[ > #Case tau=0001
[ > restart:
[ > eqA:=-A+x/ (1-v)+x*E/ (1-v) +x*B+x/ (1-v) *A+x/ (1-Vv) *F;
egB:=-B+x/ (1-v)+x*E/ (1-v) +x/ (1-v) *H+x/v* (A-Al) +x/ (1-v) *A+x/ (1-v) *F
; eqC:=-C+x/ (1-v) +x*A+x*D1+x/ (1-v) *C;
eqD:=-D1+x/ (1-v)+x*B+x/ (1-v) *I1l+x/v* (C-Cl)+x/ (1-v) *C;
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> egBl:=subs (A=solve (eqA=0,3) ,eqB); coeff (eqBl,B);
kb:=solve (%=0,v) [2] ;
eqgBl1l:=subs (v=kb, subs (B=0,eqBl)) ;
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[ > #solving with all other rules
[ > solve({egBl1l=0,A0=x+x*B0+x*Cl,B0=x+X*E+x*Al+xX*F,E=x+X*E , F=x+xX*E+x*
G+x*F ,G=x+x*E+x*H+x*Al+x*F , H=x+x*E+x*H, I1=x+x*H+x*I1}, {Al,BO,Cl,E,
F,G,H,I1});
«/—3x2—2x+1 x2+x3+«/—3x2—2x+1 x—2x2—«/—3x2—2x+1 —2x+1
2x (x+ 1) (x=1)

250 a3 2x+lxtxta/ 32— 2x+1 4221 S . s

B0 =- 5 3 ,Cl=(2A0x —2A0x" +2x
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—2A0£+2x4+2A0f—2x?—J—3f—2x+1x+x?+J—3f—2x+1+2x—1)/X2

(Al =
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[ > #copying the solutions with suitable variables

(> AAL:=1/2% ((-3*x*2-2%x+1) 4 (1/2) *x 24x 3+ (-3*x 2-2%x+1) A (1/2) *x-2%x

2- (~3*xA2-2%x+1) A (1/2) -2%x+1) /x 4/ (x+1) / (x-1) ~2:

BBO:=-1/2% (2*%x~6- (-3*x*2-2%x+1) A (1/2) *x+x"2+ (-3*x*2-2*x+1) ~ (1/2) +2

*x-1)/(x-1)*2/x*3/ (x+1) :

CCl:=1/2/(x-1)"*2/x"3/ (x+1) * (2*A0*x~5-2*A0*x* 4+2*x "5-2*A0*x*3+2*x"4

F2*A0*XA2-2%xA3— (~3*%xA2-2%x+1) A (1/2) *x+x 2+ (-3*x2-2%x+1) ~ (1/2) +2*

x-1): EE:=-x/(x-1):

FF:=-1/2% (-142%x 2+ (-3*%x22-2%x+1) ~ (1/2) +x) /x*2/ (x-1) 22/ (x+1) :

GG:=1/2*% (2*x*4+2*x" 3+2*x 2+ (-3*x*2-2*x+1)~(1/2) +x-1) /x*3/ (x+1) / (x-

1) : HH:=x/(x-1)"2: IIl:=-x*(x"2-x+1)/(x*2-2*x+1)/ (x-1):

[ > #solving egA and egB

> solve ({subs (E=EE,F=FF,Al=AAl,eqA) ,subs (E=EE,F=FF,Al1=AAl,H=HH, eqgB) }
,{A,B});

{A:(_1+2x?+J_3ﬁ—2x+1+mq//u—J—3ﬁ—2x+1x3+2»f+x4

+J—3f—2x+1x?—2fv—2x?+J—lf—2x+lx—2vx—¢—3f—2x+l+2v+2x
—1)x%,3=—42x4+2x3+2x2+J—3x?—2x+1-+x—1)(~J—3x?—2x+1x4+2vx4+f
X' oy 3o 2xr 1 P2t v —2vx -3 —2ve2x42) / (2(

-wJ—&f—2x+lf+2fx%ww“wﬁ3f—2x+lvf+¢—&f—2x+lf—2fx2




—4vx%ﬁf+¢—3f—2x+lvx—J—3f—2x+lxz—Zﬁx+2fv+2f
—J—3f—2x+1V—J—3f—2x+lx+2f+4vx+¢—3f—2x+l—3v—2x+l)f
L (P +xX+2x+ 1))}
[ > #This solution defines A=AAA and B=BBB
[ > AAA:=(-14+2*x"2+ (-3*x*2-2*x+1)~(1/2)+x) /(- (-3*x*2-2*x+1)* (1/2) *x*3+
2*v*xA3+xM 4+ (-3*x22-2*%x+1) A (1/2) *x"2-2*x"A2*yv-2*x 3+ (-3*x*2-2*x+1)
(1/2) *x-2*v*x— (-3*x"*2-2*x+1)* (1/2) +2*v+2*x-1) /x*2:
BBB:=-1/2*% (2*x*442*x"3+2*x*2+ (-3*x"2-2*x+1)~ (1/2) +x-1) * (- (-3*x"*2-2
*x+1) A (1/2) *xM4+2* v x M A+xA5-x" - (-3*x*2-2*x+1) ~ (1/2) *x 242*x*2*v+x
AZ-2*ykx-3*x"r2-2*%v+2*x+2) / (- (-3*x*2-2*x+1) * (1/2) *v*x*3+2*v 2*x*3+v
*xAM+ (-3*%x"2-2%x+1)* (1/2) *v*x 2+ (-3*x72-2*x+1) ~ (1/2) *x"*3-2*v*2*x"2
—4*xyrkxA3-x M+ (-3*x*2-2*x+1) A (1/2) *v*x- (-3*x*2-2*x+1) * (1/2) *x*2-2*v
A2*x+2*XA2*y42*x A3 - (-3*x*2-2*x+1)~(1/2) *v- (-3*x72-2*x+1)~(1/2) *x+2
*yA2+4*vix+ (-3*xA2-2%x+1)~(1/2) -3*v-2*x+1) /x*3/ (x*3+x*24+2*x+1) :
[ > #Solve eqC
> eqCl:=subs (A=AAA,B=BBB, subs (Dl=solve (eqD=0,D1) ,eqC)) :

coeff (eqCl,C): kc:=solve(%=0,v) [2]:

CCl:=simplify (solve (subs (v=kc, subs (C=0,eqCl))=0,C1)) ;

CCl :=—(3I]x6+11«/—3x2—2x+1 x5—411x5—11«/—3x2—2x+1 x+3x0
+«/—3x2—2x+1 x5—211x4—11«/—3x2—2x+1 x3+2x5+«/—3x2—2x+1 X +411x
+H«/—3x2—2x+1 x2—7x4—2«/—3x2—2x+1 x3—x211+2x3+2«/—3x2—2x+1 x—4x
S24 302 m2x4142) [ (x (B 4432k 1K —x m 2/ 3P —2x s 10— 64

I +2x2+2«/—3x2—2x+1 x+3x—«/—3x2—2x+1 -1))

[ > #Finds C and D 1

> map (simplify,solve ({subs (A=AAA,eqC)=0,
subs (B=BBB,C1=CC1,eqD)=0}, {C,D1})) ;

(C=—(-142v-Tvx+5x—xv-4x"+21l vx—]]«/—3x2—2x+1 x—11x
—411«/—3x2—2x+1 x4+411«/—3x2—2x+1xz—3[1x6+711x5+3«/—3x2—2x+1x5
—7«/—3x2—2x+1 x3+2«/—3x2—2x+1x4+311«/—3x2—2x+1 X
—211«/—3x2—2x+1 x3+3«/—3x2—2x+1 vi—4vx'+14v—6vx
+2«/—3x2—2x+1 X =8IIvx = 3x+ X +9x -2 X 45X 1 —611x -9 +4x° ] v
—6I]vx5+8llvx4—«/—3x2—2x+1)(—x+«/—3x2—2x+l —1)/((«/—3x2—2x+1 X

—2vx%ﬁf—J—3f—2x+lx3+2fv+2x?—J—3f—2x+lx+2vx+¢—3f—2x+l

—2v—2x+1ﬂ3¢—&f—2x+1f—6fv—3f+2¢—3f—2x+lx—4vx+f
—«/—3x2—2x+1 +2v+3x—1)),D1=(—x+«/—3x2—2x+1 —D)(v=vV—4vx+5xy




—2f+vt3f—2x+lvf—3¢—3f—2x+lﬁx+3¢—3ﬁ—2x+lfxs
+3J—3x2—2x+1vx@—4J—3x2—2x+l19f{—2J—3x2—2x+1ng
+4«/—3x2—2x+1 v2x2—4«/—3x2—2x+1 vx5+311«/—3x2—2x+1 vl
—411«/—3x2—2x+1 vx5—211«/—3x2—2x+1 vx4+411«/—3x2—2x+1 VX
—I]«/—3x2—2x+1 vx2+611«/—3x2—2x+1x4+11«/—3x2—2x+1x2—311x8+1011x7
—911x6+«/—3x2—2x+1 v2—41]x5—7«/—3x2—2x+1x3+3«/—3x2—2x+1 x'
B3R 2xt L v3 A B3R 2k 41X =TI 3= 2x+1
+2H«/—3x2—2x+1 xS—SH«/—3x2—2x+1 x3+9v«/—3x2—2x+1 X
—8%—&%—2x+1vﬁ+3¢—1ﬁ—2x+1vx—3ff+4v%%&0vf—3vf—5fx5
+8fx4—2fxy+5wf—7vx6+4J—3£—2x+1x2+2Hvzﬁ—3I]wﬁ—6xr+8f
A 42+ X =3V 43 v + X2 61X +5x +155° 11 v—611 V' x" =911 vx'

+8IIV X +21 1 vx®+4 11V x =611 vx —8I1V x> — 18 1] vx4)/(2x2(—1+3v—4v2

—13vx+5x+5xgv—3x;—3J—3x2—2x+1vx“+6¢—3xz—2x+1\3x
+6J—3f—2x+1v%f+3¢—&ﬁ—2x+lvf—2¢—&f—2x+lfx4
—12«/—3x2—2x+1 v2x3+4«/—3x2—2x+1 v2x2—10«/—3x2—2x+1 vx
—2«/—3x2—2x+1 v2—3«/—3x2—2x+1x6+4«/—3x2—2x+1 x5—8«/—3x2—2x+1 X
+5«/—3x2—2x+1 x4+3«/—3x2—2x+1 v+20v«/—3x2—2x+1 X
—3%—&&—2x+1vf—dOJ—3f—2x+lvx+2v?—4fx2—6fx+12fxa+2fx2

14V x—19vx* +29v X + 14V X+ 8V X =28V — 19 v + 11 va®

—J—3f—2x+lx?+4¢—3f—2x+1x—3f—5x@+Hx§+9f—6vﬁf—6fx6

+3vx7+2v%f—13xy—J—3x2—2x+1))}

[ > CCC:=- (1+8*I1*v*x"2+6*I1*v*x 5-8*I1*v*x 4-4*I1* (-3*x*2-2*x+1)~(1/2

) *xA2-3*%I1* (-3*x"2-2*x+1) "~ (1/2) *x*5+I1* (-3*x*2-2*x+1)~(1/2) *x+I1l*x
—2%y-5*x+4* X 2-2*T1*v*x+4*T1* (-3*x*2-2*%x+1)~ (1/2) *x*4+2*I1* (-3*x"2
=2*%x+1) " (1/2) *x*343*I1*x 6-T*I1*x "5+2*I1*x"4-3* (-3*x*2-2*x+1)*(1/2
) *xA5-2% (-3*xA2-2%x+1)~(1/2) *x 4+T7* (-3*x*2-2*x+1)* (1/2) *x~3-2*% (-3*
x"2-2%x+1)*(1/2) *x*2-3* (-3*x"2-2*x+1)* (1/2) *v*x-5*x*2*I1+6*I1*x" 3+
3*XA6+6* Vv XAS5+4* vk xAL-14*v*xx A3+ (-3*x*2-2*%x+1)* (1/2) +T*v*x-4*x~3*I1
*v+xA2*v-xr5-9*%x 44+ 9%*xA3) * (x- (-3*x72-2*x+1)~(1/2)+1) / (- (-3*x*2-2*x
+1) "~ (1/2) *x*342*v*xA3+x 4+ (-3*x22-2*x+1) ~ (1/2) *x"*2-2*x*2*v-2*x"3+ (
=3*xA2-2%x+1)~ (1/2) *x-2*v*x- (-3*x*2-2*x+1)* (1/2) +2*v+2*x-1) / (-3* (-
3*x/22-2*%x+1) "~ (1/2) *x 24+ 6* X 2*v+3*x 3-2% (-3*x*2-2*x+1)* (1/2) *x+4*v*
X-X"2+4 (-3*x22-2*x+1)~(1/2) -2*v-3*x+1) :

DDD:=-1/2% (3*I1*v*x"2- (-3*x22-2*x+1)*(1/2) *v*2-2*I1*v 2*x 2+6*I1l*v



A2* NG+ *IL* v x AT -8*I1* v r2*xA5-21*I1*v*x*6-4*I1*v 2*x*4+6*I1*v*x*5
+8*I1*vA2*%xA3+18*I1*v*x 4-I1* (-3*x"2-2*x+1) " (1/2) *x*2-2*I1* (-3*x"2
—2*%x+1)*(1/2) *xA5+44% (-3*x"2-2*x+1) * (1/2) *vA2*x 4+2* (-3*x~2-2*x+1)*
(1/2) *vr2*x~3-4% (-3*x"2-2*x+1) "~ (1/2) *v 2*x*2+43*% (-3*x*2-2*x+1)*(1/2
) *VA2*x-3* (=3*x"2-2*%x+1) * (1/2) *vA2*xA5-3*% (-3*x/2-2*x+1)* (1/2) *v*x*
6+I1* (-3*x/2-2*x+1) " (1/2) *v*x*2-3*I1* (-3*x*2-2*x+1) " (1/2) *v*x" 6+4*
I1* (-3*x"2-2*%x+1) " (1/2) *v*xA54+2*I1* (-3*x*2-2*x+1)*(1/2) *v*x*4-4*I1
* (=3*%xr2-2%x+1)*(1/2) *v*xA3+3*I1*x 8-10*I1*x" 7-v+2*x"2+ (-3*x*2-2*x
+1)2(1/2) *v=-3*I1* (-3*x*2-2*%x+1)*(1/2) *x* 7+7*I1* (-3*x*2-2*x+1)*(1/2
) *XA6-6*%I1* (-3*x"2-2*x+1) " (1/2) *x 4+4+5*I1* (-3*x*2-2*x+1)*(1/2) *x~3+
O*T1*x"6+4*IT1*x 5-11*I1*x"4-3*% (-3*x*2-2*x+1) " (1/2) *x*4+7* (-3*x"2-2
*x+1)*(1/2) *x73-4* (-3*x72-2*x+1) ~ (1/2) *x*2+4* (-3*x*2-2*x+1)*(1/2) *
v*xA5- (=3*x72-2*%x+1) "~ (1/2) *v*x"4-9% (-3*x*2-2*x+1)* (1/2) *v*x*3+8* (-
3*x”2-2*%x+1) "~ (1/2) *v*x"2-3* (-3*x"2-2*x+1)* (1/2) *v*x-x*2*I1+6*I1*x"
346*xX"T7-8*X"6+3* Vv r2*X"N6-3* v XA T+5*vA2* A5+ T y*x A 6-8*vA2*x 4 -5*y*x”
542*vA2*%xA3+10* v x N 443*vA2*x A 243 v *x A3 -4 ¥y A 2*x+vA2+4*vhx-15*x*3*I1
*y—5*xA2%y—xA5-2*x 4 -5*xA3) * (x- (-3*x"2-2*x+1)~(1/2)+1) /x*2/ (1+2* (-
3*x”r2-2*%x+1) "~ (1/2) *v 2+42* (-3*x*2-2%x+1)* (1/2) *v" 2*x*4+12* (-3*x*2-2
*x+1) 2 (1/2) *vA2*%xA3-4* (-3*x*2-2%x+1)* (1/2) *v" 2*x*2-6* (-3*x*2-2*x+1
YA (1/2) *vA2*x—-6* (-3*x72-2*x+1)~ (1/2) *v 2*x"5-3*% (-3*x"2-2*x+1)* (1/2
) ¥V XAGH6F]VAIRAD-2*yA3* N4 -3 y-5rx+3*kxA2-3% (-3* x 2-2*%x+1)*(1/2) *v
—4% (=3*%x"2-2*%x+1) " (1/2) *x+3* (-3*x*2-2*x+1)* (1/2) *x"6-4* (-3*x*2-2*x
+1)~(1/2) *x"5-5% (-3*x~2-2*x+1)~ (1/2) *x*4+8* (-3*x*2-2*x+1)~ (1/2) *x*
34+ (-3*x72-2*%x+1)~(1/2) *x*2+10* (-3*x*2-2*x+1) * (1/2) *v*x*5+3* (-3*x"2
=2%x+1) "~ (1/2) *v*x*4-20%* (-3*x*2-2*x+1)* (1/2) *v*x*3+3* (-3*x"*2-2*x+1)
A(1/2) *v*x 2+410% (-3*x*2-2*x+1) * (1/2) *v*x-2*v"3-12*v r3*x 3+4*vr3*x*
2+6* VA3 *X+3* XA THE*¥XN6+6* VA2*XAN6-3* v kxAT-14*vA2*x A5-11*v*x"6-8*v" 2*
XM +19*y*xA54+28*vA2*xA3+19*v* XM -2*yA2*xNr2-29*y*xA3-14*v 2*x+ (-3*x
A2-2%x4+1)7(1/2) +4*v r2+413* v x-5*x " 2*%yv-11*x~ 5-9*x~4+13*x"3) :
#solving for A0 when we use all other rules

solve ({egqBl11=0,A0=x+x*B0+x*Cl ,BO=x+xX*E+x*Al+x*F , E=x+X*E , F=x+x*E+x*
G+x*F , G=X+X*E+x*H+x*Al+x*F , H=x+xX*E+x*H, I1=x+x*H+x*I1,Cl=- (3*I1*x"6
+I1* (-3*x"2-2*%x+1)"*(1/2) *xA5-4*I1*xA5-I1* (-3*x*2-2*x+1)"(1/2)*x*4+
3*x26+ (-3*x22-2*%x+1)* (1/2) *x"5-2*I1*x" 4-I1* (-3*x*2-2*x+1)*(1/2) *x*
34+2*xA54+ (-3*x"2-2*x+1) * (1/2) *x 4+4*T1*x*3+I1* (-3*x"*2-2*x+1) " (1/2) *
XA2-T*x N -2% (=3*x"2-2%x+1) " (1/2) *x*3-x"2*T1+2*x 3+2* (-3*x*2-2*x+1)
A(1/2) *x-4*x-2% (-3*x*2-2*x+1)*(1/2)+2) /x/ ((-3*x*2-2*x+1)~(1/2) *x"4
+3*xA5-2% (-3*x"*2-2*%x+1)* (1/2) *x*3-x"4-6*x"3+2* (-3*x*2-2*x+1) "~ (1/2)
*x+2*xr2- (-3*x~2-2*x+1)~(1/2)+3*x-1)}, {A0,Al1,B0,Cl,E,F,G,H,I1});

{AO:—(6x8—14x7—9«/—3x2—2x+1 x5—11x6+6«/—3x2—2x+1 X417

+J—3f—2x+lxy—Tf—SJ—3f—2x+lx?—Zf+4J—3f—2x+1x+7f



B3R -2x4 1 =524 1) /2R 1P Gx-1) (x-1) (P -2x+ 1)),
«/—3x2—2x+1x2+x3+«/—3x2—2x+1 x—2x2—«/—3x2—2x+1 —2x+1
2x  (x+1)(x=1)

Al

9

2x6—«/—3x2—2x+1 x+x2+«/—3x2—2x+1 +2x—1
- 2(x— 1P (x+1)x
+9«/—3x2—2x+1 x5—3x6—9«/—3x2—2x+1 x4—16x5+3«/—3x2—2x+1 X +20x"
474 B3 2x 41282 8432 2xt la— 1122424/ 362 2x41+10x-2) /

B0 = ,Cl=(18x"

(2x3(x+1)2(3x—1)(x—1)(x2—2x+1)),E:—Ll,
x_

—1+2x2+«/—3x2—2x+1 L 2x4+2x3+2x2+«/—3x2—2x+1 +x—1

2% (x— 1) (x+1) ’ 28 (x+1)(x—1)

X x(xz—x+1)

=—_,1l=-
] (x—1) (*=2x+1)(x=1)
[ > FinalAQ:=-1/2* (6*x/8-14*x"7-9% (-3*x"2-2*x+1)*(1/2) *x*5-11*x"6+6* (-
3*x/2-2*%x+1)~(1/2) *x*4+17*x 5+ (-3*x*2-2*x+1)* (1/2) *x*3-T7*x*4-5% (-3
*xA2-2*%x+1) A (1/2) *x22-2*x 3+4* (-3*x*2-2*x+1) "~ (1/2) *x+T7*x*2- (-3*x"2
-2*x+1)*(1/2)-5*x+1) /x*2/ (x+1)*2/ (3*x-1) / (x-1) / (x*2-2*x+1) ;

H

FinalA0:=—(6x8—14x7—9«/—3x2—2x+1 x5—11x6+6«/—3x2—2x+1 17X
+J—3f—2x+lx?—Tf—SJ—3f—2x+lx?—Zf+4J—3f—2x+1x+7f

| —«/—3x2—2x+1 —5x+1)/(2x2(x+1)2(3x—1)(x—1)(x2—2x+1))

[ > taylor (FinalAO,x,20) ;

X+2x+6x +19x +60x° + 179 x° + 526 x” + 1527 x* + 4426 x” + 12828 x'* + 37241 x'' +

| 108301 x'* + 315509 x"° + 920632 x'* + 2690246 x'° + 7871635 x'° + 23059538 x'7 + O(x'*)
[ > factor (coeff (FinaldAOQ, (-3*x72-2*x+1)*(1/2))) * (-3*x*2-2*x+1)*(1/2)+f
actor (coeff (FinalAO, (-3*x72-2*x+1)~(1/2),0));

(9x5—6x4—x3+5x2—4x+1)«/—3x2—2x+1 206X +x 438 -4 +3x—1
2 (x+1)YBx=1)(x—-1) 2(x=1Y (x+1)x

[ > M:=(l-x-sqrt(1l-2*x-3*x"2))/2/x"2:

MM:=n->coeff (taylor (M,x,n+10) ,x,n): #g.£f. of Motzkin numbers;

[ > ff:=factor (subs ((-3*x*2-2%x+1)* (1/2)=1-x-2*x*2*£M,Finala0)) :

factor (coeff (££,fM,1)) *fM+factor (coeff (££,£M,0)) ;

(9f—6ftﬂ§+5f—4x+l)ﬂ1 37 -+ - +2x-1

(x+1YBx-1)(x-1) (x+1YBx-1)(x-1)
[ > with (genfunc) :
’ > simplify (rgf expand (- (9*x*5-6*x"4-x"3+5*x*2-4*x+1) / (x+1) 2/ (3*x-1)




/ (x_l)A3lxln)) ’
simplify (rgf expand (- (3*x"6-7*x"5-x"4+x*3-x"2+2*x-1) / (x+1) *2/ (3*x-
1)/ (x-1)*3,x,n));

n 2 n (n+1)
-1Y'n n* 93" 39(-1) |
— Y+ + —n+=
8 4 32 32 2
(}’l+1) 2 n n
" n R 273" 291 a1
— + +—+
8 4 32 32 4 4

:> CoeffxnFinalAQO:=n->add(((4*j-39)/32* (-1)*j+1/4* (§j*2-4*j+2)-1/32*3*
(j+2) ) *MM(n-3j) ,j=0..n)+(29-4*n) /32* (-1) *n-1/4* (n*2-n-1)+1/32*3* (n+
3);

. (+2)
47-39)(-1y 7 1 3
(4/=39)( Y+L=j+—— JNﬂﬂn—ﬂJ=0~”J

quﬁ&nfﬁnaL40:=lz—>add[[
32 4 2 32

1 . 1, 1 I 1 (n+3)
+—(29-4n)(-1)y ——n"+—n+-+_2-3
32 4 4 4 32

> #checking the formula up to n=20:
> seq(CoeffxnFinalAO(i+l) ,i=0..20); taylor(FinalAO,x,23);

1,2, 6,19, 60, 179, 526, 1527, 4426, 12828, 37241, 108301, 315509, 920632, 2690246, 7871635,
23059538, 67624102, 198507563, 583232749

X+2x+6x +19x +60x° + 179 x° + 526 x7 + 1527 x* + 4426 x” + 12828 x'* + 37241 x'' +
108301 x'* + 315509 x* + 920632 x'* + 2690246 x'° + 7871635 x'° + 23059538 x'” + 67624102

x'® 4198507563 x'° + 583232749 x* + O(x*")

1

> {#Case 0010

> restart: Al:=x+x*A2+x*Bl; C:=(x+x*A2)/(1l-x);
eqgA:=-A+x/ (1-v)+x/v* (A-A2) +x/ (1-v) *A+x/ (1-v) *C;
eqgB:=-B+x/ (1-v) +x/v* (A-A2) +x/v* (B-Bl) +x/ (1-v) *B;

Al =A2x+Bl x+x

1

_A2x+x
I -x
X x(A-42) xA x (A2 x+x)
eqA == -4+ + + +

1—-v v I-v (1-v)(1-x)

X x(A-42) x(B-BIl) «xB

eqB :=-B + + + +

1-v % % 1-v

> coeff (egA,A); ka:=solve(%=0,v)[2];
AAA2:=solve (subs (A=0,v=ka,eqA)=0,A2) ;
AAA:=solve (subs (A2=AAA2 ,eqA)=0,3) ;




X X
-1+—+
v 1-v

P 1 41-4x
a="—-——"""T"—
2 2

—1+41-4x
AAAZ-——
+4/1-4x-2x
(W1-4x+2v-1)x
AAA =—
i (1+V1—4x—2x)07—v+x)

[ > limit (subs (B=0, subs (A=AAA,A2=AAA2,eqgB)) ,v=ka) ;
BBBl:=solve (%=0,Bl) ;

3BIA1-4xx+4BIx*+BI+/1-4x —5xBl+4x*+BIl-2x

241 —4xx—o/1-dx+4x—1

RBRI — 2x(2x-1)

I 1434 1-dxx—4x"—4/1-4x+5x

[ > FinalA:=1/factor (simplify(rationalize (1/subs (A2=AAA2,B1=BBBl,Al))+
1)-1); taylor(FinaldA, x,20);

X

Finald .= —F7—
AJ1—-4x

x4+2xX+6xX +20x +70x° +252x° + 924 x7 + 3432 x + 12870 x° + 48620 x'° + 184756 x'! +
705432 x'2 + 2704156 x'* + 10400600 x'* + 40116600 x> + 155117520 x'¢ + 601080390 x'” +

| 2333606220 x'* + 9075135300 x" + O(x*")

[ > seq(binomial (2*n,n) ,n=0..19);

1,2,6,20,70, 252, 924, 3432, 12870, 48620, 184756, 705432, 2704156, 10400600, 40116600,
155117520, 601080390, 2333606220, 9075135300

E> ##0011
> restart: Al:=x+x*A2+x*Bl; C:=(x+x*A2)/(l-x);
egA:=-A+x/ (1-v) +x/v* (A-A2) +x/ (1-v) *A+x/ (1-Vv) *C;
eqgB:=-B+x/ (1-v) +x/v* (A-A2) +x/v* (B-Bl) +x*v/ (1-v) *A+x*v/ (1-v) *C+x*B1l
Al =A2x+Blx+x
_A2x+x
o 1-x
X x(A-42) x4 x(A42x +x)

eqA == -4+ + + +
1—-v v I-v (1-v)(1-x)




X x(A-42) x(B-Bl) xvA xv(4A2x+x)
eqB :=-B + + + + +

L 1—-v v v I-v (1-v)(1-x)
[ > coeff(eqA,A); ka:=solve(%=0,v)[2];

AAA2 :=solve (subs (A=0,v=ka,eqA)=0,A2) ;

AAA:=solve (subs (A2=AAA2,eqA)=0,3) ;

+x Bl

X X
-1+—+
v 1-v

P 1 1-4x
a="-—""_—
2 2

—1+41-4x
AAA2 = —
l+41—-4x—-2x
(Wl1-4x+2v-1)x
AAA = - 5
(I+41-4x-2x)(V —v+Xx)

r > egBl:=subs (A=AAA,A2=AAA2,eqB); BBBl:=solve (subs(v=x,eqBl)=0,Bl) ;
( (J1—dx+2v-1)x 14/l -dx J
x| - +

(1+41-4x-2x)(V=v+x) 1+41-4x-2x

I-v v
[x(—1+4/1—4x) J
xXv|— +x
x(B-BI) xzv(q/1—4x+2v—1) l+41-4x-2x

+ —

v (l—v)(l+q/1—4x—2x)(v2—v+x)+ (1-v)(I-x)

+x Bl
2+ l—dxx+2x>—4/1-4x-3x+1
BBBI = —
x(1+41-4x-2x)(—-1+x)

r > FinalA:=simplify (subs (A2=AAA2,B1=BBB1l,Al)); taylor(FinalA,6x,20);
Nl—dxx—2x-All-dx—x+1
Final4d = -
(-1+x)(1+4/1-4x —2x)
x+2xX°+6x +20x* +68x° +233x°+805x" +2807 x® + 9879 x° + 35073 x'* + 125513 x!! +
452389 x'% + 1641029 x"* + 5986994 x'* + 21954974 x"° + 80884424 x'® + 299233544 x'7 +

| 1111219334 x'® + 4140813374 x" + O(x™)
> FinalA:=simplify(simplify(rationalize (FinalA)+1)-1);
coeff (FinalA,sqrt(1-4*x)) *sqrt (1-4*x)+factor (coeff (FinalA,sqrt(1-4

*x),0));
2 4201 —dxx+2x%—4/1-4x—-4x+1

2x° (=1 +x)

eqBl :=—-B +

Finald = -




2x—1)4/1-4x 2xX+2x —4x+1

2x2(—1+x) 2x2(—1+x)
[ > CC:=(1l-sqgrt(1-4*x))/2/x: #generating function Catalan numbers
[ > cc:=n->1/(n+l1l) *binomial (2*n,n) ;

binomial(2 n, n)

cc=n—>
n+1

> ff:=subs(sqrt(1l-4*x)=1-2*x*£fC,Finall) :
factor (coeff (£f£,£C,1)) *£fC+factor (coeff (££,£C,0)) ;
Qx-1)fC xX+x-1
x(-1+x) _ x(—1—kx)
> seq(cc(n+2)-add(cc(j) ,j=0..n+1)+1,n=0..20) ;
1,2, 6,20, 68,233, 805, 2807, 9879, 35073, 125513, 452389, 1641029, 5986994, 21954974,
80884424, 299233544, 1111219334, 4140813374, 15478839554, 58028869154

> ##0012
> restart:
egA:=-A+x/ (1-v) +x/v* (A-A2) +sum (m*x*2*v* (m-2) / (1-2*x) ,m=2. .infinity
) ; ARAA2:=solve (subs(v=x,eqA)=0,A2);
AAA:=factor (solve (subs (A2=AAA2,eqA)=0,34)) ;
X x(A-A42) xz(v—2)
+ + >
l-v v (-1+2x)(v—-1)
x(xz—x+1)
(-1+2x)(x—1)
(2vx2—2vx—x2+v+x—1)x
I (x—1)Y(-1+2x)(v=1)
[ > eqgB:=-B+x/ (1-v)+x/v*2* (AAA-AAA2-v*A3) +x/v* (B-B2) +sum (m*x*2*v* (m-2)
/(1-2*x) ,m=2..infinity) ;
Qv =2vx—-x+v+x—1)x x(x*—x+1) J
+

(x=1)(=1+2x)(v=1) (-1+2x)(x=1)
2

1

eqA == —-A+

AAA2 = —

AAA =

x(—vA3+

x
eqB :=-B+ +
1-v Vv

x (B - B2) X (v=2)
+ +

I v (-1+2x)(v=1)>
[ > BBB2:=solve (subs (v=x,eqB)=0,B2) ;

2A3x —T7 A3 +x 14943 -3 543 x+2x° +43-2x

I (x—=1Y (-1+2x)
> AAA3:=subs(v=0,diff (AAA,v)); BBB2:=factor (subs (A3=AAA3,BBB2)) ;

BBB2 = —




[

(2x°=2x+1)x N 2(—x*+x-1)x
(x=1Y(-14+2x) (x=1)Y(-1+2x)
x(f—3xz+x—l)

(x—1) (-1+2x)
> solve ({Al=x+x*AAA2+x*Bl,Bl=x+x*AAA3+x*BBB2+x*Bl}, {B1,Al}) ;
x(2x =5 +8x —4x+1) (X4 +7=3x+1)

(Al =-— Bl =—
2x —9x 116X —14x* +6x—1 2x —9x 116X —14x* +6x—1

AAA3 =

BBB2 = —

[ > FinalA:=factor (-x* (2*x"4-5*x/3+8*x"2-4*x+1) / (2*x~5-9*x*4+16*x*3-14

*x*2+6*x-1)) ;
x(Zf—Sxy+8f—4x+l)

(x=1)' (-1+2x)

Finald = -

> taylor (FinalA,x,14);
x4+2xX4+6xX +19x  +55xX° +144x° +348 x” + 793 x® + 1733 x° + 3678 x'° + 7650 x'! + 15695
x'2 431907 x" + O(x'")

:> with (genfunc): simplify(rgf expand(FinalA,x,n));

o 19n

42—
302 6

-3

[ > seq(2* (n+3)-1/6* (2*n*2+7*n+24) * (n+1)-3,n=0..20) ;

1,2,6, 19,55, 144, 348, 793, 1733, 3678, 7650, 15695, 31907, 64476, 129784, 260597, 522449,
1046410, 2094622, 4191371, 8385231

> ###0100=0110
> FinalA:=(1-3%x)*2/2/x*2/sqrt (1-4%x) - (1-3%*x) * (1-x) /2/x"2;

(1-3x) (=30 (1-x)

FinalA =
2% —4x+1 25

[ > taylor (FinalA,x,20);

x 42X 4+6xX +21x 78X +297 28 + 1144 x7 + 4433 x® + 17238 x° + 67184 x'° + 262276 x'"!
+1025202 x'? + 4011660 x™ + 15712335 x'* + 61590780 x'° + 241610745 x'° + 948453990 x'”
+0(x"™)

[ > seq(l/2*binomial (2*n+4,n+2)-3*binomial (2*n+2,n+1)+9/2*binomial (2*n

,n) ,n=1..10) ;

1,2,6,21,78,297, 1144, 4433, 17238, 67184
> factor(simplify(l1/2*binomial (2*n+4,n+2)-3*binomial (2*n+2,n+1)+9/2*
binomial (2*n,n) ,GAMMA)) ;

1 (BP=n+6)T(2n+5)
8(2n+3)2n+1)T(n+3)




[ > seq(l/8* (n*2+n+6)/(2*n+5) / (2*n+3) *binomial (2*n+6,n+3) ,n=0..20) ;
1,2,6,21,78,297, 1144, 4433, 17238, 67184, 262276, 1025202, 4011660, 15712335, 61590780,
241610745, 948453990, 3725581860, 14643037860, 57585238230, 226578907620

> ##0101=0111
> restart: eqA:=-A+x/ (1-v)+x/v* (A-Al)+x/(1-v)*B;
eqgB:=-B+x/ (1-v) +x/v* (A-Al) +x/v* (B-Bl) +x/ (1-v) *B;
X x(A—-Al) xB
eqd =—-A+ + +
1—-v v 1—-v
X x(A—-A4l) x(B-Bl) «xB
+ + -
1-v v v 1-v
> egBl:=subs (A=solve (eqA=0,A) ,eqB); factor(coeff (eqBl,B))
alias (vv=RootOf (VvA3-vA2*xX+v*xXx*"2-vA2+2*v*x-x*2=0,Vv)) ;
vvv:=allvalues (vv) :
x(Alv+Bv—-Al+v)
x| - —Al
X (-1+v)(v—x) x(B-Bl) xB
+ -

eqB .= -B +

eqBl :=-B +
-V % v 1-v
VvV xt+vx v+ 2vx—x
(-1+v)(v—x)v
L vy
[ > factor (taylor (vA3-vA2*x+v*x*2-vA2+2*v*x-x*2,v,10)); al:=-1-x:

bl:=x*(x+2): cl:=-x*2: Ql:=factor ((3*bl-al”*2)/9);
Rl:=factor((9*al*bl-27*cl-2*al”3) /54) ;

tt:=simplify (R1/sqrt(-Q1+3));

xx:=2*sqrt (-Q1l) *cos (arccos (tt) /3+3*2*Pi/3) -al/3; ##xx :=

2/3% (-2*x”2-4*x+1)*(1/2) *cos (1/3*Pi+l/3*arccos (1/2* (-7*x*3+6*x*2-1
2%x+2) / ((-2*x 2-4%x+1) A3) A (1/2))+2/3*§*Pi) +1/3*x+1/3;

—x2+x(x+2)v+(—.x—1)v2+v3

; 2, 4 1
=X +7"x—_
© 9 9 9

7 1 2 1
Rl =—— X 4—x——x+—

547 97 97 27
7TxX —6x*+12x-2

i=—
5 3
24/—(2x +4x-1)

2 ; no 1 7x-6x+12x-2 ) 2jmn) x 1
xmz—J—Zx—4x+ICM'§—gmmm + T T

3 5 3 3
L 2A -(2x"+4x-1)




[ > subs(signum(9*x*6+12*x*5+60*x*4-12*x*3)=1,simplify(series(vvv[2],x
,4))) assuming x>0 and x<0.01; simplify(series(subs(j=2,xx),x,4))
assuming x>0 and x<0.01;

(5/2) 3 (7/2)
(3/2) 5, 3x Sx> 35«x 4
X+x +x"+ 5 + 5 + g +0(x")

(5/2) 3 (7/2)
(3/2) 5, 3x Sx> 35«x 4
X+x +x"+ 5 + 5 + g +0(x")

> simplify(series(vvv[l]*vvv[2]*vvv[3],x,5)) assuming x>0 and
x<0.01; simplify(series(vvv[l]+vvv[2]+vvv[3],x,5)) assuming x>0
and x<0.01;

x2+O(x5)
1+x

> solve ({subs (v=ul,B=0,eqgBl) ,subs (v=u2,B=0,eqBl) }, {Al,B1l}) ;
ul u2 x+ulu2 —ul x—u2x B ul u2 |

(1 +ul)(-1+u2)x °  x(ulu2-ul —u2+1)
> simplify(series (subs (ul=vvv[2] ,u2=vvv[3],- (ul*u2*x+ul*u2-ul*x-u22*x

)/ (-14ul) / (-1+4u2) /x) ,x,11));

x+2x 41347 x +21 x* +5798 x* + O(x'") + 6 x° + 322 x° + 80 x° + 25512 %’

> factor (simplify (- (x*2/u3*x+x*2/u3-x* (1+x-u3))/(1- (1+x-u3)+x*2/u3)/

X))

(Al =~

ud —udx+x" —u3+x

u3* —udx+x°
> simplify (series (subs (u3=vvv[l], - (u3*2-u3*x+x*2-u3+x)/ (u3*2-u3d*x+x*
2)),x,10));
x+2x7+1347x +21 x*+ 5798 X + O(x') + 6 x° + 322 x° + 80 x° + 25512 x°
> alias (ww=RootOf (f=x* (£+1) / (1-x* (£+1)*2) ,f)); taylor(ww,x,10);
v, ww
x+2x+6x +21x" +80x° +322x° + 1347 x7 + 5798 x* + 25512 x” + O(x'?)
> ss:=factor (simplify (subs (f=- (u3*2-u3*x+x*2-u3+x)/ (u3*2-u3d*x+x"2) , -
f4x* (£+1) / (1-x* (£+1)*2))));
simplify (series (subs (u3=vvv|[l],ss) , x,10));
063—u3?x+u3x2—u3x+x?)Uﬁ3—u3?x+u3x2—u32+2u3x—x%
58 = 2 2 4 3 2 2 3, 4 2 2 3
(3" —u3x+x)(u3 =2u3 x+3u3" x -2u3x" +x —u3"x+2u3x —x")
> seq(add(l/i*binomial(n,i-1)*binomial (2*n+2-i,i-1) ,i=1..n+1l) ,n=0..1
0);

1,2,6,21, 80, 322, 1347, 5798, 25512, 114236, 518848



[ > ##0102
[ > restart: Dl:=x/(1-2*x); E:=x/(1-x):
eqgA:=-A+x/ (1-v)+x/v* (A-Al)+x/ (1-v) *B;
eqgB:=-B+x/ (1-v) * (1+D1+C) +x/v* (B-Bl) ;
eqC:=-C+x/ (1-v) * (1+E+C) +x/v* (C-C1) ;
X
1-2x

X x(A-Al) xB
quF=—A+—1 + +

D1 :=

-V v 1-v

X
x[1+ +Cj
1-2x x(B-BI)
+

eqB :=-B +
1-v v
X
x| 1+ +C
1—x x(C-CI)
eqC :=—-C+ +
1-v v

:> coeff (eqC,C); kc:=solve(%=0,v)[2];
CCl:=solve (subs (v=kc,subs (C=0,eqC))=0,C1) ;
CCC:=solve (subs (C1l=CCl,eqC)=0,C) ;
X b
gl
1-v v

. 1 41-4x
c=T -
2 2

—14+4/1—-4x

Jl—dxx—a1-4x+x-1

(Wl1-4x+2v—-1)x

(1-dxx—a1-4x+x-1)(F—v+x)
> BBl :=solve (subs (v=x, subs (C=CCC,eqgB) )=0,B1) ;
BBB:=simplify (solve (subs (B1=BB1l,C=CCC,eqgB)=0,B)) ;

Nl=d4xx =21 -4x X+ +34/1-4xx+2x-4/1-4x -3x+1
(<1 +x) (=1 +2x) (41 —dxx—/1—dx+x—1)
BBB—(V1—4xvx:+Vl—4xvx+ﬁ1—4xx+6v;x—3V1—4xvx—2ﬁl—4xf
—6vx—7vx41:+V1—4xv+3Vl—4xx+2v+9xv+2f—ﬁl—4x—3v—3x+l)

¥/ ((“1+x) (-1 4+v) (-1 +2x) (Y1 —=4x x =4/ 1 —dx +x- 1) (P =v+x))
[ > FinalA:=solve (subs (v=x,subs (B=BBB,egA) )=0,Al) ;
taylor (FinalA,x,20) ;

Finald =— (241 -4xxX =641 -4xx*+2xX +114/1-4xx =2x" = 104/1 -4 x x> - 3%

-1+

CcCl =

cCcC =

BBl = —




+541—4xx+8x —4/1-4x—5x+ 1)/((—1 +x) (=1 +2x)
(J1-dxx—a/1-4x+x-1))

X+2x+6x +20x" +66x° +213 x°+ 683 x + 2211 x* + 7291 x” + 24552 x'* + 84305 x'' +
294297 x'* + 1041213 x" + 3723752 x'* + 13434874 x° + 48825190 x'® + 178535378 x'" +

| 656304995 x'® + 2423830156 x'° + O(x*")

[ > FinalA:=factor (simplify(simplify(rationalize (FinalA)+1)-1));
factor (coeff (FinalA,sqrt(l-4*x))) *sqrt(1l-4*x)+factor (coeff (FinalA,
sqrt(1-4*x),0)); taylor(FinalaA,x,20);

Finald = (—4x°+2+4/1=4xx*+ 12X =74/ 1 -4x X =24x"+94/1 -4 x > +27x°
—541-4xx-19x"+4/1-4x +7x—1)/(2(—1 +2x)(-1+x)*"x)
Nl=4x  4xX° 12X +24x" - 27X +19x° - Tx+1
2x(-1+x) 2(=1+2x) (=1 +x)"x
X+2X°+6xX +20x  +66x +213 x°+ 683 x" + 2211 x° + 7291 x” + 24552 x'* + 84305 x'' +
294297 x'* + 1041213 x" + 3723752 x"* + 13434874 x° + 48825190 x'® + 178535378 x'" +

656304995 x'* + O(x"")
> CC:=(1l-sqrt(l-4*x))/2/x: #generating function Catalan numbers
> cc:=n->1/(n+1l) *binomial (2*n,n) ;

binomial(2 n, n)

cc=n—>
n+1

> ff:=subs(sqrt(1l-4*x)=1-2*x*£fC,Finall) :
factor (coeff (f£f,£C,1)) *£C+factor (coeff (££,£C,0)) ;

€ @2xXF-2x+1)(X=-2x+3x-1)
—1+x (-1+2x) (-1 +x)*

> with (genfunc):
simplify (rgf expand (- (2*x*2-2*x+1) * (x*3-2*x"2+3*x-1) / (-1+2*x) / (-1+
x)*4,x,n));
w1l
-——+2" - -1
L 6 6
[ > seq(add(cc(]j),j=0..n+1)+2* (n+l) - (n+1l) * (n*2+2*n+12) /6-1,n=0..18) ;

1,2,6,20, 66,213, 683,2211, 7291, 24552, 84305, 294297, 1041213, 3723752, 13434874,
48825190, 178535378, 656304995, 2423830156

v
I

[ > #0112
[ > restart: C:=x/(1-2*x): eqgB:=-B+x/(1-v)+x/v* (B-Bl)+x/(1-v)* (B+C) ;
kb:=solve (coeff (eqB,B)=0,v) [2];




BBl :=solve (subs (B=0,v=kb,eqB)=0,Bl1) ;
BBB:=solve (subs (B1=BBl,eqB)=0,B) ;

X
x(B+ ]
X x(B-BI) 1-2x
eqB =-B + + +

1—-v v 1—-v

kb_l Nl-4x
T2 2

C l-4xx—y1-4x-x+1
2 1—dxx—o/1-dx+2x-1
(Wl=-4xx+2xv—-41—-4x-2v—x+1)x

(2%1—4xx—¢1—4x+2x—1)h9—v+x)
> FinalA:=factor (simplify (simplify(rationalize (x/(1-x)+subs (v=x,BBB)
*x/(1-x))+1)-1)); taylor(FinalA,6x,13);

Nl1=dxxX*+4x =241 -4xx-5"+41-4x+4x—1
2(-1+2x)(x—1)x
x+2X+6xX +20x" +67x° +223 x5+ 742 x7 + 2484 x® + 8399 x° + 28731 x'* + 99451 x'! +

L 0"

[ > CC:=(1l-sqrt(l-4*x))/2/x: cc:=n->1/(n+l) *binomial (2*n,n) ;
ff:=subs(sqrt(1-4*x)=1-2*x*£fC,Finall) :

factor (coeff (f£,£C,1)) *£C+factor (coeff (££,£C,0)) ;

binomial(2 n, n)

BBI =

BBB :=—

Final4 = -

cc=n—
n+1

(x—1)fC 2x —2x+1
“1+2x  (=1+2x)(x—1)

> with (genfunc):
simplify (rgf expand((2*x*2-2*x+1)/(-14+2*x)/(x-1) ,x,n));

-1+2"
> seq(cc(n+l) -2 (n+l)+1+add (2* (n-j) *cc(j) ,j=0..n) ,n=0..10) ;

1,2,6, 20, 67,223,742, 2484, 8399, 28731, 99451

[ > #0120,0122

[ > v0:=(1l-sqrt(1-4*x))/2: cl:=v0/(1-v0):
cc:=solve (c=x/ (1-v)+x/v* (c-cl)+x/ (1-v) *c,c) ;
bl:=x/(1-2*x)+x/ (1-2*x) *subs (v=2*x,cc) ;
bb:=solve (b=x/ (1-v)+2*x/v* (b-bl) +x/ (1-v) *cc,b) ;
al:=x/(1-x)* (l+subs (v=x,bb)) ;




W1-4x+2v—-1)x
cc:=—
(1+V1—4x)03—v+x)
B = X x20/1—4x-+4x—1)
C1-2x (1-2x)(14+4/1-4x) (45" —x)
(vAl1-4x-241-4xx—-4xv+v)x
bb =
(1+4/1=4x)(=1+4x)(V=v+x)
( —/l—4xx-4x"+x J
x| 1+
x(1+41-4x)(-1+4x)

L —x+1
[ > FinalA:=factor(simplify(simplify(rationalize(al)+1l)-1));
FinalA:=(1-2*x)/2/(1-x)*(1/(1-4*x)*~(1/2)-1); taylor(FinalaA,x,20);

(-1+2x)(4/1-4x+4x-1)

al =

Final4 = —
2(-1+4x)(x—1)
1
(1——2x)[————————lj
A1-—4
FinalAd = o

2(—x+1)
2 3 4 5 6 7 8 9 10 11
x 42X 4+6xX +21x 477 +287 2%+ 1079 X7 + 4082 x® + 15522 x° + 59280 x'° + 227240 x
+ 873886 x'2 + 3370030 x'* + 13027730 x'* + 50469890 x'° + 195892565 x'® + 761615285 x'” +
| 2965576715 x'* + 11563073315 x'* + O(x™)
[ > seq(l/2*binomial (2*n+2,n+1)-1/2*add (binomial (2*j,3j),j=1..n) ,n=0..2
0);
1,2,6,21,77,287, 1079, 4082, 15522, 59280, 227240, 873886, 3370030, 13027730, 50469890,
195892565, 761615285, 2965576715, 11563073315, 45141073925, 176423482325

[ > ##0123

[ > restart:

eqgB:=-B+x/ (1-v)+2*x/v* (B-Bl) +sum (m*x*2/ (1-2*x) *v* (m-1) ,m=1. .infini
ty); BBl:=solve (subs (v=2*x,eqB)=0,Bl1) ;
BBB:=solve (subs (B1=BBl,egB)=0,B) ;
FinalA:=factor (subs (v=x,x/(1-v) * (1+BBB))); taylor(FinalA, x,b20);

x  2x(B-BI) X
eqB =-B + + + 3
l-v v (I1-2x)(v—-1)
x(4x*=3x+1)
BBI ==—

(-1+2x)




(6vx2—4vx—4x2+v+3x—1)x
(v—-1)(-1+2x)
x(8x —=22x" 430X =21 +7x—1)
(x=1) (-1 +2x)
X+2X+6xX +21x +73x° +238x° + 724 x7 + 2075 x° + 5667 x° + 14892 x'* + 37942 x'' +
94273 x'* + 229453 x" + 548954 x'* + 1294440 x"° + 3014775 x'° + 6946951 x'7 + 15859864 x'®
+35913898 x'? + O(x*)

BBB =

Final4 = —

>
> seq(2”(n-1) * (n*2-3*n+4) +n* (n+1) /2-1,n=0..10) ;

1,2,6,21, 73,238, 724, 2075, 5667, 14892, 37942

1 T

> #1000,1100
> FinalA:=(1-x)*(1-2*x)*2/2/x"3+(2*x*5-56*x"4+78*x*3-44*x*2+11*x-1) /
2/x*3/sqgrt(1-4*x)*3; taylor(FinalA, x,20);
(1-x)(1-2x) 2x-56x"+78x —44x* +11x-1
+ (3/2)

1

Final4 = 3
2x 30_
2x (-4x+1)

x4+2xX+6x +22x  +89x° +377 2%+ 1628 x” + 7072 x° + 30706 x° + 132872 x'° + 572356 x'!

i + 2453508 x'2 + 10467461 x'° + 44458195 x'* + 188049840 x'" + 792436020 x'® + O(x'")

[ > £:=n->(2*n+1)!'/n'*2:

factor (subs (n=n+1,simplify (f (n-2)-28*f (n-1)+39*f (n)-22*f (n+1)+11/2
*f (n+2) -1/2*f (n+3) ,GAMMA))) ;

seq(l/2* (n*5+2*n*4+23*n*3+46*n*2+120*n+48) / (n+1) / (n+2) / (n+3) / (n+4)
*binomial (2*n,n) ,n=0..10) ;

>
1(n’+2n" +230° +46 0 + 1200 +48) (2 n+ 1)
2 (n+1)(n+2)(n+3)(n+4)T(n+1)
I 1,2,6,22, 89,377, 1628, 7072, 30706, 132872, 572356
> # _________________________________________________________________

> #case 1001,1011,1101

> seq(1l/(n+l) *sum(binomial (n+1,j) *binomial (2*n+2,n-2*j) ,3j=0..n/2) ,n=
0..20);

1,2,6,22,89, 382, 1708, 7870, 37108, 178184, 868318, 4283402, 21347902, 107330004,
543707480, 2772469998, 14219396908, 73303128344, 379621891640, 1974078923416,
10303600000553




[ > #1002

[ > restart: HH:=x/(l-x): GG:=(x+x*HH+x*El)/(1-x): FF:=x/(1-2*x):
eqE:=-E+x/ (1-v) * (1+HH+GG+E) +x/v* (E-E1) ;
ke:=solve (coeff (eqE,E)=0,v) [2] ; EEl:=solve (subs (v=ke,eqE)=0,El) ;
EEE:=solve (subs (E1=EEl,eqE)=0,E) ;

2
xEI+ +Xx
X —-X
x| 1+ + + E
I -x I -x x(E-EI)
eqk =-F + +
1-v %
" 1 4 1-4x
e="——"_—
2 2

o 1 +4/1-4dx
ol l—dxx—2x—41-4x+3x
(W1-4x+2v-1)x

EEE =
(-1+x)(2x+1+41-4x) (V' =v+x)
[ > eqD:=-D1+x/(1-v)* (1+D1l)+x/v* (D1-D11)+x*EEE;

DD1:=factor (simplify(simplify(rationalize (solve (limit (eqD,v=ke)=0,
D11))+1)-1));
DDD:=factor (simplify (simplify (rationalize (solve (subs(D11=DD1l,eqD)=
0,D1))+1)-1));
x(1+D1) x(D1-DI1) F(f1-4x+2v-1)
+ +
I-v v (-1+x)(2x+1+4/1-4x)(V' —v+x)
24/1—4xx+4x" —4/1—d4x-5x+1
(-1+4x)(-1+x)

DDDF#EV+2#+9xv+6V1—4va+ 1-4xv-8V X -8V x +61v x+30V x

+8vf—15fx+ﬁl—4xf—2ﬁl—4xvz—f+4V1—4xv%f—6V1—4xfx

1241 —4x VP 4441 —dx v’ + 134/ 1 —4x vV x— T4/ 1 —4xvx—8x'—44/1-4x %

2
241 -4x P20 1052228 S (2(=1+4x) (<1 +x) (P —vx) )
[ > factor (coeff (DDD,sqrt(1l-4*x),0));

(v—l+xj(2fx—w9—4vx+2x2+v)

eqD :=-D1 +

DDI =—

i 2(v2—v+x)2(—l+x)

[ > eqC:=-C+x/ (1-v) * (1+FF+subs (E1=EE1l,GG) +EEE) +x/v* (C-C1) ;
CCl:=solve(limit(eqC,v=x)=0,Cl) ;
CCC:=simplify (solve (subs (C1l=CCl,eqC)=0,C)) ;




x(=1+441-4x) X
+ + X
x 1441 —dxx-2x—4/1-4x+3x l-x

eqC=—C+x| 1+ +
1-2x 1—x

(J1-4x+2v-1)x x(C-Cl)
C(Cltx) (x4 1441 —dx) (P —vix) (e

CCl =

N1=4x 2 =2x" =21 -4x X+ +34/1—dxx+2x"—4/1—-4x-3x+1

A 128 13 1614241 —dx 541 —dx a1 —dxx—4/1-4x

CCC=(y1-4x V-2V 44 l—dx v+l —d4x X +5vV 7 +2vx —2x"
—3«/1—4xvx—2w/1—4xx2—6v2x—7vx2+x3+q/l—4xv+3q/1—4xx+2v2+9xv
2 —[1—4x-3v=3x+1)x /(-1 +v) (P =v+x)

L (412 13 +6x— 14241 —dxx =541 -4x x> +44/1-dxx—41-4x))

[ > eqB:=-B+x/ (1-v) * (1+DDD) +x/v* (B-Bl) +x*CCC;
BBl:=simplify(solve (limit (eqB,v=x)=0,Bl)) ;

BBB:=simplify (solve (subs (B1=BBl,eqgB)=0,B)) ;
eqB :=—B+x(1+(—v+2v2+9xv+6«/1—4xx2v+q/1—4x V=81V X -8V x +61v x
+30V X +8 v — 15V x+4/1—4x vV =241 -4x VvV =V +4/1-4x V%
4/ x VvV x—1241-4x VX" +44/1-4x v+ 1341 -4x vV x-T74/1-4xvx—8x"

—641-4

2

—4«/1—4xx3+2q/l—4xx2—22vx2+10x3—2x2)/(2(—1+4x)(—l+x)(v2—v+x) )
-v)+

x(B-BI
)/ (1 (—)+x2(q/1—4x VX2V /1 —dx v+l —dx X+ 50057

v

+2vx —2x'-3 1—4xvx—2q/1—4xx2—6v2x—7vx2+x3+ 1-4xv+341-4xx

+2V4+9xv+2x — 1—4x—3v—3x+1)/((—1+v)(v2—v+x)

(A4x '+ 1208 - 13x°+6x-1424/1-4xx =54 1-4xx+44/1-4xx-4/1-4x))
BBl =x(44/1—4xx' +8x +4/1—-4xx —46x" =541 -4x X" +63x +44/1 -4xx

—37x2—q/1—4x+10x—1)/(—116x4+68x5—16x6+101x3—47x2+11x—1

44341 -4xx° =304/ 1 -4xx"+84/1-4xx =294/ 1—-4xx+94/1—dxx—1/1-4x)
BBB:=—x(—vV"+3xv+8+41-4xv'x =284/ 1-4x vV x"+104/1-4x vy’

—2441—4x v X =241 -4x VX +84/1-4x 1V x°+374/1—4x vV X +684/1-4x ' x*

1 a4 1—dx vV =81 —dxva®+ 441 -4xx 441 -4xx°—904/1-4x V%

— 11 —dxvx' =251 -4x x>V 44441 —4x XV +84/1—dxxv =34/ 1-4x x7v

+8x —46x"—v' =8V X 16V X -2V X'+ 76V X + 320V — 16 vy — 82V x*

L

Al




—168 VX +36 v’ +36 vy +21 X v+ 16 vV + 232 v — 111 x v =21 v + 8 x 0!
A1 =4x V424V - 132V X — 14V x4+ 25V X+ 85 v + 3V x4+ 24/ 1 —4x V)

A 1=4x V42V +544/1-4x VX =164/ 1 =4x 1V’ x=25/1 -4x VX +54/1-4xvx
+7V1—4xfx+ﬁl—4xvx+63f—37f—5ﬁ1—4xf+4Vl—4xf—Vl—4xf

2
—27vx 4+ 10x3—x2)/((—1 +v)(V=v+x) (-116x +68x° —16x°+ 101 x° —47x" + 11 x

—1+434/1—4xx°=304/1-4xx"+84/1-4xx —294/1-4xx*+94/1-4xx
-y 1-4x))

[ > eqA:=-A+x/ (1-v)* (1+BBB)+x/v* (A-Al) :
FinalA:=simplify(solve (limit (eqA,v=x)=0,Al)) ;

Finald == (=16 x* +24/1 -4 x x>+ 108 x" = 28/1 =4 x X’ =274 x° + 574/ 1 =4 x x* + 402 ¥’
—584/1—4xx =365x" +324/1 —4xx*+206x =94/ 1 —4x x—T70x" +4/1 —4x +13x—1
)/(—1+13x+84/1—4xx7—46q/1—4xx6+1114/1—4xx5—16x8+100x7—268x6
+401 X" —365x" = 1454/ 1 —4x x* +1104/1 -4 x X’ —484/1 —4 x x* + 206 x° — 70 x*

114 l—dxx—41-4x)
[ > FinalA:=factor(simplify(simplify(rationalize (FinalA)+1)-1)):

FinalA:=factor (coeff (FinalA,6sqrt(1-4*x))) *sqrt(1-4*x)+factor (coeff
(FinalA,sqgrt(1-4*x) ,0)); taylor(FinalhA,x,13);

(2x-1)(2x°—4x+1)4/1-4x
257 (=1 +x) (-1 +4x)
QX =2x+1)(2x°-12xX+25x" =34+ 24 - 8x+1)
2x° (-1+x)° (2x-1)
I x+2xX+6x +22x"+87x° +348 x° + 1382 x + 5450 x° + 21421 x” + 84125 x'* + O(x'")
[ > with (genfunc) :
factor (simplify (rgf expand(-1/2%* (2*x*2-2*x+1) * (2*x*6-12*x"5+25*x"4
-34*x73+24*x~2-8*x+1) /x*2/ (-1+x)*5/ (2*x-1) ,x,n))) ;

4 3

n n 114° ., In 1

Final4 = —

-+ - +2"————
24 12 24 12 2

> seq(l/2*binomial (2*n+6,n+3)-5/2*binomial (2*n+4 ,n+2)+5/2*binomial (2
*n+2,n+1)+1/2*sum(binomial (2*j,3j),3=0..n)+2* (n+1)-1/24* (n*4+2*n"3+
11*n*2+34*n+36) ,n=0..20) ;

1,2,6,22, 87,348, 1382, 5450, 21421, 84125, 330453, 1298685, 5106130, 20083379, 79015633,

310963725, 1224124884, 4820192192, 18985852508, 74804350676, 294820185101

[ > #1010=1110
> restart: alias (vv=RootOf (v*3- (v*x+v-x)* (v-x)=0,v)) ;




VVV:=allvalues (vv) :

L %

[ > simplify(series (VVV[1l],x,5)) assuming x>0 and x<0.1;
subs (signum (9*x*6+12*x*5+60*x*4-12*x*3)=1,simplify (series (VVV[2] ,x
;5))) assuming x>0 and x<0.1;
subs (signum (9*x*6+12*x*5+60*x*4-12*x*3)=1,simplify (series (VVV[3],x
;5))) assuming x>0 and x<0.1;

1-16x" =5 -2x"+0(x")—x

(5/2) 3 (7/2) (9/2)
(3/2) 5, 3x 5x° 35x 4 X s
X+x +x"+ + + +8x +—————+0(x")
2 2 8 16
5/2 7/2 9/2
(3/2) 5 3x( ) 5x° 35x( ) 4 lx( ) s
X—Xx +x" - + - +8x ——————+0(x")
2 2 8 16

> simplify (series (VVV[3]*VVV[2]*VVV[1l],x,5)) assuming x>0 and
x<0.1;simplify(series(VVV[3]+VVV[2]+VVV[1l],x,5)) assuming x>0 and
x<0.1;

X+ O(x”)
1+x

> eqD:=-D1+x/ (1-v)+x/v* (D1-D11) +x/ (1-v) * (D1+EE+FF) ;
kd:=solve (coeff (eqDh,D1)=0,v) [2];
solve ({subs (v=kd, subs (D1=0,eqgD) ) =0 ,EE=x+x*D11+x*EE+x*FF , FF=x+x*EE+
x*FF}, {D11,EE,FF}) ;

X x(D1-DI11) x(Dl+EE+FF)
qu:=—D1+1 + +

-y % 1-v
1 oJ1-4x
kd == —————
2 2
24/l —dxx+2x 41 -4x—4x+1 J1—dxx—a1-4x-3x+1
(D11 = - | EE = . :
AJl-4x+2x-1
FF=- !

L 2x

[ > FF:=(1-2*x-sqrt(1-4*x))/2/x; EE:=(1-3*x-(1-x)*sqrt(1-4*x))/2/x"2;
DD1:=((2*x-1)*(1-4*x)~(1/2)+2*x*2-4*x+1) /2/x"3;
DDD:=solve (subs (D11=DD1,eqD)=0,D1) ;

=1—2x—q/1—4x

2x

C1-3x—(x+1)41-4x

2x°

FF :

EE:




2x—1V1—4x+2x—4x+1
DDI1 : —( )
ANl—dxvx—41—-4xv-241-4xx-3xv-— 2x+V1—4x+v+4x—l

2x° 0)—v+x)

[ > eqC:=-C+x/ (1-v)+x/v* (C-Cl) +x*DDD+x/ (1-v) *B+x/v* (B-Bl) :

i CC:=solve (eqC=0,C) :

[ > egB:=-B+x/ (1-v)+x*CC+x/ (1-v) *B+x/v* (B-Bl) :

L eql:=subs (v=ul,subs (B=0,eqB) ) : eq2:=subs(ul=u2,eql):

[ > ss:=solve({eql=0,eq2=0},{B1,Cl}): BBl:=factor (op(op(ss)[1])[2]);
simplify (series (subs (ul=VVvVv[2] ,u2=VVvVv[3],BBl),x,8)) assuming x>0
and x<0.1;

BB]Fhﬁdtd(2x+V1—4x—3)(2mhdx2+v1—4xu]x+v1—4xu2x—4u]u2x
22X ul =2xX u2—Al 1l —dxul —/1—4xu2-241-dxx+dul u2+5xul +5xu2+4x
+v1—4x—3u1—3u2—8x+3)/%x(f—2x+2)04+wd)02u]+ﬁl—4x+l)
(-1+u2)(2u2+41-4x +1))

11X +3x"+791x°+ 184 x° + 44 x* +x+O(x)
> BBl:=simplify (-x*2/u3* (2*x+(1-4*x)*(1/2)-3) * (2*x*2/u3*x*2+(1-4*x)*
(1/2) * (14x-u3) *x-4*x*2/u3*x-2* (1+x-u3) *x*2- (1-4*x)* (1/2) * (1+x-u3) -
2% (1-4*x)*(1/2) *x+4*x*2/u3+5* (1+x-u3) *x+4*x*2+ (1-4*x)* (1/2) -3* (1+x
-u3) -8*x+3) /x/ (x*2-2*x+2) / (1- (1+x-u3) +x*2/u3) / (4*x*2/u3-2* (1+x-u3)
*((1-4%x)~(1/2)+1) + (sqrt (1-4%x)+1)~2)) ;
simplify (series (subs (ul=vvv[2] ,u2=VVvV[3] ,u3=VVV[1l],BBl) ,x,8));

BB]F(Vl—4xxw¥—V1—4xx%ﬁ—2x%ﬁ2+2fu3—2f—V1—4xuf
+2q/1—4xxu3+5xu32—7x2u3+4x3—3u32+6xu3—4x2)(2x+4/1—4x—3)x/(2
03—2x+2)052—u3x+x5(v1—4xzﬁz—ﬁ1—4xxu3+uf—3xu3+2x%)

3468 X' + 791 x° + 184 x° + 44 x* + 11X + 3 X7 + O(x*) + x
[ > factor (expand (subs (u3*3=(u3*x+u3-x) * (u3-x) ,expand (subs (u3*4=u3* (u3
*x+u3-x) * (u3-x) ,expand (denom(BB1)))))));

2 -2x+2) (241 -4xxu3 241 -4x X ud+x4/1-4x -2 u3*+2x u3-2x"
—Vl—4x162+2V1—4xxu3—x?V1—4x+4xu3?—6fu3+3x3—u¥+2xu3—x%

[ > BBl:=factor (- ((1l-4*x)"(1/2)*x*u3*2-(1-4*x)*(1/2) *x*2*u3-2*x"~2*u3+2
+2*xA3*u3-2*x*4- (1-4*x)*(1/2) *u3*2+2* (1-4*x)* (1/2) *x*u3+5*x*u3+2-7
*xA2*u3+4*x 3-3*u3*2+6* x*ul3-4*x"2) * (2*x+ (1-4*x)~(1/2)-3)*x/2/ (x*2-
2*x+2) /(2% (1-4*x)~(1/2) *x*u3+2-2* (1-4*x)~(1/2) *x*2*u3+ (1-4*x)~(1/2
) *xA3-2*xA2*%u32242*xA3*u3-2*x - (1-4*x)* (1/2) *u3*2+2* (1-4*x)*(1/2)
*x*u3d- (1-4*x)*(1/2) *x*2+4*x*u3*2-6*x*2*u3+3*x*3-u3*2+2*x*u3-x*2)) ;
simplify (series (subs (u3=vvv|[1l] ,BBl) ,x,8));

BB]F—(V1—4xxw¥—V1—4xx%ﬁ—2x%ﬁ2+2fu3—2f—V1—4xuf

DDD := -



+2 1—4xxu3+5xu32—7x2u3+4x3—3u32+6xu3—4x2)(2x+4/1—4x—3)x/(2

(X =2x+2) (241 -4xxu3* 241 -4x X ud3+x°4/1-4x -2xu3* +2x u3 -2 x"*

—f1—dxu3+21-4xxud3—x"41-4x+4xu3’—6xu3+3x —u3*+2xu3—x"))
3468 X' + 791 x° + 184 x° + 44 x* + 11X + 3 X7 + O(x*) + x

[ > CCl:=simplify (op(op(ss)[2])[2]):;
simplify (series (subs (ul=VVvVv[2] ,u2=VVvVv[3],u3=VVV][1l],CCl) ,x,8));

CCIl =-2(3x=5ulu2-3x41-4x+2x 41 -4x—6ul u2x+7ul*>u2x—4ul*>u2x’
+S5ulPu2+5ul u2’ —4ul u2*x° + 16 ul u2 x> —=5ul u2*x* +7 ul u2*x + 15 ul u2 x*
—Sul*ux—-5ul*u2x*+2 1—4xu1x2~Vl—4xulu2— 1—4xul’*x°
2l —dxul X+ 1—dxul’u2-2+1-4xu2x’ ++/1—4dx ul u2’ —u2*x*+/1 - 4x
+2u2x" A1 —4x —6ul>u2® -4 1-4xulu2x+3+1-4xul’u2x+2+1-4xul u2x’
tfl—dxulu2® > +3y1—dxul u2?x—+/1—dxul u2 x>+ 1 —4x ul> u2 x* +4u2>x’
vAulP v dxul +ulP X —4ulP x- 12X ul +4xu2 +u2* ¥ —4u2> x-12x° u2 -2 x> u2
—2x7ul =241 —-4dxulx+21—dxu2x-2+41-dxul’x+2/1—4xulx+8x)
(4/1—4x—2)/((4/1—4xu2—2u22—4/1—4x+3u2—1)

(Wl=4xul -2ul’>—4/1—4x+3ul—-1)x> (3+4x))

I X+4x+16X +65x +270x + O(x°)

[ > CCl:=1/factor(simplify (simplify(1/simplify (subs (ul=(1l+x-u3-sqgrt((1
+x-u3) *2-4*x*2/u3)) /2 ,u2=(1+x-u3d+sqgrt ( (1+x-u3) *2-4*x*2/u3)) /2,-2*(
=3% (1-4*x)"(1/2) *x*2-3*x/2+2* (1-4*x)~ (1/2) *ul*u2*x*3- (1-4*x)*(1/2)
*ul*u2*x 2+ (1-4*x)* (1/2) *ul*u2*2*x*2+3* (1-4*x) ~(1/2) *ul*u2+2*x+ (1-
4*x)~(1/2) *ul”*2*u2*x*2+4+3* (1-4*x)* (1/2) *ul*2*u2*x-4* (1-4*x)~(1/2) *u
1*xu2*x-4*ul*2*u2*x*3-4*ul*u2*2*x*3-8*ul*2*u2°2*x+2* (1-4*x)~ (1/2) *u
2*x+4*u2/2*x 342* (1-4*x)* (1/2) *ul*x+5*ul*u222+5*ul*2*u2-5*ul*u2- (1
—4*x)*(1/2) *u2/2*x*2+ (1-4*x)* (1/2) *ul*u222+ (1-4*x) * (1/2) *ul*2*u2- (
1-4*x) "~ (1/2) *ul*2*x”*2-2* (1-4*x)*(1/2) *u2*x"3-2* (1-4*x)* (1/2) *u2*2*
x+2%* (1-4*x)* (1/2) *u2*x*2-2* (1-4*x)* (1/2) *ul*x*3+2* (1-4*x)* (1/2) *ul
*xA2-(1-4*x)~(1/2) *ul*u2+2* (1-4*x)~(1/2) *x*3-2*u2*x"2-12*u2*x*3-4*
U2A2*x+4*u2*x+u272*x*2-5*ul*u22*x*2+7*ul*u2*2*x+7*ul*2*u2*x-6*ul*
u2*x-5*ul*2*u2*x*2+16*ul*u2*x*3+15*ul*u2*x*2-6*ul*2*u222+4*ul*2*x”*
3+4*ul*x+ul”2*x/2-12*ul*x 3-4*ul*2*x-2*ul*x*2-2* (1-4*x)* (1/2) *ul*2
*x+8*x*3) * ((1-4*x)*(1/2)-2)/((1-4*x)*(1/2) *u2-2*u2+2-(1-4*x)*(1/2)
+3*u2-1)/((1-4*x)~(1/2) *ul-2*ul”*2- (1-4*x)*(1/2)+3*ul-1) /x*2/ (3+4*x
)))+1)-1)) ;simplify(series (subs (u3=vvv[1l],CCl) ,x,8));

CCl=(5+1-d4xxu3’—4+1-dxx*u3+241-4dxu3*++/1-4xxu3’
—4x A l—dxud +4x1-4xu3*=3x*"J1-4xu3—441-4xxu3
2 3
1-4

1-4
+5x74/ xwf—SxfV1—4xu3—2x%ﬁ3—8xwf+f“ﬁ—2x%ﬁ2+4fu3—8Xﬂﬁ2




+8x ud —14xu3 - 15 w3+ 11 X" u3+ B3xu3’—4u3 —xu3*-24/1-4xud+6x°
+8x4+4u34—4x2u34)(4/1—4x—2)/(x(3+4x)(—x+u3)(u32—u3x+x2)

Wl1-4xu3+u3—-2x))

X+4x +16X° +65x" +270x° + 1146 x° + O(x")

[ > CCl:=factor (simplify (subs (u343=(u3*x+u3-x) * (u3-x) ,simplify (subs (u3
A4=u3* (u3*x+u3d-x) * (u3-x) ,expand (numer (CC1l))))))/simplify (subs (u3*3
=(u3*x+u3-x) * (u3-x) ,simplify (subs (u3*4=u3* (u3*x+u3-x) * (u3-x) ,expan
d(denom(CC1l))))))),; simplify(series(subs(u3=vvv[1l],CCl),x,8));

CCl=—(W1—4xud —J1-dxxud+x’ /1 -dx+/1-dxx+ud —xud+x*—x)x / (
24/ 1—dxxu3’—241-4x X ud3+x°4/1—4x -2xu3*+2x u3-2x"—4/1 -4 x u3’
+2v1—4xxu3—fﬁl—4x+4xuf—6x%ﬁ+3x?—mf+2xu3—f)

I X+4x +16x° +65x +270x + 1146 x° + 4959 x” + O(x*)
[ > BBxx:=factor (subs (v=x,solve (subs (B1=BB1l,Cl1=CCl,eqB)=0,B))) ;

BBxxi=— (W1 —dxxu3’—/1-4x X ud+x 41 -4x+241-dxxu3-2x"4/1-4x
+xw¥+xﬂﬁ—3x?—V1—4xu3+V1—4xx—4xu3+4f+wﬁ—x)/%2v1—4xxuf
2 l—dx P u3+x1-dx -2 ud+2x°u3 - 2x — /1 -4xu3*+24/1-4x xu3

L —fﬁl—4x+4xuf—6x%ﬁ+3x?—w#+2xu3—f)
[ > FinalA:=factor(x/ (1-x)+x/(1-x) *BBxx) ;ss:=simplify (series (subs (u3=V
VVI[1l],FinalA) ,x,17));

Finald =—(\1-4xu3* =1 -4xxu3-2xu3*+2xu3-2x —4/1—4xu3++1-4xx
+u32—5xu3+4x2+u3—x)x/(2q/1—4xxu32—24/1—4x Fud+x 1 —4x —2x" u3
120 u3=2x =l l—dxu3+241—dxxu3—x" 41 -4x +4xu3’—6x"u3+3x —u3’
+2xu3—x%

ss=2x +x+ 1662 x" +O(x'") + 7426 x* + 72630819 x'* + 1634321883 x'® + 343674750 x"°
+153821 x'* + 709709 x'' +379 x° + 89 x° + 6 x° + 22 x* + 33624 x” + 15432829 x"*
+3298692 x'*

T 1T
v

> ff:=factor (expand (simplify (simplify (subs (v=solve (f=x/(1-x)+x/ (1-x)
*BBxx,u3) [1] ,v*3- (Vv*x+v-x) * (v-x))+1)-1))):
[ > f£ff:=(factor ((-2*£*x*2+4*£*x- (1-4*x)*~(1/2) *£+ (1-4*x)*(1/2) *x+2* (1-4
*x)*(1/2) *£*x-2*x*2+x-£) *6* ( (factor (coeff (££, (16* (1-4*x)~(1/2)*£*2
*XA3-12*£/2%x 4-24% (1-4*x)* (1/2) *£22*x*2+420* (1-4*x) "~ (1/2) *£*x~3+48
*FA2*kxAI-24*%Fxx 448% (1-4*x)*(1/2) *£/22*x-20* (1-4*x)* (1/2) *E*x*2+4* (
1-4*x)*(1/2) *x*3-40*£/2*x 24+ 52*£*x 3-12*x"4-2*x*2* (1-4*x)~(1/2)+8*
£A2%x-12*f*x "2+4+16*x73+8% (1-4*x)* (1/2) *x+14*x*2-2* (1-4*x)*(1/2)-12*
x+2)*(1/2) ,1))*(16* (1-4*x)*(1/2) *£/r2*x 3-12*%f*r2*x 4-24* (1-4*x)~(1/




2) *EA2*xA2+20% (L-4*x) A (1/2) *E*XxA3+ABXEA2*xA3-24% Fxx 4+8% (1-4*x) A (1
/2) *EA2%x-20% (L-4%x) A (1/2) *E*xA2+4% (1-4%x) ~ (1/2) *x 3-40*EA2%x*2+52
*ERRAZ-12kxAL-2kx A2k (L-4%x) A (1/2) +8*FA2*x-12% £*x A 2+16*x A 3+8% (1-4*x
)A(1/2) *x+14%xA2-2% (1-4%x) A (1/2) -12*x+2) ~ (1/2) ) ~2- (-coeff (££, (16* (
1-4%x) A (1/2) *EA2*XAB-12%EA2*xAA-24% (1-4%x) A (1/2) *EA2*%xA2+20% (1-4*x
)A(L/2) *ExxA3+ABXEA2 KX AZ-24 X E*xAA+8* (1-4%*x) A (1/2) *EA2%x-20* (1-4*x)
A(L/2) *E*xA2+4% (L-4%*x) A (1/2) *xX A3-40*FA2*xA2+52% FXxA3-12%x A 42k x A2 *
(L=4*x) A (1/2) +8*EA2%x-12*F*¥xA2+16%xA3+8% (L-4%x) A (1/2) *x+14%*x 2-2% (

| 1-4%x)A(1/2)-12%x+2)~(1/2),0))*2))) :

[ > ff:=factor(simplify (£f£/32/x*9));

f=—dl—dx X+ 1—dx —fx1-4x+25 /1 -4x-2Fx+1-4x
162/ A1 —dx—12  x/1-4x+32/x" =81 fx —4fx —6x =55 +/1-4x
+ 121 -4x 123 1-4x+40 £ x* =298 A X" +30 A x*+ 642 £ x° = 137 f x
F 12/ =751 £ X +286 £ x° =37 fx +540 £ x" =347 £ X + 75 fx° =225 x* + 48 f* x*
AP x 4241 =4x P+ 1—4xx =TT+ 14/ - 169/ X - x+29F X -2 x
+84 /7 —14/ x+3004/1 —4x £ x* =466+ 1 —4x f X" +3764/1 —4x f*x*
— 1894/ 1 —4x X +244/1 =4 x fx =441 -4x X =701 -4x P x +232/1-4x £ x°
—354/1—4x fx’ =341/ 1 -4x £ +1024/ 1 —4x £Fx"—T4/1-4x fx
+2984/ 1 —4x fx* = 1574/ 1 —=4x X +254/ 1 —4x fx*—1534/1-4x X
F1314/ 1 —4x fx =411 —4xfx +40/1 —4x P x* =441 —4x fx+2/ x5 -49/ %
+ 125 +196 £ x° =209 £ x" +30 £ x* =294 £ x° + 647 £ x* =352/ x" + 210 £ x* =805/ x°
+872/ x° =996/ X +668f x* =293/ X +2x° +10x° =6 +x*+ 215 £ x* =60 £ x°
+ 6481 -4x X+ +504 X" =T/ 1—4x Px"+564/1—4x f°x°
—3541=4xx = 1264/ 1-4x X +207/1-4x £ x*=704/1 -4 x fx

L 41204/ 1—4x x =371 1—4x X +3044/1 —4x 2+ 641 —4x Fx°

[ > factor(simplify ((coeff (ff,sqrt(1-4*x))*sqrt(l-4*x))*2-(coeff (ff,sq
rt(1-4*x),0))"2));

AP +6 L X =10 X+ 15/ X 43X 46/ xX"+20 X +50/ X -84 £ x°+ 15 x
20 A 139, =76 A6 43 X — 11T+ 159 A X =34 fx°+x" +50 £ x°
—170 X +86 X —6x° — 11 X +94Fx — 115 /X" +19X° + fx =23 Fx* + 92 fx — 32 x

3

L +fo—45ﬁf+27f+Jlfx—9x2jﬁhﬂ(fx+2fX—f+x)

[ > simplify (series (subs (f=subs (u3=VVvV[1l],6Finala),

£A6*XAT+6*¥E£EA5*XAT-10*£A5*x " 6+15*£/24*x A T+3*£25*x*5-46* £ 4*x*6+20* £~

3*xAT+50*£44*x A5-84*£A23* XA 6+15* £/ 2*x AT =21 *£14*x*44+139*f*3*x*5-76*f

A2*¥XN6+6* EXXATHI*EMNLA* XA =11 T*E£A3* X M +159*%£42*x*r5-34*£*x 6+x*T7+50*f

A3K*xA3-1TO*XEA2*x A 4+86* XX A5- 6 xA6-11*FA3*xA24+94*FA2*x A 3-115*F*x 4+




19*xA5+£43*x-23*£22*x"24+92* £*xA3-32* X N 442 *£22*x-45*£*x*24+27*x*3+11
*fhx-9*x*2-f+x ) ,x,10)) assuming x>0 and x<0.1;

I ()(xlo)

[ > fff:=factor (series (£26*x " T+6*£ 5*x*T7-10* £ 5*x 6+15* £ 4*x T+3* £ 5*x
A5-46*£14*x 6+20*£A3* XA T+50*£44*xA5-84*£A3* X 6+15*£/2*x*rT7-21* £ 4*x
AN4+139*£23*XA5-T6*£422* X 6+6* £*x N T+3*£24*x*3-11T7*£43*x*44+159*£+2*x*
5-34*£*x*6+x*7+50*£/23*x*3-170*£42*x*4+86*£*x*5-6*x*6-11*£*3*x*2+94
*EA2*¥XAZ-115*E£*XN4+19*XAE+E£A3*x-23*£A2*x 24 92*£*¥x 3 -32*x M 44+2*£/22%x
—45*%£xxA 2427 x 3+11*£*x-9*x*2-f+x,£,10)) ;

Hr=x(*=6x+19x" =32 +27x"-9x+1)+
(x=1)(6x°=28x" +58x"=57x +35x" = 10x+ 1) f+
x(15x° =76 X +159x" =170’ + 94 x* = 23 x+2) f +
x(20x° 84X +139x 117X +50x" = 11x+ 1) £ +x (15x —46 X’ + 50 x* =21 x + 3) /*
+xX(6xX=10x+3)f +x f°
[ > factor (taylor (numer (BBxx) ,u3,10)) ;factor (taylor (denom (BBxx) ,u3,10)
)
(- Dx(Wl—dxx—a1-4x-3x+1)+
(A 1—dx—x"+41-dx+4x-21-4xx-1u3—-x(y1-4x+1)u3’
Fx=1)(W1-d4x-2x+1)=2x(Y1-dxx—x"—4/1-4x+3x-1)u3+
(4x=2x" 14241 -dxx—4/1-4x)u3’

*># _________________________________________________________________
> #1012
> alias (vv=RootOf (v*3- (v*x+v-x) * (v-x)=0,v)); VVV:=allvalues (vv) :
> simplify(series(VVV[1l],x,5)) assuming x>0 and x<0.1;
subs (signum (9*x*6+12*x*5+60*x*4-12*x"3)=1,simplify (series (VVV[2] ,x
;5))) assuming x>0 and x<0.1;
subs (signum (9*x*6+12*x*5+60*x*4-12*x*3)=1,simplify (series (VVV[3],x
;5))) assuming x>0 and x<0.1;

1

%%
1-16x" =5 -2x+0(x")—x
5/2 7/2 9/2
(3/2) 3x( ) 5x° 35; ) 4 ; L s
X+x +x"+ + + +8x +—————+0(x")
2 2 8 16
(5/2) (7/2) (9/2)
(3/2) 5, 3x 35 4 1x 5
X—Xx +x" - + - +8x —————+0(x")
2 2 8 16

;> FinalA:=- ((3*x"2-3*x+1) *v0"2+ (-2*x"3+2*x-1) *v0+2*x*4-2*x"2+x) / ((1-
X)*(1-2*%x) * (v0*2-v0*x+x"2)) ;
simplify (series (subs (vO=VVV][1l],6FinalA) ,x,12));




B =3x+ D0 +(2x +2x—-1)v0+2x"—2x" +x
(=x+1)(2x+ 1)(v02—v0x+x2)

2x7 +x+ 1494 x" + O(x'?) + 6413 x* + 125185 x'° + 566257 x' + 356 x° + 87 X" + 6 x° + 22 x*
| +28088x
[ > alias (Www=RootOf (x* (2*x/2-2*x+1) * (x*6-2*x*5+13*x"4-24*x*34+19*x*2-T7*
x+1)+(1-2*x) * (1-x) * (x*7-x"6+24*x*5-51*x*4+50*x*3-27*x*2+8*x-1) *f+x
* (XA3+H6*xA2-6%x+2) * (L-2%x) A2% (1-x) A2*£A2+4x* (1-2%x) A3* (1-x) ~3*£~3=0
,£)): series(ww,x,13);

Final4 = —

x+2xX+6xX +22x  +87x° +356x° + 1494 x + 6413 x° + 28088 x° + 125185 x'° + 566257 x'!
+2593591 x'2 + O(x")

> #1020,1022
> FinalA:=(2-15*x+34*x~2-22%x3) /2/x*3/ (1-x) /sqrt (1-4%x) + (2*x 4+4*x"
3-16*x72+11%x-2) /2/x*3/ (1-x) ;

Finald X +34x - 15x+2 2xX'+4x —16x+11x-2
ma = +
i 2 (—x+1)4/1-4x 2 (=x+1)

[ > taylor (FinalA,x,20);

1

x 42X +6x +22x  +88x° +363x°+ 1507 x” + 6239 x° + 25687 x° + 105145 x'° + 428145 x!!

I + 1735649 x'2 + 7010239 x'° + 28228774 x'* + 113391334 x° + 454561834 x'° + O(x'")
[ > series ((2-15*x+34*x*2-22*x~3)/2/x*3/(1-x) ,x,10) ;
S 13,20 11 1, 1,1, 11 1,1

X =T X' +/XxX —T—-TXx-"XxX -—-T"x -—-TXx ——x5——x6——x7——x8——x9+CXxm)
2 2 2 2 2 2 2 2 2 2 2 2

> seqg(binomial (2*n+8,n+4)-13/2*binomial (2*n+6,n+3)+21/2*binomial (2*n
+4 ,n+2)-1/2*add (binomial (2*j,3j) ,3j=0..n+1)-1/2,n=0..20) ;

1,2,6,22, 88,363, 1507, 6239, 25687, 105145, 428145, 1735649, 7010239, 28228774,
113391334, 454561834, 1819243834, 7271148424,29029141984, 115789690144,
461508680644

[ > #1023

> FinalA:=- (2*x"2-2*x+1) *sqrt (1-4*x)/2/x/ (1-x)*2/(1-2*x) - (16*x"9-76*
xA84212%x~7-342%x"6) /2/x/ (1-x) A5/ (1-2%x) ~3- (374*x~5-286*x 4+151*x*
3-53*%x72+411%x-1) /2/x/ (1-x) ~5/ (1-2%x) ~3;

2x*=2x+1)41-4x 16x° —76x"+212x" — 342 x°
2x(1=x)"(1-2x) 2x(1-x)(1-2x)

Final4 = —




374X =286 x + 151 ¥ =53 2 + 11 x— 1

2x(1-x)(1-2x)
> taylor (FinalA,x,12);

x+2xX+6x +22x"+87x +341 x*+ 1280 x” + 4595 x° + 15961 x” + 54418 x'* + O(x'")
> CC:=(1l-sqrt(l1-4*x))/2/x: cc:=n->1/(n+l) *binomial (2*n,n) :
ff:=subs(sqrt(1-4*x)=1-2*x*£fC,Finald) :
factor (coeff (£f£,£C,1)) *£fC+factor (coeff (££,£C,0)) ;

2 =2x+1)fC  8x*=38x"+102x° - 151X +144x" =91 X’ +37x" =9 x+ 1

(-1+x) (-1 +2x) (-1+x) (-1+2x)
with (genfunc) :
> aal:=rgf expand (- (2*x*2-2*x+1)/(x-1)*2/(2*x-1) ,x,n);
aa2:=factor (subs (n=n+l,simplify (rgf expand (- (8*x"8-38*x"7+102*x"6-
151%xA5+144%x~4-91*x~3+37*x*2-9%x+1) / (x-1) 5/ (2*x-1)*3,x,n)))) ;

aal =22"—-n-1
n+1 n+1
nt 1A B 1995 2 3y, o)

aa? =—+ + + + 24 + — -132
8 12 8 12 4 4

> seq(add((2*(j+1)-j-1) *cc(n+1l-j),j=0..n+1)+1/24* (3*n*4+22*n*3+129*n
A2+398%*n) +24+2* (n-1) * (n*2-3*n-52) ,n=0..20) ;

1,2,6,22, 87,341, 1280, 4595, 15961, 54418, 184415, 627008, 2151350, 7470265, 26267185,
93459565, 336023816, 1218952946, 4455066424, 16384909926, 60580008381

1T 1T
v

[ > #1102
[ > restart: GG:=x/(l-x): FF:=(x+x*GG+x*D1l)/(1-x): EE:=x/(1-2*x):
eqD:=-D1+x/ (1-v) * (1+D1+GG+FF) +x/v* (D1-D11) ;
kd:=solve (coeff (eqD,D1)=0,v) [2] ; DDl:=solve (subs(v=kd,eqD)=0,D11) ;
DDD:=solve (subs (D11=DD1,eqD)=0,D1) ;
2

xDI1 + +x
X -X
x| 1+D1+ +
l-x I —-x x(D1-DI1)
eqD :=-D1 + +

1-v v
1 A1-4x

hﬁ=5———5——

o 44/l —dx
44l dxx-2x-41-4x+3x
(W1-4x+2v—-1)x

DDD =
L (—1+x)02xﬁ—1+ﬁl—4x)0}—v+x)




[ > eqC:=-C+x/ (1-v) * (1+EE+DDD+subs (D11=DD1,FF) ) +x/v* (C-C1) ;
CCl:=solve (subs (v=x,eqC)=0,Cl); CCC:=solve (subs(C1l=CCl,eqC)=0,C);

X Wl1-4x+2v-1)x
eqC=-C+x| 1+ + 5
1=2x (“1+x)(2x+1+41-4x)(V —v+x)
x(=1+41-4x) X
+ +Xx
1441 -4xx-2x"—4/1-4x+3x l-x x(C-CI)
/(l=v)y+—
I —-x v

o N1-4xx’=2x" =241 -4x®+x7+34/1-4xx+2x"—4/1-4x-3x+1

' (~1+4/1—dxx-2x"—4/1-4x +3x)(=1+2x) (=1 +x)
CCC = ( 1—4x V=2V 44 l—dxv?+4/1—dx X +5V 7 +2vx -2
34 l—dxvx-241-4xx -6V x-Tv+x +41-4xv+341-4xx+2V+9xv
+2x2—q/1—4x—3v—3x+l)x/((—l+q/1—4xx—2x2—q/1—4x +3x)(v2—v+x)

i (-1+x)(-1+2x)(-1+v))
[ > egB:=-B+x/ (1-v) * (1+B) +x/v* (B-Bl) +x*CCC;

BBl:=solve(limit (eqB,v=kd)=0,B1) ;
BBB:=solve (subs (B1=BBl,egB)=0,B) ;

x(1+B) x(B-BI
eqB .=-B + ( )+ ( )+x2(4/1—4xvzxz—2vzx3+q/1—4xvx2+q/1—4xx3

1-v v

+5v2x2+2vx3—2x4—3q/1—4x vx—24/1—4xx2—6v2x—7vx2+x3+q/1—4xv
34 l—dxx+2+9xv+2x7 —4/1—4x-3v-3x+1) /(
(—-1+4/1=dxx=2x=4/1-4x+3x) (V' =v+x) (=1 +x) (=1 +2x) (=1 +v))

BBl =—x

( l—4xx3—4x4—54/1—4xx2+17x3+44/1—4xx—15x2—4/1—4x+6x—l)/(l
+6x A1 -4x —8x —174/1-4x X +30x" +174/1 —4x X" =43 = T4/ 1 =4 x x+29%°
+4/1-4x-9x)
BBB:ZZ(VZ—va—q/l—4xv3+4v3x5—4vzx6—32v3x4-|-9vzx5+16vx6—67vx5
+24/1=4x VX —104/1-4x vV X' =341 -4x VX +24/ 1 —dxvx®+214/1-4x V'
+44/1-4x V2 =154 1-4x v +384/ 1 —dxvx*+74/1-4x 1V’ x=334/1-4xvx
44341 —ax 21441 —dx + 141 —dx +4/1—4x V447V 3 112070
—3Ov3x2—30vzx3+88vx4+9v3x+23vz)c2—55vx3—8vzx—v3-|-21x6—6q/1—4xx3
A1 —4x X" =34 + 24X +17vX =184/ 1 —4x vV X = 124/1 —4x V' X°
+1341-4x v x*—64/1-4x 1V x+134/1-4xvx' =2 1—4xvx—8x3+x2)x/(

+




(—1+2x)(—1+x)(v2—v+x)2(—1+q/1—4xx—2x2—q/1—4x +3x)
(34/1—dxx—4x —4/1—4x+5x-1))

[ > eqA:=-A+x/(1-v) * (1+BBB) +x/v* (A-Al) :
AAl :=simplify(solve (limit (eqA,v=x)=0,Al));

AAl = —x(8xX° /1 —=4x —8x°—=24x* /1 -4x +46 X" +344/1 —4x X -84 x"
—24«/1—4xx2+80x3+84/1—4xx—40x2—4/1—4x+10x—1)/(104/1—4xx6—8x7
—45x5° A1 —4x +54x°+82x 1 -4x 141X =774/ 1 —4x X +188x* +394/ 1 -4 x x*
—139x° =104/ 1 —4x x+57x>+4/1-4x - 12x+1)

[ > FinalA:=factor(simplify(simplify(rationalize (AAl)+1)-1));
factor (coeff (FinalA,sqrt(1l-4*x))) *sqrt(1-4*x)+factor (coeff (FinalA,
sqrt(1-4*x),0)); taylor(FinalA,x,13);

Finald =— (441 -4xx°+16x =35x° /1 —-4x —64x*+77x*/1-4x +155%°
—764/1-4xx —195x"+394/1 —-4x X"+ 140 =104/ 1 -4 xx =57 x" ++/1 —4x + 12x
1)/ (28 (-1 +4x) (-1 +2x) (-1 +x)°)

(4x° =31x"+46 X =30 +9x—1)4/1-4x 4x°—15x+35x"—40° +25x° - 8x+1
- 2 (1 4x) (=1 +2x) (-1 +4x)x° - 2(~14x) (“1+2x) %
x+2x3+6x +22x +87x° +349 x° + 1393 x7 + 5520 x° + 21764 x° + 85576 x'* + O(x'")

[ >

[ > with(genfunc) :

> aal:=rgf expand(1l/2* (4*x75-31*x"4+46*x"3-30*x*2+9*x-1)/ (-1+x)*2/ (-
1+2*x) ,x,n); seq(aal,n=0..3);
taylor (1/2* (4*x~5-31*x*4+46*x*3-30*x*2+9*x-1) / (-1+x)*2/ (-1+2*x) ,x,
10) ;
aa2:=factor (simplify (rgf expand(-1/2* (4*x"6-15*x"5+35*x"4-40*x"3+2
5*x72-8*x+1) / (-1+x) *3/ (-1+2*x) /x*2,x,n))) ;

2" 3n
aal =——-——"+

2

B3

84722

1 5 5 1 1 19
———x+_x2+—x3+—x5+3x6+—x7+24x8+—x9+0(x10)

2 2 2 2 2 2

n’ (-1+n)
aa2 =—-=2 +1
L 2
[ > seq(l/2*binomial (2*n+6,n+3)-21/4*binomial (2*n+4,n+2)+binomial (2*n+
2,n+l1)+1/2* (n+1) ~2-2*n+1+1/4*add ( (2~ (j-1) -6*3j+16) *binomial (2*n+6-2
*j,n+3-j),3J=1..n+3) ,n=0..20) ;

1,2,6,22,87,349, 1393, 5520, 21764, 85576, 336083, 1319461, 5180736, 20347913, 79950236,




]

[

314271500, 1235886385, 4862263266, 19137302398, 75352962521, 296819163725

> #1120
> FinalA:=((3*x-1) *sqrt (1-4*x)+5*x*2-5*x+1) /x/ (1-4*x) ;

taylor (FinalA,Kx,20) ;
Bx-—1)y1-4x+5x"-5x+1
x(1—-4x)
X+2X°+6xX +22x"+88x +364x° + 1522 x + 6374 x* + 26640 x” + 110980 x'° + 460716 x''
+ 1906172 x'* + 7862416 x"° + 32341144 x'* + 132707626 x° + 543376774 x'° + 2220650656

x'7 49060011284 x'* + O(x")
> seq(4”~(n)-n/2/(2*n+3) *binomial (2*n+4,n+2) ,n=0..10) ;

1,2,6,22, 88,364, 1522, 6374, 26640, 110980, 460716

Final4 =

> ##,1200,1220

> restart: EE:=(x+x*D11l)/(1-x):
egD:=-D1+x/ (1-v) * (1+D1+EE) +x/v* (D1-D11) ;
kd:=solve (coeff (egqD,D1)=0,v) [2];
DD1:=solve (subs (D1=0,v=kd,eqD)=0,D11) ;
DDD:=solve (subs (D11=DD1,eqD)=0,D1) ;

D1l x+x
x| 1+Dl+———
1—x x(D1-DI11)
eqD :=-D1 + +
1-v Y
1 4 1-4x
W=

p—— 141 -4x
C 14l -4x-2x
W1-4x+2v-1)x

DDD = —
(1+4/1-4x-2x)(V=v+x)
> eqC:=-C+x/ (1-v) * (1+C) +x*DDD+x/v* (C-C1) ;

CCl:=solve (limit (subs (C=0,eqC) ,v=kd)=0,C1) ;
CCC:=factor (simplify (solve (subs (C1l=CCl,eqC)=0,C))) ;

aﬂx:_c+x(l+C)_ X(W1-4x+2v-1) +x(C—CJ)
I=v (144 1-4x-2x)(V=v+x) v
CCl = — x(l+41-4x-2x)
14341 -4xx—4x —4/1-4x+5x




CCC:=—2x(v2—2xv+2x4—v3—4v3x2—q/1—4x V=24 l—dx x4/ 1—4x V=2V %
+2vx4+5v3x+v2x2—7vx3—4v2x+9vx2—2q/1—4x v2x3+3q/1—4x v x
—a/1—-4x v2x2—«/1—4x vx3—2q/l—4x v2x+5w/l—4x vt =241 —dxvx—4x +x°

+q/l—4xx2)/((—1+3q/1—4xx—4x2—4/1—4x+5x)(1+4/1—4x—Zx)(vz—v+x)2

L)
[ > egB:=-B+x/ (1-v) * (1+CCC)+2*x/v* (B-Bl) ;

BBl:=solve (subs (v=2*x,eqB)=0,Bl) ;
BBB:=solve (subs (B1=BBl,eqB)=0,B) ;

qu:=—B+x(l—2x(v2—2xv+2x4—v3—4v3x2—q/1—4x v3—21/1—4xx3+1/1—4x Vv
2V R 2 v 5V VA T v — 4V x4+ 9t =24/ 1 —4x VX 434/ 1 —4x V' x
A l—4x vV =l —dx v =241 —4xVx+541-4xvx =241 -4dxvx—4x +x°
2
+q/l—4xx2)/((—1+3q/1—4xx—4x2—4/1—4x+5x)(1+4/1—4x—2x)(v2—v+x)

))/(I_V)+M

)
58] 2x (941 =4xx* 10X -64/1-4xx+19x"+4/1-4x—8x+1)
(—1+34/1—4xx—4x2—4/1—4x+5x)(1+q/1—4x—2x)(—1+4x)
BBB:=2x(\/2—2)cv+41/3x4—2vzx4—4vxs—10)65—1-2411—4x\/3x3+4q/1—4xvzx4
—1341=4x vV X464 1—4x v +19x =V 1941 —4xx* =25V X =41 -4x
- q/1—4xx3+q/1—4xv2+18v3x3—6v2x3+34vx4+9v3x+18v2x2—45vx3—8v2x
+17vx+241=4x V0 + 741 —=4x V' x+84/1—4x V¥ —234/1-4xvx
—64/1—4xVx+134/1-dxvx’—241-4x vx—8x3+x2+q/1—4xx2)/((—l+4x)
(-1+34/1-4xx-4x"— 1—4x+5x)(1+q/1—4x—2x)(v2—v+x)2)

[ > eqA:=-A+x/ (1-v) * (1+BBB) +x/v* (A-Al) ;
FinalA:=solve (subs (v=x,eqA)=0,Al); taylor(FinalA,x,13);

eqA :=—A+x(1+2x(v2—2xv+4v3x4—2v2x4—4vx5—10x5+2q/1—4x VX
441 —4x VX 1341 —4x VP 4641 —4xvx* + 190" =V 494/ 1 —4xx* - 25075
A 1=4x V=641 -4x X +4/1-4xV+ 18V X =6V X +34vx + 9V x+ 18V %7
—45vx° =8V x4+ 17T v 4241 —4x VX + 741 —4x vV x+84/1 —4x V' x*
—234/1—dxvx’ =64 1-4xVx+134/1-dx v’ =241 -4xvx-8x+x +4/1-4xx°

)/((—1+4x)(—1+34/1—4xx—4x2—4/1—4x+5x)(1+4/1—4x—2x)(v2—v+x)2))

x(A-Al)

/(1=v)+

Finald =2 x




(144/1-4xx* =205 =204/ 1 —4x P +44x° 184/ 1 —dxx—-342" 4/ 1-4x+10x—1) /
((—14x)(=1+4x) (=1 4341 -dxx—-4x>—4/1-4x+5x)(1+4/1-4x -2x))

x+2x+6x° +22x  +89x° +377x° + 1628 x” + 7072 x* + 30707 x° + 132891 x'° + 572567 x"!
+2455303 x'7 + O(x")

[ > FinalA:=factor (simplify(simplify(rationalize (FinalA)+1)-1));
factor (coeff (FinalA,sqrt(1l-4*x))) *sqrt(1-4*x)+factor (coeff (FinalA,
sqgrt (1-4*x),0));

FinalA =

201=4x 2 +40x*—294/1-4x x> —78x° + 104/ 1 —4x x+49 x> /1 —4x —12x+ 1

2x(=1+x)(-1+4x)

(22X =29 +10x-1)4/1-4x (5x-1)(2x—-1)
I 2x(-1+x)(~1+4x) 2x(-1+4x)
[ > £:=n->(2*n+1)!'/n'*2:
seq((n+4) /2/ (n+2) *binomial (2*n+2,n+1)+add(£(j) ,j=0..n-1)-4*n,n=0..
10) ;

1,2,6,22,89,377,1628, 7072, 30707, 132891, 572567

T 1T
v

> #1202

> restart: eqD:=-D1+x/(1-v)* (1+C)+x/v* (C+D1-C1l-D11);
eqC:=-C+x/ (1-v) * (1+C) +x*D1+x/v* (C-C1) ;
eqCl:=subs (Dl=solve (egD=0,D1l) ,eqC); factor(coeff (eqCl,C)) ;
alias (vv=RootOf (vA3-vA2*xX+v*x*2-v*24+2*v*x-x*2=0,Vv)) :
VVV:=allvalues (vv) :

x(1+C) x(C+D1-CI-DIl)
_l_

1-v v

x(1+C x(C-CI

—L———l+xD1+—L————l

1-v Y

eqD :=-D1 +

eqC :=-C+

x(1+C) x*(CIv+Dllv+C-CI-DIll+v) x(C-CI)
- +

1-v (-1+v)(v=x) v
2

eqCl =—-C+

VvV x+vx vV +2vx—x
L N (-1+v)(v—x)v
> solve({subs (C=0,v=ul,eqCl) ,subs (C=0,v=u2,eqCl)}, {C1l,D11}) ;
ul u2
:xudu2—u]—u2+1f

(CI




ul u2 X +2ul u2x —ul > —u2x* +ul u2 —ul x—u2 x +x°
(-1 +ul) (-1 +u2)x’
> CCl:=factor (ul*u2/x/ (ul*u2-ul-u2+1)) ;
DDl :=factor (- (ul*u2*x*2+2*ul*u2*x-ul*x*2-u2*x*2+ul*u2-ul*x-u2*x+x”
2)/ (-1+ul) / (-14+u2) /x*2) ;

DIl =-

ul u2
x(-1+u2)(-1+ul)
(u2x+u2—x)(ul x+ul —x)
(=1 +ul)(-1+u2)x*
> simplify (series (subs (ul=Vvv[2] ,u2=VVV[3],CCl) ,x,10)) assuming x>0
and x<0.1;

i 10x° +3x°+2563x  + 11181 x° + 602 x° + 146 x° + 37 x* + O(x") + x
[ > solve ({subs(C1l=CCl,D11=DD1,eqC) ,hsubs(C1l=CCl,D11=DD1l,eqD)}, {C,D1});

{C=—x(u1u2—u1v—u2v+v2)/(ulu2v3—ulu2v2x+u1 u2vx—ul u2 V' +2ul u2vx

CcCl =

DDI = -

—wl w2 X —ul VvV rul Vx—ul v — w2 v+ u2 vV x—u2 v+ ul vV =2 ul vx+ul X + u2 v

—2u2vx+u2x2+f—49x+vx2—v2+2vx—x%,D1:(u1u2v?x—u]u2vx2+u]u2f
vul 2V —ul u2vx+2ul u2 x> —ul Vx+ul v —ul X’ —u2 vV x+u2vx>—u2x —ul u2v

+u]u2x+u1vx—u1x2+u2vx—u2x2—vx;+f)//ﬂulu2—u1—u2+l)x

L Oﬁ—\9x+vx2—v2+2vx—x%)}

[ > CCC:=factor (-x* (ul*u2-ul*v-u2*v+v*2) / (ul*u2*v*3-ul*u2*v*2*x+ul*u2*
Vv*XA2-ul*u2*vr2+2*ul*u*vr*x-ul*u2*x*2-ul*v*3+ul*v r2*x-ul*v*x*2-u2*
vA3+u2*vA2*x-u2*v*x*2+ul*vAr2-2*ul*v¥*x+ul*x*2+u2*vr2-2*u2*v*x+u2*x”*
24vA3-vA2* X4V XA 2-vA24+2* v x-x"2) ) ;

DDD:=factor ((ul*u2*v*2*x-ul*u2*v*x*2+ul*u2*x*3+ul*u2*v*2-ul*u2*v*x
+2*ul*u2*x*2-ul*vAr2*x+ul*v*x*2-ul*x*3-u2* v *2*x+u2*v*x*2-u2*x*3-ul*
u2*v+ul*u2*x+ul*vrx-ul*x*2+u2*v*x-u2*x*2-v*x*2+x*3) / (ul*u2-ul-u2+1
) /x/ (VA3-VA2*x+v* X 2-vA2+2*v*x-x"2)) ;

x(u2—-v)(ul —v)

(v3—v2x+vx2—v2+2vx—nf)(—1+u2)(—1+u])

cCcC =~

DDD?=Udu2fx—u]u2vf+wdu2f+ﬂdu2f—wdu2vx+2u]u2f—u]fx+u]vf
—ul X -2V x+u2vx -2 —uluw2v+ul u2x+ul vi—ul X +u2vx—ul2 x> —vxt + x°

) /(1 u2) (L ul)x (V= P x v =V 4 2vx—xY))

[ > egB:=-B+x/ (1-v) * (1+CCC) +2*x/v* (B-Bl) :
BBl:=factor (solve (limit (eqB,v=2*x)=0,Bl)) ;
BBB:=factor (solve (subs (B1=BB1l,eqgB)=0,B)) ;

B3ulu2x+ulu2-3ulx—-3u2x+x
(6x—1)(-1+u2)(-1+ul)

BBl =~




<&M?Fx(3u1u2v2—3u1u2vx+3u1u2x2—2u1u2v+u1u2x—u1v2+5u]vx—3u]f
w2V r5u2vx-3u2 -4 x4 2v v = 2vx+x%) /(=1 +ul) (-1 +u2)
Oﬁ—x;x+vx2—v2+2vx—x%(6x—1))
> eqgA:=-A+x/ (1-v) * (1+BBB) +x/v* (A-Al) :
AAl :=factor (solve (limit (eqA,v=x)=0,Al)) ;
6ul u2 x> +2ul u2x—6ul x> —6u2x"—ulu2+2ul x+2u2x+4x —x
(-1+x)(-1+ul)(-1+u2)(6x—-1)
> simplify(series (subs (ul=Vvv[2] ,u2=VVV[3],AAl) ,x,11)) assuming x>0
and x<0.1;

1665 x" + 157564 x'* +379x° + 89 x” + 22 x* + O(x'") + 34098 x” + 7474 x* + 6 X’ + 2 x> + x
> simplify (series (subs (ul=VVvV[2] ,u2=VVV[3] ,ul*u2*vvv[1l]) ,x,11))
assuming x>0 and x<0.1;
simplify (series (subs (ul=VVV|[2] ,u2=VVV[3],ul+u2+VVVI[1l]) ,hx,11))
assuming x>0 and x<0.1;

AAl =—

o(x'") +x°
1+x
> AAl :=
factor (- (6*x72/u3*x*24+2*x*2/u3*x-6* (1+x-u3) *x*2-x*2/u3+2* (1+x-u3) *
x+4*x*2-x) / (-1+x) / (1- (1+x-u3) +x*2/u3) / (6*x-1)) ;

x(6ux—6u3x>+6x —2u3*+2x" +u3—x)

i (-1+x) (u3 —u3x+x>)(6x—1)

[ > simplify (series (subs (u3=Vvv[1l],6AAl),x,12)) assuming x>0 and x<0.1;

X+379x°+89x° +22x* + 67 +2x7 + 7474 x" + 1665 x” + 34098 x” + 735708 x'' + 157564 x'°
+0(x'%)

> ff:=simplify (subs (v=solve (f=-x* (6*u3*2*x-6*u3*x*2+6*x*3-2*u3*2+2*x
A24u3-x)/ (-1+x) / (u3*2-u3*x+x"*2) / (6*x-1) ,u3) [1],v 3-v r2*x+v*x* 2-v*2
+2*v*x-x"2)) :
factor ((coeff (f£f, (-108*£42*x*44+252*£*2*x*3-216*£*x*4-183*£/22*x"2+2
52*%£*x*3-108*x"4+42*£12*x-24*£*x 2-3*fr2-14*£*x+28*x*2+2*£-8*x+1) *
(1/2) ,1)* (-108*fr2*x " 44252* £/ 2*%x r3-216*f*x 4-183*£r2*%x 2+252*f*xx~3
—108*x"N4+42*fr2*x-24*%F£*x "2 -3*fAr2-14*F*xx+28*x "24+42*f-8*x+1)*(1/2)) "2
- (coeff (ff, (-108*£/22*x 44+252*£/22*x*3-216*£*x*4-183*£/2*x*2+252*f*x
A3-108*x"N4+42*fAr2*%x-24*%£*x A2 -3*fr2-14*£*xx4+28*x 2+2*f-8*x+1)~(1/2),
0))*2);

X 6x—1) (6L X 19X + 12X 421 P =25 A +8 /X =9 x+ 14 X" — 11 fX°

AAl =—

3
| +2x4ﬁf—fx+4jx?—2f—fx+f)/%6ff—7fx+6f+j¥2x)
> factor (taylor (subs (f=f,6*£f23*x"4-19*£/3*x*3+12* £ 2*x"4+21*£*3*x 2~




25%FA2XXAB4BHEXRAL-OX A KR4 14X FA2*xA2-11*FXxAZ4+2%x N A+EAZ-£A2*x+4% £
*xr2-2*%x*3-£*x+x*2) ,£,10)) ;
2 =2x+1)+x(-1+x) (8 =3x+1)f+x(12x=1) (-1 +x) L +(6x—1)(-1+x)’
[ > taylor (subs (£=x+379*x"6+89%*x 5+22*x 4+6*x*3+2*x 2+7474*x 8+1665%x*
7+34098*x~9+735708*x~11+157564*x~10,
KA2* (2%xA2-2%x+1) +x* (-~14x) * (8%x"2-3*x+1) *F4+x* (12%x-1) * (-1+x) A2*£~2
+(6*x-1)* (-14x) ~3*£~3) , x,10);

[ > #1203
[ > FinalA:=(1-2%x)/2/(1-x)*2/sqrt (1-4*x) - (16*x~8-76%*x 7+188*x*6-270%x
A5)/2/ (1-x)~5/ (1-2*x) ~3- (246*x~4-145%x~3+53*x~2-11*x+1) /2/ (1-x) *5/

(1-2*x) *3;
Finald =
1-2x 16x° =76 x" +188x° =270 x° 246x*—145x" +53 x> — 11 x + 1
2(1=xP1-4x  2(1-x (1-2x° 2(1-x) (1=2x)

> taylor (FinalA,x,10) ;

x+2x7+6x +22x" +88x° +358x° + 1435 x" + 5632 x° + 21745 x” + O(x'?)
> with (genfunc):
simplify (rgf expand (- (16*x*8-76*x 7+188*x*6-270*x*5) /2/ (1-x) ~5/ (1-
2%x) A3- (246*x~4-145*%x"3+53*%x*2-11%x+1) /2/ (1-x) ~5/ (1-2%*x) ~3,x,n)) ;
nt 2"n* @ 132'n A 53n 19

n

— 4 —— ——+102"-
24 4 12 4 24 12 2

> seq((n+l) /24* (n*3+n*2-2*n-108)+2* (n-1) * (n*2-11*n+28)-19/2+1/2*bino
mial (2*n+2,n+1)-1/2*add((j-1) *binomial (2*n+2-2*j,n+1-j) ,j=2..n+1),
n=0..20);

1,2,6,22, 88,358, 1435, 5632, 21745, 83188, 317244, 1210801, 4634360, 17801713, 68624309,
265385781, 1029098893, 3999657155, 15574396842, 60742472734, 237227822368

[ > #1220
[ > FinalA:=(22*x*3-29%x*2+10%*x-1)/2/x/ (1-x) /sqrt (1-4*x) A3+ (1-5%x) * (1-
2*x) /2/x/ (1-4*x) ;

2x-29x*+10x-1 (1-5x)(1-2x)
6 ax(1-4
2x(1-x)(1-4x) x(1-4x)

FinalA =

> taylor (FinalA,x,20) ;




x+2xX+6x +22x  +89x° +377 2%+ 1628 x” + 7072 x° + 30707 x° + 132891 x'° + 572567 x'!
+2455303 x'? + 10480437 x° + 44542229 x'* + 188552702 x'° + 795271994 x'® + 3343239677
x'7+ 14012749109 x™* + O(x"")

[ >

[ > £:=n->(2*n+1)!'/n'*2:

seq((n+4) / (n+2) *binomial (2*n+1,n)+add(£(j) ,j=0..n-1)-4~(n) ,n=0..10

) ;

1,2, 6,22, 89,377, 1628, 7072, 30707, 132891, 572567

> #1230
> FinalA:=-1/2%x* (2*x"2-2%x+1)/ (-1+4%*x) / (-1+2%x) / (-1+x) ~2* (1-4*x) ~ (1
/2) -1/2%x* (16%x~3-26*x"2+16%*x-3) / (-1+4%*x) / (-142%x) / (-1+x) *2;

x(2x°=2x+1)4/1-4x x(16x° =26 x> +16x—3)
Finald = -

i 2(—1+4x)2x—1)(=14x)P 2(-1+4x)(2x—1) (=1 +x)
[ > taylor (FinalA,x,20);

x+2xX+6xX +22x  +89x° +374x° + 1583 x + 6668 x° + 27866 x° + 115570 x'° + 476266 x'!
+1952798 x'? + 7975328 x'° + 32471190 x'* + 131883508 x'° + 534612570 x'° + 2163742213

L x" + 8746058250 x'* + 35314607143 x'* + O(x™")

[ > with (genfunc) :

aal:=rgf expand((1l/2*x* (2*x*2-2*x+1)/(-1+2*x)/(-1+x)"2,x,n)) ;;

aa2:=rgf_expand (-1/2%x* (16*x~3-26*x*2+16%x-3) / (-1+4*x) / (-1+2*x) /(-

1+x)*2,x,n);;

2" n
aal =——+—
2 2
2" 4" no 1
aal =—+———"+=
| 2 6 2 3

[ > seq(l/3*(2*4”*n+1l)+add((j/2-2~(j-1)) *binomial (2*n+2-2*7j,n+1-7j) ,j=1.
.n) ,n=0..20);

1,2,6,22,89,374, 1583, 6668, 27866, 115570, 476266, 1952798, 7975328, 32471190,
131883508, 534612570, 2163742213, 8746058250, 35314607143, 142464126480,
574280881003




