RESTRICTED SET ADDITION IN GROUPS, I.
THE CLASSICAL SETTING

VSEVOLOD F. LEV

ABSTRACT. We survey the existing and prove several new results for the cardinality of
the restricted doubling 2°A = {a’+a": d/,a” € A, o' # a"}, where A C G is a subset of
the set of elements of an (additively written) group G. In particular, we improve known
estimates for G = Z and G = Z/pZ and give a first-of-a-kind general estimate valid for
arbitrary G.

1. BACKGROUND, MOTIVATION AND SUMMARY OF RESULTS

Let G be an arbitrary group. We use additive notation for the group operation in G,
as all particular groups that appear in this paper (excluding the Appendix) are Abelian;
however, no commutativity is assumed in general, unless indicated explicitly.

Let A C GG and B C G be finite non-empty subsets of the set of all elements of G.
How small can be the set

A+B={a+b:a€c A, be B}

of all elements representable as a sum of an element of A and an element of B? Though
this and related problems are studied in numerous papers, almost nothing is known about
the cardinality of the set

A¥B={a+b:ac A be B, a#b}

of all sums with distinct summands. We are primarily interested in B = A and we
abbreviate 24 = A+ Aand 2°A = AT A,

The first case one might think of is G = Z, the group of integers. Here we can shift A
to make its minimum element 0 and then divide through all the shifted elements by their
greatest common divisor — this normalization, clearly, does not affect the cardinalities
of 2A and 2°A. We denote then by [ the maximum element of, and by n the cardinality
of A. Thus, there is no loss of generality in writing

ACI0,l], 0,leA, gcd(A)=1, |Al =n.
It was proved by G. Freiman over 30 years ago (see [5]) that under this notation

[+ n, if [ <2n-—3,

9A| > mindl. 2n — 3} + 1 =
[24] 2 mindl, 2n =3} +n {3n—3 if 1> -2,
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equality being attained, for instance, for A = {0,...,n — 2} U {l} in which case 24 =
{0,....2n —4}YU{l,....l+n—2} U{2[}.

Oddly enough, no parallel result for 2°A has ever been obtained, though one was

conjectured by Freiman (personal communication) and independently by the present
author.

Conjecture 1. Let A be a set of n > 7 integers such that A C [0,{], 0,1l € A and
ged(A) = 1. Then
l+n—2 if 1<2n—5,

Al > min{l,2n — 5} +n—2 =
[2°A] 2 min{l, 2n =5} +n {3n—7, if 1>2n—4.

This is the strongest possible assertion of this kind, as letting A = {0,...,n — 3} U
{I-1,1} weget 22A={1,....2n—=T}U{l—1,...,l+n—3}U{20 —1}. (More generally,
choose A ={0,d,...,(ni—1)d}U{l—(n—ny—1)d,...,l—d,l} with 2 <n; <n—2and
d > 1 small enough.) The condition n > 7 is necessary due to a singularity for n = 7:
consider A ={0,1,m —1,m,m+ 1,2m — 1,2m} with m = [/2 sufficiently large.

The trivial estimate is this.

Lemma 1. Let A, B C Z be finite sets of integers. Then
|A¥ B| > |A| + |B| - 3.
Proof. Write A = {ay,...,a,} and B = {by,...,b,}, the elements being arranged in
increasing order. Then among the n +m — 1 distinct sums
a1+b1,...,a1+bm,a2—|—bm,...,an+bm
at most two do not belong to A+ B. O

Notice, that equality is attained when A = B is an arithmetic progression.
Not counting Lemma 1, the only known result in this direction is proved in [6].

Theorem A (Freiman, Low, Pitman [6]). Let A be a set of n > 2 integers such that
ACI0,1], 0,l € A and gcd(A) = 1. Then

3 7_{0.5(l+n)+n—3.5, if 1<2n—3

1
2° Al > = min{l,2n — 3} + on — £ =
ZAlz gmindl,2n =3} +on—g =4, & if 1>2n—2.

In this paper we get somewhat nearer to Conjecture 1.
Theorem 1. Let A be a set of n > 3 integers such that A C [0,1], 0,l € A, and
ged(A) =1. Then

O+1)n—6, if 1>2n—4,
where 0 = (1 ++/5)/2 ~ 1.61 is the “golden mean.”

|2AA|2{H”_2’ if 1<2n—5,
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This theorem will be proved in Sections 2 and 3 using our reduction method developed
in [10, 11, 12]. Very roughly, this method can be described as follows. We consider the
image A C Z/IZ of A under the canonical homomorphism of Z onto Z/IZ (the set of
residues modulo [), and we derive estimates for |2°A| from those for [2°A|. The problem,
however, is that very little is known about |2°A|. All papers published so far concentrate
on the Erdds-Heilbronn conjecture, proposed in [4] and proved in [3]; in particular, the
moduli under consideration are prime.

Theorem B (Dias da Silva, Hamidoune; conjectured by Erdds and Heilbronn). Let
A C Z/pZ and B C 7Z/pZ be sets of residues modulo a prime number p. Then

|AT B| > min{|A| + | B| — 3, p}.

In [1, 2], Alon, Nathanson, and Ruzsa gave another and easier proof, which also yields
similar estimates for the number of sums a + b with P(a,b) # 0, where P is an arbitrary,
fixed polynomial. (Theorem B is obtained for P(z,y) =z —y.)

For sparse sets of residues, Freiman, Low, and Pitman were able to go further: using
their Theorem A, they described all A C Z/pZ such that the cardinality of 2°A slightly
exceeds the minimum possible value.

Theorem C (Freiman, Low, Pitman [6]). Let A C Z/pZ be a set of n residues modulo
a prime p, where 60 < n < p/50. Suppose that |2°A| < 2.06n — 3. Then A is contained
in an arithmetic progression of at most 2|2°A| — 3n + 8 terms.

Using our Theorem 1 (instead of Theorem A) and following the method of Freiman,
Low, and Pitman otherwise, we prove in Section 4 the following.

Theorem 2. Let A C Z/pZ be a set of n residues modulo a prime p, where 200 < n <
p/50. Suppose that |2°A| < 2.18n — 6. Then A is contained in an arithmetic progression
of at most |2°A| — n + 3 terms.

Here the expression |2°A| — n + 3 is best possible, as the above example shows, when
reduced modulo p:

A={0,1,....n=3YU{l—- 1,1} CZ/pZ, n—1<1<1.18n—4.

Conjecturally, the restriction [2°A| < 2.18n — 6 can be relaxed to |2°A| < 3n—7, and the
bound p/50 can be replaced by (p — C')/2 with a relatively small absolute constant C'
this, however, is far beyond the reach of our methods. In fact, the constants 50 and 200
are of a technical nature and can be varied in a certain range. In particular, 1/50 can be
increased to 1/35 at the expense of increasing 200 to a very large number, like 15, 000.
The attentive reader may have noticed a logical problem: to prove a result for residues
(Theorem 2) we need a result for integers (Theorem 1), while the proof of the latter
is based on a reduction back to the residues case. For the “regular” (not restricted)
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doubling 2A this problem is overcome by an application of Kneser’s theorem to the set
ACZ/IZ.
Given an Abelian group G and a set C' C G, the period H = H(C') of C is defined by

H={heG:C+h=C).

Observe that H C (G is a subgroup and that C' is a union of a number of H-cosets. If
H # {0}, then C is said to be periodic.
Kneser’s theorem (see [8, 9]) is the following.

Theorem D (Kneser). Let A and B be finite sets of elements of an Abelian group G,
and write H = H(A+ B). Suppose that |A+ B| < |A| + |B| — 1. Then

|A+ B|=|A+ H|+|B+ H|— |H|.
Therefore, H # {0} when |A+ B| < |A|+ |B| — 1:

Corollary 1. Let A and B be finite sets of elements of an Abelian group G, and suppose
that |A+ B| < |A|+ |B| — 1. Then A+ B is periodic.

Though this is not obvious at first glance, Theorem D is equivalent to Corollary 1 in
the sense that the former can be easily derived from the latter.

No analogue of Kneser’s theorem is known for the restricted sum A+ B. However,
heuristic arguments suggest that non-trivial conclusions about A+ B can be drawn,
provided |AF B| < |A| + |B| — (L + 2), where L = L(G) is the maximum number of
pairwise distinct elements of G that share a common doubling:

(1) L(G) = max A

9i#g; (1<i<g<A)
291=--=295

We call L(G) the doubling constant of the group G. Note that for G = Z/IZ we have

L(G) = 6o(1) + 1,
1, if 2|1
5 l — ) )
2(!) {o, if 241,
Some group-theoretic properties of the constant L(G) are discussed in the Appendix.
Actually, Kneser’s theorem can be successfully applied in the restricted doubling con-
text if AF B = A+ B; and in the remaining case A+ B # A + B (meaning that there
exists an element in A + B not representable as a + b with a # b) we conjecture the
following.

Conjecture 2. Let G be an Abelian group with the doubling constant L = L(G). Then
|AF B| > |A|+|B| — (L +2)
for any finite A, B C G such that A+ B # A+ B.
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We show that this conjecture, and even its special case B = A, yields
|2°A] > min{l,2n — 5 — 5 (1)} +n — 2

(where A is a set of n integers such that A C [0,1], 0,1 € A and ged(A) = 1) which is
almost as strong as Conjecture 1. We believe that the “lost” 1 can be recovered, but
perhaps it makes no sense to hunt for it until Conjecture 2 is proved.

We note that a classical result of Kemperman [7, Theorem 2] implies that |A 4+ B| >
|A| +|B| — L under the same condition A+ B # A+ B, but his method doesn’t seem to
be applicable to estimates of |A+ B].

In the present paper (Section 3) we use a combinatorial argument to give a partial
proof of Conjecture 2 in the case B = A. Actually, we go somewhat further by omitting
the commutativity requirement.

Theorem 3. Let G be an arbitrary group with the doubling constant L = L(G). Then
12°A] > 0|A] — (L+2); 6= (1+5)/2
for any finite A C G such that 2°A # 2A.

We can now outline the plan of attack on Theorems 1 and 2. Given a set of integers
A C [0,1], we consider its reduction A C Z/IZ. By Theorem 3 as applied to G = Z/IZ,
either [2°A| is large, or 2°A = 2A. In the former case it is not difficult to see that |2 A|
is also large; in the latter case we use Kneser’s theorem to derive structure information
about 2A which allows us to complete the proof of Theorem 1. Once Theorem 1 is
proved, we use it in conjunction with the method of Freiman, Low and Pitman to prove
Theorem 2.

2. REDUCTION METHOD

With possible generalizations in mind, we formulate and prove the following lemma
for h-fold restricted addition, h > 2. The corresponding restricted sums are defined in
the natural way:

hA={a1+---+ap,:a, € A(1<i<h), a;#a; (1<i<j<h)}

Our convention for using overlined symbols: given an integer [ > 2, overlined characters
are used for objects (sets or elements) in Z/IZ, and same characters without the overline
sign are used for their pre-images in Z.

Lemma 2. Let A C [0,1] be a set of integers such that 0,1 € A. Write A" = A\{0,1} and
let A C Z/IZ be the image of A under the canonical homomorphism Z — 7./1Z. Then

| Al > |RA| + |(h — 1) 4.
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Proof. We have:

@
| Al > Z #{pre-images of ¢ in h"A}

cen A
= Z (#{pre—images of ¢in K" A} — 1) + | Al
cen A
(2 . e . a7
> Z (#{pre-images of ¢ in h"A} — 1) + |h"A]
ce(h—1) A
(3) . . o e
> Z #{pre-images of ¢ in (h — 1)"A’} + |h"A]

ce(h—1) A’
©) ~pr ~ 3
= |(h—=1) A"+ | A|.
Explanations follow.

(1) Each element of h"A has at least one pre-image in h"A and distinct elements,
plainly, have distinct pre-images;

(2) (h=1YA ChA as0e€ A\ A

(3) If ¢; < -+ < ¢ are distinct pre-images of ¢in (h—1)"A’, then ¢; < -+ < ¢g < c5+1
are distinct pre-images of ¢ in h"A;

(4) Each element of (h — 1)"A’ has a pre-image in (h — 1)"A’, and each element of
(h — 1)"A’ has an image in (h — 1)" A4’

O

Below, we need only a particular case of Lemma 2.

Corollary 2. Let A C [0,1] be a set of n = |A| integers such that 0,1 € A, and let A be
the canonical image of A in Z/IZ. Then

12°A| > [2°A| +n — 2.
Proof. Apply Lemma 2 with h = 2 and observe that |A’| =n — 2. O

In fact, a straightforward proof of Corollary 2 would be a bit simpler than the proof
of Lemma 2: just notice that each element of 2°A has a pre-image in 2°A, and that the
n — 2 elements a (where a € A\ {0,{}) each have two distinct origins in 2" A, namely a
and a + (.

The following is a striking, but probably useless consequence.

Corollary 3. Conjecture 1 holds if | is a prime number. That is,
|2°A| > min{l,2n — 5} +n — 2,
where A C [0,1], 0,1l € A, n=|A| and [ is prime.
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Proof. Apply Corollary 2 and observe that
12°A| > min{l,2n — 5}
by Theorem B (as 2|A| =3 =2(n—1) — 3 =2n —5). O

Our next corollary is less impressive, but more important; it establishes Conjecture 1
in the particular case of “large” restricted doubling 2" A.

Corollary 4. Let A C [0,1] be a set of n = |A| > 3 integers such that 0,1 € A, and let
A € ZJIZ be the canonical image of A in Z/IZ. Suppose that |2°A| > 2|A| — 3. Then

|2°A| > 3n —T7.
Proof. This follows immediately from Corollary 2. U
Another conclusion is that Conjecture 1 holds if [ < 2n — 5.

Corollary 5. Let A C [0,1] be a set of n = |A| integers such that 0,1 € A, and suppose
that | < 2n — 5. Then

|27A| > 1 +n—2.

Proof. In view of Corollary 2, it suffices to show that 2°A = Z/IZ. Indeed, let ¢ be an
arbitrary element of Z/IZ. Since |A| + |¢ — A| = 2|A| = 2n — 2 > [ + 3, the sets A and
¢ — A intersect by at least three distinct elements and therefore we have at least three
distinct representations

c=a,+a;; a,a €A (i=1,2,3).
Now, at least one of the pairs (a;,a) satisfies a; # a; — otherwise 2a] = 2a;, = 2a3,
which contradicts L(Z/IZ) < 2. O

! =1

While Lemma 2 provides a relatively simple application of the reduction method, the
following result is more technical. Establishing Conjecture 1 for 2°A = 2A, it will allow
us to restrict attention to the case when 2°A is distinct from 2A.

Lemma 3. Let A C [0,1] be a set of n = |A| > 3 integers such that 0,1 € A and
ged(A) = 1. Furthermore, let A be the canonical image of A in Z/IZ, and suppose that
2°A =2A. Then
|2°A| > min{l,2n — 5} + n — 2.

Proof. By Corollary 4, we can assume
) 2] = 24| < 24| — 4.
Let H = H(2A) be the period of 24. By Kneser’s theorem (Theorem D),

|H| =2|A+ H| — |24] > 2|A| — (2|A] — 4) = 4.
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Obviously, A+ H C 24 (as A C 2A), and without loss of generality we confine ourselves
to the case A+ H G 2A: otherwise,

2A=2A+H=A+(A+H)=3A=2A+H+A=4A= ... =7/IZ
(as A generates Z/IZ in view of ged(A) = 1) and by Corollary 2,
|2°A] > |2°A| +n—2=]24]|+n—2=1+n—2.
We now write
A= AU((A+ H)\A) U (ZA\ (A + H))
and we subdivide the elements ¢ € 2°A into three classes depending on the set in the

right-hand side that ¢ falls into. The total number of elements ¢ in each class is then
counted separately.

(i) #{c € 2A:¢c € A} > 2n —3: write A = {ay,...,a,} (where a; < a;41, i =
1,...,n—1) and consider

a1 tag<--<artap1<ata,<ayt+a, <- <1+ ap.
(ii) #{ce2A:ce (A+ H)\ A} > |A+ H|— |A|: indeed, as (A+ H)\ A C 2°A, any
element of (A + H) \ A has at least one pre-image in 2"A.
(iii) #{ce€ 2A:c€ 22A\ (A+ H)} > 2|A| —|A + H| — 3. This is the estimate. To
prove it, we first notice that 2°A \ (A + H) consists of N = (|2°A| — |A+ H|)/|H| > 0
H-cosets, each of the form a; + ay + H with some aj,a; € A\ {0,(} and a; ¢ H. Let
Ai={acA:aca;+H} (i=1,2). Then
[Ail = |Ail = [H| = [(a; + H) \ Ai| = |H| = |(a; + H) \ A
> [H| = [(A+ H)\ Al = [A] + |H| - [A+ HI.
Thus by Lemma 1,
| A1 F Ao| > [Ar| + |As| — 3 > 2|A| + 2|H| — 2|A+ H| - 3,

and we denote the right-hand side by K. Therefore, the elements of each H-coset (of the
N that comprise 2°A \ (A + H)) have together at least K pre-images in 2°A. Moreover,
by (2) and Kneser’s theorem,

K >]2A+1+2|H|-2/A+ H| > |H|+1,
and we can bound the quantity in question from below by
KN =(K—-|H|)(N-1)+ K+ N|H| — |H|
> K+ N|H|— |H|
= |2°A| — 3|A+ H| + 2|A| + |H| -3
=2|A| - |A+ H|-3.
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(We used here Kneser’s theorem a third time.)
Finally, putting together the estimates of (i), (ii), and (iii) we get

|2°Al > (2n —3) + (|A+ H| — |A]) + (2|4] — |A+ H| - 3)

=2n+ |A| -6

=3n—171,
completing the proof. O

The connection between Conjectures 1 and 2 now becomes apparent.
Corollary 6. Let A C [0,] be a set of n = |A| > 3 integers such that 0,1 € A and
ged(A) = 1. Then, assuming Conjecture 2, we have
|2°A] > min{l,2n — 5 — & ()} + n — 2.

Proof. Let A € Z/IZ be defined as usual. By Conjecture 2 as applied to A, either

12°A| > 2|A] —65(1) —3 = 2n—5—55(1) (since L = 1+35(1)), or 2°A = 2A. In the former
case the assertion follows by Corollary 2, in the latter case by Lemma 3. U

Above, we proved unconditionally Conjecture 1 in the very special case of prime [
(Corollary 3). Now we consider another particular case, specifically symmetric sets:
A =1— A. Of course, both these situations are fairly artificial. However, they support
the general conjecture and the proofs are good illustrations of our method.

Corollary 7. Let A C [0,] be a set of n = |A| > 3 integers such that 0,1 € A and
ged(A) =1, and suppose that A is symmetric: A=1— A. Then

|2°A| > min{l,2n — 5+ 5 (1)} +n — 2.
Proof. Define A in the usual way. By Lemma 3 we can restrict ourselves to the situation
2"A # 2A, in which case there exists a € A such that 2a ¢ 2°A. Then
l(@— A)N(A—a) <1+6()
— a implies 2a = @’ + a”, whence a’ = @’ and 2a = 2a’. It follows that
(@ —A)U(A—a)| = 2/A| -1 - ().

On the other hand, in view of the symmetry of A, the set A is also symmetric in the sense
that —A = A, and therefore both @ — A and A — @ are subsets of 2°A U {2a} U {—2a}.
Thus,

|2°A] +2 > 2|A| — 1 — &(]),
|2°A] > 2|A] — 3 — 8,(1) = 2n — 5 — &(])
and the result follows from Corollary 2. O
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3. THE COMBINATORIAL KERNEL: PROOFS OF THEOREMS 3 AND 1

We now turn to the proof of Theorem 3 — the core result, on which both Theorems 1
and 2 are based. In the course of the proof, we use the notation A — A for the set of all
elements of GG, representable as @' — o” with d/,a” € A, and —A + A for the set of all
elements of G, representable as —a’ + a”. We have to distinguish these two sets, since G
is not assumed to be Abelian.

Proof of Theorem 3. Assume the conclusion fails:
(3) |2°A| < On — L — 2,
where we write n = |A.

(i) Obviously, there exists o € 2°A such that the number of representations of ¢ in the
form o =d +d” (d’,a" € A) is at least

n?—n . n(n—1)

n—L—-2" 6O(n—1)

= (0 —1)n.

(ii)) Given ¢ = ay —aj € A— A, we write A’ = A\ {a(} and A” = A\ {aj}. As both
A"+ af and A" + af are subsets of 2°A, we have

|(A"+ag) N (A" +a5)| > |A |+ A" —|12°4] > 2(n—1)— (Bn—L—2) = (2—60)n+ L.
Now any solution of a' + aj) = a” + af in @', a"” € A yields a representation ¢ = —a” + d’.
This shows that any ¢ € A — A has more than (2 — #)n + L representations of the form
c=—d"+d (d,d" € A).

An immediate conclusion is that A — A C —A + A. Similarly, —A+ A C A — A (fix
c=—aj +a, € A— A and estimate |(aj + A) N (ag + A)|). Therefore,

A-A=-A+A

(iii) Given ¢ € A — A, consider the subset of A consisting of all those a” which can
appear as a first term in ¢ = —a” + @’. On the other hand, consider the subset of A
comprised of all those a” which can appear as a second term in o = @’ + a”. By (i) and
(ii) the sum of the cardinalities of these two subsets is greater than
@—1)n+2—-0n+L=n+1L,

and we conclude that there are more than L common values of a”, resulting in L + 1
equalities

oc=a+a, c=—a] +a; a,a,a €A (i=1,...,L+1)
and further to L + 1 equalities

o+c=a;+a,.
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We observe that at least one index i satisfies a; # a: otherwise 2a; = --- = 2a54y. It
follows that o + c € 2°A for any c € A — A, that is

(4) o+ (A—A) C2°A.
(iv) To get a contradiction, we show that A — A is “too large” to satisfy (4). Indeed, fix

a € A such that 2a ¢ 2°A. (Such an a exists in view of the hypothesis 24 # 2°A which
had not yet been used.) Then

(a—A)N(—a+A)| <L

as any solution of a —a’ = —a + d” in a’,a” € A necessarily satisfies ' = a”, and
therefore there exist at most L solutions. Now both a — A and —a + A are subsets of
A—A=—A+ A, hence by (3)

|JA—A|>|a—Al+|—a+Al—L=2n—L > [2°4],
contradicting (4). O

It will be noted that for commutative G certain simplifications of the proof are possible.
Theorem 1 now follows easily.

Proof of Theorem 1. By Corollary 5, it suffices to consider the case [ > 2n — 4. Define A
as usual. By Theorem 3, either 2°A = 2A, or [2°A| > On — 3 — §,(1). In the former case
the result follows immediately from Lemma 3, in the latter case from Corollary 2. U

4. PROOF OF THEOREM 2

Since the proof follows closely that of [6, Theorem 2], which in turn is very similar to
the proof of [5, Theorem 2.1] where non-restricted doubling 2A was considered, we only
sketch here the argument omitting technical details.

(i) Given C' C Z/pZ and z € Z/pZ, we define

so that S¢(0) = |C| and

p—1
> [Sc(2)] = plC],
z2=0

whence

() > ISe(z)]P = [Cl(p — [C).
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(ii)) We write n = |A| and consider the sum

p—1
Z Z gm%z

a/ NEA = 0
a62A

On the one hand, this sum equals n?p as to any a’,a” € A there corresponds precisely
one a € 2A such that a’ + a” = a. On the other hand, it can be represented as

2+

! // i H
a, a,

a€2 A a€2A\2 A

and here the second summand equals p|2A\ 2°A| < np, as any a € 2A\ 2" A has precisely
one representation a = a’ + a”. Thus, the first summand is at least (n? —n)p, which can
be rewritten as

3 SA(2)Sra(—2) = (0 — m)p,

We further single out the term with z = 0 to obtain
p—1

() > S(2)Sra(—2) = (0 —mlp — T,
z=1

where for brevity we write T = [2"A|.

(iii) Define

M = max [Sa(z)].

1<z<p—1

Then (6) implies
MZ|SA WSra(2)] 2 (2 = n)p — 0T

and using Cauchy-Schwarz and (5) (as applied to C' = A and C' = 2"A) we conclude that

(n—1)p—nT

Vnlp=n)\/Tlp—T)

M
— 2
n



RESTRICTED SET ADDITION 13

As the right-hand side is easily seen to be a decreasing function of 7" on [0, p/2], and
2.18n < p/2, it follows that

M (n—1)p —2.18n?

— >

n o \/n(p—n)y/2.18n(p — 2.18n)
1 (n—1)p — 2.18n?

 V218np\/T—n/p\/T—2.18n/p
1 ap —1—2.18a%p
~ V218apyT — a1 - 2.18a
1 1-218a—1/n
V21841 - 3.18a + 2.18a2
S 1 1—2.18a — 0.005
T V/2.18v/1 — 3.18a + 2.18a2
where o € [0,1/50] is defined by n = ap. A tedious but straightforward calculation

establishes the convexity of the right-hand side as a function of a and thus shows that
the minimum is attained at one of the endpoints. However, the values at the endpoints
are both greater than 0.6655, whence M > 0.6655n and

|Sa(20)| > 0.6655n
for some 2o € Z/pZ, zy # 0.

(iv) By [5, Lemma 2.2] (or [6, Lemma 3.2]) there exists a subset Ay C A of cardinality

1 .
Ao| > %W > 0.8327n

and a residue u € Z/pZ such that
Ao S {u,u+ 2z, u+ ((p — 1)/2) %},

where z is the inverse of 2y in Z/pZ.

Let By C [0, (p — 1)/2] be the set of all integers b such that u + bz} € Ag. (As usual,
b stands for the residue (mod p) corresponding to the integer b.) Applying appropriate
affine transformations x — Az + p with A # 0(mod p) to A and By, we can ensure that

(7) min(By) =0, ged(By) =1 and Ag= By (mod p).

It is worth pointing out that neither the cardinality |2°A|, nor the property of A to be
contained in an arithmetic progression of a given length are affected by non-singular
(A #Z 0(mod p)) affine transformations. Thus, without loss of generality we assume (7).

Clearly, By is isomorphic to Ag in the sense that a; + ay = az + a4 holds in Z/pZ for
some elements a; € Ag if and only if b; + by = b3 + by holds in Z for the corresponding
elements b; € By; the crucial point here is By C [0,p/2). It follows that By is a “large” set
of integers (|By| = |Ao| > 0.8327n) with a “small” restricted doubling (|2°By| = [2"A¢| <
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|2°A| < 2.18n — 6), and we can use Theorem 1 to show that By is contained in a short
interval. Formally, we write

(8) 12°By| = |2°Ao| < |2°A] < 2.18n — 6 < 2.6180 - 0.8327n — 6 < (1 + 0)|By| — 6.
Let Iy be the maximal element of By. By Theorem 1 and in view of (8), we have

lo < |2°Bo| — | Bo| +2 < 2.18n — 4 < p/6.

(v) The next step is to verify that A C [y, 2y] (mod p). Indeed, otherwise we could pick
any element a € A outside the indicated interval and notice that (2°A4y) N (a + Ap) = @

implying
12°A| > |2°Ao| + |a + Ag| = |2°Bo| + | Bo| > 3|Bo| — 3 > 2.4981n — 3 > 2.18n — 6,
a contradiction.

(vi) Now we have the whole set A embedded in the interval [—lo, 2/y] (mod p) of length
3ly < p/2 and we essentially repeat the argument above.

Applying an appropriate affine transformation, we can assume that A is an image in
Z/pZ of a set of co-prime integers B C [0, (] such that 0,1 € B and [ < p/2. Then A is
isomorphic to B and

2°B| = |2°A| < 2.18n — 6 < (1 + 0)|B| — 6;

hence by Theorem 1
[ <|2°B|—|B|+2=12"A] — |A] + 2.
This completes the proof.

APPENDIX. A GROUP-THEORETIC PROPERTY OF THE DOUBLING CONSTANT.

The doubling constant L(G) is, perhaps, of some group-theoretic interest. A closely
related characteristic of G which might be easier to understand and compute is L;(G),
the number of pairwise distinct elements of G whose doubling is the identity element 0:

9) L= max A
IrNCe
9i#g; (1<i<j<N)
g==2g5=
(cf. (1)). Clearly, L, (G) < L(G) for any group G. Moreover, if G is Abelian, then
(10) Li(G) = L(G)
as 2g1 = --- = 2gy, leads to 2(g1 — g) = -+ = 2(g91 — gr) = 0 in the commutative case.

Therefore, if G = @ G; is a direct sum of cyclic groups, then L(G) = L(G) = 2°, where
s is the number of components of even order.
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The non-commutative case is subtler. Here we can prove (10), provided that all ele-
ments of GG are of finite order, not divisible by 4. Indeed, suppose that

(11) 291 B 29L7

and assume first that g, (say) has odd order m. Multiplying (11) by (m+1)/2, we obtain

(m+1g == (m+1)gr-1=gr
Thus, g, commutes with each ¢g; (i = 1,...,L — 1), and it is easy to deduce, as in the
commutative case, that 2(g1 —gr) = -+ - = 2(gz — gr) = 0; this proves (10). Assume now
that (11) holds, and that gy, is of order 2m, where m is odd. Then
2(mg1) = -+ =2(mgr) =0,

and all mg; are distinct, since for m odd, mg, = mg; along with 2¢; = 2¢; implies g; = g;.

It may come as a surprise that the non-divisibility by 4 condition is, indeed, essential:
for the group Q = {+1, 44,47, +k} of quaternion units we have L(Q) = 6: (£i)? =
(£5)* = (£k)? = —1, while L(Q) = 2: (£1)?> = 1. (Here and in the next example we
retain the traditional multiplicative notation.)

Moreover, there are groups GG, all elements of which, save for the identity element, are
of infinite order (so that L,(G) = 1), yet for any non-identity element g € G there exist
infinitely many f € G such that f? = ¢? (so that L(G) = oo). Specifically, fix an open
interval I and consider the group G of all monotonically increasing continuous bijections
of I onto itself, with composition as group operation. No element f # id is of finite order:
if f(zg) > xo for some xy € I, then by monotonicity

To < f(xo) < f2($0) <0 < fn(flf(])

for any positive integer n, whence f™ # id; and f(x¢) < o is dealt with similarly. On
the other hand, for any g # id there exist infinitely many f € G satisfying

(12) fA(z) = g*(x).
We show this assuming that ¢ has no fixed points (to which the general case easily
reduces). We first fix an arbitrary zo € I and for n € Z define I,, = [¢"(z0), g™ (20)]. Tt
is a routine exercise to verify that [ is a union of all [,,, disjoint except for the endpoints
where the neighboring I, abut. Next, we define f to be any continuous, increasing
bijection of Iy onto I;. Finally, we extend the definition of f onto the whole interval I
by letting for z € I,

f) = 9" fg " (x), if 2| n,

g g (@), i 24,

It is easily seen that this definition is correct and produces a continuous, monotonically
increasing function f on I, that maps each interval I,, onto the “next” interval I,,,;. By a
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direct substitution one can then verify that f satisfies the required identity f?(z) = ¢*(z)
for all z € I.
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