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1. Introduction

One of the central problems of additive combinatorics is to understand the structure
of small-doubling sets, or approximate subgroups, which are sets A of group elements
such that the sumset 24 := {a + b: a,b € A} has size comparable with the size of A.

We use the additive notation throughout since we will be concerned with abelian
groups only, and particularly with the finite cyclic groups, which we denote Z,; here n
is the order of the group. Our goal is to prove the following result.

Theorem 1.1. Let n be a positive integer. If a set A C Z,, salisfies |2A] < %\A|, then one
of the following holds:

(i) There is a subgroup H < Z, such that A is contained in an H-coset and |A| >
C~1|H|, where C =2-10°.

(ii) There is a proper subgroup H < Z,, and an arithmetic progression P of size |P| > 1
such that |P + H| = |P||H|, AC P+ H, and

(1P| = DH| < [24] - |A].

(iii) There is a proper subgroup H < Z,, such that A meets exactly three H-cosets, the
cosets are mot in an arithmetic progression, and

3|H| < |24] — [A].

We notice that the coefficient % in Theorem 1.1 is in fact a threshold in the sense that
the assumption [24| <  |A| cannot be relaxed even to [24] < ? |A[: for instance, if n is
large enough, and A = {—1,0,1}U{a} witha ¢ {-3,...,3} and 2a ¢ {—2,...,2}, then
24| = § | A| while A does not have the structure described in Theorem 1.1.

Theorem 1.1 improves the following result by Deshouillers and Freiman.

Theorem 1.2 (/DF03, Theorem 1]). Let n be a positive integer. If a set A C Z,, satisfies
|24| < 2.04|A|, then one of the following holds:
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(i) There is a subgroup H < Z,, such that A is contained in an H-coset and |A| >
10-°|H|.

(ii) There is a proper subgroup H < Z,, and an arithmetic progression P of size |P| > 1
such that AC P+ H and

(1P| = 1)[H| < [24] — |A].

(iii) There is a proper subgroup H < Z, such that A meets exactly three H-cosets, the
cosets are mot in an arithmetic progression, and

3| H| < 24| — |A].
Moreover, in (i) and (iii) there is an H-coset containing at least 3|H| elements of A.

We notice that in the cases (ii) and (iii) of both Theorem 1.1 and Theorem 1.2, we have
|H| < |2A]—|A] < |2A]|, which establishes properness of H as an immediate consequence
of the other assertions.

Similarly, if the equality |P + H| = |P||H| of Theorem 1.1 (ii) fails to hold, then
P+ H is a coset of a subgroup of size at most (|P|—1)|H| < 24| — |A] < 2 |A| < C|A].
Therefore, | P+ H| = |P||H| can be enforced by simply reclassifying the set A from type
(ii) to type (i) whenever possible.

In the same vein, the existence of an H-coset containing at least %|H | (and indeed,
a somewhat larger proportion) of the elements of A is not difficult to derive assuming
the other assertions, both for Theorem 1.1 and Theorem 1.2, provided |P| > 2. This is
immediate in the case (iii) of either of the two theorems; for the case (ii), we delegate
the exact statement and the proof to Proposition A.1 in the Appendix.

A version of Theorem 1.2 was proved by Balasubramanian and Pandey [BP18, Theo-
rem 2] who have, essentially, improved the coefficient from 2.04 to 2.1 under some extra
assumptions.

Two other classical results which Theorems 1.1 and 1.2 are worth comparing with
are Kneser’s theorem and Freiman’s (3n — 3)-theorem; see Sections 4 and 6 for the
formulations and references. Kneser’s result deals with small-doubling sets in arbitrary
abelian groups, but requires the doubling coeflicient |2A|/|A| to be smaller than 2. The
(3n — 3)-theorem, on the other hand, allows the doubling coefficient to be as large as
3 —o(1), but assumes the underlying group to be torsion-free; specifically, it says that if
A is a finite subset of a torsion-free abelian group such that |2A4| < 3|A| — 4, then A is
contained in an arithmetic progression P with |P| — 1 < |2A] — |A|. Both Kneser’s and
Freiman’s theorem are employed in our argument.

The proof of Theorem 1.1 is inductive, and for the induction to go through, we actually
prove the following version of the theorem.

Theorem 1.3. Let n be a positive integer. If a set A C Z,, is not contained in a coset of
a proper subgroup and satisfies |2A| < min{2|A|,n}, then one of the following holds:
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(i) |24] — |A| > Cy'n where Cy = 1.5 -10°.
(ii) There is a proper subgroup H < Z,, and an arithmetic progression P of size |P| > 1
such that |P + H| = |P||H|, AC P+ H, and

(1P| = DH| < [24] - |A].

(iii) There is a proper subgroup H < Z, such that A meets exactly three H-cosets, the
cosets are not in an arithmetic progression, and

31H] < [24] - |A].

Deduction of Theorem 1.1 from Theorem 1.3. Suppose that A C Z,, satisfies [24]| <
2| A| and, without loss of generality, assume also that 0 € A and |A| > 2. Let L < Z,
be the subgroup generated by A.

If 2A = L, then |A| > §|2A4| = §|L|; thus, A has the structure of Theorem 1.1 (i).
Assuming now that 24 # L, we apply Theorem 1.3 to the set A with L (instead of Z,,)
as the underlying group, and consider two possible cases.

If A C L satisfies the inequality of Theorem 1.3 (i), then Cy '[L| < [24] — |A| < 24|,
so that |A| > %|L| > L |L|; this is case (i) of Theorem 1.1.

On the other hand, it is clear that Theorem 1.3 (ii) implies Theorem 1.1 (ii), and
similarly Theorem 1.3 (iii) implies Theorem 1.1 (iii). O

We thus focus on the proof of Theorem 1.3; once it is completed, Theorem 1.1 will
follow. We will also ignore the equality |P + H| = |P||H| of Theorem 1.3 (ii): if it is
violated, then P + H is a coset of a subgroup of size at most (|P| —1)|H| < |24] — |4| <
|2A] < n, so that A is contained in a coset of a proper subgroup, contrary to the
assumptions of the theorem.

As explained above, the coefficient 9/4 of Theorem 1.1 cannot be replaced with a
larger one. However, it is plausible to expect that the following can be true.

Conjecture 1.4. For any € > 0 there exist positive constants Ci(e) and Co(g) such that
if n is a positive integer, and A C Ly, satisfies |A| < (C1(g)) " 'n and |2A| < (3 —¢) |4],
then there are a subset P C Z,, with |2P|/|P| < |2A]/|A| and a proper subgroup H < Z,,
such that AC P+ H, (2P| — |P|)|H| < |24] — |A|, and either |P| < Ca(e), or P is an
arithmetic progression.

We remark that the inequality |2P|/|P| < |2A4|/|A| follows in fact from the other
assertions:

|A('|2]f|' )<|P||H|(|2]f| )<|2P||P|>|H|s|zA||A| |A('ﬁf|' )

Theorem 1.1 and Conjecture 1.4 show that any set with the small doubling coefficient
is, essentially, obtained by “lifting” a small-doubling set which is either nicely struc-
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tured (an arithmetic progression), or otherwise belongs to a finite collection of sporadic
examples.

Our argument follows the general line of reasoning introduced by Freiman in [F61]
and then pursued by other authors; namely, we use character sums to conclude that
small doubling leads to a biased distribution, and then use the bias as a starting point
for the combinatorial part of the proof. The improvements come from a refinement in
the character sums component, in the spirit of [LS20]; from replacing the main auxiliary
result used in Deshouillers-Freiman [DF03, Theorem 2] with its stronger version [L22,
Theorem 2], see Section 3; and, finally, from using an intricate combinatorial analysis.

The rest of the paper is structured as follows. In the next section we introduce the
notation that will be used throughout and considered standard. In Section 3 we prove
Theorem 1.3 in the special case where the image of the small-doubling set under a suitable
homomorphism is rectifiable; although this case is of principal importance, the proof
is, essentially, just a reduction to [L.22, Theorem 2]. In Section 4 we present Kneser’s
theorem and a relaxed version of Kemperman’s theorem. In Section 5 we establish a
number of properties of the sets with a “very small” doubling coefficients, including the
asymmetric case. Some other general results on set addition in abelian groups, mostly
of combinatorial nature, are gathered in Section 6. Section 7 establishes a number of
results about the minimal counterexample set (which, as we eventually show, does not
exist). Two more results of this sort, Lemmas 8.1, and 9.1, show that the minimum
counterexample set, if it exists, meets at least four cosets of any subgroup, with the
obvious exceptions; these two lemmas are singled out into dedicated Sections 8 and 9.
Their proofs are quite technical and some readers may prefer to skip the details and
proceed to Section 10 where the character sum component of the argument is presented.
The proof is completed in the concluding Section 11.

2. Notation
Let G be an abelian group.
2.1. Groups

By A 4+ B we denote the Minkowski sum of the sets A, B C G; that is, A+ B =
{a+b:ac A, be B}. We write 24 := A+ A.

For a subgroup H < G, the canonical homomorphism G — G/H is denoted g ; thus,
for instance, if Z is the group of integers, then Z,, = v,z(Z). For g1,g2 € G, we may
occasionally write g1 = g2 (mod H) as an alternative to g1 — g2 € H, g1 + H = go + H,
or pr(g1) = ou(g2)-

The period (or stabilizer) of a subset S C G is the subgroup n(S) :={g € G: S+g =
S} < G, and S is periodic or aperiodic according to whether 7(S) # {0} or 7w(S) = {0}.

The indez of a subgroup H < G, denoted [G : H], is the size of the quotient group
G/H; thus, if G is finite, then [G : H| = |G|/|H].
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We say that a coset g + H is determined by a subset A C G if the intersection
AN (g+ H) is nonempty. In this case we also say that A meets, or intersects, g+ H.

The coset g + H is proper if the subgroup H is proper.

An involution of G is an element g € G of order 2. Importantly, a cyclic group has at
most one involution.

A finite subset A of an abelian group will be called a very-small-doubling set (VSDS
for short) if [24] < 2 |A[; equivalently, if A is contained in a finite coset with density
exceeding 2/3, see Section 5.

2.2. Progressions

For an integer NV > 1, the N-term arithmetic progression in G with difference d € G
and initial term g € G is the set P = {g,g+d, ..., g+ (N —1)d}; thus, for instance, single-
tons and cosets of finite nonzero subgroups are considered arithmetic progressions, while
the empty set is not. A progression is primitive if its difference generates G. Singletons
are not considered primitive.

For real u < v, by [u,v] we denote both the set of all integers z satisfying u < z < v,
and the image of this set under the canonical homomorphism ¢,z from the group of
integers to the cyclic group under consideration.

2.8. Local isomorphism and rectification

We say that a subset S C G is rectifiable if it is locally isomorphic (or Freiman-
isomorphic) to a set of integers; that is, if there is a mapping A: S — Z such that for
any si,...,84 € S, we have s; + so = s3+ s4 if and only if A(s1) + A(s2) = A(s3) + A(s4).
Taking s; = s3, we see that X is bijective; hence, |A(S)| = |S|. It is equally easy to see
that |2A(S)]| = |295].

If d € G is an element of order N > 2, then any arithmetic progression with difference
d, and with at most (N + 1)/2 terms, is rectifiable. Indeed, this is the only kind of
rectifiable sets that actually appear below.

2.4. Regularity
For an integer k > 2, we say that a set A C Z,, is k-regular if it has the structure
of Theorem 1.3 (ii) with a k-element progression P, and that A is singular if it has the

structure of Theorem 1.3 (iii). Thus, Theorem 1.3 essentially says that any small-doubling
set A C Z,, which is not densely contained in a coset is either regular or singular.

3. Theorem 1.3 for rectifiable sets

One of the key ingredients of our argument is the following refinement of [DF03,
Theorem 2.
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Theorem 3.1 ([L22, Theorem 2]). Suppose that F is a finite group, and that A is a
finite subset of the group G := Z x F. Let s be the number of elements of the image
of A under the projection G — Z along F. If |2A] < 3(1 — 1/s)|A|, then there exist an
arithmetic progression P C G of size |P| > 3 and a subgroup H < {0} x F such that
|P+ H|=|P||H|, AC P+ H, and (|P| — 1)|H| < |24] — |A].

The equality |P + H| = |P||H| (which is somewhat implicit in [L22]) is, in fact, an
easy consequence of the other assertions, as it follows by considering the difference of P.
The difference cannot be contained in the subgroup {0} x F', since in this case P, and
therefore also P+ H and A C P+ H, would be contained in a coset of {0} x F', leading
to s = 1 and thus contradicting the assumption [24] < 3(1 — 1)|A|. Thus, the difference
is of infinite order, and therefore the difference of any two distinct elements of P is of
infinite order, too, and does not belong to the finite subgroup H.

The following result establishes Theorem 1.3 in the special case where the image of A
under a suitable homomorphism is sufficiently large and rectifiable.

Proposition 3.2. Suppose that n is a positive integer, L < Z,, is a subgroup, and A C Z,,
is a subset with @r (A) rectifiable. If |2A| < 3(1—1/s)|A|, where s = |pr(A)|, then there
exist an arithmetic progression P C Z,, of size |P| > 1 and a proper subgroup H < Z,
such that AC P+ H, |P+ H|=|P||H|, and (|P| — 1)|H| < |24]| — |A|.

We close this section with the deduction of Proposition 3.2 from Theorem 3.1.

Proof of Proposition 3.2. Since ¢y, (A) is rectifiable, there is a local isomorphism, say A,
from ¢, (A) to Z, and then the mapping ¥: A — Z X Z,, defined by

Y(a) = (Aopr(a),a), a € A

is a local isomorphism between A and its image in Z x Z,,. Consequently, the set ¥(A) C
Z x Z,, satisfies |¢(A)| = |A| and |2¢(A)| = |24]|. As a result,

20(4)]  24] 1
oo~ <20-5):

On the other hand, the size of the projection of the set ¢(A) C Z X Z,, onto the first
component of the direct product is |[A o ¢r(A)| = |¢r(A)] = s. Thus, we can apply
Theorem 3.1 to the set ¥(A) to find an arithmetic progression Q C Z x Z, of size
|Q| > 3 and a subgroup K < {0} x Z,, such that

YA CQRQ+K (3.1)
and

(IR = DIK] < 2¢0(A)] = [ (A)] = [24] — |Al; (3.2)
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moreover, the elements of @ reside in pairwise distinct K-cosets, and K is proper in
{0} x Z,, since otherwise we would have |K| = n and then

2n < (|Q] — DIK| < 24| — |A| < 24| < 2n.

Denoting by w the projection of Z x Z,, onto the second coordinate, we let H :=
w(K) < Z, and P := w(Q) C Z,. From (3.1) and (3.2), and in view of |P| < |@Q| and
|H| = |K|, we readily conclude that A C P+ H and (|P|—1)|H| < |2A]| —|A|. It remains
to show that the elements of P lie in pairwise distinct H-cosets, and that |P| > 1.

To address the former point, we write @ = {g, g+d, ..., g+(N—1)d} where N := |Q| >
3.For 0 <i< j<N-—1, the elements w(g+id),w(g+jd) € P are in the same H-coset if
and only if (i—j)w(d) € H; that is, if and only if : = j (mod ord(w(d))), where ord(w(d))
is the order of w(d) in Z,/H. Moreover, in this case w(g + id) + H = w(g + jd) + H.
Thus, if ord(w(d)) > N, then all elements of P reside in distinct H-cosets, while if
ord(w(d)) < N, then the sum P + H will not be affected if we replace P with its sub-
progression w({g+id: 0 < i < ord(w(d))}).

Finally, we show that |P| > 1. To this end we notice that if |P| = 1, then A is
contained in an H-coset; as a result,

(IQ = DIK| > 2[K| = 2[H| > 2|A] > [24] — [A]
contradicting (3.2). O
We remark that the quantity |¢r(A)] is the number of L-cosets determined by A. The

situation where this quantity is too small for Theorem 3.1 to be applicable is much more
difficult to deal with.

4. Kneser’s and Kemperman’s theorems
Recall that the period of a subset A of an abelian group G is the subgroup n(4) :=

{g€G: A+g= A} <G, and that A is periodic if w(A) is nonzero.
The following fundamental result due to Kneser is heavily used in our argument.

Theorem 4.1 (Kneser [K53,K55]; see also [M65]). Let A and B be finite, non-empty
subsets of an abelian group G such that

|[A+ B| < |A[+[B] - 1.
Then, writing H := w(A 4+ B), we have

|A+B|=|A+H|+[B+H| - [H|
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Since, in the above notation, |A + H| > |A| and |B + H| > |B|, Theorem 4.1 shows
that |A + B| > |A| 4+ |B| — |7(A + B)| holds for any finite, nonempty subsets A and B
of an abelian group.

Corollary 4.2. Let A and B be finite, non-empty subsets of an abelian group G. If
|A+ B| < |A|+ |B| -1,
then A+ B is periodic.

Theorem 4.1 along with the corollary just stated will be referred to as Kneser’s theo-
rem.

Kemperman’s structure theorem [K60] deals with the equality case of Kneser’s the-
orem. Following Kemperman, we say that a pair (A4, B) of finite subsets of an abelian
group G is elementary if at least one of the following conditions holds:

(i) min{|AJ, | B} = 1;

(ii) A and B are arithmetic progressions sharing a common difference d € G, the order
of which in G is at least |A| + |B| — 1;

(iii) A = g1 + (H; U{0}) and B = g2 — (H2 U {0}), where g1,92 € G and H;, Hy are
non-empty subsets of a subgroup H < G such that H = H; U HoU{0} is a partition
of H. Moreover, g1 + g2 is the only element of A + B with a unique representation
as a+ b witha € Aand b € B;

(iv) A= g1+H; and B = go— Hs, where g1, g2 € G and H;, Hs are non-empty, aperiodic
subsets of a subgroup H < G such that H = H; U Hs is a partition of H. Moreover,
every element of A + B has at least two representations as a + b with a € A and
be B.

The following theorem proved in [L06] is a simplified and relaxed version of the main
result of [K60].

Theorem 4.3 ([L06, Theorem 1]). Let A and B be finite, non-empty subsets of a nontrivial
abelian group G, satisfying |A + B| < |A| + |B| — 1. Suppose that either A+ B # G, or
there is a group element with a unique representation as a + b with a € A and b € B.
Then there exists a finite, proper subgroup H < G such that

(i) |IC+ H|—|C| < |H| —1 with C substituted by any of the sets A, B, and A + B;
(ii) (em(A), o (B)) is an elementary pair in the quotient group G/H = ¢ (G).

5. The very-small-doubling property

We say that a finite set A in an abelian group is a very-small-doubling set (abbre-
viated below as VSDS) if [24| < 2 |A|. Thus, for instance, any coset, and in particular
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any singleton, is a VSDS, while a two-element set is a VSDS if and only if it is a
coset.

The following two lemmas are easy corollaries from Kneser’s theorem. Their (much
subtler) noncommutative versions are due to Freiman [F'73] and Olson [O84, Theorem 1],
respectively.

Lemma 5.1. A finite set A in an abelian group is a VSDS if and only if there is a
subgroup H such that A is contained in an H-coset and |A| > 2 |H|. Moreover, in this
case A— A= H, and 2A is an H-coset.

Lemma 5.2. If A and B are finite subsets of an abelian group, then either |A + B| >
|A| + 1 |B|, or B is contained in a coset of the period H := m(A+ B).

Corollary 5.3. Suppose that A and B are finite subsets of an abelian group such that
|A+ B| < |A|+ 5 |B|. Let H := (A + B). If |A| < |B|, then |B| > 2 |H|, as a result of
which B— B = H, 2B is an H-coset, and B is a VSDS.

Proof. By Lemma 5.2, B is contained in an H-coset. On the other hand,
1 3
|H| < |A+ B| < |A|+§\B| < §\B|
and the rest follows from Lemma 5.1. O
Lemma 5.4. Suppose that A and B are finite, nonempty subsets of an abelian group, and
let H := m(A+ B). If |A+ B| < 2min{|B|, 3 |A[}, then |A| > 2|H| and |B| > 1 |H|;
moreover, each of the sets A and B is contained in an H-coset and, indeed, A+ B is an

H -coset.

Although Lemma 5.4 is essentially contained, for instance, in [BP18, Propositions 2
and 3] and [DF03, Proposition 2.1], we present a complete proof.

Proof. Since 2min{|B|, 3 |A|} < |B| + 2 |A| < |A| +|B|, by Kneser’s theorem,
|A+ H|+|B+ H|— |H| = |A+ B| < 2|B| (5.1)
and also
A+ H| +|B+ H| ~ |H| = |A+ B < J |A]. (5.2)
This readily gives |B| > 1|H| and |A| > 2|H]|.
Let o := |A+ H|/|H| and S := |B + H|/|H|. From (5.1) we get a + 8 — 1 < 26;

hence o < f + 1 and therefore o« < . Similarly, (5.2) gives a + 8 — 1 < %a, leading
to 8 < (a+ 1)/2. Consequently, o« < 8 < (a + 1)/2, whence a« = § = 1. This means
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that each of A and B is contained in an H-coset, and then A + B is an H-coset by the
definition of H. O

Corollary 5.5. Suppose that A and B are finite, nonempty subsets of an abelian group.
If A is not a VSDS, then |A+ B| > 2min{|B|, 2 |A]}.

6. More lemmas

In this section we present a number of auxiliary results used in the proof of Theo-
rem 1.3. Some of the results are classical or well-known, some are original.

Lemma 6.1. Suppose that K is a subgroup, and that A and B are finite subsets of an
abelian group such that A is contained in a single K-coset and |A| > 3 |K|.

() If |B| > |K| — |A], then |A+ B| > |K].
(ii) If|B| > 2(|K|—|A|), then either B is also contained in a single K -coset, or |A+B| >
Al + K],

Proof. Write B = By U---U By, where |By| > -+ > |Bg| > 0, the union is disjoint, and
each B; is contained in a single K-coset, with the cosets pairwise distinct.

(i) If k = 1, then |A + B| = |K| by the pigeonhole principle; if & > 2, then |A + B| >
klA] = 2|A] = |K].

(ii) If k = 2, then |By| > % |B| > |K| — |A| whence [A+ B| = [A+ By|+ |A+ By| >
|K|+ |Al; if k£ > 3, then |[A+ B| > 3|A| > |K|+ |A|. O

Freiman’s classical result known as “the (3n — 3)-theorem” can be stated as follows.

Theorem 6.2 (Freiman [F61]). Suppose that A is a finite, nonempty set of integers, and
Il > 1 is an integer. If A is not contained in an l-term arithmetic progression, then
|2A] > min{l, 2|A| — 3} + |A|.

For a modern exposition of Theorem 6.2 and related results see, for instance, [G13,
Chapter 7], [N96, Theorem 1.13], or [TV06, Theorem 5.11].
We need yet another well-known result of Freiman.

Lemma 6.3 (Freiman [F62b]). Suppose that Z is a finite subset of the unit circle in the
complex plane. If

1>z =mizl, nelo,

z2€Z

then there is an open arc of the circle of the angle measure w containing at least 5 (1+n)| Z|
elements of Z.
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The following basic lemma shows that rectifiable sets cannot have a strong correlation
with finite cosets.

Lemma 6.4. If A is a rectifiable subset of an abelian group G, then for any finite subgroup
K < G and any element g € G we have |[AN (g+ K)| < (|K| +1).

Proof. Let Ay := (A —g) N K. If [Ag| > (| K|+ 1) then, by the pigeonhole principle,
2Ay = K and moreover, any element of K has at least two representations as a sum of
two elements of Ag. At the same time, for any finite integer set B with |B| > 2, there are
at least two elements of 2B possessing a unique representation as a sum of two elements
of B. Thus, Ay is not rectifiable; hence, neither is A. O

Lemma 6.5. Suppose that A and B are finite subsets of an abelian group G such that
|A+ B| < |A|+|B| -1, |A|+|B| < |G| -1, and min{|A|, | B|} > 2. If B is rectifiable, not
an arithmetic progression, and not contained in a proper coset, then there is a nonzero,
finite, proper subgroup H < G such that B meets exactly two H-cosets, and has exactly
lHlTH elements in each of them.

Proof. In view of |A+ B| < |A| 4+ |B] — 1 < |A| + |B| < |G|, we can apply Theo-
rem 4.3 to find a finite, proper subgroup H < G such that |B+ H| < |B|+ |H| — 1 and
(pr(A), pr(B)) is an elementary pair in the quotient group G/H. Denoting by k the
number of H-cosets determined by B, we have |B+ H| = k|H| and then, by Lemma 6.4,

< H[+1
-2

k|H| = |B+ H| < B[+ [H| -1 k+[H| -1,

which simplifies to
(k—2)(|H|-1) <0.

Thus, either k¥ < 2, or H = {0}. In the latter case (A, B) is an elementary pair in G;
however, this option is ruled out by the assumptions of the lemma. We cannot have
k = 1 either as B is not contained in a proper coset. Thus, k = 2, and then B meets two

H-cosets and has exactly % elements in each of them. O

Lemma 6.6. Suppose that A = {a1,as,a3} is a subset of an abelian group such that all
sums a; + o with 1 < i < j < 3 are pairwise distinct (as o result of which aq,aq, a3
are pairwise distinct). If there are indices i,7,k,1 € {1,2,3} and a group element ¢ A
such that f = oy + aj —oq = o + oy — ag, then either A is contained in a four-term
arithmetic progression, or {a1, s, B} is a coset of a 3-element subgroup.

Proof. From «; + a; — a1 ¢ A we get 4,5 € {2,3}, and from oy + o — s ¢ A we get
k,l € {1,3}. If {i, j} shares a common element with {k,}, then assuming for definiteness
that this element is ¢ = k we get o; — a1 = o — a2 and consequently a; + as = a; + a1,
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which is impossible in view of j # 1. Thus, {i,j} is disjoint from {k,}, and without loss
of generality, we can assume that k =1 ¢ {i,j}.

If ¢ # j, then {i,j} = {2,3}, k=1=1, and f = ag + a3 — a1 = 201 — ag, implying
ag + 2ap = 3. Thus, as = a3 + 2(a1 — az) and as = a3 — (a1 — ag), showing that A
is contained in a 4-term progression.

Finally, if ¢ = j, then either i =3 and k =l=1,ori=2and k =1=3, or i = 2
and k = [ = 1. In the first case we have 2a3 — a3 = 2a;1 — as leading to as + 2a3 = 3aq,
in the second case we similarly have oy + 2a3 = 3as; up to a renumbering, these cases
were considered above. In the third case where i = 2 and k =1 = 1, we get 3a; = 3as
and 8 = 2as — aq; that is,  := as — ap has order 3, and we have as = a3 + § and
B=a1+20. O

7. Partial results and the minimal counterexample

In this section, assuming that Theorem 1.3 is wrong, we study the properties of the
minimal counterexample set.

Lemma 7.1. Suppose that Theorem 1.3 is wrong. If A C Z,, is a counterexample with n
smallest possible, then |2A + L| — |2A| > |A + L| — |A| holds for any nonzero subgroup
L < Z,, satisfying 2A + L # Z,,.

Proof. Suppose that A C Z,, is not contained in a proper coset and satisfies |24] <
min{2|A|,n} (as a result of which n > 3), but none of the conclusions of the theorem
hold true.

Suppose also, for a contradiction, that L < Z,, is a nonzero subgroup with [2A+ L| —
|2A] < |A+ L| — |A| and 2A + L # Z,,. Notice that the last condition implies that L is
proper.

Write A := ¢ (A). If we had |A] = 1, then A would be contained in a single L-coset;
thus, |A| > 2. On the other hand, 2A + L # Z,, shows that 24 # Z,, /L. We also have

5 9
24+ L] < |A+ LI+ [24] ~ |A] < [A+ L] + 5 |4] < |4+ L,

whence

2A+L] _9]A+L| _9

24| =
PA="Z <1

Al

The minimality of n shows now that the set A C Z,/L is not a counterexample to
Theorem 1.3. This means that there is a proper subgroup H < Z, /L such that one of
the following holds:

(©) [2A] = 4] > Cg 1 Zn /L.
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(ii) There is an arithmetic progression P C Z,, /L of size |P| > 1 with A C P +H and
(1P = 1)IM] < [24] - Al
(iii) A meets exactly three H-cosets which are not in an arithmetic progression, and
3[H| < |2A] - |Al.

Let H := ¢; (M) < Zy; notice that H # Z,, /L implies H # Z,,.
In the case (i), we have

2A] = |A] > 24 + L] = [A+ L| = (|2A] - |AD|L| > C 'n.

In the case (i), we define & d € Z, /L to be the initial term and the difference of P.
Choosing ¢,d € Z,, with ¢r(c) = ¢ and ¢r(d) = d, and letting P := {c,c+d,...,c+
(|P| — 1)d}, we get a progression P C Z, with |P| = [P| > 1 and ¢, '(P) = P + L.
From A C P + H we derive then that A C P+ H, and from (|P| — 1)|H| < |2A4]| — | A]
we obtain

(1P| =DIH| = (|P| = DIH[|L] < (2A] = [ADIL] = [2A + L] — |[A + L| < [24] — |A].

Finally, in the case (iii) it is immediately seen that A is contained in a union of three
H-cosets which are not in an arithmetic progression. Also,

3| H| = 3[H[|L] < (12A] = [ADIL] = [2A + L| = |A + L] < |24] = |A].

In any case, A has the structure described in the theorem; hence, is not a counterex-
ample. O

Lemma 7.2. Suppose that Theorem 1.3 is wrong. If A C Z,, is a counterexample with n
smallest possible, then 2A is aperiodic.

Proof. Let L := w(2A). Observing that 24 + L = 2A # Z,,, we apply Lemma 7.1. The
inequality of the lemma is clearly violated, showing that L is the zero subgroup. O

Lemma 7.3. Suppose that Theorem 1.3 is wrong. If A C Z,, is a counterexample with
n smallest possible, then |A + L| > |A| 4+ |L| holds for any nonzero, proper subgroup
L<Zy,.

Proof. Since A C Z,, satisfies the assumptions of Theorem 1.3, it is not contained in a
proper coset, and 2 < [24| < min{$ |A|, n}. Suppose for a contradiction that, in addition,
we also have

|[A+ L| < |A| + |L] (7.1)
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with L < Z, nonzero and proper. Since |24| < n implies |A| < I n by the pigeonhole
principle, and since the properness of L implies |L| < %m as a consequence of (7.1) we
have |A+ L| < n. Thus, there is an L-coset disjoint from A, and since A is not contained
in a proper coset, we conclude that, indeed, |L| < %n Reusing (7.1), we now get

5
|[A+L| < i (7.2)
Consider the coset decomposition
A= (ao—|—L0)U(a1+L1)U~-~U(ak+Lk),

where Lo, L1, ..., Li C L are nonempty, ag,a1,...,a; € A, and a; # a; (mod L) for all
1,7 € [0,k], i # j. Renumbering, we further assume that 0 < |Lo| < |L1| < -+ < |Lgl.
From

(L] = [Lol) + (IL] = [Laf) 4 - - + (L] = [L[) = [A + L] — [A] < [L]

we derive that |L;| + |L;| > |L|, and therefore (a; + L;) + (a; + L;) = a; + a; + L for all
1,7 € [0, k], with the only possible exception of i = j = 0. As a result,

2A+ L| = [2A4] = |L| — |2Lo| < |L| — |Lo| < [A+ L| — |A], (7.3)

and applying Lemma 7.1, we conclude that 2A+ L = Z,,. Substituting this equality back
to (7.3) and using (7.2), we obtain

1
|24 = [A|>n—|A+L| > g™
Therefore A satisfies the condition of Theorem 1.3 (i), a contradiction. O

Lemma 7.4. Suppose that Theorem 1.3 is wrong. If A C Z,, is a counterexample with n
smallest possible, then for any subset B C Z,, with |A| > |B| > 2 we have |A + B| >
| Al +[B.

Proof. Suppose that |A| > |B| > 2 and |A + B| < |A| + |B|. Observing that these
assumptions along with |A| < in (following from 24 # Z,) give |A + B| < n, we
apply Theorem 4.3 to conclude that there is a finite, proper subgroup L < Z, such
that |[A+ L| < |A| + |L| — 1 and (¢n(A), ¢r(B)) is an elementary pair in the quotient
group Z, /L. By Lemma 7.3, we have L = {0}; thus, (4, B) is an elementary pair in the
original group Z,. Inspecting the list of elementary pairs from Section 4, we see that
(A, B) is neither type (i) nor type (ii). (If A were an arithmetic progression, it would
be regular.) Thus, (A, B) is elementary of type (iii) or (iv). In each of these cases, there
is a subgroup H < Z, such that each of A and B is contained in an H-coset, and
|A| + |B| > |H]|. Since A is not contained in a proper coset, we actually have H = Z,,
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and then 2|A| > |A| + |B| > n whence |A| > I n. Combined with the observation at the
beginning of the proof, this gives |A| = %n

On the other hand, since 24 is aperiodic (Lemma 7.2), by Kneser’s theorem we have
2A| > 2|A|—1. Therefore [2A4|—|A| > |A|—1 = 1 n—1 > C; 'n, the last estimate follow-
ing from n = 2|A| > 4. This shows that A satisfies the inequality of Theorem 1.3 (i). O

Lemma 7.5. Suppose that Theorem 1.3 is wrong. If A C Z,, is a counterexample with n
smallest possible, then for any pair of nonempty subsets A', A” C A with A’ UA" = A,
we have |A" + A”| > |A'| + |A”] — 1.

Proof. Assuming |A'4+A"| < |A'|+|A”|—1,1et L := 7w(A’+ A"). Notice that L is nonzero
by Kneser’s theorem, and that L is proper as otherwise we would have 24 D A'+A" = Z,,
contradicting the assumptions of Theorem 1.3.

Let g1, ..., gr be representatives of the L-cosets determined by A. We have

k
[ A+ L| = A =) (L] = [(g: + L) N A])

i=1

< Y (L-lg+DnAD+ > (L= (g + L) N AJ)

1<i<k 1<i<k
(gi+L)NA'#o (gi+L)NA" 4@
< N (Z-lg+DnAD+ > (L =g+ L)nA")
1<i<k 1<i<k
(gi+L)NA'#D (gi+L)NA"#@

= (|A"+ L] = |A]) + (|A" + L] = |A")).

By Kneser’s theorem and the assumption |A"+ A”| < |A’|+]A”| -1, the right-hand side
is

|A"+ A" +|L| - |A'] = |A"] < |L].
Thus, |A+ L| — |A| < |L|, contradicting Lemma 7.3. O

Lemma 7.6. Suppose that Theorem 1.3 is wrong. If A C Z,, is a counterexample with n
smallest possible, then 4 < |A] < Co_ln and 8 < 24| < 2C’O_ln.

Proof. Applying Lemma 7.4 with B = A we get |2A4| > 2|A|, resulting in
2 <|A| < 24| - |A| < Cy'n
and, consequently, in

|24] < |A| + Cy'n < 205 .
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It remains to show that |A| > 4 and, therefore, [24] > 8.

We thus have to treat the cases where |A| = 2 and |A| = 3. If |A| = 2, then |24| < 3,
contradicting Lemma 7.4 (applied with B = A). If |A| = 3, then |2A4| > 6 by Lemma 7.4
and therefore A is not an arithmetic progression. Moreover, taking H = {0} we have
3|H| < |2A| — |A|; thus, A is singular, a contradiction. O

A well-known inequality (sometimes called the first Ruzsa triangle inequality, see [N96,
Lemma 7.4] or [TV06, Lemma 2.6]) asserts that if A is a finite subset of an abelian group,
then |A — A||A| < |2A|%. We need the following slight refinement of this inequality.

Lemma 7.7. If A is a finite subset of an abelian group, then
|A— AJ|A| < |24 — [24] + |A].

Proof. For a group element d, let r(d) denote the number of representations d = s1 — s
with s1,s9 € 2A. The key observation is that every representation d = a; — as with
ay,as € A gives rise to |A| representations d = (a1 + a) — (a2 + a) with a € A and,
thus, with a1 + a,as + a € 2A. Consequently, if d € A — A, then r(d) > |A[; from this
inequality, and considering the contributions of the summands corresponding to d = 0,

24P = > r(d)= > r(d)+24]
de2A—-2A de2A—-2A
d+£0

> > JA+24] = (|[A- A -1)|A| +24]. O
deA—A
d#0
The last lemma of this section is a technical but important fragment of the proof of
Lemma 10.1 in Section 10. We present it separately to avoid overloading the argument
in Section 10 with technical details.

Lemma 7.8. Suppose that Theorem 1.3 is wrong, and that A C Z,, is a counterexample
with n smallest possible. Denote by N the number of elements d € A — A possessing a
unique representation as d = o' — a” with o’,a"” € A. Then, letting T := |2A]|/|A|, we
have

1 1 T—2 N 52
SIS Sl 7.4
T + T2 + T|A| T|Al]3 - 81 (7-4)

We remark that the constant 32 is the value of the sum 1/7 +1/72 at 7 = 9/4;
therefore, the assertion would follow immediately if we could show that N < (7 —2)|A|%.

Unfortunately, this inequality does not hold in general.

Proof of Lemma 7.8. Consider the graph I" with A as a vertex set, where the vertices
a,b € A are adjacent if and only if a —b has a unique representation as a difference of two
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elements of A. Notice that the edges of I" are in a one-to-two correspondence with the
uniquely representable elements; therefore N is even and the number of edges is N/2.
By r(d) we denote the number of representations of an element d € A—Aasd=a' —a”
with o', a” € A.

Let P be the set of all directed paths in I' of length 2; that is, the set of all ordered
triples (a,b,c) € A x A x A with b adjacent to both a and ¢ and a # ¢. We have

24| > [(A+a) U(A+b)U(A+c)| > 3|A| —2—r(a—c),

whence r(a —¢) > (3 — 7)|A| — 2; in other words, denoting by M the set of all nonzero
elements with at least m := (3 — 7)|A| — 2 representations in A — A, we have a —c € M.
Notice that [A| > 4 by Lemma 7.6; along with the assumption [2A4| < 2 |A| this gives
m = 3|A| — 24| — 2 > 3|A| — 2 > 1 as a result of which m > 2.

With every path (a,b,c) € P we associate the set of all ordered pairs (z,y) € A x A
with x —y = a —c¢; thus, there are at least m pairs associated with every path. This totals
to at least K'm pairs, where K is the number of paths. Notice that pairs corresponding
to different paths can coincide, but for every fixed element d € M, there are at most
|A| pairs (z,y) with @ —y = d. Therefore, |M| > Km/|A|. Since, by the well-known
“cherry-counting argument”,

K:22<deg2> Y deg(a)(deg(a) — 1)

acA acA
2
> 7 Zdeg Zdeg |A| — N,
acA acA

we have
N2 N)
Mi> (2o -2y,
[M] <|A|2 A

In view of m > 2, we thus have at least (I A|22 1 AI) m + 1 nonuniquely representable

elements (including 0), along with N uniquely representable elements. This leads to

|A—A| > (|A|2 - IAI)m+1+Nand then, by Lemma 7.7
2 N2
242 — 24| + |A] > |4 - AljA] > (|A| N) (3= 7)|A - 2) + NJA| + A,
AR = Al - (3-7 - W)NQ ((r —2)]A] +2)N > 0. (7.5)

By Lemma 7.4 and the assumptions, we have 2 < 7 < %. In this range the left-hand side
is an increasing function of 7 for any fixed |A| and N, and a decreasing function of N
for any fixed |A| and 7. Moreover, substituting 7 = § and N = 3|A| into the left-hand
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side of (7.5) we get the value 32| A|(4 — |A]) < 0. It follows that N < 3|A|. This means
that it suffices to prove (7.4) with N replaced by 3|A]|.
Accordingly, we let

1 1 t—2 3a
= = 2
f(a:1) e T e
aiming to show that f(|A|,7) > 22 whenever 2 < 7 < 2 and |A4| > 4. Indeed, observing
that f(a,t) is a decreasing function of ¢ in the range 2 <t < %, a > 4, we obtain

9 52 1 4 52
£04Lm) > 7 (141 3) = 51 + g~ 5ap 2 s M2 12
To treat the remaining cases where 4 < |A| < 11, we use the fact that the actual value
of the doubling coefficient 7 = |2A4|/|A| can be noticeably smaller than 9/4. Specifically,
a brute force computation shows that for all pairs (a, s) of integers satisfying 4 < a < 11
and a < s < 9a we have f(a,t) > 22, where ¢ := s/a, the only exception being the
pair (a,s) = (5,11). In this last case we essentially repeat the argument above with
|A| =5, |24] = 11, and 7 = 11/5 taking special care to avoid loss of accuracy. Namely,
substituting |A| = 5 and 7 = 11/5 into the left-hand side of (7.4), we see that it suffices to

show that NV < 10. Since N is even, assume for a contradiction that N > 12; consequently,
m = 3|A| —[24] —2=2

and

N2 144 4
N>——12:8—

K> _
=14 =5 5

whence, in fact, K > 17. Furthermore, since A is aperiodic by Lemma 7.2, for any
nonzero element d € A — A we have r(d) < |A] — 1 = 4; hence,

K 1 1
|M|27m:_[(2_7;
A -1 2 2

thus, |[M| > 9. Finally, |[A — A| > |M|+ 1+ N > 22, which is impossible in view of
|[A— Al <|A|(JA|-1)+1=21. O

8. The case where A meets at most two cosets
The goal of this section is to prove the following result.
Lemma 8.1. Suppose that Theorem 1.3 is wrong, and that A C Z,, is a counterexample

with n smallest possible. Then A meets at least three cosets of any subgroup F < Z,, of
index |Z,/F| > 3.
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Proof. Suppose for a contradiction that A meets at most two F-cosets. Since A is not
contained in a proper coset, this means that, in fact, A meets exactly two F-cosets; say,
A=A1UAy with A; C g;+F (i € {1,2}) and g1 # g2 (mod F). Notice that or (g —g1)
generates Z,, /F as otherwise A would be contained in a proper coset; consequently, 2A
meets exactly three F-cosets and

|2A] = |2A1] + |A1 + Aa] + |245] = |A + As| + [241] = |A + A1] + |245];

moreover, 241, A1 + As, and 24, reside in pairwise distinct F-cosets.
Without loss of generality, we assume |A;| > |As].

Claim 8.1. A; is a VSDS.

Proof. Suppose first that |As| > 2. In this case |A+ As| > |A|+]A2| by Lemma 7.4, and
we conclude that

241] = [24] — |[A+ Ag| < [24] — [A] - [A2] = [24] = 2|A[ + [A4].
Consequently,
1 3
[241] < 1 |A] 4+ |A1] < B |Aq].

Now suppose that |As| = 1 and, for a contradiction, that [2A4;| > 2 |A4;|. We have in
this case |A1]| > 3 by Lemma 7.6, and also

9
1 |A] > |2A] = [A+ Ag| + |2A;] = |A] + |24, (8.1)
implying
3 5 ) 5
i < | Z .
Sl <o < 214 = 2 a4 3 (52
As a result, |[A;| < 4. In fact, we cannot have |A;| = 3 as [24;] > 2 |4;| would then
imply |24, > 5, whence 2 [A| > |24,| > 5 leading to |A| > 5 > |A;| + | As].
Thus, |Ai| = 4 and then |[241] = 6 = 2|A4;] — 2 by (8.2). Let H := w(24,), and
k:=|A; + H|/|H|. By Kneser’s theorem, H is nonzero and 6 = [2A4;| = (2k — 1)|H|. It

follows that either ¥k = 1 and |H| = 6, or k = 2 and |H| = 2. In the former case A is
contained in a union of two H-cosets and, by (8.1),

12A] — [A] = [24:] = 6 = |H];

therefore, A is 2-regular. In the latter case A; is a union of two H-cosets; therefore A is
contained in a union of three H-cosets and, by (8.1),
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12A] — [A] = [24:] = 6 = 3| H],
showing that A is either 3-regular, or singular. 0O

We therefore have |24, < %|A1|; consequently, by Lemma 5.1, the set A; is contained
in a coset of a subgroup L < Z,, with |A4;| > §|L| and L = A; — A;. Since A; is contained
in an F-coset, we have L < F'; consequently, Ay + L is disjoint from A+ L and moreover,
the L-cosets determined by 241, Ay + As, and 245 are distinct from each other.

Write As = By U - .- U By, where the sets B; are nonempty, each of them is contained
in an L-coset, and the k cosets are pairwise distinct. Since |A; + As| = |A1 + B1|+ -+
|A1 4+ Bg| > k|A1|, we have

9 1
7141 > 124] = [241] + | Ay + Ao + 242] = (k+ 1)|Ar] + 4] = (Gk+1)14],

whence k < 2.
If k=1 then A = A; U B;. By Lemma 7.5,

24] = [241] + [A1 + Bi| + [2B1| = |L] + (|A] = 1) + [Bu],

implying |2A4| — |A| > |L|; therefore A is 2-regular.

Thus, k& = 2. Without loss of generality, we assume that |By| > | Ba|.

As remarked above, the L-cosets determined by the sets 24, A; + Ay = (A1 + B;) U
(A1 + Bsy), and 245 = 2By U (B; + Bs) U2B; are pairwise distinct. It is also immediately
seen that the coset of A; + B is distinct from that of A; + Bs, and that the coset of
By + By is distinct from both the coset of 2B, and that of 2B5. Consequently, in the
decomposition

2A =2A,U (A1 + B1)U (A1 + B2) U2B; U (By + By) U2B, (8.3)

all six sets in the right-hand side reside in pairwise distinct L-cosets, with the possible
exception of the sets 2B; and 2Bs.

If at least one of 4; and Bj is not a coset of a subgroup of Z,, then |241| + [2B;] >
|A1| + |B1| + 1; therefore, in view of the disjointness and by Lemma 7.5,

|2A] > [2A1] + [2B1| + |A1 + By| + | B2 + (A1 U By)|
> (|Aa] +[Bi| + 1) + [As1] + (JA] = 1)

3 1

> 5|A1|+§(|A1|+|B1\+|BQ|)+|A\ (8.4)
3 3

= §|A1|+§\A|
9

> 2
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a contradiction.

Thus, both A; and B, are cosets. Moreover, recalling that A; is contained in an L-
coset and |A;| > 2|L|, we conclude that A; is an L-coset. Let K < L be the subgroup
such that Bj is a K-coset.

If K # {0}, then we notice that the first five sets in the right-hand side of (8.3) are
K-periodic, and since 24 is aperiodic by Lemma 7.2, the set 2B5 is not contained in the
union of these five sets. Therefore, as a slight modification of (8.4),

|24 > [2A41] + [2B1| + |A1 + By| + |Ba + (A1 U By)| + 1
(JA1| +|B1]) + |[A1l + (JA| - 1) + 1

v

3 1
> 3 |A1| + B (|A1| + |B1] + | B2]) + | 4]

v

9
Z|A‘7

a contradiction.
We conclude that A; is an L-coset and |By| = 1, as a result of which also |By| = 1.
If 2B; # 2B5 then |2(B; U By)| = 3 and in view of Lemma 7.6 we get

|2A| = |2A1| + |A1 + (B1 U B2)‘ + |2(B1 @] Bg)l

— 3|L| +3
= 3|4] -3
9
>—]A
74| ‘7

a contradiction.

Therefore 2B = 2B, and |24| = 3|L| + 2 = |A| + 2|L|.

Write By = {b1} and By = {bs}. Since By and By are in distinct L-cosets, we have
by — by ¢ L. However, 2B; = 2By shows that by — by is the unique involution of Z,.
Therefore, L does not contain the involution, and we conclude that |L| > 2.

If |IL| = 3 then A is a union of an L-coset and a coset of the two-element subgroup.
As a result, A is contained in a union of two cosets of the six-element subgroup H lying
above L, while |2A| — |A| = 2|L| = |H|; thus, A is 2-regular.

Finally, if |L| > 4, then |24| = 3|L| +2 > 2(|L| + 2) = 2 |4], a contradiction. O

9. The case where A meets exactly three cosets
In this section we prove the following result.
Lemma 9.1. Suppose that Theorem 1.3 is wrong, and that A C Z, is a counterexample

with n smallest possible. If L < Z,, is a proper subgroup such that ¢, (A) is rectifiable,
then |@or(A)| > 4; that is, A meets at least four L-cosets.
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As mentioned in the Introduction, the proof is rather technical and some readers may
prefer to skip it and proceed to the next section.

Proof. Aiming at a contradiction, we assume that |¢r(A4)] < 3 and then, indeed,
lor(A)| = 3 by Lemma 8.1. Let A = A; U Az U Az be the L-coset decomposition of A.
Since the set ¢r,(A) = {pL(A1), pr(A2), pr(As)} is rectifiable, it is either an arithmetic
progression, or a Sidon set meaning that the sums ¢, (4;) + ¢r(A4;) with 1 <i<j <3
are pairwise distinct. Accordingly, the sets

Ay + Ay, Ay + As, A3+ Ay, 244, 24,5, 243

sets determine six pairwise distinct L-cosets except that, after a suitable renumbering,
the cosets determined by 245 and A; + A3 may coincide.

Suppose first that all the six sets listed are pairwise disjoint. By Lemma 7.4, for each
i € [1,3] we have

|A] 4+ |Ai| < A+ Aj] = [Ar + Ag| + |Ax + Ag| + |Az + Ay

except if |4;| = 1 in which case the left-hand side must be replaced with |A| + |4;] — 1.
Since |A| > 4 in view of Lemma 7.6, there is at least one index ¢ with |A;| > 1. Therefore,
taking the sum over all ¢ € [1,3] we obtain

4A| — 2 < 2|24] — (|1241] + [242] + |243]) < 2[24| — | A].

Thus [24] > 2 |A| — 1 and, consequently, § |[A| > 5 |A| — 1; as a result, |A| < 4, contra-
dicting Lemma 7.6.

We therefore assume for the rest of the proof that A; + As is not disjoint from 2A,;
hence, 2A meets exactly five L-cosets. Notice that in this case, for any subgroup H
such that each of A1, A, and A3 is contained in an H-coset, the three cosets are in an
arithmetic progression.

We have
|2A] = |A1 + Ag| + [Az + As| + [2A1] + [2A3] + [(A1 + A3) U (242);

our goal is to show that either

9
241> 141,

or there is a subgroup H such that each of Ay, Ay, A3 is contained in an H-coset, and

24] = |A] + 2|H]|
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(in which case A is 3-regular). Once any of these estimates gets established, we have
reached a contradiction and the proof is over. We thus assume that the estimates in
question do not hold. We also make the following assumptions:

(i) |A| > 4 (by Lemma 7.6);
(i) |A+ A;| > |Al + |A;| — 1 for any @ € {1,2,3}; moreover, if |A;| > 1, then the term
—1 in the right-hand side can be dropped (by Lemma 7.4);
(iii) |A;+A;|+|A;+ Ag| > |A| —1 for any permutation (4, j, k) of the index set {1,2, 3}
(by Lemma 7.5 and in view of (4; + A;) U (A; + Ax) = A, + (A; U Ay)).

These assumptions will be used throughout the proof without any further explanations
or references.

Claim 9.1. We have

240] + 245 + [245] < 2 4] + 1.
Consequently, at least one of A1, Aa, and Az is a VSDS.
Proof. The first assertion follows from
TIAI> 1241 > (140 + As| + A + Ag]) + (1241] +[245] + 245

> |Al = 1+ (|241] + [242] + |243]),

the second is an immediate corollary of the definition of a VSDS and Lemma 7.6. O
Claim 9.2. Among the sets Ay, As, and Az, at most one is a singleton; thus, |A| > 5.

Proof. Suppose first that |A;| = |Az] = 1. Then |A| = |A3| 4+ 2 and if A3 is not a coset,
then

2A] > [A1 + As| + A2 + As| + [243] + [241] + A1 + Ao
9
= 20 Ag| + [245] +2 > 3|4y| + 3 = 34| =3 > | |],
as wanted. If, on the other hand, A3 is a coset, then arguing the same way we get

|2A] > 3|A| — 4; that is, |2A]| — |A| > 2|A| — 4 = 2| A3]| showing that A is 3-regular.
Similarly, if |A;| = |A3| = 1, then |A| = |A2| 4+ 2 and either

|2A] > |A1 + As| + [245] 4+ |As + As| + |241]| + |245]

9
= 2| Aa| + [242] +2 > 3|4y + 3 =3|A| -3 >  |A],
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or As is a coset, |24| > 3| A| —4, and then A is 3-regular in view of [2A|—|A| > 2|A|—-4 =
2|A2| O

Claim 9.3. If A5 is not a VSDS, then both A1 and Az are VSDS.
Proof. Recalling Claim 9.1, suppose for a contradiction that, say, Az is the only VSDS
among Ay, Ay, As; thus, [241] > 2[A4;| and [245| > 2 |A,|; furthermore, there is a
subgroup H such that As is contained in an H-coset and |As| > Z|H|. As a result,
12A] > (|A1 4+ As| + |Ag + A3|) + [241] + |2A2] + |2A43]
3 3
> A -1+ §|A1|+§ |[Aa| + |H|
5 3
=4 -<|4 H| -1
214 = 2+ 1

5 1
1A= 1H| -1 (9.1)

On the other hand, if Az is not contained in an H-coset, then |A; + Az| > 2|As]
resulting in

24]

v

|Ay + Ao| + |Ag + As| + |241| + |242] + |243]

v

1 3 3
§(|A1\ + |Az]) + 2] As3| + 3 |Aq| + 3 |As| + |H|

=2|A| + |H|. (9.2)
From (9.1) and (9.2) we get

9
— Al =1> |24
] -1z 124
2 /5 1 1
>-(=z|Al—-=|H| -1 - (2|A| + |H
> 2 (5141 - 5 1H| = 1) + 5 (214] + |H])
2
:Z|A|——.
3 3
However, the resulting inequality

9 7 2
1A -1 L4 -2

is possible only for |A| = 5. Recalling that Az is a VSDS while A; and As are not,
we conclude that in this case |A;1| = |A2| = 2 and |As| = 1. This further results in
[2A41] = |245] = 3 and |A; + A3 > 3 (for the last estimate notice that |A; + Ag| = 2
would mean that A; is contained in a coset of the period of A and vice versa, and
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then both A; and As would be cosets of the two-element subgroup, and hence VSDS).
Consequently,

9
n |A|7

a contradiction showing that As is contained in an H-coset.
We now show that A; is contained in an H-coset, too. Assuming it is not, we have

|A1 —|—A2| 2max{|A1|,2|A2|}> ‘A1|+ |A2|
and, similarly,
‘A3+A1| Zmax{|A1\,2|A3|} > |A1|+ |A3|

Furthermore, [24;] > 3 |A;| (as we assume that A; is not a VSDS), and trivially, [243| >
|As| and |As + Az| > |As|. Therefore,

9
Z|A|>|A1+A2|+|A3+A1|+|A2+A3|+\2A1|+|2A3|
> (2 141+ 2 1ol + 2 146l ) + [As] + 5 | As] + |4
= 2 (1] + 4ol + |45)),

a contradiction.

We have thus shown that each of Aq, Ao, and A3 is contained in an H-coset. Fur-
thermore, |As| < 2|H| < |A43]; hence, by Lemma 5.2, either |Ay + Az > [Aa| 4+ [ 4s],
or Aj is contained in a coset of the period m(As + A3). In the latter case we have

= A3 — A3 C w(As + As); since, on the other hand, As + Az is contained in an
H-coset, we actually have |Ay + As| = |H|. Therefore,

|2A4] > (|A1 + As| + |As + Ay|) + |As + As| + |241] + |243]
> (|A] = 1) + 2|H| + [244]
> Al +2|H|

so that A is 3-regular.
Assuming thus that |As + Az| > [As| 4 1| A43], in view of

3
|2A3|:\H|2max{|A3|,§\A2|} 43|+ 2 |A2| 9.3)

we get
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124] > (A1 + A2| + [As + Ax) + [A2 + As| + [24:] + |2A3\
z|A|_1+(|A2|+1|A3|)+§|A1|+( 43]+ 2 |45])
|A| —1+- |A1\ + < |A2|
Since neither of A; and Ay are VSDS, we have |A1],|As| > 2. Therefore

3
|A1| + = |A2‘ > -

leading to a contradiction, with the only exception of the case where |4;| = |A2| = 2 and,
moreover, (9.3) holds with equalities. In this exceptional case we have |H| = 2|A,| = 3,
so that A; and As are two-element subsets of the three-element subgroup H. Hence, by
the pigeonhole principle, all sums A; + A; with 4, j € [1,3] are H-cosets; therefore 24 is

periodic, contradicting Lemma 7.2. O

We now consider two cases, according to whether As is or is not a VSDS.

Case 1: A, is a VSDS.
Suppose that A, is a VSDS, and let H := Ay — As.

Claim 9.4. We have |A; + H| + |As + H| > 3|H]|.
Proof. Suppose for a contradiction that each of A; and As is contained in a single H-
coset. Since |24s| = |H]|, using the trivial estimates |24;| > |A4;| and |4y + A4;] > |As],
where i € {1,3}, we get
9
7 AI> 124] = [241] + 245] + [ AL + Az| + Az + As| + [242] 2 |A[ + [A2] + |H| (94)
and we conclude that
5
1\A| > |As| + |H]. (9.5)
If |A1] + |Ag| < |H| and |A3z| + | Az < |H]|, then taking the sum we get
2[H| = [A] + |Azl. (9.6)
Combining (9.5) and (9.6),
5 3 5
A —JA| - |H|<Z|H|l--14
[As] < 214] ~ || < 3 || - 5 |4

whence |As| < £ |H|, a contradiction showing that either |A;| + |As| > [H|, or |As| +
|A2| > |H| holds true. Assuming the latter for definiteness, by the pigeonhole principle
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we have |As + As| = |H|, and then from (9.4) we obtain |2A| > |A| 4+ 2|H|; hence, A is
3-regular. O

Claim 9.5. We have |As| < 1A
Proof. Assuming that, say, A; meets at least two H-cosets (cf. Claim 9.4), we have
|A1 + A2| > 2|A2‘ and then
9
1 ‘A| > ‘2A| > |A3 + Al + ‘2A1| + |A1 + A2|
> (Al + [As| = 1) + |Ax| + 2| Az| = 2|A] + [A] - L.

To complete the proof, we show that the term —1 in the right-hand side can be dropped.
It is easy to see that otherwise the following conditions are meat simultaneously: |A3| = 1,
there is a subgroup K such that A; is a K-coset, |A; + As| = 2|As], and 245 C A; + As.
The first and the last conditions show that A; contains an H-coset; hence, K > H.
Therefore A1+ A, is a K-coset, and the condition |A;+As| = 2| A2| shows that | K| = 2| H|
and that Ao is an H-coset. It follows that |A| = |K|+ |H| + 1, |A2] = |H|, and

24] = [Az + A + |Az + Ay | + 244 ] = |A] + 2|K;
therefore A is 3-regular. 0O

To complete the treatment of the present case where As is a VSDS, we prove the
following claim which is in clear contradiction with the previous one.

Claim 9.6. We have |As| > 7 ]A.

Proof. Let 6 := |24, \ (A; + A3)| and

2Al — Az if AZ >1
5; 1= [24:] = 1Al af A . ie{1,3}.
-1 if |[A;] =1
The quantity §; shows whether A; is a singleton (§; = —1), a coset of a nonzero subgroup

(6; = 0), or neither (§; > 0).
By Lemma 7.4, we have |A + A;| + |24;] > |A| 4+ 2|A;| + 0;, 7 € {1, 3}. Consequently,
taking the sum of

24| > Ay + A[ + [A3 + A — [A1 + A3 +6
and

|24] > |As + (A1 U A3)| + | A3 + A1| + |241] + [243] +6
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we get

1
9141 - L > 0pa
2 2

> (AL + A+ [241]) + (|As 4+ A + |245]) + | Az + (A1 U A3)| 426
> 2| A| + 2| Ay | + 2|As| + (JA] — 1) + 61 + 65 + 26
=5|A| —2]|A2|+ 01+ 03 +25 -1

whence

1
|[Ag| > = \A|+ (61+63) 6—1.

Since d1+d3 > —1 by Claim 9.2, we assume for the rest of the proof that ;443 € {—1,0},
that § = 0 (that is, 245 C A; 4+ Aj3), and (switching A; and As, if needed) that §; < d3;
that is, either 6; = —1 and d3 € {0,1}, or 4; = §3 = 0. Moreover, by Claim 9.4, in each
of these cases we can assume that As meets at least two H-cosets. (If A3 meets just one
H-coset, then A; meets at least two; hence ; > 0, leading to §; = d35 = 0, and we switch
A; and Az without violating any of the assumptions.)

Suppose first that 61 = —1 and d3 = 0; thus, |4;] = 1 and Az is a coset of a nonzero
subgroup, say K. Since 245 C A; 4+ A3, and since 245 is an H-coset, while A; + A3 is a
K-coset, we have H < K. A simple counting shows now that |A| = |Az| + | K|+ 1 while
|2A] = 3| K| + |A2| + 1; therefore, [2A] — |A| = 2| K| and A is 3-regular.

Next, we consider the case where 6; = —1 and d3 = 1; that is, A; is a singleton,
and Aj is not a coset. By Claim 9.2, we have |H| > |Ag| > 2. Furthermore, in view of
2A; C Ay + Az, the set Az contains an H-coset; moreover, the containment is proper
since A3 meets at least two H-cosets. As a result,

[ Az + Az| > max{[As| + 1, |A3[} > 5 (IAzl +1+4s) = \Al

and, consequently,
9
7 AL 124] = [Ay + A + Az + A + [245] 2 [A] + 5 IAI + ([As]+1) = IA\ — |42

which gives the desired estimate |A3| > 1 |Al.

Finally, we consider the case where §; = §3 = 0; that is, A; is a coset of a nonzero
subgroup Hi, and As is a coset of a nonzero subgroup Hs. Since 2A4 is aperiodic, and
245 C Ay + As, we have Hy N Hy = {0}. Furthermore, |A| = |H:1| + |A2| + |Hs| and

|2A] = |2A1] + |[2A43] + |A1 + Az| + [A1 + Az| + [A2 + A3
> [Hy| + [Hs| + |Hi||Hs| + [Hi| + |H3
= ([H1| = 2)(|Hs| — 2) + 4|Hy| + 4|Hs| — 4
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> 4|A] - 4|Ag| -

If we had |As| < 1 |A| — 1, this would further lead to

9
1 |A] > |24] > 3|A| -3
contradicting Claim 9.2. O
Case 2: A, is not a VSDS.
Suppose that As is not a VSDS. By Claim 9.3, in this case both A; and As are VSDS.
Assuming for definiteness that |As| > | A1, consider the subgroup H := Az — As.

Claim 9.7. Ay is contained in a single H-coset.

Proof. Assuming the opposite, we have |43 + As| > 2|As| and, by Corollary 5.5,

|A1 + Ag| > max {|A1 |As|, min{2|A44], |A2|}}
Consequently,
9
—|A] > |24
1 141> 124]
> [2A1] + |2A45] + [A1 + Ao| + |A2 + A3| + |2A2|
> | A1 + |As| + max{|A1], |Az|, min{2|A4], 5 \Azl}} +2[As] + 5 |A2|
leading to
) 3
max{| A1, |Az|, min{2A4[, 7 [A2[}} < 7 |A1| +7 |A2| -7 |A3| |A1\ +7 |A2|
However, the resulting estimate is easily shown to be wrong by analyzing the four cases
where [A1| < 3]Aa], 5]A2] < |[Ai] < § 42|, § A2 < [A1] < §[Az], and [A1] > 5 [As|.
(Less rigorous, but more convincing is to let ¢ := |A1|/|Az|, rewrite the inequality in
question as max{1,¢, min{2¢, 3}} < 3¢+ 2, and plot both sides as functions of t). O
Next, we show that the set A; is contained in a single H-coset, too.
Claim 9.8. Ay is contained in a single H-coset.
Proof. Assuming the opposite, the sum A; + A3 meets at least two H-cosets, and has at

least |As| elements in every H-coset that it meets. Consequently, [(242) U (41 + A3z)| >
|242] 4 |As| > % |Aa| + |A3]. Therefore
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9
1 |A| > [24]

> (|Ay + As| + |Ag + As]) + [241| + |243] + |(242) U (A1 + A3)]

v

3
(141 = 1)+ 140+ 40]+ (5 1421+ L]

Y

5

—|Al -1

2
contradicting Lemma 7.6. O

We have thus shown that each of A, As, and A3 is contained in an H-coset. We also
recall that, by our present assumptions, A; and Az are VSDS, while A, is not, and that
Az — A3 = H and |A;| < |A4s]; as a result, [Ag| < 2 |H| < |As3].

Case 2.1: max{|A1|,|Az|} > %|As|. If |As| > L |As], then in view of |A3] > 2 |H| we
have |Ag| + |As| > |H|. Therefore As + A3 is an H-coset and

|24 > |Ay + Ao| + |As + As| + |As + A1 ] + |2A1] + |243]
> [Ao| + [H| + |As| + |A1] + [H]|
= |A] +2|H]|
so that A is 3-regular.

Similarly, if [A;| > % |As|, then |A;| + |As| > |H|. Therefore A; + A3 is an H-coset
and then

|2A4] > (|A1 + As| + |A2 + As|) + |As + A1| + |241] + |2A43)|
> (|Al=1)+[H|+ 1+ [H]|
= |A| + 2[H]|

shows that A is 3-regular.
Case 2.2: max{|A;|,|As|} < 1|As]. We have

9 1
— Al — - > |24
2141 - 2 124

> (JAy + As| + |Ag + As|) + |A1 + As| + [241] + |243]
> (JA] = 1) + [A3| + [A1] + | A3]

3

5 1 5
> ° R (e Z Ao+ 1 -1
> [Ai] + 7 [4s| + 7 <3A1|+3| o + >+|A

9 1
= 24| - -
74=7
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This shows that |2A4;| = |A1| and |2A3]| = |As|; that is, both A; and Aj are cosets.
Since A3 — A3 = H and A; is contained in an H-coset, we conclude that Az is an
H-coset and that there is a subgroup K < H such that A; is a K-coset. In this case
|A| = |K| + |A2| + |H| and from

[24:1] = |K|, [A+ As| = 3[H]|, [A2 + A1] > |42],
we get [2A4] > 3|H| + | K| + | Az]; hence, |2A| — |A| > 2|H| and A is 3-regular. O
10. Character sums and partial rectification

This section combines a character-sum argument and combinatorial reasoning. Its
central component is a lemma which, loosely speaking, shows that over 90% of a coun-
terexample set must be well-structured. The lemma is a version of [DF03, Proposition 4.2]
incorporating a critically important trick from [L.S20]. Historically, quoting from [DF03],
“the underlying idea comes from [F61] (...) where the case of prime modulus n was
dealt with”.

Recall that an arithmetic progression in a cyclic group is primitive if its difference
generates the group.

Lemma 10.1. Suppose that Theorem 1.3 is wrong. If A C Z,, is a counterexample with n
smallest possible, then there exist a subgroup H < Z,, of index m :=n/|H| > 37, and a
primitive arithmetic progression P C Z,, with |P| < (m+1)/2, such that |(P+H)NA| >
0.9]4].

Proof. We assume that 24| < min{§ |A[,n} (since A satisfies the assumptions of Theo-
rem 1.3), that [24] — |A| < Cy'n (since A fails to satisfy the conclusion of the theorem),
and that |A + B| > |A| + |B] holds for any subset B C Z, with 2 < |B| < |A| (in
view of Lemma 7.4); in particular, 7 := [24|/|A| > 2. Also, [24] > 2|A| > 8 and
n > Cy|A| > 4C, by Lemma 7.6.

For a finite subset B and an element z of an abelian group, we let B(*) := BN (B+x);
therefore, | B(*)| is the number of representations of z as a difference of two elements of
B, and in particular |[B®)| =0 if 2 ¢ B — B. We have

Y. 1B =B}

reB—B

and
B@ + B C (2B)@); (10.1)

the latter relation, sometimes called the Katz-Koester observation, can be proved as
follows:
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B®™ 4+ B=(BN(B+x)+BC(2B)N(2B)+z) = (2B).

We also have

> [BW]P=E(B),

reB—B

where E(B) (standardly called the energy of B) is the number of quadruples (b1, ...,bs) €
B* with by + by = b3 + bs. We recall the basic estimate

|BI*

E(B) > 28]

(10.2)
following easily from the Cauchy-Schwartz inequality.

Let S :=2A and 7 := |S|/|A|. Denoting by A the counting-measure Fourier transform
of the indicator function of the set A, and similarly for the set .S, we have

- Z AOPISCP = Y0 1AP)S@] = 37 AW A+ A®); (10.3)

XGZ reA—A r€A—A

here the equality follows, for instance, by a direct computation, both sums involved
counting the number of solutions to a; —as = s1 — sy with a1,a2 € A and s1,s2 € S, and
the inequality follows from (10.1). Let D be the set of all those € Z,, with |A®)| = 1,
and let N := |D|. By Lemma 7.4 we have |A + A®)| > |A| + |A®)| unless z € D.
Consequently, denoting the sum in the left-hand side of (10.3) by o,

o> Y |AD||A+ A
Tz€A—A

> Y [AP(A[+ [AD]) = Y [ADRE 4+ 14]|9]
r€A—A xzeD
x#0
= Y [AD(A[+[A®)]) = N + |A][S] - 2|A]
reA—A

= AP +E(4) + (7 - 2)|A]* -

where the terms |A||S| and —2|A|? arise from the summand corresponding to x = 0. In
view of (10.2) and Lemma 7.8, we conclude that

3
o> \A|3+@+(T—2)\A|2—N> gﬂA\?’. (10.4)

We split the sum in the left-hand side into two parts,

o= Y JAPSNP

n

XE€Zn
| ker x|>n/36
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and

n= Y JAWPSNP

n

X€Z,
| ker x|<n/36

(the bound n/36 is needed for the combinatorial part of the argument, presented in the
next section, to go through). Let ¢ denote Euler’s totient function. For any divisor d | n,
there are exactly ¢(d) characters x € Z,, with | ker x| = n/d. Therefore

1 ~ 1 1
< AP Y SR < CelAPISE = erAl,  (105)
xeiz
| ker x|>n/36
where
36
o= )" p(d) <Y o(d) = 39.
1§d|§36 d=1
dln

Recalling that (7 — 1)|A| = |24| — |A] < Cy *n, we therefore have

39672
< AP 10.6
< g A (10.6)
Turning to the sum oy, we let
ni= max |A(x)|/|A|
XEZn
| ker x|<n/36

(thus, n < 1) and use the first inequality in (10.5) and Parseval’s identity to get

1 ~
o <—nAP Y ISP
X€Z,
| ker x|<n/36
1 ~ ~
= gn2|A|2< YIS Y |S(X>|2>
X€Zn X€Zn

| ker x|>n/36

<’ (|APIS| - oo).

Therefore, by (10.6),
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oo + o1 < n?APIS| + (1 —n*)ao
3967
< 2 1—p2). " AlIB.
_<n44 ) ﬁlX%>ﬂl

Combining this estimate with (10.4) we obtain

3967 52
2 1 — 2y, 77 > —
U A e R T
and since
3967 2396

(r—1)Cp ~15-100 = "0

we conclude that

52
n? +0.0053(1 — %) > —;
81
as a result, n > 0.8.

Thus, there exists a character y € Z,, such that |ker x| < n/36 and

|A(x)| > 0.8|A].

Letting H := ker x and m := n/|H| (so that m > 37, H = mZ,, and Z,/H = Z,,),
there is a zero-kernel character ¢ € Z,,/H such that x = Copp, where pg: Z,, = Z,/H
is the canonical homomorphism. In terms of this character {, the last estimate can be

rewritten as

’Zc(cpH(a))] > 0.8|A].

a€A

The summands in the left-hand side are complex roots of unity of degree m, and by
Lemma 6.3, there exists a subset A’ C A of size [A’] > 1 (1+ 0.8)|4] = 0.9|4|, and an
open arc C of the unit circle, of angle measure , such that ((¢g(a)) € C for all a € A'.
The arc C contains at most [(m + 1)/2] roots of unity of degree m, which are in a
geometric progression. As a result, the set ¢ (A’) is contained in a primitive arithmetic
progression Q C Z,,/H of size |Q| < (m + 1)/2; hence,

A C oM Q) (10.7)

Fix ¢,d € Z,, such that ¢+ H and d+ H are the initial term and the difference of the
progression @, respectively, and d generates Z,; the latter condition is possible to satisfy
since d + H generates Z,/H. Letting P := {c,c+d,...,c+ (|Q| — 1)d} C Z,,, we have
o (P) = Q, whence 5" (Q) = P + H. This completes the proof in view of (10.7). O
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11. Proof of Theorem 1.3

Suppose that the theorem is wrong. Let n be the smallest positive integer for which
the assertion fails, and let A C Z,, be a counterexample set satisfying the assumptions,
but not the conclusion of the theorem. As a result, A is not contained in a proper
coset, 4 < |A] < Caln and 8 < |24 < 2Caln by Lemma 7.6, and 2A is aperiodic by
Lemma 7.2.

Applying Lemma 10.1, we find a subgroup L < Z, of index m := n/|L| > 37,
and a primitive arithmetic progression Qo C Z, with |Qo| < (m + 1)/2 such that
the set A’ := (Qo + L) N A has size |A'| > 0.9|A|. The condition |Qo|] < (m + 1)/2
along with the primitivity of @y ensures that ¢ (Qo) is rectifiable. Thus, ¢ (A’) is
contained in a rectifiable subset of Z, /L; hence, is itself rectifiable. Let A” := A\ A’
We observe that the L-cosets determined by A’ are distinct from those determined by
A" (AA+L)Nn (A" + L) = 2. Also,

9 5
124" < |24] < 1 |A| < 3 |A']. (11.1)

It suffices to prove that ¢ (A) is rectifiable, as in this case ¢ (A)| > 4 by Lemma 9.1,
and applying Proposition 3.2 we conclude that A is not a counterexample.

Claim 11.1. The set A” is nonempty.
Proof. If A” = @, then A = A’; as a result, ¢ (A) = ¢ (A’) is rectifiable. O

In view of |A”| < 0.1]A], as an immediate corollary of Claim 11.1 we have

1
|A”| < 9 |A’| and |A| > 11. (11.2)
Claim 11.2. The set A’ is not contained in a proper coset.

Proof. Suppose that A’ is contained in a proper coset, and let g + F, with g € Z,, and
F < Z,, be the smallest coset containing A’. If ay, ..., a; list representatives of the F-
cosets intersecting A", other than the coset g + F (which can possibly contain elements
of A”) then 2A4’,a; + A’, ..., ar + A’ reside in pairwise distinct F-cosets and, therefore,
are disjoint. As a result

9 )
(k+ DIA'| < 24 +Jay + A+ + g + 4] < 24] < § |A] < 2|47,

showing that k < 1. Indeed, k = 1 as if we had k& = 0, then A were contained in g + F',
which is a proper coset.
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Reversing the last computation,
5 i 9 i /
§\A|>Z|A|>|2A\Z\2A|+|a1+A\
whence [24’] < %|A’ |. Therefore A’ is a VSDS; moreover, by Lemma 5.1 and the minimal-
ity of F', we have A'— A" = F||2A’| = |F|, and | 4’| > %|F| Now from |F| < % |A| < %\A|
and Lemma 7.6 we see that [F| < §n. On the other hand, A C (g + F)U (a1 + F), con-
tradicting Lemma 8.1. O

Recall that we have defined m :=n/|L|.

Claim 11.3. For any subgroup K < L, the set o (A’) is not contained in an arithmetic
progression with f%] or fewer terms.

Proof. If, for some a,d € Z,, and k > 1 we have

v (A) C{ox(a) +ipk(d): i € [0,k — 1]},
then

pr(A) C{prla) +ipr(d): i € [0,k — 1]}

Therefore, it suffices to prove the assertion in the special case where K = L.
By Lemma 5.1 and Claim 11.2, the set A’ is not a VSDS; hence

24| > ;|A’|. (11.3)

If A contained an element a ¢ 24’ — A’ then a + A’ would be disjoint from 24’ and
from (11.3) we would get

24 > Jo+ 4+ 24] 2 2 |4] > 1 14],
contradicting the assumptions. Thus,
AC24 — A (11.4)

Suppose now that ¢ (A’) is contained in an arithmetic progression with k < (%1
terms. Then, by (11.4), the set ¢ (A) is contained in a progression with 3k — 2 < 2L
terms. Since A is not contained in a proper coset, the difference of this progression

generates Zy /L. It follows that ¢ (A) is rectifiable. O

By Lemma 9.1, if ¢ (A) is rectifiable, then |pr(A)] > 4. We now show that the
conclusion |y, (A)| > 4 holds true regardless of the rectifiability of ¢ (A4).
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Claim 11.4. The set A determines at least four distinct L-cosets; that is, |or(A)| > 4.

Proof. With Lemma 8.1 in mind, suppose for a contradiction that A determines exactly
three L-cosets. By Claims 11.1 and 11.2, the set A’ meets exactly two of these three
cosets. Hence, |¢r,(A’)| = 2; therefore, ¢, (A’) is a (two-term) progression, contradicting
Claim 11.3. O

Write s := |pr(A")], and let A’ = A; U--- U A, where each of the sets Ay,..., A is
contained in an L-coset, the cosets are pairwise disjoint, and |4;| > --- > |44 > 0. By
Claims 11.2 and 11.3, we have s > 3, and we proceed to consider separately the cases
where s = 3, s =4, s = 5, and s > 6. (The “typical” scenario is addressed in the last
case, which also is much less technical to treat; for this reason, the reader may consider
skipping directly to this case.)

Case 1: s = 3.
By Claim 11.3, and in view of ¢ (A")| = 3 < [2], the set ¢ (A’) is not an arithmetic
progression; hence, in the representation

24" = 2A1 U2A5, U243 U (A1 + Ag) @] (A2 + As) U (Ag + Al)

the union is disjoint and indeed, all sets in the right-hand side reside in distinct L-cosets.
(We cannot have ¢r(24;) = ¢r(24;) with ¢ # j since this would imply 2¢1(4;) =
2¢1,(A;), contradicting rectifiability of ¢z (A’).) Thus, recalling (11.1),
5 5, , ,
21 A1] + 4ol + |45 = 5 14] > 24

= |2A1| + |2A42] + |243] + |A1 + Ao| + |A2 + Az| + |As + Aq]. (11.5)
Claim 11.5. The set Ay is a VSDS; moreover, letting K := Ay — Ay, we have K < L.
Proof. Assume for a contradiction that A; is not a VSDS, and suppose first that Ay is
not a VSDS either. Then |2A1‘ Z %|A1|, |2A2| Z %|A2|, and |A1 +A2| Z ‘A2| + %|A1| by

Corollary 5.3. Combining these estimates with (11.5) and the basic bound |4; + A;] >
|A4;] (1 <i<j<3), we conclude that

b) 3 3 1
§(|A1\ + [Ao| + |45]) > §|A1| + §\A2| +[As| + |Az2| + §|A1| + [Az| + [As]
7
= 3|A1| + 3 |Az| + | As]
leading to 3|As| > |A1] 4 2| Az|, a contradiction.

Thus, As is a VSDS. Let K’ := Ay — A5, and let k denote the number of the K’-cosets
determined by Ajp; since |A41] > |As| > §|K’\ and A; is not contained in a K’-coset
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with density exceeding 2/3, we have k > 2. Also, [2A;] > 3|A4;| and |A4; + As| > k|A,|.
Thus, (11.5) gives

5 3
5(\A1| + [Az| + [A3]) > §|A1| + [Az| + |Az| + k| A2| + |Az] + |A4]
whence
3|As| > (2k — 1)[A2| > 3| Az,

a contradiction showing that A; is a VSDS. Finally, we notice that K = A; — A; implies
K < L (as A; is contained in an L-coset). O

Let K denote the subgroup of Claim 11.5; thus, A; is contained in a K-coset and
[Ai| > 31K

Claim 11.6. Fach of the sets A1, As, As is contained in a K -coset.

Proof. If neither A; nor Aj is contained in an K-coset, then |A; + A;| > 2|A4;] and
|As + Ai| > 2|A;| whence, by (11.5)

5
§(|A1| + [Ag| + |Az]) > [A1| + [Az| + |As| + 2| A1 + [Az] + 2| A4]
resulting in
5| A1] < |Az| + 3|43,

which contradicts the assumption |A;| > |As| > |As].
If As is not contained in an K-coset, while A3 is, then | A1+ 45| > 2| A | and |Ay+A3z| >
2| As|, and then
5
§(|A1| + [A2| + [A3]) > [Ar] + |Az| + |As| + 2[As1] + 2|A3| + A4,
3|A1| + |A3| < 3|AQ|7

a contradiction to |A41| > |As].
Finally, if As is contained in an K-coset, while A3 is not, then |A; + As| > 2| 4| and
|As + As| > 2|As|; as a result,

5
§<|A1| + [Aa| + |Az]) > |Ax| + [A2] + [A3] + [A1| + 2| Az + 2| A4,
3|A1| + |A2| < 3|A3|,

a contradiction to |A4;| > |As].
The assertion follows. O
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Let A” = B1U---UB; be the K-coset decomposition of A”; that is, each of By, ..., B;
is contained in a K-coset, and the cosets are pairwise disjoint. Write A" := ¢x(A’),
A" = g (A"), and A:= g (A); thus, |A'| =3, |A”| =1, and |A| =3 +¢.

We have

3+t

9 3+t
AL > 24] 2 [A+ 41| 2 (404 2 20> 2000914

whence t < 4. We now improve this estimate as follows.
Claim 11.7. We have t < 2.

Proof. Let H := m(A+ A'). If |[A+ A'| < |A| + 3|A’|, then by Lemma 5.2, the set
A’ is contained in an H-coset. Consequently, A’ is contained in a coset of the subgroup
¢ (H). Hence, by Claim 11.2, we have ¢y (H) = Zy; that is, H = Z,,/ K, meaning that
A+ A =Z,/K. Therefore, |[A+ A'| =n/|K|>n/|L| > 37> 3+1t)+ 3 = |A| + 5|4,
a contradiction.

We therefore conclude that |4+ .A’| > |A| + % |4'| and then indeed, rounding to an
integer, | A+ A’| > 5+1. It follows that the set A+ A’ consists of the |A| = 3+1¢ subsets
2A1, A1 + Ay, A1 + A3, Ay + Bq,..., A1 + By, and at least two more subsets of size at
least |As| each, all these subsets being pairwise disjoint. As a result,

|A+ A'| > (t+3)|Ay| + 2| As). (11.6)

On the other hand,

/ 9 5 4
[ A+ AT < [24] < 2 A < 5 [A] = 5 (JAu] + [A2] + | 43)).

N | Ut

Comparing this estimate with (11.6), we get
(14 3) 1] + 2045] < 2 (1] + 4] + |43,
(2t + 1)|A1| < 5]Az| + |As],
whence t € {1,2}, as claimed. O
If [(A” + A")\ 2A'| > 2, then (A’ + A”)\ (24")| > 2|43], leading to

5 5., 9 ,

5 ([As] +[A2] +|A45]) = S 1A' > 7 [A] > [24] = [247] + 2|45 (11.7)
On the other hand, from (11.5) and the trivial estimate |A; + A;| > [A4;] (1 < < j < 3),

[24"| > 3| Ay + 2| Aa] + | As].
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From this estimate and (11.7) we get

5
B (|As] + [Az] +[A3z]) > 3|As] + 2| Ag| + 3| A3,

|A1] 4 |As| < |Az]

which is obviously wrong.

Thus, |(A" + A”) \ 24| < 1. Consequently, for any § € A” there are (at least)
two elements o € A" with 8+ a € 2A’. Applying Lemma 6.6 and taking into account
that A’ is not contained in a four-term progression by Claim 11.3, we conclude that if
ag, a0 € A’ are elements with 5+ aq,8 + ag € 2A’, then {aq, a9, 5} is a coset of the
three-element subgroup of Z,,/K. If t = 1, then this shows that A is contained in a union
of two cosets of a subgroup of size at most 3| K|, contradicting Lemma 8.1. If t = 2, then
writing A" = {81, B2}, and applying Lemma 6.6, there are elements a, ap, as € A" with
a # ag, a # ag such that both {a, aq, 81} and {a, as, B2} are cosets of the three-element
subgroup of Z,,/ K. Sharing the same common element «, these cosets must be identical,
which is impossible since, for instance, 51 ¢ {«, as, B2}.

Case 2: s = 4.

By Claim 11.3, the set ¢ (A’) is not contained in an arithmetic progression with five
or fewer terms; as a result, by Theorem 6.2 (as applied to the set of integers locally
isomorphic to ¢ (A4"), with [ = 5), we have

200 (A")] = 9; (11.8)
that is, 2A’ meets at least nine L-cosets. Of these cosets, four are the cosets determined
by the sums Ay + Aq,..., Ay + Ay, and at least five more are determined by some other
sums of the form A; + A;, with 2 < ¢ < j < 4. Using the trivial estimate |4; + A;| > |A,]

for these sums, and observing that in the resulting estimate the summand |A4| can
appear at most once, and |As| at most twice, we get

5
3 |A'| > |2A] > |A1 4+ A1| + - 4 | A1 + Aa| + 2| Ao| + 2] A3| + | Ayl (11.9)
Claim 11.8. A; is a VSDS.

Proof. Assuming for the contradiction that A; is not a VSDS, by Corollary 5.3 we have
|A1 4+ As| > |A2| + § |A1]. Substituting to (11.9), we obtain

5. 013 1
141> S 1A+ (Aol + 5 |41l) + 2] Ar] + 2145 ] +2|As] + | Ad]
= 4|Aq| + 3[Az| + 2|45 + A4l

This simplifies to the obviously wrong inequality
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3|A1| + |A2‘ < |A3| + 3|A4|,
a contradiction proving the claim. O
Let K := A; — Aq; thus, K is a subgroup of L, and A; is contained in a K-coset with
|A1| > §|K|7 also, |2A4;| = |K|. Notice that K is nonzero (else |A;1| = 1 and then |A’| =4

contradicting (11.2)).
From (11.9), and in view of |24;| = | K|, we have

2 A > K+ 3141] +214o] +2145] + | Ad],
[Az| + [As] + 3[Aa| > [Ar] + 2[ K],
resulting in |A1| + 3| 44| > 2| K. Hence,
1]+ As] = 5 (1Al 4+ 314a]) + 5 (1] 1 4a]) > K],
and then indeed |A1| + |A4;| > |K]| for all i € [1,4], leading, by Lemma 6.1, to
A1 + A;| > |K|. (11.10)

Substituting this estimate back to (11.9), we now get

5

514 | > 4| K| + 2| Aa| + 2| A3| + | A4l

5|A1| + |A2| + |As| + 3|A4| > 8| K], (11.11)
which leads to

7| Ar| + 3| A4| > 8| K],

A1+ 5 1AL 2 141+ 3 Al > K], (11.12)
for all i € {2,3,4}.
Claim 11.9. Each of the sets A1, Ag, Az, Ay is contained in a single K -coset.
Proof. If, for some i € {2, 3,4}, the set A; determines two or more K-cosets, then in view

of (11.12), by Lemma 6.1 (ii) we have |A; + A;| > |A1| + |K|. Using (11.9) and (11.10),
we then get

5
5 |A'| > 4|K| + |A1] 4 2| Ag| 4 2| A3| 4 [A4],

3|A1| + |A2| + |As| + 3|A4| > 8| K|,
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which is wrong since |A;| < |K|. O
Notice that from (11.11)
8K < 5| Ax] + [Ag| + [As] + 3[Aa| < 6] K| + 2(|As| + |Aa).

It follows that |A;| + |A;| > |K|, and therefore A; + A; is a K-coset for all 4,5 € [1,4]
with the possible exception of i = j = 4. Consequently, from (11.8) we obtain

5
3 |A'] > [24"| > 8| K| + |A4]. (11.13)

Let A" := o (A), A" := px(A"), and A := pi(A). Thus |A'| = 4, and from (11.8)

we have
124" = 20k (A)] = [px (2A7)| > |1 (24))] = [2¢L(A")] = 9.

Indeed, if we had |2.4’| > 10, then instead of (11.13) we would be able to get the estimate
5 ! /
214> 24 = O[] + Al

which is wrong in view of |A’| < 3|K| + |A4|]. Thus |24’| = 9. Observing that A’
determines (é) + 4 = 10 sums aj + as with aj,as € A’, we conclude that exactly
two of these sums coincide, while the rest are distinct from each other and from the two
coinciding sums.

Write ¢ := |A”| and A” = By U---U B; where each of By,...,B; is contained in a
K-coset, and the cosets are pairwise distinct; notice that |A| =4 + ¢.

If A’ + A" ¢ 2A', then there are i € [1,4] and j € [1,] such that the sum A; + B; is
disjoint from 2A’; consequently, from (11.13)

5 9
3 [A1> 7 1Al > [24] > 247 + [4; + Bj| = (8|K| + |Aa) + |Ad],

5|A'| > 16| K| 4 4| A4l
5|A1| + 5| Aa| + 5| As| + |A4] > 16|K| > 16| A4],

a contradiction.
Therefore, A’ + A” C 2A’ implying

24 =24 U2A". (11.14)

In addition, from A’ + A” C 2A’ we derive that A + A4’ C 2A4’, and since the inverse
inclusion holds trivially, we have, indeed, A + A’ = 2.4’. Thus,

A =4, |A"| =t, |A|=4+1t, A+ A| =24 =09. (11.15)
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From Ay + Ay,..., A1+ Ay, A1+ Bq,..., A1 + B; C 2A we get

t+4 t+4
41> 241 = (4 4] = T > 00 T

which yields ¢ < 5. We can improve this bound as follows.
Claim 11.10. We have t < 3.

Proof. Let H := m(A+ A'). If |[A+ A'| < |A| + 3|A’|, then by Lemma 5.2, the set
A’ is contained in an H-coset. Consequently, A’ is contained in a coset of the subgroup
¢ (H). Hence, by Claim 11.2, we have ¢ (H) = Z,; that is, H = Z, /K, meaning
that A+ A" = Z,,/K. Therefore, |A+ A'| =n/|K| >n/|L| > 37 > 6+t = |A| + 3|4,
a contradiction.

Thus, |A+ A'| > |A| + 3|A’| = t + 6 showing that the set A + A’ consists of the
|A| =4+t subsets 241, A1 + As, Ay + As, A1 + Ay, A1 + By,..., A1 + By, and at least
two more subsets of size at least |A4| each (with all these subsets pairwise disjoint). As
a result,

|A+ A'| > (t+4)|A1] + 2| A4l

On the other hand,

9 )
A+ 4| < 2A] < T1A] < DA = 2 (|A1] + | 4] + [ o] + | Ad]).

DN | Ot

Comparing the last two estimates, we get
(2t + 3)|A1| < 5|Aa| + 5| As| + | A4l
whence t < 3. O

Case 2.1: t = 1. In this case we have A = A’ U A” where A’ = A; U Ay U A3 U A4 with
A1, ..., Ay residing in pairwise distinct K-cosets, and where A" resides in yet another
K-coset. Moreover, in view of (11.15), and recalling that A, + A; is a K-coset for all
1,7 € [1,4] with the possible exception of ¢ = j = 4, the set 24’ is a disjoint union of
eight K-cosets, and one more set which is either a K-coset, or the set 24, (contained in
a K-coset). Also, from (11.14), there are at most two K-cosets intersecting 24, but not
entirely contained in 2A: namely, the cosets determined by 244 and by 2A”. It follows
that [2A+ K| —|24| < (|K|—|2A4])+ (|K|—|2A"]). Also, |A+ K| —|A| = 5| K| —]|A4]|. On
the other hand, we observe that K is nonzero (as otherwise we would have |A| = |A| =5
contradicting (11.2)), and that 24 + K # Z,, (otherwise T’ = [2A4] < |24']+1 =10
while, on the other hand, ‘—I’é‘ > % > 37). Consequently, we can apply Lemma 7.1 to
get
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(K| = [244]) + (K| = [24"]) > 5| K| — | A],
|A| > 3|K| + 244 + [2A4" |

which is wrong in view of

|A| = |A1| + |A2| + |As] + |Ag] + | A" < 3| K| + |Ag| + |A”.

Case 2.2: t € {2,3}. In this case |A'| =4, |A"| =t, |A| =4 +1, and |[A+ A'| = |24'| =
9 = |A| + |A'| = (t — 1). Furthermore, |A| + |A'| =t +8 < 11 < |Z,/L| < |Z,/K],
A > |A'] > 2, and A’ is rectifiable (as a result of the rectifiability of ¢r(A’)), not
an arithmetic progression (by Claim 11.3), and not contained in a proper coset (as a
consequence of Claim 11.2). Thus, the assumptions of Lemma 6.5 are satisfied. Applying
the lemma, we conclude that there is a nonzero, proper subgroup H < Z,, /K such that
A" meets two H-cosets and has exactly (|| + 1)/2 elements in each of them. Since
|A'| = 4, we have |H| = 3; thus, we can write A" = {a1, a1 + §, ag, g + 0} where ¢ is
an element of the group Z, /K of order 3 (so that % = {0,9,24}), and oy, a0 € Z,,/K
belong to distinct H-cosets.

As a result of (11.14), we have A” C (24" — a1) N (24" — az), where the two sets in
the right-hand side are

2./4/ — ] = {a1,a2,2042 — 041} +H
and
24" — g = {041,0(2, 2001 — Oég} + H.

The elements 2a7 — as and 2as — o lie in distinct H-cosets, since otherwise we would
have 3(a; — ag) € H and then A" would be contained in a coset of a nine-element
subgroup, contradicting Claim 11.2 in view of |Z,, /K| > n/|L| > 9. Therefore, A" C
{on, a2} +#H, and it follows that A C (aq +H) U (a2 +H). Consequently, A is contained
in the union of two cosets of the subgroup 30;(1 (H). Since this subgroup has size at most
|K||H| = 3|K| < 3|L| < n/2, we can invoke Lemma 8.1 to complete the proof.

Case 3: s = 5.

By Claim 11.3, the set ¢ (A’) is not contained in an arithmetic progression with
seven or fewer terms; as a result, by Theorem 6.2 (as applied to the set of integers
locally isomorphic to ¢, (A’), with I = 7), we have

201 (A")] = 12; (11.16)

that is, 2A’ meets at least twelve L-cosets. Of these cosets, five are the cosets determined
by the sums Ay + Ay, ..., A1+ A, and at least seven more are determined by some other
sums of the form A; + A;, with 2 < i < j < 5. Using the trivial estimate |A4; + A;| > |A;]
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for these sums, and observing that in the resulting inequality the summand |As| can
appear at most once, |A4| at most twice, and |A3| at most three times, we get

5
3 |A"| > 247 > |A1 + Ay + -+ + |AL + As| + |A2| + 3|As| + 2| A4| + | A5

> 5|Ay| + |As| + 3| As| + 2| Au| + |45 (11.17)
= 2|A’| + 3| A1] — [A2| + |A3] — [As].

It follows that
5|A1] + |As| < 3|Az| + [A4| + 3|A5]. (11.18)
Claim 11.11. Ay is a VSDS.

Proof. If [24;| > 3 |A;|, then the summand 5|4 | in (11.17) can be replaced with 1 |A],
and then (11.18) can be improved to 6|A;| + |As| < 3|Az| + |A4| + 3| A45]. However, this
implies 6]A;| < 3|Az| + 3| As| which is obviously wrong. O

With Claim 11.11 in mind, let K := A; — Ay; thus, K < L is a subgroup, A; is
contained in a K-coset, |[A;| > 2|K|, and |24,| = |K|. Notice that K is nonzero (else

|A1] =1 and then |A’| = 5 contradicting (11.2)).
From (11.18) we get

5| A1] < 3|Aa| + 3[As| < 3[A1] + 3| A5

whence |A;| > |As| > 2 |A;]| for each i € [1,5]. Therefore |A;|+[4;| > 2 |4;| > |K|, and
then |4; + A;| > | K| by Lemma 6.1. Consequently, we can improve (11.18) to write

5
3 |A'] > 24| > 5|K| 4 |A2| + 3|A3] + 2| A4| + | A5

= 2|A"| 4 5| K| — 2|Ay| — |Az| + |As| — | As].
It follows that

|A’| > 10| K| — 4] A1] — 2| A2| + 2| A3] — 2|45,
5|A1| + 3‘A2| + ‘A4| + 3|A5| > 10|K| + |143‘7
10|K| < 5] A1| + 3|A2] + 3| 45| < 8| K| + 3|45/,

implying
2
|A2\2---2|A5|>§|K|. (11.19)

Therefore
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|A;| + 2|41] > 2|K]. (11.20)
Claim 11.12. Each of the sets A1, ..., As is contained in a single K-coset.

Proof. By Lemma 6.1, from (11.20) it follows that if, for some index i € [2,5], the set
A; meets two or more K-cosets, then |A; + A;| > |K| + |A1|. Hence, in this case

glA'| > (5K + [Ar]) + [Aa] + 3[As| + 2[Aa] + | 45]
= 5| K|+ 2|A"| — |Ay| — |Az| + 43| — |4s],
leading to
3| A1| + 3|Az| + [A4| + 3|A5] > 10[K] + [As]
which is wrong as the sum in the left-hand side is at most 9| K| + |A4]. O

As it follows from Claim 11.12 and (11.19), we have |4;+ A;| = | K| for all 4,5 € [1, 5].
Hence, 24’ is K-periodic and

24| > 12|K]|

(cf. (11.16)); indeed, equality holds as |A’| < 5|K| implies [24"] < 2 |4’] < 13|K].

Let A" := pr(A"), A" := pg(A”), and A := pg(A); thus |A'| = 5 and [24'| = 12.
Also, write ¢t := | A”| and A” = By U --- U B; where each of By,..., B; is contained in a
K-coset and the cosets are pairwise distinct; notice that |A| =5 + ¢.

If A’ + A" ¢ 2A', then there are i € [1,5] and j € [1,] such that the sum A; + B; is
disjoint from 2A’; consequently,

5
3 || > |2A] > 24| + |Ai + B;| > 12|K| + | 45|,

5|A"| > 24|K| + 2| As],
5|A1| + 5|Az| + 5| As| + 5| A4| + 3| As| > 24| K|

which is wrong.

Therefore, A’ + A” C 2A4’; as a result, A+ A’ C 2.4’, and since the inverse inclusion
is trivial, we have, indeed, A+ A" = 2A4".

The relation A’ +.4"” C 2A" also shows that 2.4 = (2.4")U(2.A"). Since 2A is aperiodic
by Lemma 7.2, while 24’ is K-periodic as a consequence of (11.19), we conclude that
there exist 4, j € [1,t] such that B; + B; is disjoint from 2A’.

From Al +A17...7A1 +A5,A1 +Bl7~-~7A1 +Bt - 2A we get

9 t+5 t+5
TIAL > 24 2 (4 5) 4] = L 4] > 0971 4]
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which yields t < 7. We now prove a sharper estimate.

Claim 11.13. We have t < 4.

Proof. Arguing as in the proof of Claim 11.10, from Lemma 5.2 we obtain
A+ A2 A+ S 1A = (541 + 2.

Thus, the set A 4+ A’ consists of the |A| = 5 + ¢ subsets 241, A; + A2, A1 + A3, A1 +

Ay, Ay + As, A1 + By, ..., A1 + By, and at least (%1 = 3 more subsets of size at least

|As| each (with all these subsets pairwise disjoint). As a result,
|A+ A'| > (t+5)|A1] + 3|45

On the other hand,

9 )
A+ A'| < 24| < 1 |A] < 3 |A'| =

N | Ut

([A1] + [A2| + [As] + [Ad| + |A5]).
Comparing the last two estimates, we get

(2t + 5)|A1| + |As| < 5| Az| + 5| As| + 5] A4
whence t < 4. 0O

Case 3.1: t = 1. As explained above, in this case 2Bj is disjoint from 2A4’. As a result,
|24| > |2A"| + |2B1| > 12| K| + |A”| and then

9 9
1 (JA'| +14"]) = 1 |A| > [24] > 12|K| + |A"], (11.21)
9| 4’| + 547 > 48K,
86 430
48| K| < §|A/| < T|K|

(the inequalities in the last line following from (11.2) and Claim 11.12), which is wrong.

Case 3.2: t = 2. Write 8; := ¢ (B;), i € {1,2}; thus, A” = {1, B2}. Since 24" ¢ 2.4,
there is a pair of indices 1 < ¢ < j < 2 such that 8,45, ¢ 2.A’. Suppose first that (¢, j) is a
unique pair with this property. In this situation we have |24+ K|—|24| = |K|—|B;+ B;/]
and |A+ K| —|A| = 7|K| —|A]. On the other hand, K is nonzero (as otherwise we would
have [A| = |A| = 7), and 24 + K # Z,, (otherwise 37 = [24] < [24"] + () +t=15

while, on the other hand, 7 > 177 2 37). Consequently, |K| — |B; + B;j| > 7|K| — |A|

by Lemma 7.1, which yields

|A| > 6|K| + |B; + By.
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From this estimate and
|A] = |A"| + |A"| < 5|K]| + |Bi| + | Bzl

we get |Bi|+|Bz| > | B; + B;|+| K|, which is impossible in view of max{|B1], |Bz|} < | K]
and min{|Bi|,|Bz2|} < |B; + Bj.

We therefore conclude that there are at least two pairs (4,7) with 1 <7 < j < 2 and
Bi + B; ¢ A'. If, moreover, one can find two such pairs so that the sums 3; + f; are
distinct from each other, then the two corresponding sumsets B; + B; jointly contain at
least |B1| + |B2| = |A”| elements (which may not be obvious, but is not difficult to see
either). Consequently,

24] = [24"] +]A"] 2 12| K| + | A"

leading to a contradiction as in the case t = 1, cf. (11.21).

We are left with the case where there are at least two pairs of indices 1 <7< j <2
with §; + 3; ¢ 2A, but the sums j; + 3; are equal to each other for all such pairs (3, j).
Since 1 + B2 is distinct from each of 257 and 28;, we actually have 237 = 2/5; that
is, the two pairs are (1,1) and (2,2), while 81 + 82 € 2A4’. Acting as above, we get in
this case |2A + K| — |2A| = |K| — |2B1 U2By| and |A + K| — |A| = 7| K| — | 4|, whence
|K|—|2B1U2By| > 7|K|—|A| by Lemma 7.1. Therefore |A| > 6| K|+ |2B; U2Bs| which,
along with |A| = |A’| + |A”| < 5|K|+ |B1| + |B2l|, gives |By| +|Bz| > |2B1 U2Bs| + |K|.
This, however, is impossible in view of max{|B|, |Bz|} < min{|K]|,|2B; U2Bs|}.

Case 8.3:t € {3,4}. In this case |A'| =5, |A"| =t, |A| =5+1, and |[A+ A'| = |24'| =
12 = |A] + |A'| = (t — 2). Furthermore, |A| +|A'| =10+t <14 <36 < n/|L| < |Z,/K]|,
A > |A'] > 2, and A’ is rectifiable (as a result of the rectifiability of ¢ (A’)), not
an arithmetic progression (by Claim 11.3) and not contained in a proper coset (as a
consequence of Claim 11.2). Thus, the assumptions of Lemma 6.5 are satisfied. Applying
the lemma, we conclude that |A’| is even, a contradiction.

Case 4: s > 6. In this case 7/ := [2A/|/|A’| < 5 = 3(1 — 1/s). In view of this estimate,
and since ¢r,(A’) is a rectifiable subset of Z,,/L, we can apply Proposition 3.2 to the set
A’ to find a proper subgroup H' < Z,, and a progression P’ C Z,, of size |P’| > 1 such
that A’ C P'+ H', |P' + H'| = |P'||H'|, and (|P'| — 1)|H'| < |24’ — |A’].

By Claim 11.2 and Lemma 5.1, and since 24" C 2A # Z,,, we have

24 > 214, (11.22)
2

If A contained an element a ¢ (2P’ — P’) + H’, then a + A’ C a + P’ + H' would be
disjoint from 24’ C 2P’ + H’, and in view of (11.22) we would get

5 9
24] 2 a+ A'| +[24'] 2 S |A'| > 7 Al
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contradicting the small-doubling assumption. Thus,
AcC2P' — P +H'. (11.23)

Let d denote the difference of P’. Since A is contained in a coset of the subgroup
generated by d and H’, this subgroup is not proper; that is, the order of g/ (d) in the
quotient group Z,,/H' is m' :==n/|H'|.

On the other hand, from Lemma 7.6,

2P — P'| <3|P'|—2=3(P|—1)+1

3 3
< 2A'| — |A 1< —
< (7 (241 = 14D +1 <

3 !/
205 n+ 1= 605" m +1< T+ 1.

24| +1

<

T H

Thus, g/ (2P'—P’) is an arithmetic progression with the difference generating Z,,/H’,
and of size not exceeding (|Z,/H'|+ 1)/2; hence, a rectifiable set. In view of (11.23), the
set @p(A) is rectifiable, too. Also, since A meets at least four H'-cosets by Lemma 9.1,

9 1
24| < - |A| < 31— ————— ) |A].
1< gl =0 )

Consequently, we can apply Proposition 3.2 to find a proper subgroup H < Z, and
a progression P C Z, of size |P| > 1 such that A C P+ H, |P + H| = |P||H]|,
and (|P| — 1)|H| < |24| — |A]. Thus A is regular, contrary to the choice of A as a
counterexample set.

This completes the proof in the case s > 6.
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Appendix A. Rich cosets in small-doubling sets

We show here that if a set A satisfies the assumptions and conclusion (ii) of The-
orem 1.1 (hence, also of Theorem 1.2), then there exists an H-coset such that a large
proportion of its elements lies in A, except if the whole set A is contained in a coset, or
in a union of two cosets of a small subgroup; see the discussion following the statement
of Theorem 1.2 in the Introduction.
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Proposition A.1. Let n be a positive integer. Suppose that A C Z,, is a set satisfying
T := |24|/|A| < 2.257, and that H < Z,, is a subgroup, and P C Z,, is an arithmetic
progression of size |P| > 3 such that A C P+ H and (|P|—1)|H| < |24]|—|A|. If A is not
contained in a coset of a subgroup of size at most 3|A|, or in a union of two cosets of a
subgroup of size at most 3 |Al, then there exists an H-coset containing at least - |H|
elements of A.

Proof. We assume that 7 > 1 as otherwise A is a coset.

Suppose for a contradiction that in every H-coset contained in P + H there are

less than ﬁ |H| elements of A. Define mj, ma, and M to be the smallest, second

smallest, and largest among the |P| values {|(z + H) N A|: z € P}, respectively; thus
my <mg <M < 3225 [H| and |A| < |P|M < 32 |P||H]|.
If the number of H-cosets meeting A is less than |P|, then averaging we obtain

e AL AL E 4

= HI.
—|P|-1 (T—l)(|P|—1)_T—1_3T—1| |

Therefore, A meets all H-cosets contained in P + H. Hence, 2A meets all H-cosets
contained in 2P + H; we assume that all these cosets are pairwise distinct as otherwise
2P+ H is a coset of a subgroup of size at most 2(|P|—1)|H| < 2(|24]|—|A]) = 2(7—1)|A| <
3| A, with A contained in a (possibly, different) coset of this subgroup.

We define the deficiency of a set S C Z, by D(S) := |[(S + H) \ S|. Clearly, we
have D(A) = |P||H| — |A] and D(24) = (2|P| — 1)|H| — |24|; as a result, the inequality
(IP] = 1)|H| < |2A] — |A| can be equivalently rewritten as

D(24) < D(A). (A1)

On the other hand,

o 124] _ @lP| - 1)|H]| - D(24)

Al |P||[H|—D(A)
whence
TD(A) = ((t — 2)|P| + 1)|H| + D(24). (A.2)
From (A.2) and (A.1),
(1 —1)D(4) < ((r = 2)|P| + 1)|H]|. (A.3)

If we had 7 < % then, as an easy corollary from Kneser’s theorem, A would be

contained in a union of two cosets of a subgroup of size at most g |A], or in a single coset
of a subgroup of size at most g |Al; thus, 7 > g
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The trivial estimate D(A) > (1 - 3;%1) |P||H| = 32=2 | P||H| along with (A.2), and
with the inequality |P| > 3, yield

3r—5
D(24) > 7 o— |PIIH| = ((r = 2)|P| + 1)| H]

3r—5

> H| — —5)|H

> 3r 27— 1| - (37 - 5)|H]

3r—5

= |H|

3r—1

> 0.

Therefore 2A + H # 2A, and it follows that there is an H-coset in 2P + H which is not
entirely contained in 2A. Suppose that there is exactly one H-coset with this property,
and write it as z; + 20 + H where 21,29 € P. Let I := |(21 + H) N A|. We have then

D(24) < |H| — I and D(A) > [H| — I + (1 - 3;*_1) (|P| — 1)|H|. Substituting into (A.2)

we obtain

rH| =71 +7(1= o) (1P| = DIH| < (- = 2)|P| + D|H| + (|H] - I),

3r—1

which simplifies to

(2* = )(\Plfl)lHl < (r—1)I.

3r—1
Consequently,
Vs - vr (2- ) (P - 1)1
3r—1 - 3r—1
4 A(r—1
>2(2- )|H|:M|H|
3r—1 3r—1

which is obviously wrong. Thus, there are at least two H-cosets contained in 2P + H,
but not entirely contained in 2A. Therefore,

my +mg < |H| (A4)

by the pigeonhole principle.
We have

D(A) = (|H] = ma) + ([H| = mz) + ([H] = M)(|P| - 2)
= [P|(|[H] = M) + (2M —my —my).

Substituting into (A.3) we get
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(T = DIP|(|H] = M) + (7 = 1)(2M —my —my) < ((7 = 2)|P| + 1)|H],
(|H| - (1 = )M)|P| < |H| — (1 — 1)(2M —m; —ms). (A.5)

Assuming |P| > 4, in view of

4(r—1) 3—71
H| = (r = )M > (1- 2= |H| = H
1~ (=00 > (1= =D = 22T > 0
we derive that 2M + mq +mg > =2+ |H| and then
3 4 T+5
> -2 H=——F———"-=IH|>|H
s (7—1 37—1)| = e - H > ]

(where the last inequality follows from the assumption 7 < 2.257), contradicting (A.4).
Thus, |P| = 3 and from (A.5)

2

Let A = A1 U Ay U A3 where each set A; resides in an H-coset, and the sets are
numbered so that |A;| = mq, |As| = ma, and |As| = M. The set 24 meets five H-cosets,
of which three are determined by the sums A; + A3, Ay + Asz, and 243, and two more
are determined by two of the three sums 24y, A; + Az, 2A45. From the trivial bound
|A; + A;| > max{|A;],|4;]} (4,5 € {1,2,3}), any two out of the last three cosets jointly
contain at least |A1| + |Az| = m1 + mq elements of A; therefore

|24 > |A1 + As| + |A2 + As| + |243] + mq + mo; (A7)
similarly,
2A] > [24s| + |A2 + As| + [243] + m1 + mo. (A.8)

(We notice that 245+ H # 2A3+ H since the H-cosets in 2P + H are pairwise distinct.)
If M 4+ mq > |H|, then also M + moe > |H| and 2M > |H| whence |4; + A3] =
|Ag + As| = |2A3] = |H|; consequently, by (A.7),

97
T|A| = 24| > 3|H| +my1 +ma =3|H|+|4A| — M > 3

7
— 1H| + |4 (A.9)

If, on the other hand, M + my < |H|, then my > 3=% |H| > 1 |H| by (A.); as a result,
|2A45| = |As + As| = |2A43| = |H|. Substituting into (A.8), we see that (A.9) holds true
in this case, too.

Finally, as a consequence of (A.9), we have |A| > % |H|, and then

9r -7 4 5T — 3
=|Al - M — H=——F—-"F—|H H
my - ms = 4] >Q&—nﬁ—n %-J' G 1>

Please cite this article in press as: V.F. Lev, Small doubling in cyclic groups, J. Number Theory (2022),
https://doi.org/10.1016/j.jnt.2022.06.001




ARTICLE IN PRESS

54 V.F. Lev / Journal of Number Theory sss (ssee) sse—ses

contradicting (A.4). O
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