

wl =
L 4pqgx

| > FD1:=subs (v=vl,subs (FDD (x,v)=0,Egl6a)) :

Eql7:=-FDD (x,1)+ (q* (v1-1)+1) *x*3*p*q* (vvO0 (vl) -1) / (1-p*q*vl*x) / (1-x
-g*vl*x) / (1-g*vl*x-vv0 (vl) *x) / (vv0 (1) -1+q)

-p*q*x*3* (vv0 (1) -1) / (1-p*g*x) / (1-x-g*x) / (1-g*x-vvO0 (1) *x) / (vv0 (1) -1
+q) - (1-g*x) * (v1-1) * (p*q*v1*x+p*q*x+p*x-p-1) *p*q*2*x"2/ (1-p*q*x) / (1
-x-q*x) / (l-p*gq*vl*x) / (1-x-gq*v1*x) / (vv0 (1) -1+q) ;

Eql7 :=-FDD(x, 1)




(q(—l+v])+1)x3pq(vv0(v])—1)
i (pgvix+1)(—gvix—x+1)(1-gvix—vvO(vi)x)(vO(l)-1+gq)

pqx3(VV0(1)—1)
- (pgx+1)(—gx—x+1)(1 —gx—vvO(1)x)(vO(l)—-1+¢q)

(=gx+1)(-1+vl)(pgvix+pgx+px—p-— l)pqzx2
(pgx+1)(—gx—x+1)(—pgvix+1)(—gvix—x+1)(vwO(1)-1+¢q)
> simplify(series(subs (FDD(x,1)=DD(x,1) ,vvO0 (1l)=subs(w=1,VV0) ,hvvO0 (vl)
=subs (w=vv1l,VV0) ,vl=vvl,f Eql7) ,x,14)) ;

()(x14)

> #formula for FDD(x,v) and checking

> FFDD:=factor (solve (subs (FDD(x,1)=(g* (-1+vl)+1) *x*3*p*g* (vvO0 (vl)-1)
/ (-p*q*vl*x+1) / (-g*v1*x-x+1) / (1-g*v1*x-vvO0 (vl1l) *x) / (vv0 (1) -1+q) -p*q
*xA3% (vv0 (1) -1)/ (-p*g*x+1) / (-g*x-x+1) / (1-g*x-vvO0 (1) *x) / (vv0 (1) -1+q
) - (mg*x+1) * (-1+vl) * (p*q*v1*x+p*q*x+p*x-p-1) *p*q"2*x"2/ (-p*q*x+1) / (
-g*x-x+1) / (-p*q*vl*x+1l) / (-g*v1l*x-x+1) / (vvO0 (1) -1+q) ,Eql6a)=0,FDD (x,
v)));
simplify (series (subs (FDD(x,1)=DD(x,1) ,vv0 (1)=subs (w=1,VV0) ,vvO0 (vl)
=subs (w=vvl1l,VV0) ,vl=vvl,vv0 (v)=subs (w=v,VV0) ,FFDD) -DD (x,Vv) ,x,14)) ;

FFDD =—(pgvx+vw0(v)x+vv0(v)p q2 sz—VVO(V)pq vx2+p q3 v2x2—p q2 VX

—pq2vx—VVO(v])qvx—VVO(v)pqvx—q2vx—VVO(V)VVO(V])quIx2+qv—VV0(v)qx
+pqv+qvx—pq2v2x+vv0(v)pqv]x—VVO(vl)pqvx+vv0(v1)pqv1x

-vwoO(v)p q2 v12x2+VV0(v])p q2 v2x2—VV0(v])p q2 vl x2+VV0(V])p(]V] xz—pqle
—pq3v12x2+pq2v12x2+pq2v1x+q2v1x—qv]x—i-va(v])qx—va(v])x
+VVO(v)qv1x—qv1+pq2v12x—pqv1+VVO(V)VVO(v1)pqvx2)p2qx3/((pqvx—l)
(gvx+vwO(v)x—1)

(pq2v2x+VV0(v)pqvx—pqzx—pqvx—VVO(v)pqx+2pqx+vv0(v)px—px—qv+q)
(pgvix—1)(gvix+vvO(vli)x—1))
I O(x')
[ > ##formula for R*+(x,1,v)=FFAAPvl and checking
[ > FFAAPv1
:=x23*p* (1-vv0 (w) )/ (p*g*w*x-1) / (q*w*x+x-1) / (g*w*x+vvO0 (w) *x-1) +fact
or ((vv0(w)-1) /g*subs (v=w,FFDD) ) ;
simplify (series (subs (FDD(x,1)=DD(x,1) ,vv0 (1)=subs (w=1,VV0) ,vvO0 (vl)
=subs (w=vvl,VV0) ,vl=vvl,vv0 (w)=subs (w=w,VV0) ,FFAAPvl) -AAP(x,1,w) ,x
,14));

X p(1=wO(w))

FFAAPvI = +(vwO(w)—1)(
(pgwx—-1)(gwx+x—-1)(gwx+vO(w)x—1)




—VVO(W)qusz-l-VVO(W)pqWx2+VVO(W)pqwx—VVO(W)pqV]x-I-VVO(V])quX
+VVO(w)pq2v]zxz—VVO(v])pqzw2x2+q2wx—pqw+vv0(w)qx—pqwx—vv0(w)x
—qw—qwx—VVO(v])pqv]x—i-VVO(v])pqzv]xz—VVO(v])pqv]x2+pqv])c+pc]3v]zx2
—pqzv]zxz—pqzv]x—qzv]x+qv]x—VVO(v])qx+vv0(v])x—pq3w2x2+pc]2wzx2
+pq2wx+VVO(v1)qwx+pq2w2x—VV0(w)qv1x+qv]—pq2v12x+pqv1

+vwO(w) vwO(vl)p g vl x2—VVO(W)VVO(V])pqwx2)p2x3/((pqwx— 1)
(qwx+VVO(w)x—1)(pq2w2x+VVO(w)pqwx—pqzx—pqwx—VVO(w)pqx+2pqx
+wWOw)px—px—gw+q)(pgvix—1)(gvIix+vwO(vli)x—-1))

14
O(x™)
[ > ##formula for R*+(x,v,w)=FFAAP and checking
[ > meq2;

VX

(—1 +pqvwx+pvx—plq JFAAP(x, v,w)+pv4xFDD(x,vw)

+pqv4xFAAP(x, Lvw) x4p2qv4

L 1—-v (pgvwx—-1)(gvwx+x—-1)(gvwx+vx—-1)

[ > FFAAP:=factor (subs (FDD (x,v*w)=subs (v=v*w,FFDD) ,FAAP (x,1,v*w)=subs (
w=v*w,FFAAPv]l) ,solve (meq2=0,FAAP(x,v,wW))))

simplify (series (subs (FDD(x,1)=DD(x,1) ,vv0 (1)=subs (w=1,VV0) ,vvO0 (vl)
=subs (w=vvl,VV0) ,vl=vvl,vv0 (v*w)=subs (w=v*w,VV0) ,FFAAP) -AAP (x,V,W)
yX,14));

FFAAP:=—v4qp2x4(VVO(vw)—v)(2pqx+q—2pqvwx—vva(vw)pzqzvlzx3

+vvvO(v w)p2 q vl X +vwvwO(vw)pqvl X —wO(v w)p2 q Vwx + vO(v w)p2 q2 Vwx

+VVO(V1)p2 q2 VX -wO(vl)pgq v owax® + vO(v w)p2 q vwx —p2 Vv vwO(vl)q wx’
—p2 Vv vwO(vw)gq WX+ vvO(v w)p2 q3 Vi + VVO(v])p2 q3 Vo' x +VV0(v])p2 qvwx
—vv0(v w)p2 q2 vwxt =2 VVO(v])p2 q2 v w? X +p vO(vl) q2x2 vw

—VVO(vw)p2 q2 Vv W2x3—VV0(VW)p qszx2+VV0(vw)pqvwx2+VVO(vw)pqvwx

+VVO(V1)quWX—2VVO(V])pq2V2W2x2+VVO(V])px2—p2q2V]2x3 erzqv]x2
+pqV])C2+pVVV0(VW)x2—pVVO(V1)qx+VVV0(V1)p2qV]x3

—vwO(vI) vwO(v w)p2 q2 vlx + vO(vI) vO(v w)p2 q vl X+ vvO(v w)p2 qvwx

2

+vv0(v w) VVO(v])p2 q vl Xt - vvO(v w)p2 q2 Vwxt - vvO(v w)p2 q3 vt

+ vvO(v w)p2 q2 vI* X+ vvO(v w)p2 q2 vlx*— vvO(v w)p2 q vl X+ vwO(vw)p q2 vl x

+vwO(vI) vwO(vw)p qx2 -wO(vw)pgvl Xt — vvO(v w)p2 g vl x+vvO(v w)p2 q2 vI* X

erqvzwx—pq2)c+pzq3x2v]2—pzq2xv]—quv]szrpquwxz—pqzvzwx2

223 22 2 2 2 233 23 223 323 292 3 2
PGV WX AP gV WX AP VWX —p gV WX —p gV wX —px+p qvl

—p2q3vv12x3+p2q2vv1x2+VVO(vI)pqvx2—VVO(v1)p2qzvv]xS—xpzqvw—vxpzqvl



—vquvlJrvxzpzqzv]z+vz)cpzqw—VVO(v])pzqv])c3+pq2vv]x2
+2VV0(V])p2 q2 vl x3—VV0(VI)p2 q3 vl x3+VV0(V])pq2 vl xz+pqv]x+VV0(v])pq2x2

+p @ VI =2p g vIix=2wWOV ) pgxX —p g vIP X +2p ¢ v X +pt g vl X
+pq3v]x2—2pc]2v]x2—2pzqzv]x2—q2v]x—VVO(v])qx—pcfvzwzxz—i-pqzvzwzx2

+pqzvwx+vv0(v])qvwx—i-quz1/2w2)c—vv0(vw)pc]v]x—i-q2vv]wx—2pzq3vzw2x2

2 22 22 2 2 2 2 2 2 2 43 33 233 33 233 3 )
+2p GV WX P VWX 2D VW XD GV WX =D VWX —p gV WX

—qvw+pqvl+vpzq2v]zx3—vpzqv]x2—VVO(V])pvxz—VVO(v])VVO(vw)px2

2 3 2 2 42 2 23 2 3 ) 2 2 32 2 2 3 22
+p g VIX vwHp g VVITW X —p g VvV VIW X —pqg VvV VvIW X —pg vvl T wx
+pq3v1x2vw+p2q3vv]zwxz—pzqzvvlwx—p2q4v12x3vw—pzqzvlzxz-i-xpzqv]

+vx2VV0(v1)p2qv1 —-pgvw+vO(vw) VVO(V])pquZWX3

—vvv0(vl) vwO(v w)p2 q vl X+ VVO(v])p2 q3 Vvl whx — vwO(vl)p q2 vvlwx

+VV0(V])p2 q2 vvl wx’ —VVO(V])p2 q3 vIix vw+ vwO(vw) VVO(v])p2 q2 Vol

—VVO(VW)VVO(V])p2qvwxz—pzqzvlzx—pzqVW+pVV0(V])x—VpVVO(VW)QXZ
—VVO(V])p2 q vl X —VVO(V])p2 q vl x+p2 q2 X wO(vI) vl —vwO(vw)vwO(vl)pgqg vwxz)
/((pqvzwx—pqvwx+pqvx+pv2x—pvx—v+1)(qvwx+vx—1)(pqvwx—1)
(qvwx+VV0(vw)x—1)(pq2v2w2x+VV0(vw)pqvwx—pqzx—pqvwx
-wWO(vw)pgx+2pgx+vwWO(vw)px—px—qgvw+q)(pgvix—1)
(gvix+vO(vl)x—-1))

##formula for R(x,v,w)=FFRR and checking

FFRR:=FFAAP+v*2*FFCC (x,v*w) +v*3*subs (v=v*w,FFDD) +v*FFEE (V*xX, W) :

simplify (series (subs (FDD(x,1)=DD(x,1) ,vv0 (1)=subs (w=1,VV0) ,vvO0 (vl)

=subs (w=vvl,VV0) ,vl=vvl,vv0 (v*w)=subs (w=v*w,VV0) ,FFRR) - (AAP (x,V,W)

+vA*2*CC(x,v*w) +v*3*DD (x,v*w) +V*EE (v*x,w) ) ,x,14)) ;

factor (taylor (subs (w=vv1l,VV0) - (gq*vvl-g+1) ,x,20)) ;
simplify (vvl~2-(1/2* (2*p*q*x-p*x+1) /p/q/x*vv1-1/(2*p*q*x))) ;
0

simplify (VV0+2-( (l-p*g*w*x-p*qg*x+p*x)/p/x*VV0+1l/p/x* (p*q*w*x-1) )
)

0
FFRR1 :=simplify (subs (vv0 (vl)=g*vl-g+1l,FFRR)) :
simplify (series (subs (FDD(x,1)=DD(x,1) ,vv0 (1)=subs (w=1,VV0) ,vli=vvl,
vv0 (v*w) =subs (w=v*w,VV0) ,FFRR1) - (AAP(X,V,W) +v*2*CC (x,v*w) +v*3*DD (x
,V*W) +v*EE (v*x,w)) ,x,14));



L o)

[ > #better formula for FRR2 where vv0 (v*w)=subs (w=v*w,VV0) and vl=vvl

[ > FFRR2:=simplify (subs (vv0 (v*w) *2=( (l-p*q*v*w*x-p*q*x+p*x) /p/x*vv0 (v
*w)+1/p/x* (p*g*v*w*x-1)) ,subs (v1*2=(1/2* (2*p*g*x-p*x+1) /p/q/x*v1-1
/ (2*p*g*x)) ,FFRR1))) :
simplify (series (subs (FDD(x,1)=DD(x,1) ,vvO0 (1)=subs (w=1,VV0) , vli=vvl,
vv0 (v*w) =subs (w=v*w,VV0) ,FFRR2) - (AAP (xX,V,W) +Vv*2*CC (x,v*w) +v*3*DD (x
,V*W) +v*EE (v*x,w)) ,x,14));

I o(x'")
> FFRR2;

—pv3x2(2pqx+pvx—3pqvx—2p3q5v6w5x5—p3q3v2w3x4VV0(vw)—q2vwx+q+x
+qx2+p3q2v3v1 wx3+3p3q2vwx3—p3qvwx3—3p3q3vwx3—vx—2p2q5v3w3x4
erqwx—2pqvwx—pzv3xq2w2+VVVO(vw)pzqv]x2—VV0(vw)p2qzvzwx3
—p2VZVVO(VW)qWx3+VV0(VW)p2q2VW)C2+p2q2VWX3—pZQVWXS
+VVO(VW)p4q2VV] wx3—VV0(vw)p3 qzv2 vl wx3—p3 q3 w? v vl x3—pzq4w2vzv]x2
+VVO(vw)pc]2vwx2+2VV0(vw)pqvwx—pzqzvx3+pc]2vx3—2pqzvx2—2pqvx3
+pq2vx+4pqvx2+pqv2x3—q2v2v1 wxp+p3q3v3v1 w2x2—2p2q3v1x2v2w
+4p2q3v3v1 w2x2+3p3q4v2v1 wx3—2p2q2v2v] wxz—qzvzwxz—vzszVO(vw)qx2
JrVVO(vw)pqvx—vp2 VVO(VW)qx3+VVO(VW)p2 q2 vl )c3+2vp2 VVO(vw)qx2

—2pqu)c2—2quwx—p2qx3vz+pzqv]x2+qzvvl)c+2pzv3x3q5w3—pq5w4v4v]x3
—p4q6wvv1x4+p4q6wv2x5v1—2p4q4wv3x5v1—pq3w2v2v1x+p4q5wv3x5v1

2 2 2 2 2 2 22 3 32 3.3 4 2 3 3 2.3 3
+p g VWX —gVvXxX —pqgx —2pqg VW X =2p gV wx +p q VvV wx -3p qg Vv wx

+2p3 q3 V3WX3+5p3 q4 V3 W2x3_6p3 q3 V3 W2x3_2p2 qz V3WX2+p3 q3 V4 W2X3

—2p3q3v2wx2+3p3q2v2wx2+pq2w+2pVVVO(vw)x2+pzq5v3w4x4+p3q4w3v3x2
2 2 366 65 2 4 3 4 4 2 2 2 3 3
+2pg WYVX—-pP gV WX -p qgVWX —qv+2p g wx—-p gwx—p qvvlx
2—v3pzqwx2+2VVO(vw)pzq3v3w3x2
—p2q4w3VVO(vw)v2x3+2p3q2v3w2x3+p3q2v2wx3+x2p3qvw—v2x2p3qw
+5p VW =2 VW =3 Cvw A VW —wO(vw) pigvwx
—VVO(vw)pzc]21/2v1/2)c2—2[92c]3w3v3x+2p3c]5w3v3x3+p3(]4w4v4x2+4pzq4w4v4x2
—4p2 q4w4v3x2—2p3 q5 W v5x3+2p3 q5 W v4x3—2p3 q5 w4v4x3+2p2 q4 W22
2.2 23 2 2 3 3 2 33 322 3 4 432 4 2 3
X =p g Wvyvx+2p g WV X+tp gW VX —pqgw VX —-pqgvviwx

+pvx3 +p3 q6 WA w4x5+4p2 q4 S w4x4—2pq3vw2x—2p2 q4 S w2x4—p2 q3 NI

+4p2q4v2v]wx3+pq2v2w

2728wy

—VVO(vw)pzqv]x2+VVO(vw)pqzv]x2+2pqvzwx—Zqx—i—2qvx+2p3qsvswsx5

P VA2 v =3P g A pVixqAp @ xvi—pgViwxX —2p ¢V WX

—2p2q3v3w2x3+2p2q2v3w2x3+3p2q2v2wxz-i-pzqWVVO(vw)x—pquWVVO(vw)x




—3qu4\/4\/]w3x4—2p4q5v1/2\/\/])c4+p3q6v3w4)c4—)cz—p)c+pc]3\/2w3)c3+p2q2w/2\/)c2
23 2 2 32 2 3 33 23 34 2 3 3 4 323 3 3.3 2 3

- g WYV —p gW VX F2p g W YVX —p g WX +3p g WV X =2p g w VX
33 2 2 392 2 2 34 2922 3 2 4 4 33 5

20 g WYX +p WYX —p g WV X —-pvx g w—vwWOvw)p g v viwx

—VVO(vw)p4q3vv]wx4+2VVO(vw)p3q2v3wx3+VV0(vw)p4q4v3v]wx5+qv2w

+193c]3vzv]x4—i-2p3qzvv]x3—p3q4vv]x3+192q3vzv]x3+pzqzvv]x3-|-2pzqzvv]x2

2 3, 22 4 4 2 4, 4 5 3 3 4
-3pqg vvix +qg Vv wx—p g w wOlvw)vvix +p g w vwO(vw)v vlx

+2p3 q5 WZVVO(VW)VV1X4—VVO(VW)p2VXZ+4p3 q4v3 vl w2x4—8p2q4v4v1 w X
+2p2q\/2)c2+p3q3v2w3x4+p2q3x2w+vp2x2—p2q2vI)c3+xpzqvw—2p2vs)c3q3w3
—VVO(vw)x—3p3c]51/3w3x5—2p3q4v4w3x5+3p4qsvv]wx4—i-p4q31/31/1w2x3
+2p4q3vzv]v1/2)c4—p4(]31/2v]wa+pc]2vv]xz—i-pqzvv])c-|-2(]3vv]x3p—2pzq3vv]x3
—pchvzv]x4—|-pzq4vv]x3—2p3q5vzv]wx4—3p3q4v2v]w2x4—2p3q3v4vlw2x3
+7p2q4v3v]w3x3+3p3q4v2v1wx4—3p2q3v4v] w2x3+2p3q3v2w2x2—pq2v1x

er2q3VI)c3—p2q3le2—pq3le3+pq3v]xz—pzq2v]xz—qzlejtqzle2

+2p3qsV4W3x5+2p2q3VSXSVVO(VW)WZ-I—pSq3V2x3VVO(VW)W—2p3q4V4X4VVO(VW)W3

+ VW =3 p VW —p @ vwx+pd vV wix+p vV X wWO(vw) g w

20V w=-p OV VIwx = 2p gV W x+p X+ vviwx+9p ¢ VW

VW4 P v wx+ 2 R VW =5 VP W R 6 VW

—3pzq3v3v1/3)c2+3pv4x2q3WS+VV0(vw)px—qvw+q2\/2w2)c—q2v3wszrpq4v3wSx3
2 3 2 2.3 2 3 3.4 32 3 42 23 3 33 32

20" @ vwxX =3pg VW Xx+p gV WX =5Sp g Vv wx =-2pgvwx

R PRSPV W R v wE - P PR 2R PV W R g wi

+3p3 q3VWX2—3p3 q4v5w4x3+3p3 q4v4w4x3_p3q
+2p3q3v4w3x3+q2x2vw—pqwx2+p3q5v3w2x5+p3q4v4w2x5+2p3q4v3w

B VW - p VWO w) P v w5 I vw—p @ Vv wt X

3.5 33 3 4.3 3 3
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+p4q7w4v4v]x6—p4q6w4vsv]x6—p4qgw3v3v]x6—2p4q7w3v4v]x6—p4q7w4v3v]x6
+2p3q7w5v4v1x5+2p3q6w4v3v1x5—2p2q6w5v4v]x4+2p4q7w2v2v1x5
—p4q5w2v3v]x6—p3q7w3v2v1x5+3p4q7w3v3v]x6+2p4q6w3v4v1x6+p3q7w4v4v]x5
—p4q7w2v3v1x6—p4q6w2v4v]x6—2p4q6w3v3v]x6—2p3q7w4v3v1x5+p2q6w4v4v]x4
+2p4q6wZv3le6+p4q5w2v4le6—p2q3wv]x+p3q4wv1)62—2p3q3wv]x2
—p2q5w4v3x3+p3q2wlez+p3qzvvl)c4+p3q4vv1x4—2p3q3vv]x4—p2q21/2le3
+vszqv]x3+vp3c]3v]xz—p3q2vzx4v]—vpzqzxvl—p3qzvzv]x3—p3q2vv]x2

—pzq4vzv]wx4—2pzq3vzv]wzx4+pq4v3v]w2)c3—pq3v4v]w2x3+3pzq3vzvlwx4

+p2q2v3v1wx4—pq4v2v] w2x3—pq3v3v1 w2x3—4p2q5v3v1 w2x4—p2q4v3v] w x*
—2p3q4v3v1 wx4—p3q3v3v] wx5+3p2q4v3vl v1/2)c4+p2q3 vivi w2x4—3pq4v4v] w X
+p2q4v2vl w2x4+2pq4v3v1 w3x3—2p3q6v6vl wsx5+2p3 q6v5v1 w X

—4p3 q6 Vvl wy —p3 q5 Vvl wt iy er3 q5 Vvl w4)c5+3p3 q6v4v] WX

—6p3q6v3v] w3x5—3p3q5v4v1 w3x5+4p2q5v5v1w4x4+3p3q5v3v] wx
—3p2q5v4v] w4x4—3p3q5v3v1 w2x5+2p2q4v5v1w3x4+3p2q5v3v] w x*
+pq2v3v] wx2+p2q3v3x3v]w+p3q3v3x4v1w—p3q5v5x5v1 w3—p2q4v3x4v]w
—2p3q4v4x5v] w2+2p3q5v4x5v1 wz—p2q4v4x4v] w2+pq3v3x3 v]w—p2q3v3x4v]w
-p q2 Vvl wx2+2p4 q6 w vwO(vw) Vv vl x6+p4 q7 w vwO(vw) v vl x°

—2p4 q6 w vwO(vw) Vil x6—p3 q6 w vO(v w)v5 vix —p4 q7 w’ vwO(v w) v vl x®

+p2 q5 w vwO(vw) vivi x4—p3 q5 w’ vO(v w) Vvl x5—p2 q5 w vvO(v w) v vl x*

—p2 q5 W’ vwO(vw) Vv vl x4+p4 q5 w? vO(v w) Vvl x6—p3 q6 w? vvO(v w) VX vl

+2p3 q6 w? vvO(v w) Vvl x —p4 q6 w? vO(vw) Vvl x6—p4 q5 w? vO(v w) vl x®

er2 q4 w? wO(vw)vvl x4—p2 q3 w? wO(vw)vvi X +p4 q5 w vvO(v w)v5 vIx°

er3 q6 w’ vwO(vw) Vvl X +p4 q7 W’ vO(v w) v vl x® —p4 q7 w’ vwO(vw) Vil x®

+ 2 vO(v w)p2 q3 vvl wx4+2p3 q5 VX w wO(vw) vl +p3 q4 VX wO(vw) vl w’

—p2 q3 v x! vwO(vw)vi w—p2 q4 v x! vwO(vw) vl w? —p2 q4 v Xt wO(vw)viw



+p q3 VX vwO(vw)viw—2v0(v w)p3 q5 Vvl w'y + 2 vO(v w)p3 q5 Vvl wty

—vO(v w)p3 q4 Vvl wx + vO(v w)p3 q4 Viviwx + 2 vO(v w)p2 q4 Vil w !
-2vwO(vw)p qzvvl wx3—i-2p4 q6 w? vO(v w) Vvl x6—p4 q5 W’ vvO(v w) Vil x®
—p3 q6 w vwO(vw) vivl X + vvO(v w)p2 c]2 Vvl Wx4+2VVO(V w)p q3 Vvl w
—-vwO(vw)p q3 vvlwx +2vwO(vw)p q2 Vvlwx —2VVO(vw)p3 q4 Vvl w
-3 v0(v w)p2 q4 Vvl w x4+VV0(V w)p3 q3 Vvl Wx5+VV0(V w)p2 q3 vivl wx?

-3 vv0(v w)p2 q3 Vv vl W2x4—VV0(V w)p2 q3 Vvl Wx4—VV0(V w)p2 q2 v vl wxt
—VVO(vw)pq3 v vl w2x3—pq2wv]xz—VVO(vw)vxz+pqzvl)c3+pq2wxz—q2vv]x2
+c]vv]x2—pqux3 vl —pzq4wx3 vl —i—pchwx3 vl +pq3wx2v1 +pqvx3 vl

+ vvO(v w)p3 q4 Vvl wy +2VVO(vw)p2 q3 Vvl w2x4+p q2 wzvx3—VVO(vw)pzqv3 wx'

+p3 qzwzva(vw)vxS—2VVO(vw)c]vwx3p—pc]21/3wx3 vl —pQWVVO(VW)szz
+VV0(vw)p3qvwx3+pq3wzvxSVI+q2v2v] wxz—qzvv] wxz—pq3wzvx3
—VVO(vw)pvx3—3p4q5wv2v]xs+pq3 wzvv]x—3p2q4wvv1x2+pq3wvv]x

—pq4vv1wx3—pq3vv]wx3—pq2v2v]wx3+2pq2vv]wx3—2p2q3vv]wx4

+2pq4v2v1 wx3+pq3v2v1w2x3+2p2q4vv] Wx4+p3q3V2V1Wx5+p2q3v3v1 W x
=2p" ¢ Vvl wx = wO(vw) pvx+p* v wO(v w) x* + WOy w) x* = p’ g wal wO(v w)

—-pgwxvwO(vw)—gqvl xz—pq3 wyx vwO(vw) vl —p4 q6 viw® x® vwO(vw) vl

4

+VV0(VW)p2V)CS—p2 Vo wO(vw)—p V' VVO(VW))/(
(pqv2wx—pqvwx+pqvx+pv2x—pvx—v+1)(qvwx+vx—1)(pqvwx—1)
(qvwx+vv0(vw)x—1)(pqzv2w2x+VV0(vw)pqvwx—pqzx—pqvwx
-wWO(vw)pgx+2pgx+vwWO(vw)px—px—qgvw+q)(pgvix-1)

(2gvix—gx+x—-1))

[ > #expension of R(x,1,1;v,q)

> simplify (taylor (v*x+subs (p=v,subs (v=1,w=1,subs (FDD(x,1)=DD(x,1) ,vv
0(1)=subs (w=1,VV0) ,vv0 (vl)=subs (w=vvl,VV0) ,vli=vvl,vv0 (v*w)=subs (w=
v*w,VV0) ,FFRR2))) ,x,10));

vx+v(qv+1)x2+v(q2v2+qv2+2qv+q+1)x3+
v(q3v3+4q2v3+4q2v2+qv3+2q2v+2qv2+q2+4qv+2q+l)x4+v(q4v4+llq3v4
+8q3v3+9qzv4+4q3vz+12q21/3+(]v4+2(]3v-1-14(]21/2-1-2(]\)3+q3-1-8(]21/-1-4qv2

+3qz-|-6qv-|-3q-|-1))c5+v((]5vs+26q4vs+16(]4\/4—1-46q3\/5+8q4\/3+48q3\/4

+16(]2vs+4q4vz+44q3v3+24c]2v4+qu+2q4v-|-26q31/2—1-34(]21/3+2qv4+q4



1 T

1 r

+12fv+32fv;+4qf+4qx+Bq2v+6q£+6q;+8qv+4q+1)f+v(fv6
+57¢V+32¢ vV +180¢" vV +164° v +160¢* vV’ + 1304’ V' + 8¢ v’ + 128 ¢* 1"
+160q3vs+25q2v6+4qsvz+76q4v3+184q3v4—i-40q2vs+qv6+2qsv+38q4v2
+146q3fx+62q2ﬁh+2qv5+q5+16q4v+84q3VL+68q2VR+4qv4+5q4+36q3v
+58qut+6qv3+10q3+32q2v+8q19+10q2+10qv+5q+4)x7+v(4”;+120q6ﬂ
+64¢°V°+603¢4° v +324°V +480 ¢V +750 4" v +16 ¢° v + 352 ¢° v’ + 800 ¢*1°
+295¢° v +8¢° v +208 ¢° v+ 800 ¢* v’ +400 ¢’ v +36 7V +4¢° VvV +108 ¢V
+584q4v4+520q3v5+60q2v6+qv7+2q6v+50q5v2+338q4v3+482q3v4+98q2v5
+2gV+¢°+204° v+160¢° VvV +3524° V' +116 ¢* v +4 gV +6 ¢+ 60 ¢* v+ 196 ¢°
+1148°V +6¢ v +15¢" +804° v+ 92" vV +8¢ v +204° +50 ¢° v+ 10 gV + 15 ¢
+12q1h%6q+1)x8+CKx%

#formula for R(x,1,1;v,q)

Rx1llvq:=simplify (factor (simplify (rationalize (subs (p=v,subs (v=1,w=1
,subs (FDD(x,1)=DD(x,1) ,vv0 (1)=subs (w=1,VV0) ,vv0 (vl)=subs (w=vvl,6VV0
) ,vl=vvl,vv0 (v*w)=subs (w=v*w,VV0) ,FFRR2))))+1)-1)):

simplify (taylor (-Rxllvg+subs (p=v,subs (v=1,w=1,AAP(x,v,w)+v*2*CC (x,
v*w) +vA3*DD (x,v*wW) +Vv*EE (v*x,w) ) ) ,x,14)) ;

O(x14)
#formulas of UO,UP,UN, U=FU from Section2
U0:=(x,Vv)->1/2% (v*x"2* (2* (v-1) *v*g*x- (v-3) *v*x-3*v+1) +v* (v+1) *x"2*
((1-2*q) "2*vAr2*x 2-2*y*x* (1+2*q) +1)* (1/2)) / (2*g*v*x-v*x+v+x-1) / (g*
v*x-v*x-1) :
UP:=(x,V,W) ->-1/2*x/2*w 2*v*xg* (q*v*wrx-v+x) / (2*g*viw*x-v*w*x+viw+x
=1) / (Qr2*v*WA2*x A 2-q* v WA 2* XA 2-q* WA X+VIW kx-wxx-v+1) * ((1-2*q) *2*vr2
*WA2*xA2-2%yhwrkx* (L+2*q) +1) ~ (1/2) -1/2*x*2*wr2*v*qg* (v+ (-2*g*v 2*w-q
*URWHVA2*W-2* R w-2%v+l) *x+viwk (2*Xgr2rviw-grviwtl) *x*2) / (gh2rviwr2*
XN2-q*VvIWA2* XA 2-qF Wk RHVIWRX-wrx-v+]) / (2*grviwkx-viwrx+viwx-1) :
UN:=(x,V,W) ->1/2*x A 2*w*yr2*xg* (Q*viwrx-viw*x+viwtw-1) / (2*g*viwrx-v*
Wr*X+vriw+x-1) / (QA2*vA2*wrxA2-q*vA2* WA XA 2-q* v x+vIiwrx-vix-w+l) ¥ ((1-2
*Q) A2*yA2*WA2*¥xA2-2%vhwrkx* (1+2*q) +1) ~ (1/2)+1/2* (-2*g*v*x*2+g*v*x-2
*yRRA242* vk R+$2*x -1+ (2*qr2*vA2*x A3 -3 qr2*vA2*xN2-2*qrvr2*xA3-grvi2*
X+2¥vA2* XN 242* Qi vhx-2*vA2*x42* v N 2-A*vrx+v-2*x+1) *wrvrx* (2*g-1) * (
g*v*x-1) * (Q*v*x-v*x+v+l) *wr2) *q*vr2*rwrx”2/ (Qh2*vA2*whxA2-grvA2FwEx
A2-grvrx+viwrx-vix-w+l) / (gq¥v x-1) / (2*g*viwrx-viwrx+viwix-1) :
FU:=(x,v,w)->U0(x,v*w)+UP(x,v,w)+UN(x,Vv,w) ;

FU:=(x,v,w)—> UO0(x,vw)+ UP(x, v, w)+ UN(x, v, w)

:> simplify (taylor (v*x+Rxllvg-( FU(x,v,1l)+v*x/ (1-v*g*x) ) ,x,17));

O(x16)



> simplify (v*x+Rxllvg-( FU(x,v,1l)+v*x/ (1-v*q*x)) )
0

[ > tt:=40*pA2*g2*x"2-32*pr2*q*x"2-12% (4*pr2*qr2*x"2-4*p 2*g*x*2+pr2*
X"2-4*p*q*x-2*p*x+1) ~ (1/2) *p*q*x+10*p"2*x" 2-6* (4*p 2*qr2*x" 2-4*p"2
*g*¥RA24pr2*xA2-4*prqrx-2*p*x+1) ~ (1/2) *p*x-40*p*q*x-20*p*x+10+6* (4*
Pr2*gr2*xA2-4*pr2*g¥xN2+4p2*xN2-4*prgrx-2*p*x+1) * (1/2) ;

ﬂrﬁmp%ff 32pqx—42¢4ﬁ 2 X 4pqx—u7x—4pqx 2px+1pgx

+10px: 6«/4p22 : 4p¢$x+p.x—4pqx 2px+1px—40pgx—-20px+10

+6«/4p222 4p qx+p;x—4pqx 2px+1
> coeff (tt, (4*pr2*qr2*x*2-4*pr2*q*x 2+p 2*x*2-4*p*q*x-2*p*x+1)~ (1/2)
,1) % (4*pr2*gh2*xx"2-4*p 2 q*x 2+pr2*x"2-4*p*g*x-2*p*x+1) * (1/2)+fact
or (coeff (tt, (4*pr2*gr2*x"2-4*pr2*q*x"2+p 2*x"2-4*p*q*x-2*p*x+1) * (1
/2),0));
2 2 2

G%qux—6px+6)¢4p2qx 4p¢fx+p;x—4pqx 2px+1+40p ¢ x

L —32p%%f+10p%f—40pqx—20px+10
[ > AN24BA2* (4*pr2*qh2*x 2-4*pr2*q*x 2+p 2*x*2-4*p*q*x-2*p*x+1) +2*A*B*
(4*pr2*xgrh2*x"2-4*pr2*q*x 2+pr2*x*2-4*p*q*x-2*p*x+1)* (1/2) ;

A2+Bﬂ4p2fx2 4p%ﬁﬁ+p?f—4pqx—2px+l)

L +2ABJ4ﬁ 2x 4pqx—u7x—4pqx 2px+1
[ > solve ({2*A*B=-12*p*g*x-6*p*x+6,
AN24BA2* (4*pr2*qAh2*x"N2-4*pAr2*q*x M 2+p 2*x*2-4*p*gq*x-2*p*x+1) =+40*p”*
2*qr2*x*2-32*p2*q*x*2+10*p*2*x*2-40*p*q*x-20*p*x+10}, {A,B}) ;
{A=2pgx—-px+1,B=3},{A=2pgx+px—-1,B=-3},
3
Rmﬂﬁ«4p222 4p qx+p.x 4pqx—2px+l)gf—1f
B= RomOﬂUHf 2x 4p qx417x 4pqx—2px+I)Jf—ﬂj(2pqx+px—1)}
[ > simplify(taylor(sqrt(tt)-(l-p*x-2*p*q*x+3* (4*pr2*gq*2*x"2-4*pr2*g*x
A24pA2*x"2-4*p*grx-2*p*x+1)~ (1/2)) ,x,14));

()(x14)

[ >



