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Abstract. This paper is a continuation of the study of partially ordered generalized patterns (POGPs) considered in [6, 7, 8]. We provide two general approaches: one to obtain
connections between restricted permutations and other combinatorial structures, and one to
treat the avoidance problems for words in case of segmented patterns. The former approach
is related to coding combinatorial objects in terms of restricted permutations. We provide
several examples of relations of our objects to other combinatorial structures, such as labeled
graphs, walks, binary vectors, and others. Also, we show how restricted permutations are
related to Cartesian products of certain objects.
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1. Introduction
We write permutations as words π = a1 a2 · · · an , whose letters are distinct and usually
consist of the integers 1, 2, . . . , n. An occurrence of a pattern τ in a permutation π is
“classically” defined as a subsequence in π (of the same length as τ ) whose letters are in the
same relative order as those in τ .
Generalized permutation patterns (GPs) allow the requirement that two adjacent letters
in a pattern must be adjacent in the permutation. In order to avoid confusion we write a
“classical” pattern, say 231, as 2-3-1, and if we write, say 2-31, then we mean that if this
pattern occurs in a permutation π, then the letters in π that correspond to 3 and 1 are
adjacent.
In [7], a further generalization of GPs was introduced, namely partially ordered generalized
patterns (POGPs). A POGP is a GP some of whose letters are incomparable. For instance,
if we write p = 1-10 20 then we mean that in an occurrence of p in a permutation π the letter
corresponding to the 1 in p can be either larger or smaller than the letters corresponding to
10 20 . Thus, the permutation 31254 has three occurrences of p, namely 3-12, 3-25, and 1-25.
We refer to [2, 9] for a motivation to study GPs, POGPs, and classical patterns.
A POGP with no dashes is called a segmented POGP (SPOGP).
In this paper we continue the study of POGPs considered in [6], [7], and [8]. Sections 2
and 3 are devoted to POGPs in permutations, which is the main concern of the paper.
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Let Dn and Mn denote the set of Dyck paths of length 2n and Motzkin paths of length
n respectively. What could be a natural combinatorial interpretation for, say, the set
Di1 × Mi2 × Mn−i1 −i2 ? It turns out that such a combinatorial interpretation in these
and many other cases is given by a set of (n-)permutations simultaneously avoiding certain sets of POGPs. In section 3 we explain this phenomenon as well as suggest a general
approach for looking for different connections between restricted permutations and other
combinatorial objects. This direction is related to coding combinatorial objects in terms of
(POGP-)restricted permutations.
Based on results in [4], in section 4 we discuss a general approach for treating avoidance
problems for segmented patterns in words, that is patterns whose occurrences in words form
contiguous subwords of the words of the corresponding lengths.
Throughout the paper we assume that An (resp. A(x), G(x)) denotes the number (resp.
the exponential and ordinary generating functions for the number) of permutations that
avoid a pattern or a set of patterns under consideration.
2. Multi-avoidance of POGPs in permutations
In this section we give some relations between multi-avoidance of POGPs and other combinatorial objects such as certain walks and labeled general graphs.
2.1. 4-SPOGPs and walks. In [7] a bijection was given between the set of (n + 1)permutations avoiding the SPOGP 120 210 and the set of walks of n unit steps between lattice
points, each in a direction N, S, E or W, starting from the origin and remaining in the positive quadrant. Proposition 2.2 below establishes a connection between certain 1-dimensional
walks and permutations avoiding the SPOGPs 110 220 and 220 110 simultaneously.
¡ n ¢
Proposition 2.1. For the set of patterns {110 220 , 220 110 } and n ≥ 3, An = 2 bn/2c
.
Proposition 2.2. Let k ≥ 0 be an integer. For n ≥ 3, there is a bijection between the set
of all n-permutations avoiding simultaneously the patterns 110 220 and 220 110 , and the set of
all (n + k)-step walks on the x-axis with the steps a = (1, 0) and ā = (−1, 0) starting from
the origin but not returning closer than k units to it. That is, for k ≥ 1, the points (0, 0),
(±1, 0), (±2, 0), . . . , (±(k − 1), 0) may be visited only once by a legal walk, whereas for k = 0,
a legal walk is not allowed to cross the origin, it is only allowed to touch it.
2.2. 4-SPOGPs and semi-alternating permutations. In this section we consider the
set of permutations avoiding the pair of patterns (1210 20 , 2120 10 ). Since this set of patterns
is closed under reversal and complementation, the set Sn (1210 20 , 2120 10 ) is also closed under
reversal and complementation.
The permutations π ∈ Sn (1210 20 , 2120 10 ) are characterized as follows: π ∈ Sn (1210 20 , 2120 10 )
if and only if for each t ≥ 1, π(t) > π(t+1) exactly when π(t+2) < π(t+3) and π(t) < π(t+1)
exactly when π(t + 2) > π(t + 3). Hence, descents and ascents of π alternate at exactly every
other position starting with position 2 or 3, so we call such π semi-alternating.
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The exponential generating function for |Sn (1210 20 , 2120 10 )| is given by
Z t
Z t
Y
2Y (s)
2(u + v + 2w + 2x + y + z) − 3t − 1 = 4e +
e
ds + 2y + 2
y(s)2 ds − 2t − 1,
R
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0

R
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0

where Y (t) = 0 y(s)ds, u = 2 0 sinh(2Y (s))ds, v = 21 t + 2 0 cosh(2Y (s))ds, w = cosh(Y ),
Rt
x = sinh(Y ), z = 0 y(s)2 ds, x0 = v + xz, y 0 = w + yz, z 0 = 2x + z 2 , and the first three
derivatives of u(t), v(t), w(t), x(t), y(t), and z(t) at t = 0 are (0, 0, 0, 1), (0, 1, 0, 0), (1, 0, 0, 0),
(0, 0, 1, 0), (0, 1, 0, 0), and (0, 0, 0, 2) respectively.
2.3. POGPs and general graphs. A general graph (pseudograph) is a graph in which
both graph loops and multiple edges are permitted. In proposition 2.3 we use BabsonSteingrı́msson notation, where “[” in p = [xy · · · means that an occurrence of p in a permutation must begin from the leftmost letter of the permutation.
Proposition 2.3. For n ≥ 0, there is a bijection between the set of (n + 3)-permutations
simultaneously avoiding the SPOGPs p1 = 1210 20 , p2 = 2110 20 , p3 = 123, p4 = [210 1 and
p5 = [10 21 and the set of arbitrary general graphs on two labeled nodes and n edges.
Let An,k be the k ×k adjacency matrix of a graph on k labeled nodes and n edges (multiple
edges and loops are allowed). We assign labels 1, 2, . . . , k 2 to the entries of An,k by reading
the matrix from left to right and from top to bottom.
We define a class Cn,k (a1 , a2 , . . . , a` ) of graphs by indicating k 2 − ` entries of An,k that
must be 0 (the other entries, having labels a1 , a2 , . . . , a` , may or may not be 0).
Definition 2.4. Suppose p = a1 a2 · · · ak is a permutation and, for fixed non-negative integers
`1 , `2 , . . . , `k−1 , the letters b(i,j) , 1 ≤ i ≤ k − 1, 1 ≤ j = j(i) ≤ `i , are incomparable with each
other and with the ai ’s, 1 ≤ i ≤ k. We call the SPOGP
a1 b(1,1) b(1,2) · · · b(1,`1 ) a2 b(2,1) b(2,2) · · · b(2,`2 ) a3 · · · ak−1 b(k−1,1) b(k−1,2) · · · b(k−1,`k−1 ) ak
separated segmented POGP (SSPOGP). For the SSPOGP above we use the notation
τk (`1 , `2 , . . . , `k−1 ) = a1 |`1 a2 |`2 a3 · · · ak−1 |`k−1 ak .
We use “|” instead of “|1 ”.
SSPOGPs were introduced in [7]. These patterns allow us to control the distance between
certain letters in permutations and we use this property in theorem 2.5. If we write, say,
p = [|t xy, then we mean that an occurrence of the pattern p in a permutation must start
with the leftmost letter of the permutation, and the first t letters of the permutation can be
arbitrary, while the relative order of x and y must be preserved.
Let P 0 be a set of SPOGPs (or rather SSPOGPs) {[|i 2|`−i−2 1}0≤i≤`−2 . We define P to be
P 0 ∪ {p1 = |`−1 12, p2 = 12-3}.
Theorem 2.5. Let Cn,k (a1 , a2 , . . . , a` ) and P be as defined above. There is a bijection between
the set of graphs Cn,k (a1 , a2 , . . . , a` ) and the set of (n + `)-permutations avoiding simultaneously the patterns from P .
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Corollary 2.6. There is a bijection between the set of all graphs on k nodes with n edges
and the set of (n + k 2 )-permutations that avoid simultaneously all the patterns from the set
{[|i 2|k2 −i−2 1}0≤i≤k2 −2 ∪ {|k2 −1 12, 12-3}.
3. A general approach for looking for connections between restricted
permutations and other combinatorial objects
3.1. A general approach. A standard approach to find relations between restricted permutations and other combinatorial objects seems to be as follows. First one considers a
particular set of patterns P ; then one either finds a formula for, say, a number of permutations avoiding P or makes a (computer) experiment to find initial values of the number
of permutations avoiding P ; thereafter one may check if the numbers appear in [10], which
might establish relations to other combinatorial objects.
We suggest to start from consideration of a structure of permutations that are supposed to
avoid some set of patterns. The idea is to consider those structures that can be “controlled,”
that is, for which we can find a set of patterns that force our permutations to have the
prescribed structure. Moreover, in order to increase the probability of obtaining relations to
other objects, we may try to make the number of permutations having our structure be of
a “nice” form, like expressions containing binomial coefficients, or, say, powers of 2, etc. As
the next step we can either go to [10], or we may recognize the formula involved to count
objects known to us. Then we try to find a bijection between our object and the other one.
3.2. Cartesian products of combinatorial objects and restricted permutations.
Let On be the set of all (natural) combinatorial objects of size associated with n and having
interpretation in terms of restricted permutations. For instance, Motzkin paths Mn of length
n, as well as Dyck paths Dn of length 2n are elements of On since the former is related to
the n-permutations avoiding the GPs 1-23 and 13-2, whereas the latter is related to npermutations avoiding the GP 2-13 (see [3]). There are many other combinatorial objects
including different types of labeled trees appearing in On . Let O = ∪n≥0 On .
P
Theorem 3.1. Suppose Ani ∈ Oni for i = 1, 2, . . . , k, and n = i ni . Then
An1 × An2 × · · · × Ank ∈ On ⊂ O.
In other words, the Cartesian product of combinatorial objects related to restricted permutations has an interpretation in terms of restricted permutations.
Corollary 3.2. The cardinality of O is at least continuum.
3.3. Examples of applying the approach. For each of the permutation structures considered in this subsection, there is an explicit set of prohibited patterns giving these structures.
Let S1 (i, j, n+1) denote the set of (n+1)-permutations having the structure AxB(n+1)C,
where A, B, and C are decreasing, x is the largest letter in AxB, |AxB| = i, and |A| = j.
The set S2 (k, n) is obtained by prohibiting the patterns |k -132 and |k -231 in n-permutations.
We define the set S3 (i, j, n+2) to be the set of (n+2)-permutations of the form A1B(n+2)C
where |A| = i, |B| = j, A and B are decreasing, C avoids 132 and 231.
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Let S4 (k, n+k) be the set of (n+k)-permutations having the structure AB, where |A| = k,
any letter in A is greater than any letter in B, A avoids 123, 132, and 231, and B avoids
1-2-3 and 2-3-1.
Set of
permutations
S1 (2, 0, n + 1)

Formula

Sequence Combinatorial interpretation
in [10]
¡ n¢
A000292 (n + 3)-permutations avoiding 1-3-2-4 and
2
having exactly one descent (a descent in a
permutation π is an i such that π(i) > π(i + 1)).
¡n¢
S1 (3, 1, n + 1)
2 3
A007290 Acute triangles made from the vertices of
a regular n-polygon.
n−2
S2 (1, n)
n2
A057711 Number of 1’s in all palindromic compositions of
N = 2(n − 1). E.g., there are 5 palindromic
compositions of 6, namely 111111, 11211, 2112,
1221, and 141, containing a total of 16 1’s.
¡n¢ n−1
S3 (1, 1, n + 2)
2
A001815 (n + 3)-permutations containing 1-3-2 and 1-2-3
2
exactly once.
2
S4 (2, n + 2)
n − n + 2 A014206 Binary bitonic sequences of length n (a bitonic
sequence is
a1 ≤ a2 ≤ · · · ≤ ah ≥ ah+1 ≥ · · · ≥ an−1 ≥ an or
a1 ≥ a2 ≥ · · · ≥ ah ≤ ah+1 ≤ · · · ≤ an−1 ≤ an ).
Table 1. Examples of relations between restricted permutations and other
combinatorial objects

4. Avoidance of SPOGPs in words – a general approach
Any problem on (multi-)avoidance of any set of segmented GPs or, more generally, POGPs
in words over [k] is algorithmically solvable. This observation does not seem to be made in
the papers in this direction, although it is natural due to work in [4].
Indeed, suppose we count the number of words over [k] that avoid SPOGPs (in particular,
segmented GPs) from a finite set P = {P1 , P2 , . . .}. Clearly, since k is a fixed number, we
can write explicitly the (finite) set of prohibited words S = {S1 , S2 , . . .} corresponding to P .
Then we apply a result from [4] (see theorem 4.1 below) to answer the original question.
4.1. Review of a fundamental result. If X1 = a0 a1 . . . am−1 and X2 = b0 b1 . . . b`−1 are
two words, over some alphabet, of length m and ` respectively, then the correlation c12 =
c0 c1 . . . cm−1 is the binary string obtained by setting cj = 1 if ai = bi+j for every 1 ≤ i ≤
m−1−j, and cj = 0 otherwise. The autocorrelation of a word X1 is just c11 , the correlation of
X1 with itself. This is convenient to interpret a correlation cij = c0 c1 . . . cm−1 as a polynomial
cij (x) = c0 + c1 x + · · · + cm−1 xm−1 .
The following theorem can be obtained from the considerations in [4] and is similar to
that in [11, Th. 24] in binary case.
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Theorem 4.1. The generating function for the number of words over [k] that avoid the
subwords b1 , b2 , . . . , bn , of length `1 , `2 , . . . , `n respectively, none included in any other, is
given by the formula
¯
¯
¯
¯ ¯1 − kx
1
···
1 ¯
¯ c11 (x) · · · c1n (x) ¯ ¯
¯
¯ .
¯ ¯ −x`1 c11 (x) · · · c1n (x) ¯
.
.
¯
¯
¯
..
.. ¯ / ¯ .
(1)
S(x) = ¯ ..
..
.. ¯¯ .
..
.
.
.
.
. ¯
¯c (x) · · · c (x)¯ ¯
n1
nn
¯ −x`n c (x) · · · c (x)¯
n1

nn

4.2. Corollaries to Theorem 4.1. Recall definition 2.4.
Proposition 4.2. Let τ ∈ Sk be a segmented GP and τ = τ1 τ2 , where τ1 and τ2 are nonempty. Assuming m < max{|τ1 |, |τ2 |}, for SSPOGP σ = τ1 |m τ2 and the words over [k], we
have G(x) = (1 − kx + k m xk+m )−1 .
Proposition 4.3. Suppose p = 1`1 (10 )`2 2`3 and `1 , `2 , `3 > 0. Let ` = `1 + `2 + `3 . For binary
alphabet, we have that G(x) = (1 − 2x + 2x` )−1 .
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