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Abstract. A token passing network is a directed graph with one
or more specified input vertices and one or more specified output
vertices. A vertex of the graph may be occupied by at most one
token, and tokens are passed through the graph. The reorderings
of tokens that can arise as a result of this process are called the
language of the token passing network. It was known that these
languages correspond through a natural encoding to certain regular languages. We show that the collection of such languages is
relatively restricted, in particular that only finitely many occur
over each fixed alphabet.

1. Introduction
The study of graphs whose vertices can be occupied by tokens, or pebbles, which are moved along the edges has ranged from recreational
mathematics [8, 10] to motion planning and related topics [3, 4, 6]. In
most of these papers the problem is restricted to moving a fixed set
of pebbles within a given graph, generally aiming to obtain a specific
configuration. On the other hand, early works such as [5, 7, 9] dealt
in a similar way with moving tokens, now thought of as items of data,
within a network (represented as a directed graph) with the aim of
producing specified outputs from a fixed input, or sorted output from
a variable input.
In the latter area the problem of identifying permutations which could
be produced when the network was restricted to a fixed size was considered in [2]. They showed that, under a natural encoding scheme,
the collection of permutations generated by a token passing network is
always a regular language.

2. Definitions and major results
A token passing network, T (G, I, O), consists of a directed graph G
together with non-empty subsets I and O of the vertices of G. Of
course I represents the set of input vertices, and O the set of output
vertices.
1

2

M. H. ALBERT, N. RUŠKUC, AND S. LINTON

In order to identify a permutation output from a token passing network, it suffices to know the rank of each output token, among all the
remaining elements of the permutation. This rank cannot exceed the
number of vertices in the underlying graph G of T . The rank encoding
of a permutation is obtained by replacing each symbol with its rank
among the remaining symbols. By concentrating on the rank of each
token, rather than its actual value, we can describe the operation of T
quite simply.
A state of T consists of a sequence (possibly empty) of vertices of the
network, not containing any duplicates. This represents the situation
where the vertices in the sequence are occupied by numbered tokens,
whose relative ordering agrees with the ordering of the sequence. That
is, the smallest token occupies the first vertex of the sequence, the
second smallest token the second vertex, and so on.
The primitive transitions in a token passing network in state s are of
the following types:
Input: If i ∈ I and i does not occur in s, then there is a transition
s → si.
Movement: If s = avb and v → w is an edge of G and w does
not occur in s then there is a transition s → awb.
Output: If s = aob with o ∈ O then there is a transition s → ab
The output class, Out(T ) consists of all the permutations π that can
be produced by some run of T . It is easy to see that the output class
of a token passing network is a pattern class.
The language B(k) consists of the rank encodings of all permutations
where the rank of any element is bounded by k. These permutations are
referred to as k-bounded. Many token passing networks produce this
language, the simplest being a buffer of k vertices, each both an input
and output vertex. The language accepted by a token passing network,
T (G, I, O), is a sublanguage of B(|G|) since at most |G| tokens can
occupy the graph. We define the boundedness of T to be the minimum
k such that L(T ) ⊆ B(k).
We will also consider token passing networks restricted to operate with
a total of at most c tokens in the network at any one time. In terms of
the states introduced above, we restrict the operation of T to states represented by sequences of length at most c. We refer to such networks as
capacity restricted token passing networks and denote the token passing
network T restricted in this way by Tc . Obviously L(Tc ) ⊆ B(c)∩L(T ).
Our main theoretical results are:
Theorem 1. Let c be a fixed positive integer. Then:
{L(T ) : T a token passing network of boundedness c}
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is finite.
Theorem 2. Let c be a fixed positive integer. Then:
{L(Tc ) : T a token passing network}
is finite.
These two results indicate that the permutational power of token passing networks is relatively restricted, in that there are infinitely many
pattern classes represented by regular sublanguages of B(C). Alternatively they can be viewed as compactness results for token passing
networks. They say that, for a fixed boundedness or capacity bound,
there is a finite test set, T , of permutations such that, if two token passing networks satisfying the boundedness conditions generate the same
subset of T then they generate the same language. In Section 3 we
will see that for boundedness (or capacity bound) 2, the set T = {21}
suffices, while for boundedness 3 we may take:
T = {21, 321, 312, 31542, 324651}.
3. Examples
The proofs of Theorems 1 and 2 show that a token passing network
which produces a 3-bounded class cannot be very complex. There are
in fact precisely five 3-bounded classes that can be produced by token
passing networks (and there is no distinction between the inherently
bounded, or capacity bounded framework in this case). The five classes
are:
(A) All 3-bounded permutations.
(B) The 3-bounded permutations avoiding the pattern 321. These
can be produced by two queues in parallel.
(C) The 3-bounded permutations avoiding the pattern 312. These
can be produced by a stack.
(D) The 3-bounded permutations avoiding both the pattern 31542
and 32541.
(E) A class whose set of minimal avoided patterns is infinite, given
in the language of the rank encoding by:
322321, 3213(31)∗ 321.
Networks producing the latter four classes are shown in Figure 1.
A notable feature of the bottom right network in Figure 1 is that it
produces the permutation 32541, but in doing so, the element 2 cannot
be output before the element 4 is added to the network. This establishes
that one type of greedy protocol for operating token passing networks
is not effective.

4

M. H. ALBERT, N. RUŠKUC, AND S. LINTON
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Figure 1. Examples of networks producing each possible non-universal 3-bounded class.

Figure 2. A network which produces the 4-bounded
permutation with encoding 4222434111 but not without
holding at least five tokens at some point.
Our final example is a token passing network T which has the property
that:
\
L(T4 ) 6= L(T ) B(4).
The network shown in Figure 2 can produce the permutation
4 2 3 5 8 7 10 1 6 9
whose rank encoding is:
4 2 2 2 4 3 4 1 1 1.
However, it cannot do so without at some point having five tokens in
the network, namely token 10 must be added before token 7 is output.
As this network has an inherent capacity of 5 this still leaves open
the question of whether it is ever necessary to add more tokens to the
network than its inherent capacity.
4. Summary and conclusions
The permutational power of token passing networks is relatively limited, at least in the variety of classes of permutations that they can
produce. However, token passing networks are by no means trivial –
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determining precisely the class produced by a token passing network,
or its basis, is not a simple problem.
The effective procedures for doing so, found in [1], are generally of
(at least) exponential complexity. However, even in the small cases to
which they apply, the results include a number of novel antichains, of
significant growth rates.
References
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