INVERSION SEQUENCES AVOIDING 021 AND A 5-LETTER PATTERN
TOUFIK MANSOUR AND GOKHAN YILDIRIM

ABSTRACT. We study the enumeration of inversion sequences that avoid the pattern 021 and another
pattern of length five that avoids 021. We determine the generating trees and the corresponding generating
functions for all possible pattern pairs.

1. MAIN RESULTS

An integer sequence e = epey - - - e, of length n is called an inversion sequence if 0 < e; < i for each
0 <i<n. Weuse I, to denote the set of length n inversion sequences. A pattern 7 is any word of length
k over the alphabet [k] := {0,1,--- ,k — 1}. An inversion sequence e € I,, is said to contain the length-k
pattern 7 if there is a subsequence of length & in e that has the same relative order with 7; otherwise, we
say that e avoids the pattern 7. The first systematic study of pattern-avoidance for inversion sequences
was initiated by Mansour and Shattuck [1] and Corteel et al. [2] for the patterns of length three. For a
summary of the existing results and main references, see the introduction of [7]. This note extends the
results of [8] to the pairs 021 and another pattern of length five, whereas the earlier paper studied the
pattern pairs 021 and another pattern of length four. We use the same algorithm developed in [7], and
the five-step procedure detailed in [8], based on generating trees and kernel method.

There are 106 patterns 7 of length five that avoid 021. For each pair {021,7}, we characterize the
corresponding generating trees and obtain analytic expressions for the generating functions

Fro21,7} (z) = Z [1,({021, T})|$n+1~

n>0

For the summary of the results, see Table 1. The conjecture of [8] states that for any 021-avoiding pattern
7, the generating tree 7' ({021, 7}) is d-regular for some d. The results of this note justify this conjecture
for patterns of length five.

For the following four cases 7 = 00000,00001,0011,0012, we present the details of the system of the
equations that yield the exact expressions for the corresponding generating functions. As a summary, we
note that

e for guessing the generating tree rules, we used our algorithm in [7] for each pattern of length five.
The output of the algorithm can be found in [6].

e the generating tree 77({021,00000}) has 71 succession rules. We translate these rules into a
system of equations involving the corresponding generating functions. The Maple file [3] contains
the output of this long, hard work of computations.

e the generating tree 77({021,00001}) has more than 20 rules. The Maple file [4] contains most of
the steps of the computations.
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2 TOUFIK MANSOUR AND GOKHAN YILDIRIM

e for all other cases of length-five patterns, we present the system of the equations and the solutions

in [5].

1.1. Case B = {021,00000}. By applying our algorithm, we found that the generating tree 7' ({021, 0000})
which has the root ag, and the following set of succession rules

0~ 0%,b11,

b1 ~ b21,01%,b11,

ba1 ~ as1, 0212, ba1baa,

012 ~ 0212,01%, a121(2), b11,

bs1 ~ ba1,0%12, b3y, bsa, bss,

bz ~ bag, 0°3%, bss,

0222 ~» 0322,0223, b1, bao,

bar ~ 0%12,baz, bao, bas, baa,

bag ~ 032, bag, baa,

0312 ~ 0%12,0%1%, a3p1(2), bs1, bsz, bss,
0332 ~» 0432,033%, b3, bas,

0223 > 0323,022%, a21(2), ba1, baa,

0%12 ~ 0413, 0421 (2), ba1, baz, bas, baa,
0432 > 0133, by, bas, baa,

0313 ~ 0%1%,0%1%, a331(2), as21(2), bs1, bz, bas,
0333 ~» 0%3%,03%, b1, bsa, bss,

0224 ~ 0324, 4231 (2), a221(2), bo1, baa,
0422 ~ 0424, 4421 (2), ba1, ba2, ba3, baa,
0443 ~» 0%, baz, baz, baa,

0324 ~ 0%2%, a331(2), a321(2), b31, b2, b33,
0%1% ~+ a441(2), 431 (2), a421(2), ba1, baz, baz, baa,

013% ~ a421(2), ba1, baz, bas, baa,

ai21(m) ~ agz1(m
ai22(m) ~ age2(m
a123(m) ~ ag23(m
a124(m) ~ az24(m
a131(m) ~» a231(m
ai32(m) ~ agz2(m
a133(m) ~» a233(m
ai34(m) ~ agza(m
aiq1(m
aa2(m) ~ agaz2(m
ai43(m) ~ azaz(m
a144(m) ~ agaa(m

az21(m) ~ azz1(m

L o o

) (
) (
) (
) (
) ~ aza1(m
) (
) (
) (
) (
) (

ag222(m) ~» azz2(m

02 ~ 03, bay, boo,

aooo ~ 0%, bs1, bsa, bss,

bag ~ b3z, 0%2% baa,

0% ~ ba1, baz, bas, bas,

bz ~ baz, 0322 by, bas,

0212 ~» 0312,0%1%, a21(2), ba1, ba2,

012 ~ 0%13,01%, a131(2), a121(2), b11,

bao ~ 022, bas, bas, bua,

baa ~ 042 bya,

0322 > 0%22,0%23, b1, bsa, bss,

0213 ~» 0913,021%, a31(2), a221(2), b1, baz,
014 ~ 021%, a141(2), a131(2), a121 (2), b11,

0422 ~ 0423, by1, baz, bz, baa,

0442 > 0143, byg, bys,

0323 ~ 0%2%,0%2%, a321(2), b1, b3z, bss,

021% ~ 0°1%, a241(2), a231(2), az21(2), ba1, baz,
0%12 ~ 0414, 4431 (2), a421(2), ba1, baz, bas, baa,
0133 ~ 0%3%, bg1, baz, bas, baa,

0%1% ~ 017, a341(2), a331(2), az21(2), bs1, bsa, bss,
033% ~ 0%4%, 4321 (2), bs1, bzz, b3s,

0%2% w5 a431(2), @421(2), ba1, baz, bas, baa,

ai22(m)aiz1(m)---a121(2)a1z1(m — 1) - - - a131(2)ara1(m — 1) - - - a141(2)b11,
ai23(m)aizi(m)---a121(2)aiz1(m) - - a131(2)arar(m — 1) - - - a141(2)b11,
ar24(m)aizi(m) - --a121(2)aiz1(m) - - - a131(2)ara1(m) - - - a141(2)b11,
ar21(m+1)---a121(2)arz1(m) - - - a131(2)ara1 (m) - - - a141(2)b11,
a1z2(m)aizi(m)---ai21(2)aizi(m)---a131(2)arar(m — 1) - - - a141(2)b11,
a133(m)aizi(m)---a121(2)a1zi(m) - - - a131(2)ara1(m) - - - a141(2)b11,
a13a(m)arzi(m+1)---a121(2)a1z1(m) - - - a131(2)ara1(m) - - - a141(2)b11,
aizi(m+1)---a121(2)azi(m+1) - a131(2)ara1(m) - - - a141(2)b11,
a1a2(m)aiz1(m)---a121(2)a1zi1(m) - - - a131(2)arar(m) - - - a141(2)b11,
ajaz(m)aizi(m+1)---a121(2)aizi(m) - - - a131(2)ara1(m) - - - a141(2)b11,
ajga(m)aigr(m+1)---a121(2)aizi(m + 1) - - - a131(2)a141(m) - - - a141(2)b11,
aj21(m+1)---a121(2)arzi(m+1) - - a131(2)ara1 (m + 1) - - - a141(2)b11,
az22(m)age1(m) - - - a221(2)azz1(m — 1) - - - az31(2)aza1(m — 1) - - - a241(2)b21 b2z,

az23(m)azz21(m) - - - az21(2)a231(m) - - - az31(2)a2a1(m — 1) - - - a241(2)b21b22,
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a223(m) ~ az23(m)az24(m)az21(m) - - - a221(2)az31(m) - - - a231(2)az41(m) - - - a241(2)b21b22,

(
a224(m) ~ az24(m)az21(m + 1) - - - a221(2)a231(m) - - - a231(2)a241(m) - - - a241(2)b21b22,

a231(m) ~ azz1(m)az3z(m)az21(m) - - - az21(2)az31(m) - - - a231(2)az41(m — 1) - - - a241(2)b21 b2z,
(m)az3z(m)az21(m) - - - a221(2)az31(m) - - - a231(2)az41(m) - - - a241(2)b21b22,
(

a232(m) ~ az32

a233(m) ~ agzz(m)azza(m)ager(m + 1) - --a221(2)azz1(m) - - - azz1(2)aza1(m) - - - a241(2)b21 b2z,
a234(m) ~ agza(m)aze1 (m + 1) - - a221(2)a2z1(m + 1) - - - a231(2)az41(m) - - - a241(2)b21ba2,
a241(m) ~ aza1(m)azaz(m)az21(m) - - a221(2)az31(m) - - - a231(2)ag41 (m) - - - a241(2)b21b22,
a242(m) ~ azaz(m)azaz(m)aszi(m + 1) - a221(2)az3z1(m) - - - a231(2)az41(m) - - - a241(2)b21b22,
a243(m) ~» azaz(m)azas(m)agei(m + 1) - - - az21(2)azz1(m + 1) - - - a231(2)az41(m) - - - a241(2)b21b22,
a244(m) ~ azaa(m)aza1(m + 1) ---a221(2)a2z1(m + 1) - - - a231(2)aga1(m + 1) - - - a241(2)b21b22,

a321(m) ~» ag21(m)azzz(m)azzi(m) - - - az21(2)azz1(m — 1) - - - a331(2)azar(m — 1) - - - a341(2)b31b32b33,

(
az22(m) ~» ag22(m)aszz(m)azzi(m) - - - az21(2)azz1(m) - - - az31(2)azar (m — 1) - - - az41(2)b31b32b33,
az24(m) ~ ag24(m)az21(m + 1) - - - az21(2)aszz1(m) - - - az31(2)aza1(m) - - - az41(2)b31b32b33,

a331(m) ~ aq31(m)azzz(m)aza1(m) - - - az21(2)azz1(m) - - - asz1(2)azsr(m — 1) - - - a341(2)b31b32b33,

azzz(m 2(m)azzz(m)azz1(m) - - - az21(2)azzi(m) - - - a331(2)azs1(m) - - - aza1(2)b31b32b33,

~ ag32(

azzz(m) ~ aazz(m)assza(m)age1(m + 1) - --az21(2)azz1(m) - - - azz1(2)aza1(m) - - - aza1(2)b31b32b33,
(

aza1(m) ~ aaq1(m)asaz(m)az2i(m) - - - az21(2)azz1(m) - - - azz1(2)aszar (m) - - - aza1(2)b31b32b33,
aza2(m) ~ asa2(m)asaz(m)azzi(m+ 1) ---as21(2)aszzi(m) - - - azz1(2)aza1(m) - - - aza1(2)bz1b32b33,
azaz(m) ~ asaz(m)azaa(m)agzr(m +1) - -az21(2)azzi(m + 1) - - azz1(2)agar(m) - - - a3a1(2)b31b32b33,
azaa(m) ~ agaa(m)aga1(m +1)---az21(2)azzi(m+1)---a331(2)azar(m + 1) - - - aza1(2)b31b32b33,
a421(m) ~» agz2(m)asar(m) - - - ag21(2)aszi(m — 1) - - - as31(2)agar (m — 1) - - - a241 (2)ba1ba2bazbaa,

~ a423(m)as21(m) - - - as21(2)agz1 (m) - - - aa31(2)agar (m — 1) - - - ag41(2)ba1baobazbaa,

)
)
)
)
)
)
)
)
)
)
)
)
aza3(m) ~ aszz(m)azaa(m)asa1(m) - - - az21(2)azzi(m) - - - azz1(2)aza1(m) - - - aza1(2)b31b32bs3,

)
)
)
)
)
)
)
)
)
)
as22(m )
)

a423(m) ~» ag24(m)asa1(m) - - - as21(2)asz1(m) - - - as31(2)asa1(m) - - - as41(2)ba1baobazbaa,

ag24(m) ~» ag21(m + 1) - - - aq21(2)as31(m) - - - aa31(2)asq1 (m) - - - aa41(2)ba1baobazbaa,

(
(
(
a431(m) ~ aqz2(m)asz1(m) - - as21(2)aszi(m) - - - a431(2)aaa1(m — 1) - - - aga1(2)ba1ba2bagbaa,
aaz2(m) ~ aqzz(m)asz1(m)-- - as21(2)aaz1(m) - - - a431(2)aaa1(m) - - - asa1(2)ba1ba2bagbaa,

a(m)as21(m + 1) - - a421(2)aa31(m) - - - a431(2)aaa1(m) - - - a441(2)ba1ba2bazbaa,

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

azza(m) ~ agza(m)az21(m +1)---az21(2)azz1i(m + 1) - - - azz1(2)aza1(m) - - - aza1(2)bs1b32bs33,

)

)

)

)

)

)

)

)

)

)

a433(m) ~ aq3

agza(m) ~ as21(m + 1) -+ - as21(2)aszi(m + 1) - - - a431(2)asa41(m) - - - a141(2)ba1ba2bazbaa,

agq1(m) ~ aga2(m)as21(m) - - as21(2)asz1(m) - - - a431(2)aaa1(m) - - - aa41(2)ba1ba2bazbaa,

aqa2(m) ~ agaz(m)aszr (m + 1) - - - aa21(2)aaz1 (m) - - - aa31(2)aaa1 (m) - - - a4a1(2)ba1ba2bazbaa,

aq43(m) ~ agaa(m)aszr(m + 1) -+ aa21(2)aazi (m + 1) - - - a431(2)aaa1 (m) - - - aaa1(2)ba1ba2bazbaa,
)

aqaa(m) ~ as21(m + 1) -+ a421(2)aaz1(m + 1) - - - as31(2)aaa1(m + 1) - - - @441 (2)ba1bazbazbaa,

where b;; = 0%5 and a;jx(m) = 071% -+ (m — 2)*(m — 1)Im* for all m > 2, 1 <4,k <4 and j = 2,3,4.
Define
A=A (x) = Z(number nodes at level n in 77/(B;7))z" !,
n>0
B;j = Bjj(z) = Z(number nodes at level n in 77(B;b;;))z"
n>0

Aiik(v) = Ajjp(x;v) = Z Z(number nodes at level n in T'(B; a;(m)))z" 2™ 2.

n>0m>2
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Then, by translating each rule of the generating tree 7’(B) into an equation for the generating functions,
we obtain the following equations (we distinguish between three sets of equations):

System S1:

Ao =z +xAp2 + 2B,

Agz =z +xAy3 + xB21 + Boa,

Bi1 =« +xBa1 + 012 + 2By,

Aooo =« + xAgs + zB31 + ©B32 + B33,

Ba1 =2+ xA31 + xAy22 + ©B21 + v B22,

B2z = x + xB32 + vAg292 + v B22,

Apgiz =+ xAp212 + 2Ay3 + 2A121(2) + zB11,

Ags =+ xBa1 + xBa2 + vB43 + xBua,

B31 =2+ xBs1 +xAy312 + B31 + vB32 + xB33,

B3z = 2+ xBa2 + vAy392 + ©B32 + v B33,

B33 = x + xB43 + vAg332 + B33,

Ap212 =z +xAgs 2 + xAp23 + xA221(2) + xB21 + xBaa,

Ag292 =T+ TAg392 + TAg293 + xB21 + B22,

Apis =x +xAg213 + cAg1a +2A131(2) + A121(2) + xBi1,

By1 = x4+ xApay2 +2Ba1 + vBa2 + vBa3 + 1By,

Byz = x4+ xAgag2 + B4z + ©B43 + 2By,

By3 = x + xAgaz2 + vB43 + By,

Byy =+ xAgay2 + vBya,

Ags2 = x4+ zAgaq2 + ©Ag313 + A321(2) + ©B31 + B3z + 2 B33,
Agsg2 = &+ TAgas2 + ©Ag393 + B31 + B3 + xBss,

Agsge = &+ wApage + ©Agags + xBsa + 2 B33,

Ap213 =z +xAgs3 +xAg214 + 2 A231(2) + xA221(2) + xB21 + xBag,
Ap293 = &+ xAg393 + Ag294 + A221(2) + B21 + xBaa,

Agia =+ xAg214 + 7A141(2) + £A131(2) + vA121(2) + zB11,

Agar2 =+ xAgays + ©A421(2) + ®Bg1 + ©Ba2 + ©B43 + vBuya,

Agag2 = T+ xAgag3 + xB4a1 + B2 + xBy3 + Bag,

Agage =« + xAgass + vBa2 + xBas + xBay,

Agayge =+ xAgays + xBas + xBay,

Agzs =z +xAgays +xAgs14 + ©A331(2) + ©A321(2) + ©B31 + ©B32 + ©B33,
Agsos =+ xAg193 + xAg391 + ©A321(2) + ©B31 + ©B32 + B33,
Agsgs = ¢+ xAgass + xAgs34 + vB31 + B32 + x B33,

Ag214 = &+ xAg34 + £A241(2) + £A231(2) + A221(2) + xB21 + xBaa,
Ag294 = &+ xAg3za + £A231(2) + £A221(2) + xB21 + xBaa,

Aga13 =&+ xAgaqa + £A431(2) + £A421(2) + ©Ba1 + ©Ba2 + £Ba3 + By,
Apags = &+ xAgags + xA421(2) + Ba1 + Baz + Bz + xBaa,

Agazs =+ xAgaza + xBy1 + xByo + xB43 + x84y,

Agaygzs =+ xAgs +xByo + xBy3 + xBya,

Agsga =z +xAgaga + A341(2) + 2A331(2) + ©A321(2) + xBs1 + xBs2 + xBss,
Agsgs = & + xAgaga + xA331(2) + ©A321(2) + ©B31 + B3z + ©Bss,
Apsga = &+ xAgags + xA321(2) + B31 + B3z + ©Bss,

Agaa =+ xA241(2) + £A431(2) + ©A421(2) + xBa1 + xBa2 + ©B43 + £ Baa,
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Agaga = & + £A431(2) + ©A421(2) + B4y + B2 + xB43 + xBya,
Apaga = &+ xA421(2) + Ba1 + Bz + xBsz + Bay

and System S2:

x

z
A121(v) = n +2A221(v) + 2A122(v) + i(!ﬁm(“) +vAy31(v) + vA141(v) + Bi1),

x

x
Ap22(v) = + xAga2(v) + 2A123(v) + 17(A121(v) + A131(v) + vA141(v) + B11),
v —w

z
Aq23(v) = I + xAz23(v) + 2A124(v) + 17(14121(“) + A131(v) + A141(v) + B11),
v —v

Ar24(v) = + xAg24(v) + —(A121(v) — A121(0)) + P (A121(v) + A131(v) + A141(v) + B11),
v v —w

x
A1z1(v) = I + xAz31 (v) + ®A132(v) + P (A121(v) + A131 (v) + vA141(v) + B11),
v —w

@
A1g2(v) = I +2A232(v) + zA133(v) + 17(A121(v) + A131(v) + A141(v) + B11),
v - v

A1z (v) = I + 2 Ag33(v) + 2A134(v) + f(14121(71) — A121(0)) + 1%(1‘\121(1)) + A131(v) + A141(v) + B11),

A134(0) = =" + @Az () + Z(A121(0) + A131(v) — 41271 (0) — A131(0)) + %mlzl(v) + A131(v) + A1g1(v) + B11),
v v - v

x
A141(v) = I +xAgq1 (v) + 2A142(v) + P (A121(v) + A131(v) + A141(v) + B11),
v —w

@ P
Aq42(v) = n + 2Ag42(v) + ®A143(v) + —(A121(v) — A121(0)) + 17(14121(10 + A131(v) + A141(v) + B11),
v v - v

A1a3(v) = I + xAg43(v) + 2A144(v) + i(AIZI(”) + A131(v) — A121(0) — A131(0)) + 1%(*"121(”) + A131(v) + A141(v) + B11),

z P
Araq(v) = " + 2A244(v) + —(A121(v) + A131(v) + A141(v) — A121(0) — A131(0) — A141(0)) + 17(A121(v) + A131(v) + A141(v) + B11),
v v — v

z
Ag21(v) = I + 2Az21(v) + zA222(v) + P (A221 (v) + vA231(v) + vA241(v) + B2y + Ba2),
v —w

z
Agaa(v) = " + zAgoa(v) + ®Ag23(v) + Pa— (A221 (v) + Ag31 (v) + vA241(v) + B2y + Ba22),
v - v

x
Ag23(v) = I + 2Az23(v) + zAg24(v) + 17(!“221(“0) + A231(v) + Ag41 (v) + B2y + B22),
v —w

z z
Agz4(v) = I + zAg24(v) + —(Ag21(v) — A221(0)) + 17(14221(“) + A231(v) + A241(v) + B2y + Ba2),
v v - v

x
Ag31(v) = I + 2Az31(v) + zAg32(v) + P (A221 (v) + Agg1 (v) + vAgq1 (v) + B2y + B22),
v — v

=
Agz2(v) = I +2A332(v) + zA233(v) + 17(14221(“) + A231(v) + A241(v) + B2y + B22),
v - v

x x
Ag33(v) = I +2A333(v) + 2Ag34(v) + —(Ag21(v) — A221(0)) + 17(14221(/”) + Ag31(v) + A241(v) + B2y + Bag),
v v — v

z z
Agzq(v) = n + 2Az34(v) + —(A221(v) + A231(v) — A221(0) — A231(0)) + 17@4221(“) + A231(v) + A241(v) + B2y + B22),
v v - v

xT
Agq1(v) = I + xAz41 (v) + 2A42(v) + 17(14221(1)) + A231(v) + Ag41 (v) + B2y + B22),
v —w

z z
Ag42(v) = T + xAz42(v) + ©A43(v) + —(Ag21 (v) — Az21(0)) + 17(14221(”) + A231(v) + A241(v) + B2y + B22),
v v — v

x x
Agq3(v) = n + xAz43(v) + 2A244(v) + —(Ag21 (v) + A231(v) — A221(0) — A231(0)) + 17(14221(11) + A231(v) + A241 (v) + B2y + Ba2),
v v —w

A44(v) = I + 2A344(v) + —(A221(v) + A231(v) + Agq1 (v) — A221(0) — A231(0) — Az41(0)) + 17('4221(”) + A231(v) + A241(v) + B2y + Ba2),
v v — v

@
Aga1(v) = I + xAg21 (v) + 2Ag22(v) + P (Az21(v) + vAg31(v) + vA341(v) + B31 + B3z + B33),
v —w

z
Ago2(v) = I + 2Ag22(v) + 2A323(v) + P (Az21(v) + A331(v) + ¢Az41(v) + B3y + B3z + B33),
v - v

»
Agag(v) = I + xAgo3(v) + 2Ag24(v) + 17(A321(v) + Ag31(v) + Az41(v) + B3y + B2z + B33),
) —w

x xT
Agoq(v) = n + 2Ag24(v) + —(Ag21(v) — A321(0)) + 17(A321(v) + Az31(v) + A341(v) + B3y + B3z + Bs3),
v v —w

@
Agz1(v) = I + xAy31 (v) + 2Az32(v) + 17(A321(v) + Az31(v) + vAgq1(v) + B3y + Bza + Bss),
v —w

x
Agza(v) = I + 2 Ag32(v) + ®A333(v) + a— (Az21(v) + A331(v) + Az41(v) + B3y + B3z + Baz),
v —w

z z
Agzz(v) = I + xAy33(v) + ©A334(v) + —(Az21(v) — Az21(0)) + T (Ag21(v) + Azz1(v) + Agq1(v) + B3y + B3z + B3z),
v v - v

x x
Agzq(v) = I +2Ag34(v) + —(Ag21(v) + Az31(v) — A321(0) — Az31(0)) + 17(14321(“) + Az31(v) + Az41(v) + B31 + B3z + B33),
v v —w

z
Agq1(v) = n + 2Agq1(v) + 2Az42(v) + 17(A321(v) + A331(v) + Az41 * v) + B31 + B2 + B33),
v - v
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x x x

Agaz(v) = P +2Agq2(v) + 2Az43(v) + —(Az21(v) — Az21(0)) + 17(14321(11) + Agz1(v) + Azq1(v) + B3y + Bza + B33s),
—w v —w

Agqz(v) = a— + 2A443(v) + 2A344(v) + —(A321(v) + A331(v) — A321(0) — A331(0)) + 17(*‘321(”) + A331(v) + A341(v) + B3y + B2 + Bs3),
— v v — v

@ x x
Agqq(v) = P + 2A444(v) + —(A321(v) + A331(v) + Az41(v) — Ag21(0) — Az31(0) — A341(0)) +
—w v

(Az21(v) + A3z31(v) + Aga1(v) + B31 + B3z + B3z),

1—w

x

z
Ag21(v) = P +zAg22(v) + I (Ag21(v) + vAu31(v) + vA41(v) + Bay + Baz + Baz + Baa),
—v

—v

x

»
Ago2(v) = I + xAg23(v) + I (Ag21(v) + Ag31(v) + vAgq1 (v) + Bay + Byo + By3 + Byaa),
v v

xT x
+2Ag24(v) +
v

Ag23(v) = I n (Ag21(v) + Ag31(v) + Aga1(v) + Ba1 + Baz + Baz + Baa),
— Y

o

»
Ag24(v) = n + —(Ag21(v) — Ag21(0)) + (Ag21(v) + Ag31(v) + Agq1(v) + By + Bag + Bag + Baa),
v v v

1 —

x x

+2Ay32(v) +
v

Ayz1(v) = n n (Ag21(v) + Ag31(v) + vA441(v) + Bay + Baz + Baz + Baa),
_ —

+ 2zAy33(v) +
v 1

Ayz2(v) = I (Ag21(v) + Ag31(v) + Agq1(v) + By + Baz + Bag + Baa),
v

x xT
Ayzz(v) = I + 2Ag34(v) + —(Ag21(v) — Ag21(0)) + 17(/*421(”) + A431(v) + Agq1(v) + Bay + Ba2 + Bas + Baa),
v v —w

@ @
Ayzq(v) = + —(Ag21(v) + Ag31(v) — Ag21(0) — Ayg31(0)) + 17(14421@) + A431(v) + Agq1(v) + Bay + By + By3 + Baa),
v v - v

xT x

+2A42(v) +

—v 1—w

Agq1(v) = n (Ag21(v) + Ag31(v) + Aga1(v) + Ba1 + Baz + Baz + Baa),

z x z
Agq2(v) = a— + 2Ag43(v) + —(Ag21(v) — Ayg21(0)) + a— (Ag21 (v) + Agz1(v) + Agq1(v) + Bag + Byz + Ba3 + Baa),
— v v — v

x

x x
Agqq3(v) = — +2A444(v) + —(Ag21(v) + Ag31(v) — Ag21(0) — Ay31(0)) + (Ag21(v) + Ag31(v) + Agq1 (v) + Ba1 + Bga + Bys + Bag),
—w v

1—w
z @ z

Agq4(v) = Pa— + —(Ag21(v) + Ag31(v) + Agq1(v) — Ag21(0) — Ayg371(0) — Aygq1(0)) + 17(A421(v) + A431(v) + Agq1(v) + By + Byo + Byz + Bag)-
- v v - v

By solving S1+S2, we obtain the following result.

Theorem 1. The generating function x'%(1 — 2 — 2°)(1252* + 502% + 1522 + 942 — 27)% Fig91 00000} ()
s given by

28(35156252'6 — 31250002'° — 954687521 4 5000000212 — 11446875212 — 1277987521
+ 14491750210 — 940659527 — 15954152° + 1314352727 — 733837525 + 178893625
+ 270437824 — 28395722 4+ 10097812% — 154080z + 8505) + 24(8203125217 4 4687501°
— 32031252'° + 259156252 — 10040625213 — 4703250212 + 338132252 — 2840482521
+ 3265507z 4 180694362° — 2534600827 + 10525772x° + 1761959z — 68901152
+ 50887052 — 172169922 4 2760302 — 17010)p + (50781252 — 78125x'7 + 2921875216
+ 229125002% — 11662500z + 57558752 + 26732525212 — 371919102t + 13951143210
+ 104534442° — 309827432 + 21158423z — 37312452% — 72155792° + 86382102
— 442074423 4 11737112% — 1577522 4 8505)p° + (1953125216 4 3906252'° + 4609375214
— 354687523 + 305937522 4 77037504 — 8943875210 + 355877527 + 31338602°
— 857403927 4 44009412° — 2530232° — 22707612* + 208123923 — 77700022 + 1322372
— 8505)p°,

where 2 4+ 28(z — 3)p + 2* (2% — 3z + 3)p? + (23 + 3z — 1)p® + p* = 0.

1.2. Case {021,00001}. Let a;x(m) = 014+ (m — 2)*(m — 1)Jm* for all m > 2, 1 < i,k < 4 and
Jj =2,3. The set of rules of the generating tree 7'({021,00001}) with root 0 at level 0 is given by

0~ 02,01, 0% ~ 0%,0%1,0%2,
01 ~ 021,012, 01, 03 ~ 0%,0%1,032,0%3,
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0%1 ~ 0%1,0%12, 021,022, 022 ~~ 032,022,022,

012 ~~ 0212013, a121(2), 01, 0* ~ 0,

0%1 ~ 0%,0%12,0%1,0%2,0%3, 032 ~ 0%,0%22,0%2,0%3,

033 ~ 0*,0332,033, 0212 ~ 0%12,0%13, a1 (2), 021, 022,
0202 ~ 0322,0%23,0%1, 022,

013 ~ 0213,01%, 4131 (2), a121(2), 01, 0212 ~ 0%,0%13, a321(2), 01,032, 033,
0322 ~ 0%,0%2%,0%1,0%2, 023, 0332 ~ 0%,0%3%,0%2,0%3,

0213 ~» 0313,0%1% 231 (2), az1(2), 021,022, 0223 ~ 0%23,0%1%, ag01(2), 021,022,
01% ~ 021,014, 0313 ~ 0%,0%1%, a331(2), az21(2),,0%1, 032,033,
0323 ~ 04,0314, a321(2),0%1,0%2,033, 0333 ~ 0%,0%1%,0%1, 032,033,

0%1* ~ 0314, 0214, 0%1* ~ 0%, 0%1%,

a121(m) ~ az21(m), a122(m),ar21(m), -+ ,a121(2),a131(m — 1), -- - ,a131(2),01,
a122(m) ~ azz2(m), a123(m), a121(m), - -+ ,a121(2), a131(m),- - - ,a131(2), 01,

a123(m) ~ az23(m), 01, a121(m + 1), ,a121(2), a131(m — 1), -+ ,a131(2), 01,
a131(m) ~ a231(m), a132(m), a121(m), -+ ,a121(2), a131(m), - - - ,a131(2),01,

a132(m) ~ azz2(m), a1zz3(m),a121(m+ 1), -+ ,a121(2),a131(m), - - ,a131(2), 01,
a133(m) ~ azzz(m),01%, ar21(m + 1), -+ ,a121(2), a131(m + 1), -+ ,a131(2), 01,
a221(1m) ~ as21(m), az22(1m), azz1(m), - -+ ,a221(2), azs1(m — 1), , a231(2),0%1,02%2,
az22(m) ~ agz2(m), azz3(m), aze1(m), -, az21(2), az31(m), - -+ ,a231(2),0%1,0%2,
azz3(m) ~ azzs(m), 0214, aso1(m + 1), -+ , a221(2), aza1(m), - - , a231(2),0%1,0%2,
a231(m) ~ a331(m), azsz(m), aza1(m), - -+, a221(2), azz1(m), - - - , a231(2),0%1,0%2,
a232(m) ~ azza(m), agsz(m),azer(m +1),--- ,a221(2), a231(m), - - -, a231(2), 021,022,
azsz(m) ~ azaz(m), 0214, azo1(m + 1), -+, a221(2), aza1 (m + 1), -+ ,a231(2), 071,072,
aga1(m) ~ 0%, agaa(m), az21(m), - ,a321(2),azs1(m — 1),--- ,ass1(2),0%1,032,0%3,
agaz(m) ~ 0%, agaz(m), aze1(m), - ,as21(2), ags1(m), - , ass1(2),0%1,032,0%3,
azaz(m) ~ 04,0311, aga1(m + 1), , a321(2), azz1(m), - - - , a331(2),0°1,0%2,033,
azs1(m) ~ 0%, agza(m), az21(m), - ,as21(2), ags1(m), - , ass1(2),0%1,0%2,033,
azzz(m) ~ 0%, agzz(m), az21(m + 1), - ,az21(2), azz1(m), -+ , ass1(2),01,0%2,0%3,
azzz(m) ~ 04,0314, aga1 (m + 1), - , a321(2),azs1(m + 1), -+ ,a331(2),031,0%2,0%3.

Based on the rules of the generating tree T'(B), we obtain the following equations (we separate them
into three sets of equations):
System S1: Define

A=A (x) = Z(number nodes at level n in 77(B;r))z" 1,
n>0
Aijr(v) = Agjr(z;0) = Z Z (number nodes at level n in T'(B; aijk(m)))xnwvm*z.

n>0m>2
By rewriting the above rules in terms of A, and A;j;(v), we obtain the following equations:

Ay =x+ {L‘Aoz + xAp1,
A02 =x+ $A03 —+ xA()Ql —+ $A022,
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Aot = + xAg21 + xAg12 + v Ao1,

Ags = &+ xAgs + 2 Agsy + wAgsg + 2 Agas,

Ager = v+ xAgs + TAg212 + TAp21 + xAg29,

Agzo = © + £ Agsp + £ Ag290 + TAg22,

Agi2z = x + xAg212 + A3 + £A121(0) + z Ao,

Apr = = + 2 Ap,

Ags1 = + xAgs + xAgsr2 + xAgsy + T Agsy + T A3z,

Ao =T+ xAgs + TApsag + Agss + xAgs3,

Agsz =« + xAps + 3 Ag333 + TAgs3,

Ap212 = &+ xAgs12 + w213 + TA221(0) + zAg2y + 2 g2y,

Ag2oy = T + xAgaoy + TAg2909 + TAg21 + TAg2y,

Agis = x + xAp213 + xAg1a + ©A131(0) + 24121 (0) + 2 Ao,

Ap12 =+ xAps + 2Ags13 + £ A321(0) + xAgs; + vAgso + xAgss,
Agsay = @ + £ Ags + £ Agsan + TAgs1 + TAgsg + £ Ags3,

Agszg = T+ xAgs + 1 Agszzz + xAgsg + xAgss,

Ap21s = &+ xAgars + xAg21e + TA231(0) + 24221 (0) + 2Ag2y + 2 Agey,
Agegon = T + T Agsgg + TAg21a + 1 A221(0) + 2 Age1 + T Ag2g,

Agrr =z + zAg214 + zAg4,

Ap13 =+ xAps + ©Ag314 + xA331(0) + £A391(0) + 2 A3 + xAgse + TAp33,
Agsarg = T + xAps + T Ags1a + 1 A391(0) + 2Ag3; + wAgsy + TAgss,
Agszgz = @ + xAgs + xAgsga + xAgsy + v Agsg + T A3z,

Ag21a = = + xAgs14 + TAp214,

Ags1a = =+ xAgs + vAg314,

System S2:

x x
Aq21(v) = T—o + A1 (v) + zAj92(v) + E(Aul(v) +vAi31(v) + A1),

T T

Arg2(v) = Tt T A22(v) + xA123(v) + E(Aliﬂ(v) + A121(v) + Ao1),
T T

A123(U) = 7(1 + A014) + .%'A223(’U) + 5(14121('(}) — A1y (O))

1—vw
T

+ (A121(7J) + Algl(v) + Agl),

1—w
Az1(v) = & + xA31(v) + zA132(v) + %(Awl(v) + A121(v) + Aor),
Aiza(v) = & + xA232(v) + 2 A133(V) + %(Awl(v) — A121(0))

+ %(Alﬂ(v) + Ai31(v) + Ao1),

Az3(v) = %(1 + Agya) + xAz33(v) + %(Aliﬂ(v) + A121(v) — A131(0) — A121(0))
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xr
+

(A131(v) + A121(v) + Ao1),

1—w

Aggl(v) = % + xAggl(v) + :L’AQQQ(U) + 1?7”(14221(2)) + UA231 (’U) + A021 + A022),

AQQQ(U) = % + $A322(1)) + LIJAQQ;),(U) + 1?7{}@4231 (U) + Aggl(v) + A021 + A022),
Aggg(v) = 1 f 1} (1 + A0214) + .%'A323(’U) + %(A221(1}> — A221(0))
x

+

T (A221(v) + Azz1(v) + +Ag21 + Agea),

xr X
Aagzq (U) = E + 2 As331 (1}) + $A232(U) + E(Aggl (U) + Aggl(v) + A021 + A022),

Agzo(v) = % + 2 As32(v) + 2 Ag33(v) + %(Azm(v) — A221(0))

+1 f o (A221(v) + A231(v) + Agz1 + Agzg),

Azzz(v) = ﬁ(l + Ag214) + As33(v) + %(A231(U) + Ag21(v) — A231(0) — A221(0))

+1 f o (A231(v) + A221(v) + Agz1 + Ageg),

Asn(v) = ¢ f . (1+ Agt) + 2 As22(v) + f - (As21(v) + vAs31(v) + Ags1 + Agsa + Agsz),
Asp2(v) = &(1 + A1) + 2 As23(v) + - - (As21(v) + As31(v) + Ags1 + Agsg + Agsy),
Agza(v) = T (1 + Ags + Ags1a) + —(Aga1(v) = A3z (0))

I (Agan () + Agar(0) + Agor + Agsa + Ageg),

Agg1(v) = 77— (1 + Agt) + T Az (0) + T (As21(v) + v Az (v) + Ags1 + Agsa + Apsa),
Agza(v) = T—(1+ Aps) + 2 Asas(v) + = (A1 (v) = Aszn (0))

+ (A1 (v) + Asa1(v) + Agsy + Agag + Agay),

1—w
A333(U) = %(1 + A04 + A0314) + %(Aggl ('U) + A321(v) — As3p (0) — A321(0))

x
+ E(A?)Ql(’l)) + A331(’U) + A031 + A032 + A033).

By solving S1+S2, we obtain an explicit formula for the generating function F{021700001}($).
Theorem 2. The generating function 2z°(1 — x)*(1 + x 4+ 2%)3(162® + 82 + 112 — 4)2 F(g21 00001} (%) is
given by

— 223(2562'® + 25602'7 — 60826 + 30242'° — 20392 + 607323 4- 139212

+ 64122 — 839210 4 40032° — 241728 + 112427 — 18572° + 12522° — 1322

+ 39223 — 14322 — 31z 4 10) + (307227 — 8192216 + 44802'° — 9792214

+ 1177221 — 1637622 + 12042 — 135162 + 120202° — 12602° + 509427
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— 635425 + 46227 — 7762 + 97223 — 42® — 124z + 20)p + 2(z — 1)(15362"°
+ 5122 + 1984213 — 32212 + 328621 + 1532210 + 231427 — 12902° — 26527
— 58425 + 97525 + 2912 + 1942 — 10822 — 32z + 10)p?,

where p? = 25 + 23(x — 2)p + (1 — 22 — 22)p? = 0.

1.3. Case {021,00011}.

Theorem 3. We have

(2 — 22 + 32%) /1 — 4z + 223 — 822 + Tz — 2
Fio21,00011} () = — 923

n (1—2—322)y/1T—4x — 92° — 322 + 4o — 1
2¢3,/(1 + z)(1 — 3x) '

Proof. Let apm = 0™, by, = 01™, ¢y = 0017, dp, = 0212..m2, €y, = 021%..(m — 1)?m, fr, = 01722..m?, and
gm = 01222..(m —1)?m, for all m > 1. Then, with help of the algorithm we guess and then we prove that
the generating tree 7 [{021,00011}] has a root a; and satisfies the following rules

ap ~ a0091, Qoo ~ a3€10002;

a2 ~~ 1300220002, 022 ~~ (4000222€10002,

@222 ~~ A5C3A30000200003 5

Am ~ Am+1 ** + 434000220003, bm ~ bm—i—lcmam + - aA3a000220003 m Z 3
Cm ~7 Am+3Cm+1Am+1 * * * 33000230003, dm ~ QmyaCmi2€my1 - €1a002, ™M > 1
€m ~ am+3dmem -+ €1a002, fm M dmbm+29m+1 g1, mZ> 1

Im ~ emfmm g1, m=>1

By translating these rules to generating functions as we did before, we obtain an explicit formula for the
generating function Ag(x) for the number of nodes in 7[{021,00011}] at level n, where the root stay at
level 0. O

1.4. Case {021,00012}.

Theorem 4. We have
2 _4x9—8x8—8x7+10:c6—18az5+6334+8333—9932+49:—1
{021,00012}(95) = 222(1 4 2)2(1 — 2)*(1 — 2z)
1827 — 2425 + 242° + 82% — 2623 + 1722 — 62 + 1
222(1 + z)(1 — 2)4(1 — 22)/(1 + z)(1 — 3x)

Proof. Let ap, = 0™, by, = 01™, ¢, = 001™, d,, = 0212..m2, e, = 0212..(m — 1)%m, f,, = 01222..m?2, and
gm = 01222 (m — 1)?m, for all m > 1. The generating tree 7[{021,00012}] has the root a; and satisfies
the following rules

ap ~ apodi, app ~> a3€14002,

app2 ~ 3400224002, app22 ~ A4€1a002000222;
3 2

apo222 ~* a5C300001 apoo1 ~ Apoo1s

m m
Am ~* Gm+100001 b~ bm+1Cmaggo1 s



m+41
Cm ™ Am+3Cm+1Q0001 »

em ~ Am43dmem -+ - €10002,

INVERSION SEQUENCES AVOIDING 021 AND A 5-LETTER PATTERN

Im ~ €m fmGm - g1

By translating these rules to generating functions, we obtain an explicit formula for the generating
function Ag(z) for the number of nodes in 7[{021,00012}] at level n, where the root stays at the level

0.

1.5. Case B = {021,7}, where 7 # 0°,0%1,0%11,0%12. Table 1 contains all the generating trees
7'({021,7}) and the corresponding generating function Fygy; ,}(x), whenever 7 is a 5-letter pattern
avoids 021. In this table.

bmbm_1--- b1, for all m > 1.

dpy ~ Um4+-4Cm+2€m+1 * -
fm ~ dmbm+29m+1 s

+€14002,
* g1,

we used the following notation: for any sequence b,,, we define b,, to be

Table 1: Generating functions Fp(z) for pattern set B = {021, 7},
where 7 is any pattern of length five that avoids 021.

Beginning of Table 1
T d | Froo1,-1 () Reference
00000 | 12 Thm. 1
[ 00001 [ 6 [ Thm. 2
00010 | 3 ay ~ a261, ag ~> agagbl, C1 ~ blcgcl, b1 ~ a4b2b1a2, Thm. 5(1)
Co ~ bQCgCQCl, b2 ~ a5b3b2b1a2, Ay ~ (lm+1 cee agde,
b ~ it 3bm 4102, Cp ~ biCri1, d ~> agde, e ~> de,
aym = 0™, b, =001™, ¢,, = 01™, d = 0002, e = 0003
[000IT [5 ] [ Thm. 3
[000I2 5 ] [ Thm. 4
00100 | 4 ajy ~ a2b1, b1 ~ CL3b1d2, aniw am+15m6, bm ~ Em_Hcme,
Cm ~ Cnt 1[G, i~ Qgadmy1b1, € ~ beg, [~ fg,
g~ cafg, am =0", b, =0m1, ¢,, =010, d,,, =01™,
e =002, f = 00104, g = 0020
00110 [ 4 | a1 ~ a2by, by ~ agbida, am ~> Am+10me, by ~> bpicme, | Thm. 5(2)
Cm ~ Cm41 [, dm ~ Amiadmi1by, e~ bieg, [~ fg,
g~ cafg, am =0", b,, =0m1, ¢,, =011, d,,, = 01™,
e =002, f = 00114, g = 0022
00101 | 3 | @y ~» a2by, by ~> agbica, Gm ~ my1bme, Thm. 5(3)
bm ~ byy1Gmy1€, Cm ~ Cmg10my2b1, € ~ asbae,
Q= 0™, by, = 0™1, ¢,, = 01™, e = 002
00102 | 4 ay ~ a2b1, b1 ~ agbldg, Ay, > am+15m€ Thm. 5(4)
b ~ bm+1cmfh Cm ™~ Cm+1fg7 d > am+2dm+1b1;
e~ bafh, f~cafg, g~ g, @y =0, by =0"1,
cm =012, d,, = 01™, e = 002, f—0013 g—00120
h = 0010
00111 | 3 | a; ~ a2by, by ~ agbica, m ~ Amy1bme, Thm. 5(5)
by ~ bm+1a7rz+1€ Cm ™ Cm+1am+2bm€ e ~ agbae,
am = 0™, by, = 0M1, ¢,, = 01™, e = 002
00112 | 3 | a1 ~ a2by, by ~ agbica, am ~ g 10m€, by ~ bgref, Thm. 5(6)
Cm ~> cm+1am+2bmea €~ b26f7 f ~ f2a am = 0™,
bm =01, ¢, =01™, e =002, f = 0011
00120 | 4 ay ~ a2b1, bl ~ agbldg, Ay, am+15me, bm ~ b$n+16mf, Thm. 5(7)
Cm ~ Cng1fy A~ Gmyadmy1by, e~ B3 f, [~ caf,
Ay = 0™, by, = 0™1, ¢, = 0™12, d,,, = 01, e = 002,
f=0013
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Continuation of Table 1

T

\ d \ F{021,r}(9€)

Reference

00122

4

ay ~ a2by, by ~ azbida, am ~ Clm-HEmf, by ~> b3n+15m€7
Cm ~ Cm+16, dp ~ am+2dm+lbmf7 e~ cge, f b%e,

am =0", b, =0M1, ¢,, =0™12, d,,, = 01™, e = 0013,

f =002

Thm.

5(8)

00123

ay ~ a2b1, b1 ~ agblcg, Ay > am+15md, bm ~ b3n+16m

Cm ~~ cm+1afm+25md7 d ~ b2ev €~ €2a am = 0™,
by = 071, e = 01, d = 002, e = 0012

Thm.

5(9)

01000

01100

Am gm+15m7 bm ~ Bm+1cmv Cm ~ Em+1drnea

dm de+1fga ewclaf» fwdlfgv g~ fg7 A = 0™,
by = 0™1, ¢ = 0710, d,,, = 0100, e = 0103, f = 01003,
g = 01004

Am gm-‘rlbmy bm ~ bm+lcm7 Cm ~ 61’n—i—1d1wea

dm de-ﬁ-lfg) ewcl@f) f’v"}dlfg7 g~ f97 (4277 :Om7
by = 0™1, ¢ = 011, d,,, = 0™110, e = 0113, f = 01103,
g = 01104

Thm.

5(10)

01001
01011

01101
01111

(9%

Am am+1bm7 bm e bm+lcm7 Cm ~ Cm+1bm+1am+27
d~ d2, am = 0™, by = 01, ¢,y = 010

(I8

Ay am+1bm7 bm ~ bm+lcma Cm Cm+1bm+1am+27
d~ d?, Gy = 0™, by, = 0™1, ¢, =0™11

Thm.

5(11)

01002

A~ gm—&-lgm) b, ~ bm—&-lcmarrm Cm Cm—i—lémfgv

A ~ dm+1ema €m Em-l—lfhv f~eifh, g~ 923 h ~h,
am =0", b, =0M1, ¢, =0™10, d,,, = 0™12,

en — 0m102. f = 0103 g = 0100, h = 01020

Thm.

5(12)

01010

01110

Am gm+1gm7 bm ~ Bm+lcm7 Cm ~ Cm+15m+1dm7
A ~ dm+lef> €~ d1€f7 f ~ efa am = 0™, by, = 0™1,
e = 0710, d,, = 0™101, e = 01013, f = 01014

Am gm+1bm7 bm ~ bm+lcm7 Cm ~ Cm-i—lbm-l-ldma
dpy ~ dpyref, e ~ dief, f~ef, am =0m, by, =071,
cm = 0"10, d,,, =0™101, e = 01013, f = 01014

Thm.

5(13)

01012

01112

Am am+15m7 bm ~ Bm+lcmv Cm ~ Cm+15m+1da d 2 d2a
Ay = O™, by = 071, ¢y = 0710, d = 0101

A, ~ am+1bm7 bm ~ bm+lcm7 Cm ~ Cm—i—lbm-i-lda d ~ d2a
am =0", b, =0m1, ¢,, =0™11, d = 0111

Thm.

5(14)

01020
01022

(S

Am am+15ma bm 2 bm+1cmam7 Cm C72n+1€m71f97
dm ~ dm+1em; Em E77L+1fg7 f ~ elfg7 g~ fg7
= 0™, by = 01, ¢, = 0710, dy, — 012,

— 0120, f = 0102, g = 0103

Thm.

5(15)

01023

1
Ay am+1bm7 b ~ bm+1cmdm7 Cm ™ C 1fm+

d ~> dm+1enla Em 6m+1fm+2 f ~ f2 Am = Om

bm =0M1, ¢y, =010, dp, = 0™12, e, = 0™120, f—0102

Thm.

5(16)

01102

Am am-‘rlgmy b ~ Bm-‘rlcmv Cm ~ Cm+1dmef7

Ay ~ dppy1€g, € ~ dieg, f~ f2, g~ g, am = 0",
by =0"1, ¢, = 0™11, d,, =0™112, e = 0113, f = 0110,
g = 01120

Thm.

5(17)

01120

[ 4
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01122

A, ~> am-&-lgm, by, ~ gm—&-lcmy Cm ™~ C%ﬁ-lamea
Ay ~ dppiie, €~ die, ay, = 0™, by, = 01, ¢, = 0M12,
dpy =0M112, e = 0113

Thm. 5(18)

01123

A~ am+15m7 bm ~ Bm+lcm7 Cm ~ Cm+1dm+17 d 2 d27
Am = 0™, by = 0™1, ¢,y = 011, d = 0112

Thm. 5(19)

01200

01220

Am am—&-lgm, b~ b§n+16m7 Cm ~ Em+1dm7
Ay ~ dmi1e, €~ die, ap = 0™, by, = 01, ¢, = 0M12,
d, = 07120, e = 01204

Ay 2m+1bm7 bm ~ b%n_y.lzma Cm Em+1dma
A ~ dppyr1e, €~ die, ay = 0™, by, = 0™1, ¢, = 0™12,
4 = 0™122, ¢ = 01224

Thm. 5(20)

01202

01222

— > =
A ~ a7n+1bm7 bm e bm+1cm7 Cm Cm-i—ld'rm

Ao ~ Ayng 18mg 1y G = 0™, by = 0M1, ¢y = 0M12,
d=0m120

Am am+1bm7 bm ~ b72n+16m7 Cm Cm+1dm7
s~ 151, G = 07 by = 071, €, = 0712,
d=0m122

Thm. 5(21)

01203

Ay ~ g 10y by~ bf,ﬂ_lém, Cm ~ Cmg1dme,
dmwam—‘rlfa 6W627 fwfa am = 0™, by, = 0™1,
cm =0M12, d,,, = 0123, e = 0120, f = 01230

Thm. 5(22)

01223

A~ am—&-le) by ~ b$n+16m7 Cm ~ Cm—i—lda d ~ d27
am =0", b, =0M1, ¢,, =0™12, d = 0122

Thm. 5(23)

01230
01233

A, ~ am+lgm7 by ~ bgn+16m> Cm ~ C%@+1dm7
A~ 8'm+17 am = 0", by, = 0™1, ¢, = 0™12,
4o = 0123

Thm. 5(24)

01234

Ay ~ Qg 1Dy by~ bf,ﬂ_lém, C ~> cfn+1dm, d ~ d?,
m = 0", by, =0™1, ¢,, =012, d = 0123

Thm. 5(25)

10000

11000

A~ gm+15m7 bm ~ Bm-‘rlcmv Cm ™~ E’m-i-ldmf)
dm ~ dm+lemgh7 Em €m+1jkl7 f ~ leg, g~ dlgh.]7

o~ ghk, j ~ e1jkl, k ~ Gk T~ kL, am = 0™, by, = 071,

em = 0M11, d,y, = 0100, €, = 0™1000, f = 0103,
g = 01003, h = 01004, j = 010003, [ = 010004, k = 010005

Am am+1bm7 by ~ bm+10m7 Cm Em—i—ldmfa

Ay ~ A 1€mgh, em ~ Emyrjkl, f~ c1fg, g ~ dighj,

h ~ ghk, j ~ e1jkl, k ~» jkl, | ~ kl, ap, = 0™, b,, = 0™1,
cm = 0m11, d,,, = 0™110, em = 0m1100 f=0113,

g = 01103, h = 01104, 5 = 011003, | = 011004, k = 011005

Thm. 5(26)

10001
10011

10101
10111

11001

Am am-‘rlgmy bm ~ 5m-‘,—lcrnv Cm ~ Cm-i—lgm-l-ldma
dm ~ dm+1am+3bm+la €m ~ é7n-l-lghj7 f ~ f27
g~ elgh.ja b~ ghj? j Wj7 Am = Oma bm = Om]—a
= 010, dp = 07100

Am am+1bm7 b ~ bm+1cma Cm Cm+1bm+1dm7
d ~ dm+1am+3bm+1a Em eerlghj f f2
g~ eighj, h~ ghj, j ~ j, am = 0", by, = 0™1,
o = 010, d,, = 0™101

13
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11011

11101

Am ~ am-‘rlgm) bgz ~ 5m-‘rlCm7 Cm ~ Cm+15m+1d7n,
A ~ dm—&.-lam+3bm+la Em §m+lgh’j7 f ~ f27
g~ elgh.ja h ~ ghjv ] Wj7 A, = Om, bm = Om].,
cm =0"11, d,,, =0™110

Ay, ~ am+1bm, b~ bm+1cm7 Cm Cm+1bm+1dma
dyy ~ dm+1am+3bm+1a Em 6m+1gh]7 [~ f2
g~ eighy, h~» ghj, j ~ j, am = 0™, by, = 0™1,
cm =0"11, d,, =0™111

Thm. 5(27)

10002

Am gm-‘rlbmy bm ~ bm+lcmdm7 Cm ™~ cﬁ"b-i-lemfmhv
dm ~ dpi1 finy €m ~ €my1G, 3k fm ~ fm+1gmhv

Gm ~* Gm4173kp, b~ frjh, §~ gijkp, k ~> jkp, |~ 12,

D~ Py g = 0™, by = 01, ¢y = 0™10, dpy = 012,
em = 0M100, fn = 0™102, g, = 0™1002, h = 0103,
j = 01003, k = 01004, [ = 01000, p = 010020

Thm. 5(28)

10010

10110

11010

11110

A am+1gmlbm ~ Bm+lcma Cm Cm+15m+1dma
dm ~ dm+1embm+2, Cm ém+1fgha f M elfghv
g~ fgh, h ~ gh, a,, =0™, b,, =0™1, ¢,, = 0™10,
dy = 0™100, €, = 0™1001, f = 010013, ¢ — 010014,
h = 010015

A, ~ am+1bmlbm ~ bm+1cm7 Cm ~ Cm+1bm+1dm7
dm ~ dm+1embm+27 Cm ém+1fgha f ~ elfgh7
g~ fgh, h ~ gh, ap = 0™, by, = 0™1, ¢, = 0710,
dy = 0™101, €, = 0™1011, f = 010113, g = 010114,
h = 010115

A~ am+1bmlbm ~ bm+lcm7 Cm ~ chrlberldma
d ~ dm+lembm+27 €m ~ E7n+1fgh f ~ €1fgh

g~ fgh, h~ gh, am = 0", by = 0™1, ¢ = 011
dm = 0m110, ey, = 01101, f = 011013, g = 011014,
h = 011015

Am am-‘rlbmlbm e bm+lcm7 Cm ~ Cm-i—lbm-l-ldma
dp ~ dm+1€mbm+27 €m ~ Em-‘rlfgh f ~ €1fgh

g~ fgh, h~ gh, Gy = 0™, by = 0™1, ¢, = 0™11,
dm =0"m111, e,,, = 0™1111, f = 011113, g = 011114,
h =011115

Thm. 5(29)

10012

10112

11012

Am am+1§m7 bm ~ Bm+lcmv Cm ~ Cm+15m+1dm7
dpm ~ dm+1bm+2ev €~ 623 am = 0™, by, = om1,
cm = 0™10, d,,, = 0™100, e = 01001

Am am+112m7 bm ~ bm+lcm7 Cm ~> Cerlberldma
dm ~ d’m+lbm+2ea €~ 625 Am = 0m7 bm = Omla
cm = 010, d,,, = 0™101, e = 01011

A~ am—&-lém) b, ~ bm+1cm7 Cm ~ Cm+1bm+1dma
Ay ~ dm+1bm+26a €~ 625 Ay, = 0™, by, = 0™1,
cm = 0"10, d,,, =0™110, e = 01101

Thm. 5(30)

10020
10022

N

Am a7n+1bm7 bm e b7n+1cmd’rn7 Cm C’rn+1emfmh7
dyy ~ dm+1fma Em em+1§m 1jkl fm ~ fm+1gmh
Gm ~> Gm+1Jkl, b~ fi1ih, § ~ gigkl, k ~ jkl, [~ K,
am =0", b, =0m1, ¢,, =0™10, d,,, =012,

em = 0m100, f, = Om102 Gm = Om1020 h = 0103,

J = 01002, k: = 01003, [ = 01004

Thm. 5(31)
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10023 | 7

A~ a7n+1bm7 b, ~ b7n+1cmdm7 Cm ~ Cm+1emfmh7
= f e o
A ~ dm+1fma €m ~> em+1]m+ s Jm o~ fm+1gmha

gm ~ gm+1jm+37 h ~ flhk7 .7 ~ j2a k ~ glj3a Am = 0m7

b = 071, ¢y = 010, dyy, = 0™12, e,, = 0100,
fm = 0102, gy = 0™1020, h = 0103, j = 01002,
k = 01030

Thm. 5(32)

10100 | 5

A~ am+16m7 b ~ Bm+1cma Cm > Cm+15m+1dma

Ay, ~> A y16m £, €m ~> Emprhjk, [~ difgh, g~ fgj,
h ~ e1hjk, j ~ hjk, k ~ jk, ap, = 0™, b, = 0™1,
cm = 0M10, d,, = 0™101, e,, = 0m1010 f= 010137

g = 01014, h = 010103, j = 010104, k£ = 010105

11100 |

Am am+1bm7 b ~ bm+lcm7 Cm ~ Cm+1bm+1dm7

i, ~ Ay 1€m f G, €m ~> Emyrhik, f ~ difgh, g~ fgj,

hwelhjk j~ hjk, k ~ jk, am = 0™, by, =0M1,
=0"11, d,, = 0™111, e,, = 0™1110, f = 011137

g — 01114, h = 011103, § = 011104, k = 011105

Thm. 5(33)

10102 | 5

A~ am+1bm7 by ~ bm+1cm7 Cm ™ Cm+1bm+1dma

dm, ~ dmt1€m fgh, €m ~> €mi1ghg, [~ f27 g~ e1ghyj,
h ~~ gh’]v J~ g, am =0 by, =0™1, ¢, = 0™10,

dm = 0™101, e,, = 0™1012, f = 01010, g = 01013,

h = 01014, 7 = 010120

11102 | 5

A, ~ am+1bm7 b ~ bm+lcm7 Cm ~ Cm+1bm+1dm7

A ~ d77z+1€'rrzfgh Em em-l—lgh] [~ f g ~ e1ghy,
h ~ ghj, 7~ j, am = 0™, b, = 0™ 1,cmfom1

dm =0"111, e, = 01112, f = 01110, g = 01113
h=01114, 7 = 011120

Thm. 5(34)

10120
10122 | 5

Uy

Am am-‘rlgmy bm ~ Bm-‘rlcmv Cm ~ Cm-i—lgm-l-ldma

A~ dpy 1€ f Gy €m ~ Emir fg, f~ e1fg, g~ gh,
m=0", b, =071, ¢, =0™10, d,,, = 0™101,

em = 0m1012, f = 01013, g = 01014

11120 | 5

Ay am+1bm7 bm ~ bm+1cma Cm Cm+1bm+1dma
y ~> A2, 18 [ G, €m ~ Emi1 g, [~ e1fg, g~ gh,
= 0™ by, = 01, ¢y = 011, dyy = 0111,

em = 01112, f =01113, g = 01114

Thm. 5(35)

10123 | 4

Ay ~ am—&-lgm,y bm ~ Bm+1cm7 Cm ~ Cm,—i—lgrn+1dma
dm ~ d2, 1 €™2, e~ €2 ay, =07, by, = 071,
=010, d,, = 0™101, e = 01012

Thm. 5(36)

10200 | 7

— — —
Qm, ~> am+1bm7 by ~ bm+1cmd7rL7 Cm ™~ Cm+16mh

A ~ d7n+1fma Em em-l—lgmh fm ~ fm+1em+1h
Im ~* Gmy1Jk, b~ erjh, j~» gijk, ko~ gk, ap =07,
by =0M1, ¢,, = 0™10, d,, = 0™12, e, = 07102,

fm =0"120, g, = 0m10227 h = 0103, j= 01030,

k = 010205

10220 | 7

5 —
QA am+1bm, b ~> bm+1cmdm7 Cm ~ Cm+1emh

A ~ A1 frns €m ~ Emt19mhs frmn ~ fmt1€mirh,
Im ~ Gmy1dk, b~ eijh, j ~ gijk, k ~ jk, am =07,
bm =0"1, ¢, = 010, d,, = 0™12, e, = 07102,

o —0m120. g, = 0M1022, h = 0103, j = 01033,

k= 010225

Thm. 5(37)

T0202 [ 6
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10222

A, ~> g7n+15m7 by, ~ bm—&-lcmamv Cm ™~ C$n+1émg7

Ay ~ dm+1fma Em ém-i—lfmga fm ~ fm-i-lém-i-lga
g~ ei1gh, h ~ ey f1g, am = 0™, b, = 0™1, ¢, = 0™10,
dm =0"12, e, = 0102, f, = 0m120, g = 0103,

h = 01033

Thm. 5(38)

10203

— — 5 —
Am am+1bm7 bm ~ bm+lcmdm7 Cm Cm+1emh»

dm ~ dpi1 frny €m ~ €me19mils fm ~ frmp1€me1h,
gm ~ §m+1jk7 b~ eljl’ ] ~ gl.jka k ~ ka [~ l2a
am =0", b, =0m1, ¢,, =0™10, d,,, =012,

en = 0102, f, = 0™120, g — 0™1023, h — 0103,
5= 01024, k = 010230, [ — 01020

Thm. 5(39)

10223

— — 5 =
Ay~ am+1bm7 bm ~ bm+1cmdm7 Cm > Cm+1€m97

Ay ~ A1 fns €m ~ Emg 190, fn ~> frms1€mi19, b~ h?,

j ~eigh, @y =0", b, =0M1, ¢,, =0M11, d,,, = 0™12,
em = 0102, f, = 07120, h = 01022, g = 0103

Thm. 5(40)

10230
10233

Ay gm—ﬂ—lgm, bm M bm—&-lcmgmy Cm, ~ C$n+1émja

Ay ~ dm+1fm, Em 672n+1§mh7 fm ~ fm+1€m+1j7
Im ~* Gmarhy b~ gih, j ~ e%h, am = 0™, by, =0M1,
o = 010, dyy = 012, €, = 0™102, f,, = 0120,

gm = 071023, h = 01024, j = 0103

Thm. 5(41)

10234

Am ~> gm-&-lgm» by ~ bm+1cm3m7 Cm ~ C$n+1ém97
Ay ~ dm+1fma Em ~ em+1hm+17 fm ~ fm+1€m+1ga
g~ e2h, h~ h% a,, = 0", b, =0™1, ¢, = 0™10,
dm =0"12, e, = 0™102, fm =0™M120, g = 0103,
h = 01023

Thm. 5(42)

11002

Ay am+lbm7 bm ~ bm+1cma Cm cm+1dmémga
A~ A1 frhgl, em ~ g1 fmg, fn ~ fm+1hjk,
g~ €1gh, h ~ flh]kv .7 ~ h.jka ke~ ka [~ l2a A = Om7
by = 01, ¢y = 0711, d,, = 0110, €,y = 0™ 112,

— 01102, g = 0113, h = 01103, j — 01104,
k = 011020, [ = 01100

Thm. 5(43)

11020
11022

(@2

Ay am+1bm7 b ~ bm+1cm7 Cm cm+1dmemga

dm ~ dm+1fm 1h]k €Em ~> €m+1fmga Jm ~ fm+1h]k
g~ e1gh, h ~ fihjk, j ~ hjk, k ~ jk, a,, = 0™,

bm =0m1, ¢, = 0™11, d,, =0™110, e, = 0112,

fm =0™1120, g = 0113, h = 01102, j = 01103, k = 01104

Thm. 5(44)

11023

Am am+15m7 bm e Bm+lcm7 Cm ~ chrldemga
A~ dm+1h +27 em ~ Em+1fmg, fm ~ fm+1hm+3,
g~ e1gj, h~ h27 J o~ fth; am = 0™, by, = 0™1,
cm =0m11, d,,, = 0™110, e, = 0™112, f,, = 0™1120,
g=0113, h =01102, 5 = 01130

Thm. 5(45)

11200

11220

Am am+15m7 bm ~ Bm+lcm7 Cm ~ C%q+1amf7

Ay ~ 8m+lemfv em ~ emy19h, f~ difg, g~ eigh,

hwgh am =0m, b, =01, ¢,, =011, d,,, = 0™112,
= 01120, f = 0113, g = 01130, h = 011205

am ~ am+1bm7 b e bm+lcm7 Cm ~ cm+1dmfa

A, ~ dm—&-lémfema Em 7 ém—i—lgh [ ~difg, g~ eigh,
h ~ gh, a,, = 0™, b, =01, ¢, = 0™11, d,,, = 0™112,
em = 0m1122, f = 0113 g = 01133, h = 011225

Thm. 5(46)
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11202

5

— — —
Am am-‘rlb'rm by ~ bm-‘rlcmv Cm Cm+1dmf7
dm ~ dmy1emf, em ~ emi1dmyr f, f~ difyg,

g~ dierf, am = 0™, by, = 0M1, ¢,y = 011, d,, = 0™112,

em = 0™1120, f = 0113, g = 01130

Thm. 5(47)

11203

Ay~ am+15m7 by ~ Bm+1cmv Cm ~ Cm+1amf7

Ay ~ Ay 1€mgh, € ~> Emi1hj, f ~ digh, g ~ g,
h ~eihj, j ~j, @y =07, by, =0m1, ¢, = 0™11,
dm = 0™112, e, = Om1123 f = 0113, g = 01120,

h =01124, j = 011230

Thm. 5(48)

11230

A am+16m7 bm ~ Bm+lcma Cm C%;q,+18mf»
dm ~ d72n+1émg7 €m Em+1g7 f ~ d%gv g~ €19,
am = 0™, by, = 01, ¢y = 0™11, d,, = 0™112,

= 01123, f = 0113, g = 01124

Thm. 5(49)

12000

Ay ~ am—&-lgmv b ~ b?n+16m7 Cm ~ Em—',-1dm7

dm ~ dm+1€mf, Em ém+1gh7 f ~ d1f97 g~ elgha
B gh, = 0™ by = 071, ¢y = 012, d,), = 07120,
e = 01200, f = 01204, g — 012004, h — 012005

12200

A~ am+1bm7 bm ~ bng_lEm, Cm Em,—i—ldrna

dm ~ dmy1emf, em ~ €my1gh, [~ difg, g~ eigh,
s gh, Gy = O by = 071, ey = 012, d, = 07122,
em = 0M1220, f = 01224, g = 012204, h = 012205

Thm. 5(50)

12002

Am am+1bm7 b ~ bm+16m7 Cm ~ E1’n-i—ld1wv
Ay ~ dm+10m+16m7 €m ~ €m41Cmi2, Um = 0™,

bm =0M1, ¢y, =012, dy, = 0™120, em—0m1200

12022

2
Ay~ am+1bm7 bm ~ bm+1cma Cm Cm+1dma

dm ~ dm+16m+1€m7 €m em+16m+27 Am = Om7
b = 0™1, cpn = 0M12, dyyy = 07120, €y — 0™1202

12202

Am ~ am+1bm7 b ~ bm+1oocm7 Cm ~ E17’L-|-1d7na
Ay ~ dm+10m+16m7 €m ~ €m41Cmi2, Uy = 0™,

bm =0M1, ¢y, =0m12, dyy, = 0™122, em—0m1220

Thm. 5(51)

12003

7 2
Am am+1bm7 bm ~ bm+1cm7 Cm ~ dmchrlema

dyy ~ dm+1fmgh Em ~ éerlfma fm ~ fm+1hj g~ 927
h~ fijh, § ~ 7, @m = 0™, by, =01, ¢, = 0™12,

dm =0m 120 en = 0M123, fm =0"1203, g = 01200,

h = 01204, j = 012030

Thm. 5(52)

12020

Ay, ~ am—‘—lgmy by ~ b?,l+15m, Cmp, ™ Em—i—ldrna

m ~ Ay 1Cmy18m, €m ~ Eerlfgv f~eifg, g~ fg,
G = O™ by = 0™, ey = 0™12, doyy = 0™120,

e = 071202, f = 012024, g = 012025

12220

A~ am+1bm7 bm ~ bgn+16m> Cm, ~ 6m+1dm7

A ~ A 1Cmr1€m, €m ~ €my1 fg, [~ e1fg, g~ fg,
am =0", b, =0M1, ¢, =012, d,,, = 0™122,

em = 01222, f = 012224, g = 012225

Thm. 5(53)

12023

— 5 = =
Am am+1bm7 bm ~ bm+1cm7 Cm ~ dmcm+17

dm ~ dm+16m+1€, €~ 627 Ay = Oma bm = Omla
cm =012, d,,, = 0™120, e = 1202

Thm. 5(54)

12030

17
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Continuation of Table 1

F{021,r}(9€)

Reference

12033 | 6

— — —
Am a7n+1bm7 by, ~ bm+1cm7 Cm ™~ dmcm—i-lemy

dm ~ dgn+1fm—lgh7 em ~ fmCm+1s fmn ~ fm+1gh,
g~ figh, h ~> gh, a,, = 0™, b, =0™1, ¢, =012,
dm = 0120, e, = 0™123, f,, = 071230, g = 01203,
h = 01204

Thm. 5(55)

12034 | 6

— T =
Ay ~ am+1bm7 b ~ bm+1cma Cm dmCerlema

2
dm ~ dm+lgm y Em fmem+17 fm ~ fm+lgm+

em = 07123, fin = 0”‘1230, g = 01203, h = 012230

g~ g%, am =0, b, =0m1, ¢,,, =012, dm:()leO,

Thm. 5(56)

12203 | 5

Ay ~> am—‘—lgmy bm ~ bfn_HEm, Cm Ern—i—ldrna

dm 2 dm+lémfg; Cm €m+lghu f 2 f27 g~ elgh7
B by = O™ b = 01, Gy = 012, d,, = 07122,
em = 0M1223, f = 01220, g = 01224, h = 012230

Thm. 5(57)

12230 | 5

Ay am—&-lgmv b ~ b?n+16m7 Cm ~ Em—',-1dm7

Ay ~> d2m+1éﬁ1f7 €m ~ éerlfv f~elf, am=0m,
by, =0M1, ¢,, =0™12, d,,, = 0122, e,,, = 01223,
f=01224

Thm. 5(58)

12300 | 5

A~ Ay 10y D ~ bfnﬂém, Cn ~ cfn+18m,

dm ~ em8m+17 Em ém-i—lfv f ~ elfa A, = Om7
by = 071, ¢y = 0712, dyyy = 07123, €,, = 01233,
= 012335

12330 | 5

A, ~> ami—lbm7 by ~ b?n.HEmy Cm ~ Czn+1dm7

A ~ 6mdm+la €m ~ Em-i—lf7 f~ef, am =07,
bm =0"1, ¢, = 0M12, d,y, = 0™123, e,,, = 0™1230,
f =012305

Thm. 5(59)

12303 | 5

Am ~ am+1bm7 by ~ bm+1cm> Cm ~ Cm+1dm7

m = 0712, d,,, = 07123, e, = 0M1230

d ~? emdm+1a €m ~ em+1dm+17 am = 0™, by, = 0™1,

Thm. 5(60)

12304 | 5

— — —
Am ~ Ay 1bm, by~ b2 1Cmy Co ~ €y 1,

b = 01, ey = 0™12, d,y, = 0123, €,, = 01234,
f =1230, g = 012340

Ay ~ dm+1émf7 €m ~ Em+19, f ~ f27 g =g, am =0m,

Thm. 5(61)

12340 | 5

Am am—&-lgm, by ~ b3n+16m7 Cm Czn+1a7n7
dp ~ d$n+1éma em ~ €m41, Gm = 0, by =0™M1,
Cm = 0"12, d,,, =0™123, e,, = 071234

Thm. 5(62)

End of Table 1

Theorem 5. Let G, (x

) = Fio21,71 (). We have

(1) G _ (192 —92+1)y/T—4dz+122° 232> +92—1 |
00010 — 2(1 4x)2 )
(4z—1)(z®+422 —524+1)+ (=725 —1022 472 —1)/1— 4:r

(2) Gooroo = Goor10 =

22(1—4x)2

(3) Gooio1 = series((14y/T—4x) (2z—(z+1)p+p?)

5 , where p® = (zp+p—x)(p — );

(4) Gooio2 x(4z—1)(22" —42° +4z—1)+a (12" — 3227+ 3847 —18x+3)m

2(1—x)*(1—2z)(1—4x)

(5) Gooi11 = z(a” ﬂt;)@(fj)z)p“p , where p® = (zp+p —x)(p — z);

— 4284625 22t 172341722 — T2 +1-(22—1)(z—1)3V/1—4x |
(6) Gooiiz (2z-1)(z=1) ;

222 (1—x)3(1—2x)
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(7) G00120 —x —33:;—(11 (5)(13;21-)1)\/1 4;c

(4z—1)(2z* =22 —2? 432 —1)+ (—4a3+ 72> —5x+1)/1— 490

(8) Gooizz = 22(1—2)3(1—4x)
2(8z7 —362°+862° —1052* +78x> 3622 +9x—1
(9) Gooras = — = + E=HHE ;m)g +9z-1)
(10) G01000 _ 001100 _ (1—z)(1—4x)%(1—2x)2 +(2£m3—(516w4;;78;c —44z%+112—1)/1— 4.z

(11) Goioo1 = Goio11 = Gor101 = Go1111 = 525, where pt = (p—2)(2zp* + (p — 2)%);

— — 4 2 _ 4
(12) Gorooz = (4z—1) (222 —2x+1) (225 —122° +25;§$2(314:c1;-2é3: 215)3201—&-14):)(233 4x+1)(2z—1)*(z—1)* /1= 4:c

(13) Goio10 = Goi110 = 2((e=2) 174w+2z27322§2)+( 1-4dz—1)1-p)p

, where p* = (xp+ p—2)(p — 2);

2 — ZI/’37 x T(T— 4 —
(14) Goworz = Gorirz = 2= (= 1)(2%3(? 4;)13{12 2(1) DAZ0)e yhere p = (zp+p—x)(p—x);

4x—1)(2x +4z3 1622 +1lx—2)+ 2223 +34z —152+2)v/1— 41
(15) Goio20 = Gorgas Z=2N S (= 2)((1 o) )
16) G —162°4762% —21227 4 3422° —3742° 4+ 2862* — 15123 +5322 —112+1+ (222 —2I+1)(21—1)2(z—1)3\/1—436,
( ) 01023 20 (1—x)5(1—2z)3 ’

_ (42—1)(42®—152°+352* —402° 42522 —8x+1)+ (2 —1) (4z° —31x* +462° —302° 492 —1)/1— 4z
(17) Gorioz = 202 (1—x)3(1—2x)(1—4x)

(18) Goi120 = Gori22 = (Bz— 1)\/1(?2;5)@ —53"-&-1’

16x® —422° +602* —522°3 42722 —8x+14+(22° —62° +40—1)(1—2)*/1—4x |

(19) Gori2s = el ayP (120} )
(20) Gotzon = Gorzao = U= BB SR e e VIS

(21) Goi2o2 = Gorz22 = 175 — 53:2_x+(i(_14f;)2(gfi)é:)(l_4x)p2; where p* = (zp+p —x)(p — x);
(22) Goizos = (4x71)(lﬁws776w7+188w67270125(452_4;;)324(;_135;9)::(Jgi’)_?)jj)fl1az+1)+(17w)3(172w)4\/m;
(23) Goss = v = O v

(24) Goi2zo = Goi23z = 755 — (1222)(2’2/12—7521—(1;;)1&—?)@)’

(25) Gorzas = 12 + T E8=To 41020 2800 55707 -9041) .

(26) G000 = G11000

_ (1—=2)(52° -8z’ +52—1)(1—4a)®+(— 142" +3162° —6502° +6352" —3432° +1032° —16a+1)v/T—4x
224 (1—4x)3 ’

(27) Giooo1 = Gioo11 = Gioi01 = Gio111 = Giio01 = Giio11 = G101 =
3 3y.
?p+(p—)°);
_ 62'9—472°+1812% 3992745822 —587x° +414x* —2012° + 642> —12z+1
(28) Gioooz = 223 (1-2)0(1-22)

_ (382° —892* +882° —452% +11x—1)(x—1)°V/I— 4m
223 (1—z)0(1—4x)?

(29) Gioo10 = Gio110 = G11010 = Gi1110 ,
_ 1:3(3741’7\/174m)+x(9:+2)(17m)(\/174zfl)p+(4171)(z+1)(\/174171)p2+(171)(\/174171)p3
2x
(p - x)2);‘
.2 —2z 4 (L‘S 2 . _];4 - 1)4 2_1__ 4 3
(30) Gioo12 = Gio112 = Giio12 = = (1-20)(a” 2zt i@?ﬁlwf((ll,Qcﬁ))((fjf}r@t)w W (@tl)e”—(=—1)"p
(p—)(22p* + (p — 2)%);

4z—1)(112° —38z* +69m — 5552 +18x—2)+ 35z2° —116m +151:E —8722 +22x—2)y/1— 4z
(31) Gioo20 = Grooas = EZ=2N QIs(l)mg(l T )

where p° = (p — x)(3xp> — 22p? +

_z_
p—x’

, where p* = (p—x)(2zp%+

4 _
, where p* =
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(32)

(33)

(34)

(35)
(36)
(37)

(38)

(39)

(40)

(41)

(42)

(43)
(44)
(45)

(46)
(47)
(48)

(49)
(50)
(51)
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16211 —12821°44522° 1079284173227 —19372%+15382° —866x* 4+-3402° —89x% + 142 —1

G1o023 = 202 (1—2)0(1—2z)3
_ (42°—272" 4402 —252° 4+ 8x—1)/I—4x |
2z2(1—x)2(1—2z)(1—4x) ’
132° —25224-92—1)v/T—4dz+122* — 4722 +3922 — 110+ 14+ ((1—4x) (1—z)+ (5 —1)/T—4z) (1—p)p
G1o100 = Giiio0 = ) 225 (1—42) ((A—42)(1—2)+(Bz-1) AZ2)e - yhere

3 _ .
p’=(xp+p—z)(p—2);
x(—42°482° —142* +212> —222% + 11— 2+ (22? — 92> +142% —9242)/1—4x)

Gio102 = Gi1102 = 225 (1—2)%(1—27)
_ _ 5 4 3 _ 2_ — _
_ (—=z)(=2z°+4x 6z2w—:|;-(311_$1)—g((12f2$)3:6+1)x/1 4x)(1 p)p} where p3 _ (pr tp— l‘) (p _ JI),'
2— —_ —x)\/ —_ " A/ — — » —
Gio120 = Gio122 = G11120 = 22U —2=1=0) 1213?1):&@1 et VA0 here pP = (wp+ p — x)(p — x);
6_ 5_ 4 3_ 2 1) _1)\3 4_ 3 2_ _ -
G10123 _ z(8z°—12z° —3z"4+21x° —19z ;gzlz_;))2((1:v_2;))3(2:n 52° 49z —5z+1)(1 p)p} where p3 _ ($P+p* I)(,D . 17),'

G10200 = G10220
_ (4z—1)(72°+632° —2962* +3942> — 221224552 —5)+ (—232° +3432° —8122* 4+ 7462 —32122 4652 —5)/1— 4z
- 225 (1—x)(1—4x)?
a -G _ (1—-62)(1—2)vI—4z—6z* 422 —3622+122—1
10202 10222 — z3(1—z)(1—67)
_|_((m271)(176x)\/174m78x4+28m3+31127121+1)p+((176m)(17x)\/174m+4x3742x2+13x71)p2
224 (1—x)(1—6x)

, where p® = (zp + p —

z)(p — x);
G _ _ 162'3-1082'2436421—-510x'0-3042°42688x% —554027 + 664625 —52582° +28292* — 102723 +2412% — 33242
10203 — 203 (1—x)7 (1—21)3
(827 +262° —1582° +280x* —2362° +1042® —232+2) (22 —1)%(z—1)*/T—4z
224 (1—x)7(1—2x)3(1—4x) )

G10223
_ (4z—1)(4z®—72%+52—1)(22°% —22° —92* +312> —312% +132—2)+(92° —2322 4132 —2) 2z—1)*(z—1)* 14z ,
- 223 (1—x)*(1—2x)2(1—4x) ’

G10230 = G10233
_ —162% 44027 +2%—1492°4-2602* —2152° + 9622 — 220+ 24 (—152°463x° —1182? +1172° — 642> 4182 —2)V/1—4x |

- 222 (1—x)*(1—2x)(1—4x) Y
G _ 6422 —4242' +15002'° —31682°4-46382° 502527 +41322° —26042° 4124224 — 43223410322 —152+1
10234 = 22(1—a)0(1—2z)°
+(61’5—157;4+21w3—16;52-1—6;5—1)\/1—41' .
21(171)3(1721)3 ’
_ —+v/1—4x
Grioo2 = (z—1) 1 Tot3z—1)(a—1)’
e -G _ (1—42)(Bz—1)(3z* 4723 —2222 4132 —2) — (72° +98x* — 16523+ 9522 —2324+2)\/T—4x |
11020 — 11022 — 204 (1—4z)?2 )
G _ 162° 8228426027 —464251+5302° —4012* 420023 — 642> +122—1
11023 — 21’2(1—w)4(1—2w)3
+ (828 —1382743922° —5542° +4582* —2332° + 7322 —132+1)/1—4z |
222 (1—x)3(1—2x)3(1—4x) ’
_ _ (1—z)(532®—4522+122—1) (z* —402® +372% 11z +1)/1— 4:v
G11200 = G11220 = 227 (1—42)? + 327 (1—47)?
_ (p®—5zp+32?)(1—dx—\/1—4x) 3 .
G202 = 2(1—6z)(p—=)2 , where pm = (ip +p— x)(p - LU),
G _ 642°—3282% 494627 —16602° +1858x° —13482* 4+6272> — 18022429z —2
11203 = 22(1—z)%(1—22)3(1—4x)

 (82%—902°+194a* — 1842 48827 —212+2)/I— 4z
2z(1—x)2(1—-2z)3(1—4x)

G _ —9x341222—7x+1 _ (30z' —572®+402° —11a41)/T—4x
11230 = Tog(1—x)(1—4x) 2z(1—z)(1—2z)(1—4z)? ’

G e _ (—4aP 41542t —17403 + 7422 —14241)/T—4z 5224 —9223 45222 — 12041 .
12000 — 12200 — 2m2(174m)3 - 2$2(1,4$)2 ’

_ _ _ z?(8z®—4z®4+62—1)—x(122° —2® +102—2) p+ (82 42?4+ 3x—1)p? — (222432 —1)p®
Gi2002 = Gi2022 = Gi202 = (1—2)(1—82)(p° —2zp >+ (1+22)p—z3) . where

pt = (p—2)(22p° + (p — 2)%);
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__ (22°—4z+1)(4a®—62+1)VI—4z
(52) G12003 - 2z(1—z)2 (1—4x)?
64z —4962'°+16682° —35122:% 4502627 —50542°4+36142° —18212:* +6282° — 14022+ 182 — 1
2z(1—x)%(1—2x)3(1—4x)

_ 482 —682°4662> —21x424 (120> — 462> +192—2)/T—4z (2w2+4m71)(1ﬂ/174z) (1—4z)(1—y/1—4x) 2
(53) Gi2020 = G12220 = — 22(1—2)(1—62)(1—4z) L7t g ) T o) P

where p* = (zp + p —z)(p — @);

_ 2(202® —162* —1423 42322 —9z+1)+ (222 +42—1)(1—2)3 (1—22) p+(1—2)3 (1—22) (1 —4z) p> 3
(54) G12023 - m(17$)2(172$)2(176x) B ’U)h@?”@ p- = (LL'p + P —
z)(p—x);
1182° — 2842 42642 —11822 4252 —2)v/T—4x  162°—22°—922% 113623 —80224+212—2
(55) Gh2o30 = Graoas = * ) — Loz 2w — 99 t150r —80z t+2lw—2.

2z2(1—x)%2(1—2z)(1—4x)? 222 (1—x)2(1—2z)(1—4z) ’
(222 —2z41)/1—4z
(56) G12034 B TU R LT
Jr64 —424x'°+14442° —294028 4400827 —38482° 4 26402° —12962* +4492° —1052% +152— 1
(1—z)%(1—2x)>
(57) G _ (322®—14427 +3522% — 49725 +4372* —2402° 47922 — 142 +1) + (4z° —352* +582° —4022 4112 —1)/1— 41
12203 — 2z(1—x)*(1-2z)2(1—4x) 2z(1—xz)3(1—4x)?

_ (Bz—1)(622—6x+1) 722 —6x+1)v/1—4z |
(58) Grazso = “a=py=aar — + ( = z)/(1)4z)2 ;

_ _ (722" 1182346822 —15z+1) | (262* —54a®+412%—122+41)vI—4z
(59) Gi2330 = G12304 31—z)(1—dz)?(1—2z) T 2(1—22)(1—42)%(1—x)2 ;
_ —x* (7223 =782 4502 —9) 4> (722® — 10222 4682 —13) p—x(72z* — 10223 +6422 —152+1) p° 3
(60) G12303 = (1=22)(1=60)2(1=2)2 (7> —zp+2?) , where p° = (Z‘p—|— p—
z)(p — x);
(61) G __ x(2562"' —17602'°+59762° —122922°+168362 —16104x°4+109422° —52682? + 17612 —3892°+51x—3)  x(22°—2z+1)/I—4z |
12304 — 2(1—4z)(1—2z)° (1—x)° 2(1—x)3(1—2z)(1—4z)’
(62) G (z) = z(642® —2082°+3062* —2422° +1042> —232+2)  2(162°—322" +382%—262>+82—1)/I— 49;
12340 - 2(1—z)3(1—2x)3(1—4z) 2(1—4z)2(1—2z)3(1—=z)3

There are 106 cases of length-five patterns; determining the generating trees and corresponding generating
functions for each case required huge and hard computational work. In case you find any typos, please
consider the following source files [3-6] and feel free to contact the authors.
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