DISCRETE NORMS OF A MATRIX
AND THE CONVERSE TO THE EXPANDER MIXING LEMMA

VSEVOLOD F. LEV

ABSTRACT. We define the discrete norm of a complex m x n matrix A by

A
IAla = max [ SII’
o£¢e{0, 13 [|€]|

and show that B

- Al < 1 4lla < 1Al

logh(A) +
where ¢ > 0 is an explicitly indicated absolute constant, h(A) = /|| 4|11 4|/l 4]l
and [|A[|1,]|A|lc, and ||A]| = ||A]|2 are the induced operator norms of A. Similarly, for
the discrete Rayleigh norm
tA
IAlp = max oA
0#££€{0,1}™ ElllImll
0%nef0,1}

we prove the estimate

C
_ < < .
T M1 < 14e < 4]

These estimates are shown to be essentially best possible.

As a consequence, we obtain another proof of the (slightly sharpened and generalized
version of the) converse to the expander mixing lemma by Bollobds-Nikiforov and Bilu-
Linial.

1. SUMMARY OF RESULTS

For a complex matrix A with n columns, we define the discrete norm of A by

A
IAlla = max 1Al
ozee{o.1 €]l
where the maximum is over all non-zero n-dimensional binary vectors &, and || - || de-

notes the usual Fuclidean vector norm. Recalling the standard definition of the induced
operator L?-norm

Az|
Y p— e
o£zecn ||z

we see immediately that ||A||a < ||A]|, and one can expect that, moreover, the two norms
are not far from each other.
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1.1. Norm estimates. Our first goal is to establish a result along the lines just indi-
cated; to state it, we introduce the notion of a height of a matrix.
For p € [1,00], let ||A||, denote the induced operator LP-norm of the matrix A:

Il = sup 152l
ozzecn [y
where n is the number of columns of A. We are actually interested in the following three
special cases: the column norm ||Al|;, which can be equivalently defined as the largest
absolute column sum of A; the row norm || A||~, which is the largest absolute row sum of
A; and the Euclidean norm ||Al2, commonly denoted simply by || A||. These three norms

are known to be related by the inequality
IAI* < NAIL A o, (1)

which can be obtained as a particular case of the Riesz-Thorin theorem, or proved directly,
using basic properties of matrix norms (in particular, sub-multiplicativity of the L!-
norm):

IAI* = | A*A]| < [ A*All: < [|A 1Al = [Allo | Al
Also, if A has m rows and n columns, then
[All < vm || Al and [|All < V[ Al|. (2)
We now define the height of a non-zero complex matrix || A|| by
h(A) == VI[All[[Allo/[|All;
thus, if A is of size m X n, then in view of (1) and (2),
1 < h(A) < v/mn. (3)
Having defined the heights, we can state our principal results.
Theorem 1. For any non-zero complex matriz A, we have

1Al
8v/2¢/log h(A) +

In a similar vein, we define the discrete Rayleigh norm of a complex m x n matrix A
by

< lAlla <AL

tA
|A||p ;= max € An]
0#4£€{0,1}™ €Nl
0#ne€{0,1}"

(where the subscript P stands for the capital Greek letter rho), and prove

Theorem 2. For any non-zero complexr matriz A, we have
A
32/2 (log h(A) + 4)

< [|Allp < [IA]].
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We remark that the trivial upper bounds in Theorems 1 and 2 are included solely for
comparison purposes. The proofs of the theorems are presented in Section 2.

Theorem 1 to our knowledge has never appeared in the literature, while Theorem 2
extends and refines results of Bollobas and Nikiforov [BN04], and Bilu and Linial [BLOG6].
Specifically, somewhat hidden in the proof of [BN04, Theorem 2] is the assertion that if A
is Hermitian of order n > 2, then ||Al|p > ||A||/ log n, and [BL06, Lemma 3.3] essentially
says that if A is a symmetric real matrix with the diagonal entries sufficiently small in
absolute value, then ||A||p > ||A]|/(log(||All/||Al|p)+1). (The notation X < Y will be
used throughout to indicate that there is an absolute constant C' such that | X| < C|Y].)
The former of these results follows from Theorem 2 in view of (3); to derive the latter
just observe that for A symmetric,

h(A) = l[Allo/l[All < | Alleo/ I All -

It is worth pointing out that our argument is completely distinct from those used in
[BNO4] and [BLO6].

As an application, consider the situation where A is the adjacency matrix of an undi-
rected graph; thus, ||A]| is the spectral radius of the graph, and ||All; = ||A]« is its
maximum degree. Identifying the vectors £, € {0,1}" in the definitions of the discrete
norms with the corresponding subsets of the vertex set of the graph, as an immediate
consequence of Theorems 1 and 2 we get the following corollaries relating the spectral
radius of a graph to its combinatorial characteristics.

Corollary 1. Let (V| E) be a graph with the spectral radius p and mazimum degree A.
For a vertex v € V and a subset X C V', denote by Nx(v) the set of all neighbors of v
mn X:

Nx(v) :={ueV:uv e E}.
Then for any subset X C 'V we have

S INx(0)? < 71X,
veV
and there exists a non-empty subset X C V' such that
2

2 1Y
;'NX(U” = 123(log(A/p) +2) |

X|.

Corollary 2. Let (V| E) be a graph with the spectral radius p and mazimum degree A.
For subsets X, Y C V, denote by e(X,Y") the number of edges joining a vertex from X
with a vertex from Y, those edges having both their endpoints in X N'Y being counted
twice:

e(X,Y)=|{(z,y) e X xY: a2y € E}|
Then for any subsets X, Y C V we have

e(X,Y) < pvI[X|]Y],
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and there exist non-empty subsets X,Y CV such that

e(X,Y) > P | X[[Y].

~ 32v2(log(A/p) +4)

1.2. Second singular value estimates. For a complex matrix A, let o(A) denote its

second singular value; thus, for instance, if A is Hermitian of order n with the eigenvalues
Ay .-y An, then o9(A) is the second largest among the absolute values |Aq],. .., |A\.|. By
the second singular value of a graph we will mean the second singular value of its adjacency
matrix.

From the singular value decomposition theorem it is easy to derive that if D is a matrix
of the same size as A and rank at most 1, then

|A—=D| = o2(A); (4)

this is a particular case of the Eckart-Young-Mirsky theorem [M60] (see also [S93] for
the history of this theorem which has been re-discovered a number of times). Below we
choose D to be the matrix all of whose elements are equal to the arithmetic mean of the
elements of A; we denote this matrix by A. It is readily verified that ||A||, < ||A||; and
|Alloo < || A0, whence, in view of (4) and assuming tk A > 2,

h(A—A) = /A = ALlIA - Al /1A - A < 2V TAL Al /o2(4). (5)

On the other hand, from (4) and Theorem 1 we get

02(A) < | A=Al < 8v2/log h(A— A) +2 - | A= Al . (6)
Combining (5) and (6), we obtain

Theorem 3. Suppose that A is a complex matriz of rank at least 2, and let A be the
identically-sized matriz all of whose elements are equal to the arithmetic mean of the

elements of A. Then, writing K = 2+/||Al|1]|Al|cc/02(A), we have
72(A)
8\/§\/logK T2

Arguing the same way but using Theorem 2 instead of Theorem 1, we get

A= Alla >

Theorem 4. Suppose that A is a complex matriz of rank at least 2, and let A be the
identically-sized matriz all of whose elements are equal to the arithmetic mean of the

elements of A. Then, writing K = 2+/||Al|1]|A|cc/02(A), we have
2(4)
32v2(log K +4)

Specifying Theorems 3 and 4 to the case where A is the adjacency matrix of a graph,

|A—Allp>

we obtain the following corollaries (stated in terms of the second singular value of a graph
which, we recall, is the second largest among the absolute values of its eigenvalues).
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Corollary 3. Let (V,E) be a non-empty graph with the maximum degree A, average
degree d, and the second singular value o. Then there exists a non-empty subset X C V
such that, with Nx(v) as in Corollary 1, we have

0.2

X \*
> (lNX('”)‘ - dm> ~ 128(l0g (20 /o) + 2) X

veV

Corollary 3 is a converse to a result of Alon and Spencer [AS08, Theorem 9.2.4] as-
serting that, under the notation of the corollary, if (V, E) is d-regular, then

XN X
> (st -a ) < (1= 5 o2ix]
v V]
for any X C V.

It is not difficult to see that the second singular value of a non-empty graph is at least

1; thus, the ratio 2A /o in the statement of Corollary 3 (and also Corollary 4 immediately
following) does not exceed 2A.

Corollary 4. Let (V,E) be a non-empty graph with the maximum degree A, average
degree d, and the second singular value o. Then there exist non-empty subsets X, Y CV
such that, with e(X,Y") as in Corollary 2, we have
[ XY o
VI 17 32v2(log(2A/0) +4)
Corollary 4 is a converse to the well-known Expander Mixing Lemma (see, for instance,
[AS08, Corollary 9.2.5]) which says that if (V, F) is d-regular, then

XI|lY
e<X,Y>—d% < oy/[X]IY]

e(X,Y)—d

XY

forall XY C V.

We remark that Theorem 4 and Corollary 4 are rather close to [BN04, Theorem 2]
and [BLO06, Corollary 5.1], respectively. Namely, [BN04, Theorem 2] says that, in our
notation, if A is Hermitian of order n > 2, then

|A = Allp > 02(A)/ logn, (7)

while [BL06, Corollary 5.1] essentially says that if (V] F) is a d-regular graph with the
second singular value o satisfying

(X, V) —d pﬂf' < a/[X|Y] (8)

for all X, Y C V., with some 0 < a < d, then
a> o/(log(d/a) +1). 9)

It is readily seen that Corollary 4 implies (9): for if @ < o, then log(2d/o) < log(d/a)+1,
whence from Corollary 4 and (8),

= 32v2(log(2d/o) +4) > log(d/a) +1°
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As to (7), it cannot be formally derived from Theorem 4, but follows easily from Theo-
rem 2 and the estimates (3) and (4):
A=A ou(4)

A—Alp> — :
| I logh(A—A)+1 "~ logn

1.3. Sharpness. Theorems 1 and 2 are sharp in the sense that the logarithmic function
in their lower bounds cannot be replaced with any slower growing function. To see this,
for integer n > 4 consider the vector z = (1,1/v/2,...,1/y/n)!, and let A = za*; thus, A
is a symmetric real matrix of order n with the entries 1/1/ij (i,7 € [1,n]). It is readily
verified that ||A|; = ||Alle < 2v/n and Az = (z,z)x, whence |A]] = ||z||* > logn
and therefore h(A) < 2y/n/logn. Consequently, for every non-zero vector £ € {0,1}",
writing & := ||¢]]?, we have

1 1 1
A€l = (. &) ]| < (1 b ﬁ) el

2
[AIVE < ——=—= | A]llI¢]I,

2
<v10g| V1og h(A)

implying
2
[Alla < —=—===IAll
log h(A)
Similarly, for all non-zero &,n € {0,1}", writing k := [|£||* and [ := ||77||2 we have

€ An| = (&, 2) (n. ) < 2V - 2\/<—||A||||§IIII77||< A€l ]

( )

whence
[Allp <

4

Furthermore, Bollobés and Nikiforov [BN04, Section 3] construct regular graphs (V, E)
of arbitrarily large even order n := |V| and degree n/2 such that, denoting by A the
adjacency matrix of (V, E), and by A the square matrix of order n with all elements equal
to 1/2 (which is the average of the elements of A), one has ||A — A||p < 03(A)/logn;
this shows that the logarithmic factors in Theorem 4 and Corollary 4 cannot be replaced
with sub-logarithmic ones. Another example of this sort is given by Bilu and Linial
[BLO6, Theorem 5.1]. Although we have not checked carefully the details, we believe
that the constructions of Bollobas-Nikiforov and Bilu-Linial can also be used to show
that Theorem 3 and Corollary 3 are tight.

An interesting question not addressed by these observations is whether Corollaries 1
and 2 are sharp; that is, whether one can improve Theorems 1 and 2 under the extra
assumption that the matrix A under consideration is zero-one and symmetric. Notice
that if A corresponds to a regular graph, then the norm ||A|| is equal to the degree of
the graph, and taking the vectors £ and 7 in the definitions of discrete norms to be the
all-1 vectors, we see that in this case ||A]| = ||A||la = ||A]|p. Consequently, any example
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showing that the logarithmic factors in Corollaries 1 and 2 cannot be dropped should
involve highly non-regular graphs. In this direction we prove the following result, giving
at least a partial solution to the problem.

Theorem 5. For integer m > 1, let T, be the graph on the set {0,1}™ of all binary
vectors of length m, with two vectors adjacent if and only if they have disjoint supports.
Then, denoting by A,, the adjacency matriz of Ty, we have ||Anlla < [[Anll/Ym and
|An|lp < |Amll/v/m, with absolute implicit constants.

The graph of Theorem 5 is similar to the well-known Kneser graphs; however, unlike
the “standard” Kneser graphs, the vertex set of our graph is not restricted to vectors
of fixed weight. The graph is simple, except for the loop attached to the zero vector;
clearly, removing this loop will not affect significantly any of the norms in question.

To complete this introduction we mention a very interesting paper by Nikiforov [N], of
which we learned when our own paper has already been written. The methods employed
in the two papers are distinct, and the results do not overlap; however, some of the results
are rather close.

We now turn to the proofs. Theorems 1 and 2 are proved in the next section; as
we have explained above, Theorems 3 and 4, as well as Corollaries 1-4, are their direct
consequences, and will not be addressed any more. Theorem 5 is proved in Section 3.

2. PROOFS OF THEOREMS 1 AND 2

Both proofs share the same toolbox: Lemma 1 showing that for any complex matrix
A, there exists a vector z with ||Az||/||z]| close to ||A]| and the ratios of its non-zero
coordinates bounded in terms of the height h(A), and Lemmas 2-5 showing that a low-
height vector cannot be approximately orthogonal to all binary vectors simultaneously.

For a non-zero vector z = (z1,...,2,) € C", we define the logarithmic diameter of z
by
max{|z;|: i € [n]}

)= =l e 1), & 20}

Lemma 1. Letn > 1 be an integer and K > 1 a real number. For any non-zero complex
matriz A with n columns of height h(A) < K, there exists a vector z € C" such that
|Az|| > $||All|lz]| and £(z) < 8K2 + 1.

Proof. Fix a unit-length vector = (z1,...,2,)" € C" with ||Az| = ||A|| and let M :=
8K?2 + 1. Consider the decomposition

T = f: z ),

k=—o00
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where for every integer k, the vector z(*) = (:Egk), e ,x%k))t is defined by
(k) . )T if MF < ’Q?l‘ < Mk-"_l,
" 710 otherwise.
Notice, that £(x*)) < M whenever ) # 0. We have
1A]* = [(Az, Az)| < Y [(A2™), Az)] (10)

k,l=—o0
and, since the vectors z(*) are pairwise orthogonal,

> e = Jal® = 1.

k=—o00

Since h(A) < K implies
[(Au, Av)| < || Aullo]| Avll < ([All | AT ullcl vl < K2 AN [[ulloollv]ls

for all u,v € C", the contribution to the right-hand side of (10) of the summands with
[ >k + 2 can be estimated as follows:

Y AW a0y < kPAP Yy M > ;]

kl: I>k+2 kl: I>k+2 i€[n]: MI<|z;|<MI+1
o0
2 2 k+1
= KA]* ) §jM ) ]
l=—00 k=—00 i€[n]: Mi<|z;|<MI+1

[e o]

< oary Y e
_M_l 1

l=—00 j€gn]: Mi<|z;|<M!+1

1
= < 42l
1
— < l4)2
By symmetry,
1
ST (A, Az < 2 Al (11)
ks |k—1>2

Assuming that the assertion of the lemma fails to hold, we have || Az®]|| < 1 ||A||||z®)]|
for every integer k. Hence, under this assumption, for any fixed integer d,

1 [e.e]
> HAx® AzO) < AP Y (1Ol

kL k—l=d I=—o0
1
ZHAHQ Z [
[=—00
1
=~ [IA]I%,

4
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the second inequality being strict unless d = 0. It follows that
3
ST IAs®, Ar)] < 3 AP
kol |k—1]<1
along with (11) this yields

> KAz®, Az0) < [|A|P,

kl=—o0

contradicting (10). O

For non-zero vectors u,v € C", we write cos(u, v) := (u,v)/||ull||v].

Lemma 2. Letn > 1 be an integer and K > 1 a real number. If z € R™ is a vector with
non-negative coordinates and logarithmic diameter ((z) < K, then there exists a binary

vector & € {0,1}" such that cos(z,§) > 1/+/log K + 1.

Proof. Passing to the appropriate coordinate subspace and scaling the vector z, we as-
sume that all its coordinates are between 1 and K. For ¢t > 0, denote by ®(¢) the number
of those coordinates which are greater than or equal to ¢, and let & € {0,1}" be the
characteristic vector of this set of coordinates; thus ||&]|> = ®(t). Also, straightforward
verification shows that

/tK B(r)dr = (2,6) — tB(t), ¢ € [0, K] (12)

and

/1 27 d(r) dr = ||2]2 — n. (13)

Let  := 1//log K + 1. From (12) we get (2,&) > t®(t) = t]|&||*; consequently, if the
assertion of the lemma were wrong, for each ¢ > 0 we would have

1
(2,6)* < K| 2IPll&0 < w22 - ;<Z7€t>;
hence .
(2,&) < ¥m2||z||2, t> 0.

Substituting this estimate into (12), integrating over ¢ in the range [1, K], using (12) and
(13), and taking into account that ®(1) = n and (£, z) = ||2||1, we obtain

K% z)* log K > /IK (/thb(T) dT) dt+/1Kt<I>(t) dt
:/IK(T—l)d)(T)drvL/th(I)(t) dt

= /IK 27®(7) dr — /1K O(7)dr
= lIl* = ll=1. (14)
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From the assumption that the assertion of the lemma in wrong we get

(z,61) < sll=l1€.l

(for otherwise the assertion would hold true with £ = &;). As a result,
21T = (2,€0)% < &2[I21P[16 )17 = &2 (12170 < &2[|2]P[|2])

whence

20l < #%[12]1%

Substituting into (14) we get
K2|z]*log K > [|z]|* — &2 2|7,
in a contradiction with our choice of k. [l

Lemma 2 is easy to extend onto arbitrary real vectors (which may have some of their
coordinates negative).

Lemma 3. Let n > 1 be an integer and K > 1 a real number. If z € R™ is a vector with
the logarithmic diameter ((z) < K, then there exists & € {0,1}" such that | cos(z,&)| >

1/4/2(log K +1).

Proof. Write z = z* — 27, where 2% and 2~ have non-negative coordinates and disjoint
supports. Observing that [[z*||* + [[z7||* = ||2]|?, choose 2/ € {zF, 27} with ||2/|| >
|z|l/v/2. Clearly, we have £(z') < £(z) < K; therefore, by Lemma 2, there exists & €
{0, 1} with
1
/
cos(2', &) > Ny et

Assuming without loss of generality that for any vanishing coordinate of 2/, the corre-
sponding coordinate of £ also vanishes, we then get

1
(2,8 = (,€) 121 = Iz[I1IE1l;

1
>
~ Vg K +1 2(log K +1)

proving the assertion. O

For the remainder of this section, we extend the notion of height of a matrix (introduced
in Section 1) onto vectors by identifying them with one-column or one-row matrices; that
is, the height of a non-zero complex vector z is

h(z) = Vllzllllzlleo /112

We now prove a version of Lemma 3 which applies to a wider class of vectors; namely,
real vectors of bounded height (instead of the bounded logarithmic diameter).

Lemma 4. Let n > 1 be an integer and K > 1 a real number. If z € R™ is a vector of
height h(z) < K, then there exists £ € {0,1}" such that | cos(z,&)| > 1/(2+/log(2K?) 4+ 1).
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Proof. Let M := ||z]|?/||z|l;. Writing 2z = (21, ..., 2,)!, we have

1 1
>0 <Ml =3l

o e
i |zi|<M/2
whence
1
> Azl (15)
i |z | >M/2
Consider the vector 2’ = (21,...,2/)" defined by

L)oo i fa] < M2,
for each i € [n]. Since £(2') < |2/ (M/2) = 2h2(2) < 2K?, by Lemma 3 there exists
¢ € {0, 1} with
1

| > :

V2(log(2K?) + 1)
To complete the proof we notice that ||2’|| > ||z]|/v/2 by (15), and that if £ is supported on
the set of those i € [n] with |z;| > M/2 (as we can safely assume), then (2/, &) = (2,&). O

| cos(2',€)

Finally, we extend Lemma 4 onto vectors with complex coordinates.

Lemma 5. Let n > 1 be an integer and K > 1 a real number. If z € C" is a vector of
height h(z) < K, then there exists & € {0, 1}" such that | cos(z,&)| > 1/(24/410g(2K) + 2).

Proof. Write z = x + iy, where x,y € R" and ¢ is the imaginary unit. Assume for
definiteness that ||z|| > ||y||, so that ||z| > ||z||/v/2 in view of ||z]|? = ||=||> + ||y||>. Since

VI | VELE _ 5,
M) =Tl S e Ve SRk

by Lemma 4 there exists a non-zero § € {0,1}" with

1 1
0,601 2 5 il 2 s el

The assertion now follows in view of |[(x,&)| < [(z,&)]. O

We are eventually ready to prove Theorems 1 and 2.

Proof of Theorem 1. Suppose that A is a complex matrix with m rows and n columns,
and set K := h(A). Since h(A*) = h(A), by Lemma 1, there exists z € C™ such that
|A*z]| > $]|A*||||z]| and £(2) < 9K2. Write z = (21,...,2n)" and choose j € [m] so that
|z;] = min{|z;|: i € [1,n], z; # 0}. In view of

hQ(Z) _ HZHI“ZHOO _ ||Z||1|ZJ| E(Z) < g(z) < 9K2

1212 112
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we then get h(z) < 3K, whence

VA 2] ][ A2
[ A*z]]

= VA= 1A ool oo
[A[[]]=]]/2

= 2h(A")h(z)
< 6K?,
and by Lemma 5, there exists 0 # £ € {0,1}" with

1
z
(47l 2\/41 (12K?) +

h(A*z) =

5 1A7=llE]l

As a result,
1

4\/41 (12K2) +

{2, AG)| = [(A"z, € 5 [Al=(El

implying
1
4y/4log(12K?)
1

>
8\/§\/log K+2

AL > = IA[I]I€]] (16)

AT
0

Proof of Theorem 2. Observing that the assumptions of Theorems 1 and 2 are identical,
we re-use the proof of the former theorem, including the notation K = h(A) and the
conclusion that there exists a vector £ € {0,1}" satisfying (16). For brevity, denote the
denominator of the fraction in the right-hand side of (16) by f(K). Similarly to the
computation in the proof of Theorem 1, and taking into account that h(§) =1 (as { is a
binary vector), we obtain

VIAEL A
h(AE) = [ ALl [ AL]I

| AE]]
VIAILEN - [Allo €l
IA[IlIEN/ £ (£)
= Kf(K).

Applying Lemma 5 to the vector A¢, we now find a binary vector n € {0, 1} with
1
1.4)| > 5 A€
1
K)\/4log(2K f(K)) + 2
Finally, it is not difficult to verify that for any K > 1, the denominator in the right-hand
side is smaller than 32v/2(log K + 4), and result follows. O

A€ I71]-




DISCRETE NORMS 13

3. PROOF OF THEOREM b

1 1\®"
Am'::<1 0) ’

and since the eigenvalues of the matrix A; are p := (14++/5)/2 and 1 — p = (1 —v/5)/2,

m

we have ||A.,] = ¢™.

Since

We split Theorem 5 into two theorems stated in the language and notation of Corol-
laries 1 and 2. These two theorems will then be given separate proofs.

Theorem 5. For any integer m > 1 and subset X C {0, 1}™, writing Nx(v) for the set
of neighbors of a vertex v € {0,1}™ in X (in the graph Ty, ), we have
2

© m
>INk < =X,
ve{0,1}™ \/m

with an absolute implicit constant.

Theorem 5”. For any integer m > 1 and subsets X,Y C {0,1}™, writing e(X,Y") for

the number of edges in I, joining a vertex from X with a vertex from 'Y, we have
gpm
X,Y) < — | X||Y],
e(X,Y) < S /XY

with an absolute implicit constant.

We now prepare the technical ground for the proofs of both theorems.
Recall, that the entropy function is defined by
H(z):=—zlhe—(1—2)In(l—2), 0 <z <1,

extended by continuity onto the endpoints: H(0) = H(1) = 0.
Let
Q:={(r,y) eER*:2>0, y>0, v +y <1},
and consider the function
fen) == () s -0t (12). waen
(again, extended by continuity to vanish at the vertex points (0,0), (0,1), and (1,0)).
Investigating the partial derivatives

of _, (l—az—y)
g9
oz (1l —x)
and
0% f l—2—y+2zy

02 z(l—x)(l—x2—y) <0, (17)

with similar expressions for the derivatives with respect to y, we conclude that f is
concave on €2, and that it is a unimodal function of z for any fixed y € [0,1], and a
unimodal function of y for any fixed = € [0,1]. Consequently, the maximum of f on
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is attained in the unique point (xg,y9) € 2 where both partial derivatives 0f/0x and
Jf /0y vanish; that is,
l-—z—y? (Q-z—y)?
= =1.
z(l — ) y(1—y)
The solution of this system is easily found to be zy = yo = (5 — v/5)/10 ~ 0.276, and a
simple computation confirms that the corresponding maximum value is

f(ﬂan yo) =2Inep.

We will also need well-known estimates for the binomial coefficients which can be easily
derived, for instance, from [McWS77, Ch. 10, §11, Lemmas 7 and 8]:

k
1 H (ks /m) (m) <m> H (k /m)
—— " V< < ] <em Voo 0<k<m/2, 18
o =g _E i) S / (18)

i=0
and
f m 1 H(k/m)
c m m 1<k< (1 2 19
Z‘:O(Z'><< me , ( e)ym/2, (19)

for any € > 0 (with the implicit constant depending on ¢).
The following lemma is used in the proof of Theorem 5'.

Lemma 6. For integer m > 0 and j € [0, m], let

=2 (7)("7)

1=

Then
2m

max{rn(j): j € [0,m]} < £ —

N

with an absolute implicit constant.
Proof. We use the notation introduced at the beginning of this section; thus, for instance,
in view of (18),
(m - 2) (m - J) < mHG/mi)H o= H/ (m)) _ gmSm.j/m) (20)
j )
Let I := (0.2,0.3). Since zy = yo € I, we have maxq\(rxs) [ < 2In¢; therefore, by
(20), we can fix B < ¢? so that

Tm(j) = O(mB™), j/m &1, (21)
and also ‘ _
)= Y (mj_ 2) (m N ]) +O(mB™), j/mel. (22)
imer’

For every pair (i, 7) with (i/m,j/m) € I x I, we have
1 0.2m i 0.3m

3
Z_17m—0.2m<m—j<m—0.3m7?

Y
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and by symmetry, the resulting estimate holds true also for the ratio j/(m — i); conse-
quently, in view of (22) and (19), if j/m € I, then

1 ) ) . 1 N )
() €S e mmHG ) L (=G =) 4 O (g B

vm Vi

m—j

1 . )
> e G@malm 4 O(mB™). (23)

S_
m <
=0

Since f(x,7/m) is a concave function of = for any fixed j € [0, m], on each interval of the
form [i/m, (i+1)/m] it attains its minimum value at one of the endpoints of the interval,
and so does the function e”/(@i/™)  Hence,

(i+1)/m ' '
/ emf(@i/m) go > 1 min{e™@I/™ i im <z < (i +1)/m}
; m

m

=L infemsmaim) gnr @ miimy. << — 1.
m

Similarly, unimodality of f(z,j/m) on the interval x € [0,1 — j/m| implies that of
e/ (@i/m). a5 a result, adding up for all i € [0,m — 1 — j] the estimate just obtained, we
get

i 1=j/m 4 o
1 S emit/mifm) < / eI @iim) gy L s femGimaim . g < i < m — )
m i—0 0 m

1—j/m ] Q02m
< / e @im) gy P (24)
0 m

We now use the second-order polynomial approximation to show that

fle,y) S 2~ S(— a0, (5,0) €0, (25)

substituting this estimate into (24) will eventually allow us to compete the proof of the
lemma.
Let zp := x0/(1 — xp). A simple computation confirms that
20 =2—p ~0.382,
H'(z) =In(z' — 1) = Inp,

and

H”(Z) _ _ﬁ <-4, =ze€ (0, 1);

consequently, by Taylor’s formula,

H(z) < H(2)+ (z — 20)Ingp — 2(z — 20)%, 2 € (0,1).
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Applying this estimate with z = y/(1 — x) and multiplying the result by 1 — x, in view
of 1/(1 —x) > 1 we get

(=) (2 ) < (1= o)) + (o= (1= a)an) g = 2y = (1= )20,

— X

Interchanging x and y and adding the resulting estimate to the one just obtained yields

flz,y) < Liz,y) = 2Q(z,y), (z,y) € Q, (26)

where
Lz,y)=2—-x—y)H(20) +(x+y—(2—2—y)z) Inp
and
Qz,y) = (x — (L —y)z0)* + (y — (1 — x)z)*.
One easily verifies that H(z9) = (20 + 1) Inp and, as a result, the linear part is actually
constant:
L(z,y) =2Ine. (27)

To estimate the quadratic part we set £ := x — xg and 7 := y — yo; with this notation,
and taking into account that xo = (1 — yo)zo and yo = (1 — x¢)2o, we have

Q(z,y) = (£ + z20n)* + (n + 20€)?
= (25 + D)(& +7*) + 420én
> (20 — 1)2(& + 1)
1

o(& + 1)

> < (@ —a0) (28)

From (26), (27), and (28) we get the desired estimate (25). Substituting it into (24)
and recalling (23), we obtain

1—5/m
i) <t [ e o O
0

< g02m/ 67(2/3)171(:1373c0)2 dr + O<902m/m>

= O(¢™"/Vm), j/mel;
along with (21), this proves the lemma. O
We are now ready for the proofs of Theorems 5" and 5”.
Proof of Theorem 5. Writing for brevity
o(X):= Y [Nx(v)P,
ve{0,1}m

we want to prove that
2m

o(X) < L= x| (29)

NG

for every subset X C {0, 1}™.
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For a vector v € R™, let |v| denote the number of non-zero coordinates of v; thus, for
instance, if v € {0,1}™, then |v| = ||v||?. Since, for any v € {0,1}™, the total number of
neighbors of v in T, is 271", we have

og(X)< Y INx)P < Y amtl=sm <11
ve{0,1}m vef0,1}m
establishing (29) in the case where |X| > 1.92™. On the other hand, |[Nx(v)| < |X]
implies

LS X Wkl <2mix)
ve{0,1}m

and if | X| < 1.3™, then the right-hand side does not exceed 2.6™, whereas ¢* > 2.61.

With these observations in mind, for the rest of the proof we assume that

1.3™ < | X]| < 1.92™. (30)
For r € [0, m], write B, := {v € {0,1}": |v| < r}; thus,
"~ /m
51=> (")
i=0
Let g € [1,m — 1] be defined by
|By1| < [X] < [Byl-
In view of (30) and (18), this implies
cm < qg<Cm (31)

with some absolute constants 0 < ¢ < C' < 1/2; consequently,

|B,| (m) ( m ) m—q+1
—L <1+ =14+ ———=0().
Byl q / q—1 q @

It follows that for any set Y C {0,1}" with X CY and |Y| = |B,| we have
o(X)/IX] < (@e(YV)/IY]) - (IY[/1X]) < o(Y)/]Y],

showing that it suffices to prove (29) under the assumption |X| = |B,|.
Using partial summation, we get

o(X)=> Hoe{0,1}": (z+y,v) =0}

z,yeX
z,yeX
=> 2" F{(x,y) € X x X: |z +y| =k}
k=0
m—1

+{(z,y) € X x X |z +y| <m},
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and we now apply a result of Bollobds and Leader [BL03, Corollary 4] which says (in a
dual form, and in the language of set families) that if ¢ € [0,m], and X is a set of m-
dimensional binary vectors with |X| = |B,|, then for any integer k € [0,m], the number
of pairs (z,y) € X x X with |z +y| < k is maximized when X = B,. As a result, we can
replace our present assumption | X| = |B,| with the stronger assumption X = B,.

For r € [0, m], write S, := {v € {0,1}™: |v| = r}; thus, B, = SoU...US,, and, in
view of (31),

|Sy—1] m m r C
= = 1, 1<r<
|Sy| r—1 / r m—r+1<1—C’< ’ =9

implying

S (g 41-1) |S|<Z( )_<q+1—r>2|sq|<<|sq|S|Bq|. (32)

r=0

We now claim that to prove (29) with X = B,, it suffices to prove it in the case where
X =8, for all r € [0, m]. To see this, we notice that if (29) is established in this special
case, then, by the Cauchy-Schwartz inequality and (32),

d Ns, ) )
o(B,) = 1—r Syl -
(B, veg}m(;ﬁ VIE] (qﬂ_ﬂm)

g 1 NSTU 2
< > (Z(q+1—r |S|>Z R 2! ysiyﬂ

ved{0, l}m r=0 0

<|B, |z i o NP

ve{0,1}m

<‘02m 1
<L —|B —_
i q‘;(ﬁl—?‘)z

QDQm
— |B,|.
<o 1B)

We thus can assume that X = S, for some r € [0, m]. Therefore,

m—ol if lv|<m-—r
INX(v)|={é’”) s ’

if |v] > m —r.

Consequently,
m—r - 2 m—r :
m\ [m —1 m m—1i\/m-—r
X))/ X| = / = ,
o= () (") /) =2 () ()
and the result now follows from Lemma 6. O

Proof of Theorem 5. Suppose that m > 1 and @ # X, Y C {0,1}"™; we want to show

that e(X,Y) < (¢™/v/m)/|X||Y].
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We start with the observation that if there is a vertex x € X with |[Ny(x)| <
e(X,Y)/(2|X]), then, letting X' := X \ {z}, we have X’ # & and
e(X")Y) - e(X,Y)
VIXTYT ™ VIXY
this follows readily from e(X',Y) = e(X,Y) — |Ny(z)| and |X'| = |X| — 1. A similar
remark applies to the vertices y € Y having “too few” neighbors in X. Repeating this
procedure, we ensure that [Ny (z)| > e(X,Y)/(2]|X]) for every vertex x € X, and that
INx(y)| > e(X,Y)/(2]Y]) for every vertex y € Y.
We keep using the notation |v| for the number of non-zero coordinates of a vector
v € R™. Let my := max{|z|: € X}, and choose arbitrarily a vertex x € X with

|z| = my. Similarly, let my := max{|y|: y € Y} and choose y € Y with |y| = my. We

have
e(X,Y) o (m —my
< |IV- <

k=0

and
e(X,Y) o= (M — My
<IN < )

To complete the proof, we now show that
mao mi 2m
m — 1ma m — Mo (%2
P = . <
S (") (M) <
k=0 k=0
uniformly in mq, ms € [0, m].
Assume for definiteness that my; < ms. If my > (m — mq)/2, then replacing my with

|(m — my)/2] enlarges the second factor in the definition of P, whereas the first factor
can get at most twice smaller. As a result, we can assume that

me < (m—my)/2, (33)
and (in view of m; < my) also that
my < (m—msg)/2; (34)
consequently,
0 <my,me <m/2.
Write p; := m;/m (i € {1,2}). Taking into account (33) and (34), by (18) we get
P < ef(mpz)m

and if both po/(1 — p1) and pq /(1 — p2) are bounded away from 1/2, then indeed

1
P <« — eflpuz)m (35)
m
by (19).
Let Qp := [0,0.3)%, and write M := maxq\q, f. Since the maximum of f on Q is

attained at the unique point (z,yo) € € (as explained at the beginning of this section),
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we have M < f(xg,y0) = 2In¢; hence, P < ™ = o(p?™ /m) for (ju1, p2) ¢ Q0. On the
other hand, if (pq, u2) € Qo, then
H1

L —po

H2
L=

and <

<

| w
| w

Y

which in view of (35) gives

2m
P < i ef (@osyo)m ¥ )
m m
This completes the proof of Theorem 5”. O
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