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Abstract. A theorem of Elekes and Szabó recognizes algebraic
groups among certain complex algebraic varieties with maximal
size intersections with finite grids. We establish a generalization
to relations of any arity and dimension, definable in: 1) stable
structures with distal expansions (includes algebraically and dif-
ferentially closed fields of characteristic 0); and 2) o-minimal ex-
pansions of groups. Our methods provide explicit bounds on the
power saving exponent in the non-group case. Ingredients of the
proof include: a higher arity generalization of the abelian group
configuration theorem in stable structures, along with a purely
combinatorial variant characterizing Latin hypercubes that arise
from abelian groups; and Zarankiewicz-style bounds for hyper-
graphs definable in distal structures.
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1. Introduction

1.1. History, and a special case of the main theorem. Erdős and
Szemerédi [22] observed the following sum-product phenomenon: there
exists c ∈ R>0 such that for any finite set A ⊆ R,

max {|A+ A|, |A · A|} ≥ |A|1+c.

They conjectured that this holds with c = 1−ε for an arbitrary ε ∈ R>0,
and by the work of Solymosi [49] and Konyagin and Shkredov [30] it
is known to hold with c = 1

3
+ ε for some sufficiently small ε. Elekes

and Rónyai [20] generalized this by showing that for any polynomial
f(x, y) ∈ R[x, y] there exists c > 0 such that for every finite set A ⊆ R
we have

|f(A× A)| ≥ |A|1+c,

unless f is either additive or multiplicative, i.e. of the form g(h(x)+i(y))
or g(h(x)·i(y)) for some univariate polynomials g, h, i respectively. The

bound was improved to Ωdeg f

(
|A| 116

)
in [44].

Elekes and Szabó [21] established a conceptual generalization of this
result explaining the exceptional role played by the additive and mul-
tiplicative forms: for any irreducible polynomial Q(x, y, z) over C de-
pending on all of its coordinates and such that its set zero set has
dimension 2, either there exists some ε > 0 such that F has at most
O(n2−ε) zeroes on all finite n×n×n grids, or F is in a coordinate-wise
finite-to-finite correspondence with the graph of multiplication of an
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algebraic group (see Theorem (B) below for a more precise statement).
In the special Elekes-Rónyai case above, taking Q to be the graph of
the polynomial function f , the resulting group is either the additive
or the multiplicative group of the field. Several generalizations, re-
finements and variants of this influential result were obtained recently
[12,26,28,42,43,45,50], in particular for complex algebraic relations of
higher dimension and arity [8].

In this paper we obtain a generalization of the Elekes-Szabó theorem
to hypergraphs of any arity and dimension definable in stable struc-
tures admitting distal expansions (this class includes algebraically and
differentially closed fields of characteristic 0 and compact complex man-
ifolds); as well as for arbitrary o-minimal structures. Before explaining
our general theorems, we state two very special corollaries.

Theorem (A). (Corollary 5.46) Assume s ≥ 3 and Q ⊆ Rs is semi-
algebraic, of description complexity D (i.e. given by at most D poly-
nomial (in-)equalities, with all polynomials of degree at most D, and
s ≤ D), such that the projection of Q to any s−1 coordinates is finite-
to-one. Then exactly one of the following holds.

(1) There exists a constant c, depending only on s and D, such that:
for any finite Ai ⊆ R with |Ai| = n for i ∈ [s] we have

|Q ∩ (A1 × . . .× As)| ≤ cns−1−γ,

where γ = 1
3

if s ≥ 4, and γ = 1
6

if s = 3.
(2) There exist open sets Ui ⊆ R, i ∈ [s], an open set V ⊆ R containing

0, and analytic bijections with analytic inverses πi : Ui → V such
that

π1(x1) + · · ·+ πs(xs) = 0⇔ Q(x1, . . . , xs)

for all xi ∈ Ui, i ∈ [s].

Theorem (B). (Corollary 6.20) Assume s ≥ 3, and let Q ⊆ Cs be an
irreducible algebraic variety so that for each i ∈ [s], the projection Q→∏

j∈[s]\{i}Cs is generically finite. Then exactly one of the following
holds.

(1) There exist c depending only on s, deg(Q) such that: for any n and
Ai ⊆ Ci, |Ai| = n we have

|Q ∩ A| ≤ cns−1−γ

for γ = 1
7

if s ≥ 4, and γ = 1
14

if s = 3.
(2) For G one of (C,+), (C,×) or an elliptic curve group, Q is in a

coordinate-wise correspondence (see Section 5.9) with

Q′ := {(x1, . . . , xs) ∈ Gs : x1 · . . . · xs = 1G} .
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Remark 1.1. Theorem (B) is similar to the codimension 1 case of [8,
Theorem 1.4], however our method provides an explicit bound on the
exponent in Clause (1).

Remark 1.2. Theorems (A) and (B) correspond to the 1-dimensional
case of Corollaries 6.19 and 5.44, respectively, which allowQ ⊆

∏
i∈[s] Xi

with dim(Xi) = d for an arbitrary d ∈ N.

Remark 1.3. Note the important difference — Theorem (A) is local,
i.e. we can only obtain a correspondence of Q to a subset of a group
after restricting to some open subsets Ui. This is unavoidable in an
ordered structure since the high count in Theorem (A.2) might be the
result of a local phenomenon in Q. E.g. when Q is the union of Q1 =
{x̄ : x1 + · · · + xs = 0} ∩ (−ε, ε)s, for some ε > 0, and another set Q2

for which the count is low.

1.2. The Elekes-Szabó principle. We now describe the general set-
ting of our main results. We let M = (M, . . .) be an arbitrary first-
order structure, in the sense of model theory, i.e. a set M equipped with
some distinguished functions and relations. As usual, a subset of Md is
definable if it is the set of tuples satisfying a formula (with parameters).
Two key examples to keep in mind are (C,+,×, 0, 1) (in which defin-
able sets are exactly the constructible ones, i.e. boolean combinations
of the zero-sets of polynomials, by Tarski’s quantifier elimination) and
(R,+,×, <, 0, 1) (in which definable sets are exactly the semialgebraic
ones, by Tarki-Seidenberg quantifier elimination). We refer to [35] for
an introduction to model theory and the details of the aforementioned
quantifier elimination results.

From now on, we fix a structure M, s ∈ N, definable sets Xi ⊆
Mdi , i ∈ [s], and a definable relation Q ⊆ X̄ = X1× . . .×Xs. We write
Ai ⊆n Xi if Ai ⊆ Xi with |Ai| ≤ n. By a grid on X̄ we mean a set
Ā ⊆ X̄ with Ā = A1 × . . . × As and Ai ⊆ Xi. By an n-grid on X̄ we
mean a grid Ā = A1 × . . .× As with Ai ⊆n Xi.

Definition 1.4. For d ∈ N, we say that a relation Q ⊆ X1 × X2 ×
. . .×Xs is fiber-algebraic, of degree d if for any i ∈ [s] we have

∀x1 ∈ X1 . . . ∀xi−1 ∈ Xi−1∀xi+1 ∈ Xi+1 . . . ∀xs ∈ Xs

∃≤dxi ∈ Xi (x1, . . . , xs) ∈ Q.
We say that Q ⊆ X1 × X2 × . . . × Xs if fiber-algebraic if it is fiber-
algebraic of degree d for some d ∈ N.

In other words, fiber algebraicity means that the projection of Q
onto any s − 1 coordinates is finite-to-one. For example, if Q ⊆ X1 ×
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X2 × X3 is fiber-algebraic of degree d, then for any Ai ⊆n Xi we
have |Q ∩ A1 × A2 × A3| ≤ dn2. Conversely, let Q ⊆ C3 be given
by x1 + x2 − x3 = 0, and let A1 = A2 = A3 = {0, . . . , n− 1}. Then

|Q ∩ A1 × A2 × A3| = n(n+1)
2

= Ω (n2). This indicates that the upper
and lower bounds match for the graph of addition in an abelian group
(up to a constant) — and the Elekes-Szabó principle suggests that in
many situations this is the only possibility. Before making this precise,
we introduce some notation.

1.2.1. Grids in general position. From now on we will assume thatM
is equipped with some notion of integer-valued dimension on definable
sets, to be specified later. A good example to keep in mind is Zariski
dimension on constructible subsets of Cd, or the topological dimension
on semialgebraic subsets of Rd.

Definition 1.5. (1) Let X be a definable set in M, and let F be a
definable family of subset of X. For ν ∈ N, we say that a set A ⊆ X
is in (F , ν)-general position if |A ∩ F | ≤ ν for every F ∈ F with
dim(F ) < dim(X).

(2) Let Xi, i = 1, . . . , s, be definable sets inM. Let F̄ = (F1, . . . ,Fs),
where Fi is a definable family of subsets of Xi. For ν ∈ N we say
that a grid Ā on X̄ is in (F̄ , ν)-general position if each Ai is in
(Fi, ν)-general position.

For example, when M is the field C, a subsets of Cd is in a (F , ν)-
general position if any variety of smaller dimension and bounded degree
(determined by the formula defining F) can cut out only ν points from
it (see the proof of Corollary 5.44). Also, if F is any definable family
of subsets of C, then for any large enough ν, every A ⊆ X is in (F , ν)-
general position. On the other hand, let X = C2 and let Fd be the
family of algebraic curves of degree d. If ν ≤ d+1, then any set A ⊆ X
with |A| ≥ ν is not in (Fd, ν)-general position.

1.2.2. Generic correspondence with group multiplication. We assume
that M is a sufficiently saturated structure, and let Q ⊆ X̄ be a
definable relation and (G, ·, 1G) a connected type-definable group in
Meq. Type-definability means that the underlying set G of the group
is given by the intersection of a small (but possibly infinite) collec-
tion of definable sets, and the multiplication and inverse operations
are relatively definable. Such a group is connected if it contains no
proper type-definable subgroup of small index (see e.g. [35, Chapter
7.5]). And Meq is the structure obtained from M by adding sorts
for the quotients of definable sets by definable equivalence relations in
M (see e.g. [35, Chapter 1.3]). In the case when M is the field M,
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type-definable groups are essentially just the complex algebraic groups
connected in the sense of Zariski topology (see Section 5.9 for a discus-
sion and further references).

Definition 1.6. We say that Q is in a generic correspondence with
multiplication in G if there exist a small set A ⊆ M and elements
g1, . . . , gs ∈ G such that:

(1) g1 · . . . · gs = 1G;
(2) g1, . . . , gs−1 are independent generics in G over A (i.e. each gi does

not belong to any definable set of dimension smaller than G defin-
able over A ∪ {g1, . . . , gi−1, gi+1, . . . , gs−1});

(3) For each i = 1, . . . , s there is a generic element ai ∈ Xi interalge-
braic with gi over A (i.e. ai ∈ acl(gi, A) and gi ∈ acl(ai, A), where
acl is the model-theoretic algebraic closure), such that (a1, . . . , as) ∈
Q.

Remark 1.7. There are several variants of “generic correspondence with
a group” considered in the literature around the Elekes-Szabó theorem.
The one that we use arises naturally at the level of generality we work
with, and as we discuss in Sections 5.9 and 6.4 it easily specializes to
the notions considered previously in several cases of interest (e.g. the
algebraic coordinate-wise finite-to-finite correspondence in the case of
constructible sets in Theorem (B), or coordinate-wise analytic bijec-
tions on a neighborhood in the case of semialgebraic sets in Theorem
(A)).

1.2.3. The Elekes-Szabó principle. Let s ≥ 3, k ∈ N and X1, . . . , Xs be
definable sets in a sufficiently saturated structureM with dim(Xi) = k.

Definition 1.8. We say that X1, . . . , Xs satisfy the Elekes-Szabó prin-
ciple if for any fiber-algebraic definable relation Q ⊆ X̄, one of the
following holds:

(1) Q admits power saving : there exist some γ ∈ R>0 and some de-
finable families Fi on Xi such that: for any ν ∈ N and any n-grid
Ā ⊆ X̄ in (F̄ , ν)-general position, we have |Q∩ Ā| = Oν

(
n(s−1)−γ);

(2) there exists a type-definable subset of Q of full dimension that is
in a generic correspondence with multiplication in a type-definable
abelian group of dimension k.

The following are the previously known cases of the Elekes-Szabó
principle:

(1) [21] M = (C,+,×), s = 3, k arbitrary (no explicit exponent γ in
power saving; no abelianity of the algebraic group for k > 1);

(2) [42] M = (C,+,×), s = 3, k = 1 (explicit γ in power saving);
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(3) [43] M = (C,+,×), s = 4, k = 1 (explicit γ in power saving);
(4) [45] M = (C,+,×), k = 1, Q is the graph of an s-ary polynomial

function for an arbitrary s (i.e. this is a generalization of Elekes-
Rónyai to an arbitrary number of variables);

(5) [8] M = (C,+,×), s and k arbitrary, abelianity of the group for
k > 1 (they work with a more relaxed notion of general position
and arbitrary codimension, however no bounds on γ);

(6) [19] M is any strongly minimal structure interpretable in a distal
structure (see Section 2), s = 3, k = 1.

In the first three cases the dimension is the Zariski dimension, and in
the fourth case the Morley rank.

1.3. Main theorem. We can now state the main result of this paper.

Theorem (C). The Elekes-Szabó principle holds in the following two
cases:

(1) (Theorem 5.24) M is a stable structure interpretable in a distal
structure, with respect to p-dimension (see Section 5.1, and below).

(2) (Theorem 6.3) M is an o-minimal structure expanding a group,
with respect to the topological dimension (in this case, on a type-
definable generic subset of X̄, we get a definable coordinate-wise
bijection of Q with the graph of multiplication of G).

Moreover, the power saving bound is explicit in (2) (see the statement
of Theorem 6.3), and is explicitly calculated from a given distal cell
decomposition for Q in (1) (see Remark 5.25).

Examples of structures satisfying the assumption of Theorem (C.1)
include: algebraically closed fields of characteristic 0, differentially
closed fields of characteristic 0 with finitely many commuting deriva-
tions, compact complex manifolds. In particular, Theorem (B) follows
from Theorem (C.1) with k = 1, combined with some basic model the-
ory of algebraically closed fields (see Section 5.9). We refer to [40] for
a detailed treatment of stability, and to [51, Chapter 8] for a quick
introduction. See Section 2 for a discussion of distality.

Examples of o-minimal structures include real closed fields (in partic-
ular, Theorem (A) follows from Theorem (C.2) with k = 1 combined
with some basic o-minimality, see Section 6.4), Rexp = (R,+,×, ex),
Ran =

(
R,+,×, f �[0,1]k

)
for k ∈ N and f ranging over all functions

real-analytic on some neighborhood of [0, 1]k, or the combination of
both Ran,exp. We refer to [52] for a detailed treatment of o-minimality,
or to [46, Section 3] and reference there for a quick introduction.
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1.4. Outline of the paper. In this section we outline the structure of
the paper, and highlight some of the key ingredients of the proof of the
main theorem. The proofs of (1) and (2) in Theorem (C) have similar
strategy at the general level, however there are considerable technical
differences. In each of the cases, the proof consists of the following key
ingredients.

(1) Zarankiewicz-type bounds for distal relations (Section 2, used for
both Theorem (C.1) and (C.2)).

(2) A higher arity generalization of the abelian group configuration
theorem (Section 3 for the o-minimal case Theorem (C.2), and
Section 4 for the stable case Theorem (C.1)).

(3) The dichotomy between an incidence configuration, in which case
the bounds from (1) give power saving, and existence of a family
of functions (or finite-to-finite correspondences) associated to Q
closed under generic composition, in which case a correspondence
of Q to an abelian groups is obtained using (2). This is Section 5
for the stable case (C.1) and Section 6 for the o-minimal case (C.2).

We provide some further details for each of these ingredients, and
discuss some auxiliary results of independent interest.

1.4.1. Zarankiewicz-type bounds for distal relations (Section 2). Dis-
tal structures constitute a subclass of purely unstable NIP structures
[48] that contains all o-minimal structures, various expansions of the
field Qp, and many other valued fields and related structures [2] (we
refer to the introduction of [18] for a general discussion of distality
in connection to combinatorics and references). Distality of a graph
can be viewed as a strengthening of finiteness of its VC-dimension re-
taining stronger combinatorial properties of semialgebraic graphs. In
particular, it is demonstrated in [14, 17, 18] that many of the results
in semialgebraic incidence combinatorics generalize to relations defin-
able in distal structures. In Section 2 we discuss distality, in particular
proving the following generalized “Szemerédi-Trotter” theorem:

Theorem (D). (Theorem 2.6) For every d ∈ N, t ∈ N≥2 and c ∈ R
there exists some C = C(d, t, c) ∈ R satisfying the following.

Assume that E ⊆ X × Y admits a distal cell decomposition T such

that |T (B)| ≤ c|B|t for all finite B ⊆ Y . Then, taking γ1 := (t−1)d
td−1

, γ2 :=
td−t
td−1

we have: for all ν ∈ N≥2 and A ⊆m X,B ⊆n Y such that
E ∩ (A×B) is Kd,ν-free,

|E ∩ (A×B)| ≤ Cν (mγ1nγ2 +m+ n) .
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In particular, if E ⊆ U × V is a binary relation definable in a distal
structure and E is Ks,2-free for some s ∈ N, then there is some γ > 0

such that: for all A ⊆n U,B ⊆n V we have |E ∩ A×B| = O(n
3
2
−γ).

The exponent strictly less that 3
2

requires distality, and is strictly better

than e.g. the optimal bound Ω(n
3
2 ) for the point-line incidence relation

on the affine plane over a field of positive characteristic. In the proof
of Theorem (C), we will see how this γ translates to the power saving
exponent in the non-group case. More precisely, for our analysis of the
higher arity relation Q, we introduce the so-called γ-Szemerédi-Trotter
property, or γ-ST property (Definition 2.10), capturing an iterated vari-
ant of Theorem (D), and show in Proposition 2.12 that Theorem (D)
implies that every binary relation definable in a distal structure satisfies
the γ-ST property for some γ > 0 calculated in terms of its distal cell
decomposition. We conclude Section 2 with a discussion of the explicit
bounds on γ for the γ-ST property in several particular structures of
interest (Facts 2.13–2.18) needed to deduce the explicit bounds on the
power saving in Theorems (A) and (B).

1.4.2. Reconstructing an abelian group from a family of bijections (Sec-
tion 3). Assume that (G,+, 0) is an abelian group, and consider the
s-ary relation Q ⊆

∏
i∈[s] G given by x1 + . . .+xs = 0. Then Q is easily

seen to satisfy the following two properties, for any permutation of the
variables of Q:

∀x1, . . . ,∀xs−1∃!xsQ(x1, . . . , xs),(P1)

∀x1, x2∀y3, . . . ys∀y′3, . . . , y′s
(
Q(x̄, ȳ) ∧Q(x̄, ȳ′)→(P2) (

∀x′1, x′2Q(x̄′, ȳ)↔ Q(x̄′, ȳ′)
))
.

In Section 3 we show a converse, assuming s ≥ 4:

Theorem (E). (Theorem 3.21) Assume s ∈ N≥4, X1, . . . , Xs and Q ⊆∏
i∈[s] Xi are sets, so that Q satisfies (P1) and (P2) for any permutation

of the variables. Then there exists an abelian group (G,+, 0G) and
bijections πi : Xi → G such that for every (a1, . . . , as) ∈

∏
i∈[m] Xi we

have
Q(a1, . . . , as) ⇐⇒ π1(a1) + . . .+ πs(as) = 0G.

Moreover, if Q is definable and Xi are type-definable in a sufficiently
saturated structure M, then we can take G to be type-definable and the
bijections πi relatively definable in M.

On the one hand, this can be viewed as a purely combinatorial higher
arity variant of the Abelian Group Configuration theorem (see below)
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in the case when the definable closure in M is equal to the algebraic
closure (e.g. when M is o-minimal). On the other hand, if X1 = . . . =
Xs, property (P1) is equivalent to saying that the relation Q is an
(s − 1)-dimensional permutation on the set X1, or a Latin (s − 1)-
hypercube, as studied by Linial and Luria in [32, 33] (where Latin 2-
hypercube is just a Latin square). Thus the condition (P2) in Theorem
(E) characterizes, for s ≥ 3, those Latin s-hypercubes that are given
by the relation “x1 + . . .+ xs−1 = xs” in an abelian group. We remark
that for s = 2 there is a known “quadrangle condition” due to Brandt
characterizing those Latin squares that represent the multiplication
table of a group, see e.g. [25, Proposition 1.4].

1.4.3. Reconstructing a group from an abelian s-gon in stable structures
(Section 4). Here we consider a generalization of the group reconstruc-
tion method from a fiber-algebraic Q of degree 1 to a fiber-algebraic Q
of arbitrary degree, which moreover only satisfies (P2) generically, and
restricting to Q definable in a stable structure.

Working in a stable theory, it is convenient to formulate this in the
language of generic points. By an s-gon over a set of parameters A we
mean a tuple a1, . . . , as such that any s−1 of its elements are (forking-)
independent over A, and any element in it is in the algebraic closure
of the other ones and A. We say that an s-gon is abelian if, after any
permutation of its elements, we have

a1a2 |̂
aclA(a1a2)∩aclA(a3...am)

a3 . . . am.

Note that this condition corresponds to the definition of a 1-based sta-
ble theory, but localized to the elements of the s-gon.

If (G,+) is a type-definable abelian group, g1, . . . , gs−1 are indepen-
dent generics in G and gs := g1 + . . .+gs−1, then g1, . . . , gs is an abelian
s-gon (associated to G). In Section 4 we prove a converse:

Theorem (F). (Theorem 4.6) Let a1, . . . , as be an abelian s-gon, s ≥ 4,
in a sufficiently saturated stable structure M. Then there is a type-
definable (in Meq) connected abelian group (G,+) and an abelian s-
gon g1, . . . , gs associated to G, such that after a base change each gi is
inter-algebraic with ai.

It is not hard to see that a 4-gon is essentially equivalent to the
usual abelian group configuration, so Theorem (F) is a higher arity
generalization. After this work was completed, we have learned that
independently Hrushovski obtained a similar unpublished result [27].



ELEKES-SZABÓ FOR STABLE AND O-MINIMAL HYPERGRAPHS 11

1.4.4. Elekes-Szabó principle in stable structures with distal expansions
— proof of Theorem (C.1) (Section 5). We introduce and study the no-
tion of p-dimension in Section 5.1, imitating the topological definition
of dimension in o-minimal structures, but localized at a given tuple of
commuting definable global types. Assume we are given p-pairs (Xi, pi)
for 1 ≤ i ≤ s, with Xi an M-definable set and pi ∈ S(M) a complete
stationary type on Xi. We say that a definable set Y ⊆ X1× . . .×Xs is
p-generic, where p refers to the tuple (p1, . . . , ps), if Y ∈ p1⊗ . . .⊗ps|M.
Finally, we define the p-dimension via dimp(Y ) ≥ k if for some pro-
jection π of X̄ onto k components, π(Y ) is p-generic. We show that
p-dimension enjoys definability and additivity properties crucial for our
arguments that may fail for Morley rank in general ω-stable theories
such as DCF0. However, if X is a definable subset of finite Morley rank
k and degree one, taking pX to be the unique type on X of Morley rank
k, we have that k · dimp = MR (this is used to deduce Theorem (B)
from Theorem (C.1)).

In Section 5.2 we consider the notion of irreducibility and show that
every fiber-algebraic relation is a union of finitely many absolutely p-
irreducible sets. In Section 5.3 we consider finite grids in general po-
sition with respect to p-dimension and prove some preliminary power-
saving bounds. In Section 5.4 we state a more informative version of
Theorem (C.1) (Theorem 5.24 + Remark 5.25 concerning the bound γ
in power saving) and make some preliminary reductions. In particular,
we may assume dim(Q) = s − 1, and let ā = (a1, . . . , as) be a generic
tuple in Q. As Q is fiber-algebraic, ā is an s-gon. We then establish
the following key structural dichotomy.

Theorem (G). (Theorem 5.31) Assuming s ≥ 3, one of the following
is true:

(1) For u = (a1, a2) and v = (a3, . . . , as) we have u |̂
acl(u)∩acl(v)

v.

(2) Q, as a relation on U×V , for U = X1×X2 and V = X3× . . .×Xs,
is a “pseudo-plane” (more precisely, satisfies the assumption on the
intersection of its fibers in Definition 2.10).

These two cases are distinguished by the p-dimension of a certain
set Z defined in terms of Q in Section 5.5. In case (2) the incidence
bound from Theorem (D) can be applied inductively to obtain power
saving for Q (see Section 5.6). Thus we may assume that that for any
permutation of {1, . . . , s} we have

a1a2 |̂
acl(a1a2)∩acl(a3...as)

a3 . . . as,
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i.e. the s-gon ā is abelian. Assuming that s ≥ 4, Theorem (F) can
be applied to establish generic correspondence with a type-definable
abelian group (Section 5.7). The case s = 3 of Theorem (C.1) is treated
separately in Section 5.8 by reducing it to the case s = 4 (similar to
the approach in [42]).

In Section 5.9 we combine Theorem (C.1) with some standard model
theory of algebraically closed fields to deduce Theorem (B) and its
higher dimensional version.

1.4.5. Elekes-Szabó principle in o-minimal structures — proof of The-
orem (C.2) (Section 6). Our proof of the o-minimal case is overall
similar to the stable case, but is independent from it. In Section 6.1 we
formulate a more informative version of Theorem (C.2) with explicit
bounds on power saving (Theorem 6.3) and reduce it to Theorem 6.8
— which is an appropriate analog of Theorem (G): (1) either Q is a
“pseudo-plane”, or (2) it contains a subset Q∗ of full dimension so that
the property (P2) from Theorem (E) holds in a neighborhood of every
point of Q∗. In Case (1), considered in Section 6.2, we show that Q
satisfies the required power saving using Theorem (D) (or rather, its
refinement for o-minimal structures from Fact 2.14). In Case (2), we
show in Section 6.3 that one can choose a generic tuple (a1, . . . , as) in
Q and (type-definable) infinitesimal neighborhoods µi of ai so that the
relation Q∩(µ1× . . .×µs) satisfies (P1) and (P2) from Theorem (E) —
applying it we obtain a generic correspondence with a type-definable
abelian group, concluding the proof of Theorem (C.2) for s ≥ 4. The
case s = 3 is reduced to s = 4 similarly to the stable case.

Finally, in Section 6.4 we obtain a Corollary of Theorem (C.2) that
holds in an arbitrary o-minimal structure, not necessarily a saturated
one - replacing a type-definable group by a definable local group (The-
orem 6.18). Combining this with the solution of the Hilbert’s 5th prob-
lem for local groups [24] (in fact, only in the much easier abelian case,
see Theorem 8.5 there), we can improve “local group” to a “Lie group”
in the case when the underlying set of the o-minimal structure M is
R and deduce Theorem (A) and its higher dimensional analog (Theo-
rem 6.19, see also Remark 6.21). We also observe that for semi-linear
relations, in the non-group case we have (1 − ε)-power saving for any
ε > 0 (Remark 6.23).
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The results of this paper were announced in [11].

2. Zarankiewicz-type bounds for distal relations

We begin by recalling some of the notions and results about distality
and generalized “incidence bounds” for distal relations from [14], and
refer to that article for further details. The following definition captures
a combinatorial “shadow” of the existence of a nice topological cell
decomposition (as e.g. in o-minimal theories or in the p-adics).

Definition 2.1. [14, Section 2] Let X, Y be infinite sets, and E ⊆
X × Y a binary relation.

(1) Let A ⊆ X. For b ∈ Y , we say that Eb crosses A if Eb∩A 6= ∅ and
(X \ Eb) ∩ A 6= ∅.

(2) A set A ⊆ X is E-complete over B ⊆ Y if A is not crossed by any
Eb with b ∈ B.

(3) A family F of subsets of X is a cell decomposition for E over B ⊆ Y
if X ⊆

⋃
F and every A ∈ F is E-complete over B.

(4) A cell decomposition for E is a map T : B 7→ T (B) such that for
each finite B ⊆ Y , T (B) is a cell decomposition for E over B.

(5) A cell decomposition T is distal if there exist k ∈ N and a relation
D ⊆ X × Y k such that for all finite B ⊆ Y , T (B) = {D(b1,...,bk) :
b1, . . . , bk ∈ B and D(b1,...,bk) is E-complete over B}.

(6) For t ∈ R>0, we say that a cell decomposition T has exponent ≤ t
if there exists some c ∈ R>0 such that |T (B)| ≤ c|B|t for all finite
sets B ⊆ Y .

Remark 2.2. Note that if T is a distal cell decomposition, then it has
exponent ≤ k for k as in Definition 2.1(5).

Existence of “strong honest definitions” established in [17] shows
that every relation definable in a distal structure admits a distal cell
decomposition (of some exponent).

Fact 2.3. (see [14, Fact 2.9]) Assume that the relation E is definable in
a distal structure. Then E admits a distal cell decomposition (of some
exponent t ∈ N). Moreover, in this case the relation D in Definition
2.1(5) is definable in M.
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The following definition abstracts from the notion of cuttings in in-
cidence geometry (see the introduction of [14] for an extended discus-
sion).

Definition 2.4. Let X, Y be infinite sets, E ⊆ X ×Y . We say that E
admits cuttings with exponent t ∈ R if there is some constant c ∈ R>0

satisfying the following. For any B ⊆n Y and any r ∈ R with 1 < r < n
there are some sets X1, . . . , Xs ⊆ X covering X with s ≤ crt and such
that each Xi is crossed by at most n

r
of the fibers {Eb : b ∈ B}.

In the case r > n, an r-cutting is equivalent to a distal cell decom-
position (sets in the covering are not crossed at all). And for r varying
between 1 and n, r-cutting allows to control the trade-off between the
number of cells in a covering and the number of times each cell is
allowed to be crossed.

Fact 2.5. (Distal cutting lemma, [14, Theorem 3.2]) Assume E ⊆
X × Y admits a distal cell decomposition T of exponent ≤ t. Then
E admits cuttings with exponent ≤ t and with the constant coefficient
depending only on t and the constant coefficient of T . (Moreover, every
set in this cutting is an intersection of at most two cells in T .)

The next theorem can be viewed as an abstract variant of the Sze-
merédi-Trotter theorem. It generalizes (and strengthens) the incidence
bound due to Elekes and Szabó [21, Theorem 9] to arbitrary graphs
admitting a distal cell decomposition, and is crucial to obtain power
saving in the non-group case of our main theorem. Our proof be-
low closely follows the proof of [19, Theorem 2.6] (which in turn is a
generalization of [23, Theorem 3.2] and [38, Theorem 4]) making the
dependence on s explicit. We note that the fact that the bound in
Theorem 2.6 is sub-linear in s was first observed in a special case in
[47].

As usual, given d, ν ∈ N we say that a bipartite graph E ⊆ U × V is
Kd,ν-free if it does not contain a copy of the complete bipartite graph
Kd,ν with its parts of size d and ν, respectively.

Theorem 2.6. For every d ∈ N, t ∈ N≥2 and c ∈ R there exists some
C = C(d, t, c) ∈ R satisfying the following.

Assume that E ⊆ X × Y admits a distal cell decomposition T such

that |T (B)| ≤ c|B|t for all finite B ⊆ Y . Then, taking γ1 := (t−1)d
td−1

, γ2 :=
td−t
td−1

we have: for all ν ∈ N≥2 and A ⊆m X,B ⊆n Y such that
E ∩ (A×B) is Kd,ν-free,

|E ∩ (A×B)| ≤ Cν (mγ1nγ2 +m+ n) .
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Before giving its proof we recall a couple of weaker general bounds that
will be used. First, a classical fact giving a bound on the number of
edges in Kd,ν-free graphs without any additional assumptions.

Fact 2.7. [31] Assume E ⊆ A×B is Kd,ν-free, for some d, ν ∈ N and

A,B finite. Then |E ∩ A×B| ≤ ν
1
d |A||B|1− 1

d + d|B|.

Given a set Y and a family F of subsets of Y , the shatter function
πF : N→ N of F is defined as

πF(z) := max{|F ∩B| : B ⊆ Y, |B| = z},
where F ∩B = {S ∩B : S ∈ F}.

Second, the following bound for graphs of bounded VC-density is
only stated in [23] for Kd,ν-free graphs with d = ν (and with the sides
of the bipartite graph exchanged), but the more general statement
below is immediate from its proof.

Fact 2.8. [23, Theorem 2.1] For every c ∈ R and t, d ∈ N there is
some constant C = C(c, t, d) such that the following holds.

Let E ⊆ X × Y be a bipartite graph such that the family F = {Ea :
a ∈ X} of subsets of Y satisfies πF(z) ≤ czt for all z ∈ N (where
Ea = {b ∈ Y : (a, b) ∈ E}). Then, for any A ⊆m X,B ⊆n Y , if
E ∩ (A×B) is Kd,ν-free, we have

|E ∩ (A×B)| ≤ Cν(m1− 1
tn+m).

Remark 2.9. If E ⊆ X × Y admits a distal cell decomposition T with
|T (B)| ≤ c|B|t for all B ⊆ Y , then for F = {Ea : a ∈ X} we have
πF(z) ≤ czt for all z ∈ N.

Indeed, by Definition 2.1, given any finite B ⊆ Y and ∆ ∈ T (B),
B∩Ea = B∩Ea′ for any a, a′ ∈ ∆ (and the sets in T (B) give a covering
of X), hence at most |T (B)| different subsets of B are cut out by the
fibers of E.

Proof of Theorem 2.6. Let A ⊆m X,B ⊆n Y so that E ∩ (A × B) is
Kd,ν-free be given.

If n ≥ md, then by Fact 2.7 we have

|E ∩ (A×B)| ≤ ν
1
dmn1− 1

d + dn ≤ dν(n
1
dn1− 1

d + n) = 2dνn.(2.1)

Hence we assume n < md from now on.

Let r := m
d

td−1

n
1

td−1
(note that r > 1 as md > n), and consider the family

Σ = {Eb : b ∈ Y } of subsets of X. By assumption and Fact 2.5, there
is a family C of subsets of X giving a 1

r
-cutting for the family Σ. That

is, X is covered by the union of the sets in C, any of the sets C ∈ C
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is crossed by at most |Σ|/r elements from Σ, and |C| ≤ α1r
t for some

α1 = α1(c, t).

Then there is a set C ∈ C containing at least m
α1rt

= n
t

td−1

α1m
1

td−1
points

from A. Let A′ ⊆ A ∩ C be a subset of size exactly

⌈
n

t
td−1

α1m
1

td−1

⌉
.

If |A′| < d, we have n
t

td−1

α1m
1

td−1
≤ |A′| < d, so n < d

td−1
t α

td−1
t

1 m
1
t . By

assumption, Remark 2.9 and Fact 2.8, for some α2 = α2(c, t, d) we have

|E ∩ (A×B)| ≤ α2ν(nm1− 1
t +m) ≤ α2ν(d

td−1
t α

td−1
t

1 m
1
tm1− 1

t +m),

hence

|E ∩ (A×B)| ≤ α3νm for some α3 = α3(c, t, d).(2.2)

Hence from now on we assume that |A′| ≥ d. Let B′ be the set of all
points b ∈ B such that Eb crosses C. We know that

|B′| ≤ |B|
r
≤ nn

1
td−1

m
d

td−1

=
n

td
td−1

m
d

td−1

≤ αd1|A′|d.

Again by Fact 2.7 we get

|E ∩ (A′ ×B′)| ≤ dν(|A′||B′|1−
1
d + |B′|)

≤ dν(|A′|αd−1
1 |A′|d−1 + αd1|A′|d) ≤ α4ν|A′|d

for some α4 = α4(c, t, d). Hence there is a point a ∈ A′ such that
|Ea ∩B′| ≤ α4ν|A′|d−1.

Since E∩(A×B) is Kd,ν-free, there are at most ν−1 points in B\B′
from Ea (otherwise, since none of the sets Eb, b ∈ B′ crosses C and C
contains A′, which is of size ≥ d, we would have a copy of Kd,ν). And

we have |A′| ≤ n
t

td−1

α1m
1

td−1
+ 1 ≤ 2

α1

n
t

td−1

m
1

td−1
as |A|′ ≥ d ≥ 1. Hence

|Ea ∩B| ≤ |Ea ∩B′|+ |Ea ∩ (B \B′)| ≤ α4ν|A′|d−1 + (ν − 1)

≤ α42d−1

αd−1
1

ν
n
t(d−1)
td−1

m
d−1
td−1

+ (ν − 1) ≤ α5ν
n
t(d−1)
td−1

m
d−1
td−1

+ (ν − 1)

for some α5 := α5(c, t, d). We remove a and repeat the argument until

we have at most n
1
d vertices remaining in A (in which case the bound
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in (2.1) applies). Hence, combining this with (2.2), we see that

|E ∩ (A×B)| ≤ (2dν + α3ν)(n+m) +
m∑

i=n
1
d

(
α5ν

n
t(d−1)
td−1

i
d−1
td−1

+ (ν − 1)

)

≤ (2d+ α3)ν(n+m) + α5νn
t(d−1)
td−1

m∑
i=n

1
d

1

i
d−1
td−1

+ (ν − 1)m.

Note that

m∑
i=n

1
d

1

i
d−1
td−1

≤
∫ m

n
1
d−1

dx

x
d−1
td−1

=
m1− d−1

td−1

1− d−1
td−1

−

(
n

1
d − 1

)1− d−1
td−1

1− d−1
td−1

≤ td− 1

(t− 1)d
m1− d−1

td−1

using d, t ≥ 2 and that the second term is non-negative for n ≥ 1.
Taking C := 3 max{2d+α3,

td−1
(t−1)d

α5}— which only depends on c, t, d

— we thus have

|E ∩ (A×B)| ≤ C

3
ν(n+m) +

C

3
νn

t(d−1)
td−1 m1− d−1

td−1 +
C

3
νm

≤ Cν(m
(t−1)d
td−1 n

td−t
td−1 +m+ n)

for all m,n. �

For our applications to hypergraphs, we will need to consider a cer-
tain iterated variant of the bound in Theorem 2.6.

Definition 2.10. Given E ⊆ X×Y and γ ∈ R, we say that E satisfies
the γ-Szemerédi-Trotter property, or γ-ST property, if for any function
C : N → N≥1 there exists a function C ′ : N → N≥1 so that: for every
s ∈ N≥4, ν ∈ N≥2, n ∈ N and A ⊆ X,B ⊆ Y with |A| ≤ ns−2, |B| ≤ n2,
if for every a ∈ A there are at most C(ν)ns−4 elements a′ ∈ A with
|Ea ∩ Ea′ ∩B| ≥ ν, then |E ∩ (A×B)| ≤ C ′(ν)n(s−1)−γ.

Lemma 2.11. Assume that E ⊆ X × Y , γ1, γ2 ∈ R>0 with γ1, γ2 ≤
1, γ1 + γ2 ≥ 1 and C0 : N→ R satisfy:

(∗) for every ν ∈ N≥2 and finite A ⊆m X,B ⊆n Y , if E ∩ (A × B) is
K2,ν-free, then |E ∩ (A×B)| ≤ C0(ν)(mγ1nγ2 +m+ n).

Then E satisfies the γ-ST property with γ := 3− 2(γ1 + γ2) ≤ 1 and
C ′(ν) := 2C0(ν)(C(ν) + 2).

Proof. Given finite sets A,B satisfying the assumption, we consider the
finite graph with the vertex set A and the edge relation R defined by
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aRa′ ⇐⇒ |Ea ∩ Ea′ ∩ B| ≥ ν for all a, a′ ∈ A. By assumption this
graph has degree at most r = C(ν)ns−4, so it is (r + 1)-colorable by a
standard fact in graph theory. For each i ∈ [r + 1], let Ai ⊆ A be the
set of vertices corresponding to the ith color. Then the sets Ai give a
partition of A, and for each i ∈ [r + 1] the restriction of E to Ai × B
is K2,ν-free.

Fix some small ε > 0 to be determined later. For any fixed i, apply-
ing the assumption on E to Ai ×B, we have

|E ∩ (Ai ×B)| ≤ C0(ν) (|Ai|γ1|B|γ2 + |Ai|+ |B|) .

Then we have

|E ∩ (A×B)| ≤
∑
i∈[r+1]

|E ∩ (Ai ×B)|

≤
∑
i∈[r+1]

c(ν) (|Ai|γ1 |B|γ2 + |Ai|+ |B|)

≤ C0(ν)

 ∑
i∈[r+1]

|Ai|γ1|B|γ2 +
∑
i∈[r+1]

|Ai|+
∑
i∈[r+1]

|B|

 .(2.3)

For the first sum, applying Hölder’s inequality with p = 1
γ1

, we have∑
i∈[r+1]

|Ai|γ1 |B|γ2 = |B|γ2
∑
i∈[r+1]

|Ai|γ1

≤ |B|γ2
 ∑
i∈[r+1]

|Ai|

γ1 ∑
i∈[r+1]

1

1−γ1

= |B|γ2|A|γ1(r + 1)1−γ1 ≤ n2γ2n(s−2)γ1
(
C(ν)ns−4 + 1

)1−γ1

≤ n2γ2n(s−2)γ1 (C(ν) + 1)1−γ1 n(s−4)(1−γ1)

≤ (C(ν) + 1)n(s−4)+2(γ1+γ2) = (C(ν) + 1)n(s−1)−γ

for all n (by definition of γ and as s ≥ 4, C(ν) ≥ 1, 0 < γ1 ≤ 1).
For the second sum, we have∑

i∈[r+1]

|Ai| = |A| ≤ ns−2

for all n. For the third sum we have∑
i∈[r+1]

|B| ≤ (r + 1)|B| ≤ (C(ν)ns−4 + 1)n2 ≤ (C(ν) + 1)ns−2
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for all n. Substituting these bounds into (2.3), as γ ≤ 1 we get

|E ∩ (A×B)| ≤ 2C0(ν)(C(ν) + 2)n(s−1)−γ.

�

We note that the γ-ST property is non-trivial only if γ > 0. Lemma
2.11 shows that if E satisfies the condition in Lemma 2.11(∗) with
γ1 + γ2 < 3

2
, then E satisfies the γ-ST property for some γ > 0.

By Theorem 2.6 this condition on γ1 + γ2 is satisfied for any relation
admitting a distal cell decomposition, leading to the following.

Proposition 2.12. Assume that t ∈ N≥2 and E ⊆ X × Y admits
a distal cell decomposition T such that |T (B)| ≤ c|B|t for all finite
B ⊆ Y . Then E satisfies the γ-ST property with γ := 1

2t−1
> 0 and

C ′ : N→ N≥1 depending only on t, c, C.

Proof. By assumption and Theorem 2.6 with d := 2, there exists some
c′ = c′(t, c) ∈ R such that, taking γ1 := 2t−2

2t−1
, γ2 := t

2t−1
, for all ν ∈

N≥2,m, n ∈ N and A ⊆m X,B ⊆n Y with E ∩ (A× B) is K2,ν-free we
have

|E ∩ (A×B)| ≤ c′ν (mγ1nγ2 +m+ n) .

Then, by Lemma 2.11, E satisfies the γ-ST property γ := 3 − 2(γ1 +
γ2) = 3− 23t−2

2t−1
= 1

2t−1
> 0 and C ′(ν) := 2c′ν(C(ν) + 2). �

The γ in Proposition 2.12 will correspond to the power saving in
the main theorem. Stronger upper bounds on γ1, γ2 in Lemma 2.11(∗)
(than the ones given by Theorem 2.6) are known in some particular
distal structures of interest and can be used to improve the bound on
γ in Proposition 2.12, and hence in the main theorem. We summarize
some of these results relevant for our applications.

Fact 2.13. (1) ([23, Theorem 1.2], [54, Corollary 1.7]) If d1, d2 ∈ N≥2

and E ⊆ Rd1 × Rd2 is algebraic, then E satisfies the condition in

Lemma 2.11(∗) with γ1 = 2(d1−1)
2d1−1

, γ2 = d1
2d1−1

and some function C0

depending on d2 and the degree of E. Hence, by Lemma 2.11, E
satisfies the γ-ST property with γ := 1

2d1−1
.

(2) If d1, d2 ∈ N≥2 and E ⊆ Cd1 × Cd2 is algebraic, it can be viewed
as an algebraic subset of R2d1 × R2d2, which implies by (1) that E
satisfies the γ-ST property with γ := 1

4d1−1
. (This improves the

bound in [21, Theorem 9].)

Fact 2.14. LetM = (M,<, . . .) be an o-minimal expansion of a group.

(1) Every definable relation E ⊆ M2 × Md2 , d2 ∈ N admits a distal
cell decomposition with exponent t = 2 by [14, Theorem 4.1]. Then
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Proposition 2.12 implies that E satisfies the γ-ST property with
γ := 1

3
. (See also [6] for an alternative approach.)

(2) For general d1, d2 ∈ N≥2, every definable relation E ⊆ Md1 ×Md2

admits a distal cell decomposition with exponent 2d1−2 by [1] (this
improves on the weaker bound in [3, Section 4] and generalizes
the semialgebraic case in [13]). Proposition 2.12 implies that E
satisfies the γ-ST property with γ := 1

4d1−5
.

Problem 2.15. We expect that the same bound on γ as for algebraic
E over R in Fact 2.13(1) should hold for arbitrary definable E in the
o-minimal case. However, the polynomial method used to obtain these
stronger bounds for high dimensions in the algebraic case is not cur-
rently available for general o-minimal structures (see [5]).

Fact 2.16. Assume that d1, d2 ∈ N and E ⊆ Rd1 × Rd2 is semilinear,
i.e. defined by a Boolean combination of s linear equalities and inequal-
ities, for some s ∈ N. Then by [4, Theorem (C)], for every ε ∈ R>0,
E satisfies the condition in Lemma 2.11(∗) with γ1 + γ2 ≤ 1 + ε and
some function C0 depending on s and ε. It follows that E satisfies the
(1 − ε)-ST property for every ε > 0 (which is the best possible bound
up to ε).

Fact 2.17. It is demonstrated in [2] that every differentially closed field
(with one or several commuting derivations) of characteristic 0 admits
a distal expansion. Hence by Fact 2.3, every relation E ⊆ Md1 ×Md2

definable in a differentially closed field M of characteristic 0 admits a
cutting of some finite exponent t, hence satisfies the γ-ST property for
some γ > 0.

Fact 2.18. The theory of compact complex manifolds, or CCM, is the
theory of the structure containing a separate sort for each compact com-
plex variety, with each Zariski closed subset of the cartesian products
of the sorts named by a predicate (see [36] for a survey). This is an
ω-stable theory of finite Morley rank, and it is interpretable in the o-
minimal structure Ran. Hence, by Fact 2.3, every definable relation E
admits a distal cell decomposition of some finite exponent t, and hence
satisfies the γ-ST property for some γ > 0.

We remark that in differentially closed fields it is not possible to
bound t in terms of d1 alone. Indeed, the dp-rank of the formula “x =
x” is ≥ n for all n ∈ N (since the field of constants is definable, and M
is an infinite dimensional vector space over it, see [16, Remark 5.3]).
This implies that the VC-density of a definable relation E ⊆M ×Mn

cannot be bounded by any t independent of n (see e.g. [29]), and since
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t gives an upper bound on the VC-density (see Remark 2.9), it cannot
be bounded either.

Problem 2.19. Obtain explicit bounds on the distal cell decomposition
and incidence counting for relations E definable in DCF0 (e.g., are they
bounded in terms of the Morley rank of the relation E?).

3. Reconstructing an abelian group from a family of
bijections

In this and the following sections we provide two higher arity variants
of the group configuration theorem of Zilber-Hrushovski (see e.g [40,
Chapter 5.4]). From a model-theoretic point of view, our result can be
viewed as a construction of a type-definable abelian group in the non-
trivial local locally modular case, i.e. local modularity is only assumed
for the given relation, as opposed to the whole theory, based on a
relation of arbitrary arity ≥ 4.

In this section, as a warm-up, we begin with a purely combinatorial
abelian group configuration for the case of bijections as opposed to
finite-to-finite correspondences. It illustrates some of the main ideas
and is sufficient for the application in the o-minimal case of the main
theorem in Section 6.

In the next Section 4, we generalize the construction to allow finite-
to-finite correspondences instead of bijections (model-theoretically, al-
gebraic closure instead of the definable closure) in the stable case, which
requires additional forking calculus arguments.

3.1. Q-relations or arity 4. Throughout this section, we fix some sets
A,B,C,D and a quaternary relation Q ⊆ A×B×C×D. We assume
that Q satisfies the following two properties.

(P1) If we fix any 3 variables, then there is exactly one 4th variable satis-
fying Q.

(P2) If

(α, β; γ, δ), (α′, β′; γ, δ), (α′, β′; γ′, δ′) ∈ Q,
then

(α, β; γ′, δ′) ∈ Q;

and the same is true under any other partition of the variables into
two groups each of size two.

Intuitively, the first condition says that Q induces a family of bijective
functions between any two of its coordinates, and the second condition
says that this family of bijections satisfies the “abelian group configura-
tion” condition in a strong sense. Our goal is to show that under these
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assumption there exist an abelian group for which Q is in a coordinate-
wise bijective correspondence with the relation defined by α · β = γ · δ.

First, we can view the relation Q as a 2-parametric family of bi-
jections as follows. Note that for every pair (c, d) ∈ C × D, the cor-
responding fiber {(a, b) ∈ A × B : (a, b, c, d) ∈ Q} is the graph of a
function from A to B by (P1). Let F be the set of all functions from
A to B whose graph is a fiber of Q.

Similarly, let G be the set of all functions from C to D whose graph
is a fiber of Q (for some (a, b) ∈ A× B). Note that all functions in F
and in G are bijections, again by (P1).

Claim 3.1. For every (a, b) ∈ A × B there is a unique f ∈ F with
f(a) = b, and similarly for G.

Proof. We only check this for F , the argument for G is analogous. Let
(a, b) ∈ A×B be fixed. Existence: let c ∈ C be arbitrary, then by (P1)
there exists some d ∈ D with (a, b, c, d) ∈ Q, hence the function corre-
sponding to the fiber of Q at (c, d) satisfies the requirement. Unique-
ness follows from (P2) for the appropriate partition of the variables: if
(a, b; c, d), (a, b; c1, d1) ∈ Q for some (c, d), (c1, d1) ∈ C ×D, then for all
(x, y) ∈ A×B we have (x, y, c, d) ∈ Q ⇐⇒ (x, y; c1, d1) ∈ Q. �

Claim 3.2. For every f ∈ F and (x, u) in A × C there exists a
unique g ∈ G such that (x, f(x), u, g(u)) ∈ Q (which then satisfies
(x′, f(x′), u′, g(u′)) ∈ Q for all (x′, u′) ∈ A× C).

And similarly exchanging the roles of F and G.

Proof. As x, f(x), u are given, by (P1) there is a unique choice for the
fourth coordinate of a tuple in Q determining the image of g on u.
There is only one such g ∈ G by Claim 3.1 with respect to G. �

For f ∈ F , we will denote by f⊥ the unique g ∈ G as in Claim 3.2.
Similarly, for g ∈ G, we will denote by g⊥ the unique f ∈ F as in Claim
3.2.

Remark 3.3. Note that (f⊥)⊥ = f and (g⊥)⊥ = g for all f ∈ F , g ∈ G.

Claim 3.4. Let f1, f2, f3 ∈ F , and gi := f⊥i ∈ G for i ∈ [3]. Then
f3 ◦ f−1

2 ◦ f1 ∈ F , g3 ◦ g−1
2 ◦ g1 ∈ G and (f3 ◦ f−1

2 ◦ f1)⊥ = g3 ◦ g−1
2 ◦ g1.

Proof. We first observe the following: given any a ∈ A and c ∈ C, if
we take b := (f3 ◦ f−1

2 ◦ f1)(a) ∈ B and d := (g3 ◦ g−1
2 ◦ g1)(c) ∈ D, then

(a, b, c, d) ∈ Q. Indeed, let b1 := f1(a), a2 := f−1
2 (b1), then b = f3(a2).

Similarly, let d1 := g1(c), c2 := g−1
2 (d1), then d = g3(c2). By the

definition of ⊥ for i ∈ [3] we then have

(a, b1, c, d1) ∈ Q, (a2, b1, c2, d1) ∈ Q, (a2, b, c2, d) ∈ Q.
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Applying (P2) for the partition {1, 3}∪{2, 4}, this implies (a, b, c, d) ∈
Q, as wanted.

Now fix an arbitrary c ∈ C and take the corresponding d, varying
a ∈ A the observation implies that the graph of f3 ◦ f−1

2 ◦ f1 is given
by the fiber Q(c,d). Similarly, the graph of g3 ◦ g−1

2 ◦ g1 is given by
the fiber Q(a,b) for an arbitrary a ∈ A and the corresponding b; and
(f3 ◦ f−1

2 ◦ f1)⊥ = g3 ◦ g−1
2 ◦ g1 follows. �

Claim 3.5. For any f1, f2, f3 ∈ F we have f3 ◦ f−1
2 ◦ f1 = f1 ◦ f−1

2 ◦ f3,
and similarly for G.

Proof. Let a ∈ A be arbitrary. We define b1 := f1(a), a2 := f−1
2 (b1)

and b3 := f3(a2), so we have (f3◦f−1
2 ◦f1)(a) = b3. Let also b4 := f3(a),

a4 := f−1
2 (b4) and b5 := f1(a4), so we have (f1 ◦ f−1

2 ◦ f3)(a) = b5.
We need to show that b5 = b3.
Let c1 ∈ C be arbitrary. By (P1) there exists some d1 ∈ D such that

(a, b1, c1, d1) ∈ Q.(3.1)

Applying (P1) again, there exists some c2 ∈ C such that

(a2, b1, c2, d1) ∈ Q,(3.2)

and then some d2 ∈ D such that

(a2, b3, c2, d2) ∈ Q.(3.3)

Using (P2) for the partition {1, 3} ∪ {2, 4}, it follows from (3.1), (3.2),
(3.3) that

(3.4) (a, b3, c1, d2) ∈ Q.

On the other hand, by the choice of b1, a2, b3, (3.1), (3.2), (3.3) and
Claim 3.1 we have: Q(c1,d1) is the graph of f1, Q(c2,d1) is the graph of
f2 and Q(c2, d2) is the graph of f3. Hence we also have

(a, b4, c2, d2) ∈ Q, (a4, b4, c2, d1) ∈ Q, (a4, b5, c1, d1) ∈ Q.

Applying (P2) for the partition {1, 4} ∪ {2, 3} this implies

(a, b5, c1, d2) ∈ Q,

and combining with (3.4) and (P1) we obtain b3 = b5. �

Claim 3.6. Given an arbitrary element f0 ∈ F , for every pair f, f ′ ∈
F we define

f + f ′ := f ◦ f−1
0 ◦ f ′.

Then (F ,+) is an abelian group, with the identity element f0.
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Proof. Note that for every f, f ′ ∈ F , f + f ′ ∈ F by Claim 3.4. Asso-
ciativity follows from the associativity of the composition of functions.
For any f ∈ F we have f + f0 = f ◦ f−1

0 ◦ f0 = f , f0 ◦ f−1 ◦ f0 ∈ F
by Claim 3.4 and f + (f0 ◦ f−1 ◦ f0) = f ◦ f−1

0 ◦ (f0 ◦ f−1 ◦ f0) = f0,
hence f0 is the right identity and f0 ◦ f−1 ◦ f0 is the right inverse of f .
Finally, by Claim 3.5 we have f + f ′ = f ′ + f for any f, f ′ ∈ F , hence
(F ,+) is an abelian group. �

Remark 3.7. Moreover, if we also fix g0 := f⊥0 in G, then similarly we
obtain an abelian group on G with the identity element g0, so that
(F ,+) is isomorphic to (G,+) via the map f 7→ f⊥ (it is a homomor-
phism as for any f1, f2 ∈ F we have (f1 ◦ f−1

0 ◦ f2)⊥ = f⊥1 ◦ g−1
0 ◦ f⊥2 by

Claim 3.4, and its inverse is g ∈ G 7→ g⊥ by Remark 3.3).

Next we establish a connection of these groups and the relation
Q. We fix arbitrary a0 ∈ A, b0 ∈ B, c0 ∈ C and d0 ∈ D with
(a0, b0, c0, d0) ∈ Q. By Claim 3.1, let f0 ∈ F be unique with f0(a0) = b0,
and let g0 ∈ G be unique with g0(c0) = d0. Then g0 = f⊥0 by Claim
3.2, and by Remark 3.7 we have isomorphic groups on F and on G. We
will denote this common group by G := (F ,+).

We consider the following bijections between each of A,B,C,D and
G, using our identification of G with both F and G and Claim 3.1:

• let πA : A → F be the bijection that assigns to a ∈ A the unique
fa ∈ F with fa(a) = b0;
• let πB : B → F be the bijection that assigns to b ∈ B the unique
fb ∈ F with fb(a0) = b;
• let πC : C → G be the bijection that assigns to c ∈ C the unique
gc ∈ G with gc(c) = d0;
• let πD : D → G be the bijection that assigns to d ∈ D the unique
gd ∈ G with gd(c0) = d.

Claim 3.8. For any a ∈ A and b ∈ B, πA(a) + πB(b) is the unique
function f ∈ F with f(a) = b.

Similarly, for any c ∈ C and d ∈ D, πC(a) + πD(b) is the unique
function g ∈ G with g(c) = d.

Proof. Let (a, b) ∈ A × B be arbitrary, and let f := πA(a) + πB(b) =
πB(b) + πA(a) = πB(b) ◦ f−1

0 ◦ πA(a). Note that, from the definitions,
πA(a) : a 7→ b0, f−1

0 : b0 7→ a0 and πB(b) : a0 7→ b, hence f(a) = b. The
second claim is analogous. �

Proposition 3.9. For any (a, b, c, d) ∈ A×B×C×D, (a, b, c, d) ∈ Q
if and only if πA(a) + πB(b) = πC(c)⊥ + πD(d)⊥ (in G).
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Proof. Given (a, b, c, d), by Claim 3.8 we have: πA(a) + πB(b) is the
function f ∈ F with f(a) = b, and πC(c) + πD(d) is the function
g ∈ G with g(c) = d. Then, by Claim 3.2, (a, b, c, d) ∈ Q if and only
if f = g⊥, and since ⊥ is an isomorphism this happens if and only
f = πC(c)⊥ + πD(d)⊥. �

3.2. Q-relation of any arity for dcl. Now we extend the construc-
tion of an abelian group to relations of arbitrary arity≥ 4. Assume that
we are givenm ∈ N≥4, setsX1, . . . , Xm and a relationQ ⊆ X1×· · ·×Xm

satisfying the following two conditions (corresponding to the conditions
in Section 3.1 when m = 4).

(P1) For any permutation of the variables of Q we have:

∀x1, . . . ,∀xm−1∃!xmQ(x1, . . . , xm).

(P2) For any permutation of the variables of Q we have:

∀x1, x2∀y3, . . . ym∀y′3, . . . , y′m
(
Q(x̄, ȳ) ∧Q(x̄, ȳ′)→(

∀x′1, x′2Q(x̄′, ȳ)↔ Q(x̄′, ȳ′)
))
,

where x̄ = (x1, x2), ȳ = (y3, . . . , ym), Q(x̄, ȳ) evaluates Q on the
concatenated tuple (x1, x2, y3, . . . , ym), and similarly for x̄′, ȳ′.

We let F be the set of all functions f : X1 → X2 whose graph is given
by the set of pairs (x1, x2) ∈ X1 × X2 satisfying Q(x1, x2, b̄) for some
b̄ ∈ X3 × . . .×Xm.

Remark 3.10. (1) Every f ∈ F is a bijection, by (P1).
(2) For every a1 ∈ X1, a2 ∈ X2 there exists a unique f ∈ F such that

f(a1) = a2 (existence by (P1), uniqueness by (P2)). We will denote
it as fa1,a2 .

Lemma 3.11. For every ci ∈ Xi, 4 ≤ i ≤ m and f ∈ F there exists
some c3 ∈ X3 such that Q(x1, x2, c3, c4, . . . , cm) is the graph of f .

Proof. Choose any a1 ∈ X1, let a2 := f(a1). Choose c3 ∈ X3 such
that Q(a1, a2, c3, . . . , cm) holds by (P1). Then Q(x1, x2, c3, c4, . . . , cm)
defines the graph of f by Remark 3.10(2). �

Lemma 3.12. For any f1, f2, f3 ∈ F there exists some f4 ∈ F such
that f1 ◦ f−1

2 ◦ f3 = f3 ◦ f−1
2 ◦ f1 = f4.

Proof. Choose any ci ∈ Xi, 5 ≤ i ≤ m and consider the quaternary
relationQ′ ⊆ X1×· · ·×X4 defined byQ′(x1, . . . , x4) := Q(x1, . . . , x4, c̄).
Hence Q′ also satisfies (P1) and (P2), and the graph of every f ∈ F is
given by Q′(x1, x2, b3, b4) for some b3 ∈ X3, b4 ∈ X4, by Lemma 3.11.
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Then the conclusion of the lemma follows from Claims 3.4 and 3.5
applied to Q′. �

Definition 3.13. We fix arbitrary elements ei ∈ Xi, i = 1, . . . ,m so
that Q(e1, . . . , em) holds. Let f0 ∈ F be the function whose graph is
given by Q(x1, x2, e3, . . . , em), i.e. f0 = fe1,e2 . We define + : F×F → F
by taking f1 + f2 := f1 ◦ f−1

0 ◦ f2.

As in Claim 3.6, from Lemma 3.12 we get:

Lemma 3.14. G := (F ,+) is an abelian group with the identity ele-
ment f0.

Definition 3.15. We define the map π1 : X1 → G by π1(a) := fa,e2 for
all a ∈ X1, and the map π2 : X2 → G by π2(b) := fe1,b for all b ∈ X2.

Note that both π1 and π2 are bijections by Remark 3.10.

Lemma 3.16. For any a ∈ X1 and b ∈ X2 we have π1(a)+π2(b) = fa,b.

Proof. Let f1 := π1(a), f2 := π2(b). Note that f1(a) = e2, f−1
0 (e2) = e1

and f2(e1) = b, hence (f1 + f2)(a) = (f2 + f1)(a) = f2 ◦ f−1
0 ◦ f1(a) = b,

so f1 + f2 = fa,b. �

Definition 3.17. For any set S ⊆ {3, . . . ,m}, we define the map
πS :

∏
i∈S Xi → G as follows: for ā = (ai : i ∈ S) ∈

∏
i∈S Xi, let πS(ā)

be the function in F whose graph is given by Q(x1, x2, c3, . . . , cm) with
cj := aj for j ∈ S and cj := ej for j /∈ S. We write πj for π{j}.

Remark 3.18. For each i ∈ {3, . . . ,m}, the map πi : Xi → G is a
bijection (by (P2)).

Lemma 3.19. Fix some S ( {3, . . . ,m} and j0 ∈ {3, . . . ,m} \ S. Let
S0 := S ∪ {j0}. Then for any ā ∈

∏
i∈S Xi and aj0 ∈ Xj0 we have

πS(ā) + πj0(aj0) = πS0(ā
_aj0).

Proof. Without loss of generality we have S = {3, . . . , k} and j0 =
k + 1 ≤ m for some k. Take any ā = (a3, . . . , ak) ∈

∏
3≤i≤kXi and

ak+1 ∈ Xk+1. Then, from the definitions:

• the graph of f1 := πS(ā) is given by Q(x1, x2, a3, . . . , ak, ek+1, ē
′),

where ē′ := (ek+2, . . . , em);
• the graph of f2 := πk+1(ak+1) is given by Q(x1, x2, e3, . . . , ek, ak+1, ē

′);
• the graph of f3 := πS0(ā

_ak+1) is given byQ(x1, x2, a3, . . . , ak, ak+1, ē
′).

Let c1 ∈ X1 be such that f1(c1) = e2 and let c2 ∈ X2 be such that
f2(e1) = c2. Then (f1 + f2)(c1) = (f2 + f1)(c1) = f2 ◦ f−1

0 ◦ f1(c1) = c2.
On the other hand, the following also hold:

• Q(c1, e2, a3, . . . , ak, ek+1, ē
′);
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• Q(e1, e2, e3, . . . , ek, ek+1, ē
′);

• Q(e1, c2, e3, . . . , ek, ak+1, ē
′).

Applying (P2) with respect to the coordinates (2, k + 1) and the
rest, this implies that Q(c1, c2, a3, . . . , ak, ak+1, ē

′) holds, i.e. f3(c1) = c2.
Hence f1 + f2 = f3 by Remark 3.10(2), as wanted.

�

Proposition 3.20. For any ā = (a1, . . . , am) ∈
∏

i∈[m] Xi we have

Q(a1, . . . , am) ⇐⇒ π1(a1) + π2(a2) = π3(a3) + . . .+ πm(am).

Proof. Let ā = (a1, . . . , am) ∈
∏

i∈[m] Xi be arbitrary. By Lemma 3.16,

π1(a1) + π2(a2) = fa1,a2 . Applying Lemma 3.19 inductively, we have

π3,...,m(a3, . . . , am) = π3(a3) + . . .+ πm(am).

And by definition, the graph of the function π3,...,m(a3, . . . , am) is given
by Q(x1, x2, a3, . . . , am). Combining and using Remark 3.10(2), we
get Q(a1, . . . , am) ⇐⇒ π1(a1) + π2(a2) = π3,...,m(a3, . . . , am) ⇐⇒
π1(a1) + π2(a2) = π3(a3) + . . .+ πm(am). �

We are ready to prove the main theorem of the section.

Theorem 3.21. Given m ∈ N≥4, sets X1, . . . , Xm and Q ⊆
∏

i∈[m] Xi

satisfying (P1) and (P2), there exists an abelian group (G,+, 0G) and
bijections π′i : Xi → G such that for every (a1, . . . , am) ∈

∏
i∈[m] Xi we

have
Q(a1, . . . , am) ⇐⇒ π′1(a1) + . . .+ π′m(am) = 0G.

Moreover, if we have first-order structuresM� N so that N is |M|+-
saturated, each Xi, i ∈ [m] is type-definable (respectively, definable) in
N overM and Q = F ∩

∏
i∈[m] Xi for a relation F definable in N over

M, then we can take G to be type-definable (respectively, definable)
and the bijections π′i, i ∈ [m] to be definable in N , in both cases using
parameters from M and an arbitrary tuple ē ∈ Q).

Proof. By Proposition 3.20, for any ā = (a1, . . . , am) ∈
∏

i∈[m] Xi we
have

Q(a1, . . . , am) ⇐⇒(3.5)

π1(a1) + π2(a2) = π3(a3) + . . .+ πm(am) ⇐⇒
π1(a1) + π2(a2) + (−π3(a3)) + . . .+ (−πm(am)) = 0G,

hence the bijections π′1 := π1, π
′
2 := π2 and π′i : Xi → G, π′i(x) :=

−πi(x) for 3 ≤ i ≤ m satisfy the requirement.
Assume now that, for each i ∈ [m], Xi is type-definable in N over
M, i.e. Xi is the set of solutions in N of some partial type µi(xi) over
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M; and that Q = F ∩
∏

i∈[m] Xi for some M-definable relation F .

Then from (P1) and (P2) for Q, for any permutation of the variables
of Q we have in N :

µm(xm) ∧ µm(x′m) ∧
∧

1≤i≤m−1

µi (xi)∧

∧F (x1, . . . , xm−1, xm) ∧ F (x1, . . . , xm−1, x
′
m)→ xm = x′m,∧

i∈[m]

µi (xi) ∧
∧
i∈[m]

µi (x
′
i) ∧ F (x1, x2, x3, . . . , xm) ∧ F (x1, x2, x

′
3, . . . , x

′
m)∧

∧F (x′1, x
′
2, x3, . . . , xm)→ F (x′1, x

′
2, x
′
3, . . . , x

′
m).

By |M|+-saturation of N , in each of these implications µi can be
replaced by a finite conjunction of formulas in it. Hence, taking a
finite conjunction over all permutations of the variables, we conclude
that there exist some M-definable sets X ′i ⊇ Xi, i ∈ [m] so that Q′ :=
F ∩

∏
i∈[m] X

′
i satisfies (P2) and

(P1′) For any permutation of the variables of Q′, for any xi ∈ X ′i, 1 ≤
i ≤ m − 1, there exists at most one (but possibly none) xm ∈ X ′m
satisfying Q′(x1, . . . , xm).

We proceed to type-definability of G. Let (e1, . . . , em) ∈ Q (so in N )
be as above. We identify X2 with F , the domain of G, via the bijection
π2 above mapping a2 ∈ X2 to fe1,a2 (in an analogous manner we could
identify the domain of G with any of the type-definable sets Xi, i ∈ [s]).
Under this identification, the graph of addition in G is given by

R+ :=
{

(a2, a
′
2, a
′′
2) ∈ X2 ×X2 ×X2 : a′′2 = fe1,a2 ◦ f−1

e1,e2
◦ fe1,a′2(e1)

}
=
{

(a2, a
′
2, a
′′
2) ∈ X2 ×X2 ×X2 : a′′2 = fe1,a2 ◦ f−1

e1,e2
(a′2)

}
.

We have the following claim.

Claim 3.22. • For any a1 ∈ X1, a2 ∈ X2 and b̄ ∈
∏

3≤i≤mX
′
i, if

F (a1, a2, b̄) holds then Fb̄ �X1×X2 defines the graph of fa1,a2 (since
Q′ satisfies (P2)).
• For any b̄ ∈

∏
3≤i≤mX

′
i, if Fb̄ �X1×X2 coincides with the graph of

some function f ∈ F , then using that Q′ satisfies (P1′) we have:
– for any a1 ∈ X1, f(a1) is the unique element in X ′2 satisfying
F (a1, x2, b̄);

– for any a2 ∈ X2, f−1(a2) is the unique element in X ′1 satisfying
F (x1, a2, b̄).

Using Claim 3.22, we have

R+ = R′+ �
∏
i∈[m]

Xi,
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where R′+ is a definable relation in N (with parameters inM∪{e1, e2})
given by

R′+(x2, x
′
2, x
′′
2) :⇐⇒ ∃ȳ, ȳ′, z

(
ȳ ∈

∏
3≤i≤m

X ′i ∧ ȳ′ ∈
∏

3≤i≤m

X ′i ∧ z ∈ X ′1∧

F (e1, e2, ȳ
′) ∧ F (z, x′2, ȳ

′) ∧ F (e1, x2, ȳ) ∧ F (z, x′′2, ȳ)
)
.

This shows that (G,+) is type-definable overM∪{e1, e2}. It remains
to show definability of the bijections π′i : Xi → F , where F is identified
with X2 as above (i.e. to show that the graph of π′i is given by some
N -definable relation Pi(xi, x2) intersected with Xi ×X2).

We have π′1 : a1 ∈ X1 7→ fa1,e2 ∈ F , hence we need to show that the
relation

{(a1, a2) ∈ X1 ×X2 : fa1,e2(e1) = a2}
is of the form P1(x1, x2) � X1×X2 for some relation P1 definable in N .
Using Claim 3.22, we can take

P1(x1, x2) :⇐⇒ ∃ȳ

(
ȳ ∈

∏
3≤i≤m

X ′i ∧ F (x1, e2, ȳ) ∧ F (e1, x2, ȳ)

)
.

We have π′2 : a2 ∈ X2 7→ fe1,a2 ∈ F , hence the corresponding defin-
able relation P2(x2, x2) is just the graph of the equality.

Finally, given 3 ≤ i ≤ m, πi maps ai ∈ Xi to the function in F
with the graph given by Q(x1, x2, e3, . . . , ei−1, ai, ei+1, . . . , em). Hence,
remembering that the identity of G is fe1,e2 , which corresponds to e2 ∈
X2, and using Claim 3.22, the graph of π′i : ai ∈ Xi 7→ −πi(ai)(e1) ∈ X2

is given by the intersection of Xi ×X2 with the definable relation

Pi(xi, x2) :⇐⇒ ∃z
(
z ∈ X ′2 ∧ F (e1, z, e3, . . . , ei−1, xi, ei+1, . . . , em)∧

R′+(x2, z, e2)
)
.

�

4. Reconstructing an abelian group from an abelian
m-gon

Let T = T eq be a stable theory in a language L and M a monster
model of T . By “independence” we mean independence in the sense
of forking, unless stated otherwise, and write a |̂

c
b to denote that

tp(a/bc) does not fork over c. We assume some familiarity with the
properties of forking in stable theories (see e.g. [39] for a concise intro-
duction to model-theoretic stability, and [40] for a detailed treatement).
We say that a subset A of M is small if |A| ≤ |L|.
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4.1. Abelian m-gons. For a small set A, as usual by its aclA-closure
we mean the algebraic closure over A, i.e. for a set X its aclA-closure
is aclA(X) := acl(A ∪X).

Definition 4.1. 1 We say that a tuple (a1, . . . , am) is an m-gon over a
set A if each type tp(ai/A) is not algebraic, any m− 1 elements of the
tuple are independent over A, and every element is in the aclA-closure
of the rest. We refer to a 3-gon as a triangle.

Definition 4.2. We say that an m-gon (a1, . . . , am) over A with m ≥ 4
is abelian if for any i 6= j ∈ [m], taking āij := (ak)k∈[m]\{i,j}, we have

aiaj |̂
aclA(aiaj)∩aclA(āij)

āij.

Example 4.3. Let A be a small set and let (G, ·, 1G) be an abelian
group type-definable over A. Let g1, . . . , gm−1 ∈ G be independent
generic elements over A, and let gm be such that g1· . . . ·gm = 1G.
Then (g1, . . . , gm) is an abelian m-gon over A associated to G.

Indeed, by assumption we have g1 · g2 ∈ dcl(g1, g2) ∩ dcl(g3, . . . , gm).
Also g1g2 |̂ A g3 . . . gm−1, hence g1g2 |̂ A,g1·g2 g3 . . . gm−1, which together

with gm ∈ dcl(g1 · g2, g3, . . . , gm−1) implies g1g2 |̂ A,g1·g2 g3 . . . gm. As

the group G is abelian, the same holds for any i 6= j ∈ [m] instead of
i = 1, j = 2.

Definition 4.4. Given two tuples ā = (a1, . . . , am), ā′ = (a1, . . . , am)
and a small set A we say that ā and ā′ are acl-equivalent over A if
aclA(ai) = aclA(a′i) for all i ∈ [m]. As usual if A = ∅ we omit it.

Remark 4.5. Note that the condition “ā, ā′ are acl-equivalent” is stronger
than “the tuples ā, ā′ are interalgebraic”, as it requires interalgebraicity
component-wise.

In this section we prove the following theorem.

Theorem 4.6. Let ā = (a1, . . . , am) be an abelian m-gon, over some
small set A. Then there is a finite set C with ā |̂

A
C, a type-definable

(in Meq) over acl(C ∪ A) connected (i.e. G = G0) abelian group (G, ·)
and an abelian m-gon ḡ = (g1, . . . , gm) over acl(C ∪A) associated to G
such that ā and ḡ are acl-equivalent over acl(C ∪ A).

Remark 4.7. After this work was completed, we have learned that in-
dependently Hrushovski obtained a similar result [27].

1An analogous notion in the context of geometric theories was introduced in [10]
under the name of an algebraic m-gon, and it was also used in [15, Section 7].



ELEKES-SZABÓ FOR STABLE AND O-MINIMAL HYPERGRAPHS 31

Remark 4.8. In the case m = 4, Theorem 4.6 follows from the Abelian
Group Configuration Theorem (see [9, Theorem C.2]).

In the rest of the section we prove Theorem 4.6, following the presen-
tation of the Hrushovski’s Group Configuration Theorem in [7, Theo-
rem 6.1] with appropriate modifications.

First note that, adding to the language new constants naming the
elements of acl(A), we may assume without loss of generality that A =
∅ in Theorem 4.6, and hence that all types over the empty set are
stationary.

Given a tuple ā = (a1, . . . am) we will often modify it by applying
the following two operations:

• for a finite set B with ā |̂ B we expand the language by constants
for the elements of acl(B), and refer to this as “base change to B”.
• we replace ā with an acl-equivalent tuple ā′ (over ∅), and refer to this

as “interalgebraic replacing”.

It is not hard to see that these two operations transform an (abelian)
m-gon to an (abelian) m-gon, and we will freely apply them to the
m-gon ā in the proof of Theorem 4.6.

Definition 4.9. We say that a tuple (a1, . . . , am, ξ) is an expanded
abelian m-gon if (a1, . . . , am) as an abelian m-gon, ξ ∈ acl(a1, a2) ∩
acl(a3, . . . , am) and a1a2 |̂ ξ a3 . . . am.

Similarly, base change and interalgebraic replacement transform an ex-
panded abelian m-gon to an expanded abelian m-gon.

From now on, we fix an abelian m-gon ~a = (a1, . . . , am). We also fix
ξ ∈ acl(a1, a2) ∩ acl(a3, . . . , am) such that a1a2 |̂ ξ a3 . . . am (exists by

the definition of abelianity).

Claim 4.10. (a1, a2, ξ) is a triangle and (ξ, a3, . . . , am) is an (m− 1)-
gon.

Proof. For i = 1, 2, since ai |̂ a3, . . . , am and ξ ∈ acl(a3, . . . , am) we
have ai |̂ ξ. Also a1 |̂ a2. Thus the set {a1, a2, ξ} is pairwise indepen-
dent. We also have ξ ∈ acl(a1, a2). From a1a2 |̂ ξ a3 . . . am we obtain

a1 |̂ ξa2 a3 . . . am. Since a1 ∈ acl(a2, . . . , am) we obtain a1 ∈ acl(ξ, a2).

Similarly a2 ∈ acl(ξ, a1), thus (a1, a2, ξ) is a triangle.
The proof that (ξ, a3, . . . , am) is an (m− 1)-gon is similar. �

4.2. Step 1. Obtaining a pair of interdefinable elements. After
applying finitely many base changes and interalgebraic replacements we
may assume that a1 and a2 are interdefinable over ξ, i.e. a1 ∈ dcl(ξ, a2)
and a1 ∈ dcl(ξ, a2).
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Our proof of Step 1 follows closely the proof of the corresponding
step in the proof of [7, Theorem 6.1], but in order to keep track of the
additional parameters we work with enhanced group configurations.

Definition 4.11. An enhanced group configuration is a tuple

(a, b, c, x, y, z, d, e)

satisfying the following diagram.

a
b

c

x
y

z

d

e

That is,

• (a, b, c) is a triangle over de;
• (c, z, x) is a triangle over d;
• (y, x, a) is a triangle over e;
• (y, z, b) is a triangle;
• for any non-collinear triple in (a, b, c, x, y, z), the set given by it and
de is independent over ∅.

If e = ∅ we omit it from the diagram:

a

b
c

x
y

z

d

In order to complete Step 1 we first show a few lemmas.

Lemma 4.12. Let (a, b, c, x, y, z, d, e) be an enhanced group config-
uration. Let z̃ ∈ Meq be the imaginary representing the finite set
{z1, . . . , zk} of all conjugates of z over bcxyd. Then z̃ is interalgebraic
with z.

Proof. It suffices to show that acl(zi) = acl(zj) for all 1 ≤ i, j ≤ k.
Indeed, then z̃ ∈ acl(z1, . . . , zk) = acl(z), and z ∈ acl(z̃) as it satisfies
the algebraic formula “z ∈ z̃”.

We have cd |̂ yz, so cd |̂
z
y, so cdx |̂

z
by. Let B := acl(cdx) ∩

acl(by), then B |̂
z
B, so B ⊆ acl(z). But z ∈ B, so B = acl(z). Then

we also have acl(zi) = B since for each zi there is an automorphism σ
of M with σ(z) = zi and σ(B) = B. �
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Lemma 4.13. Assume that (a, b, c, x, y, z, d, e) is an enhanced group
configuration. Then after a base change it is acl-equivalent to an en-
hanced group configuration (a, b1, c, x, y1, z1, d, e) such that z1 ∈ dcl(b1y1e).
Moreover, b ∈ dcl(b1) and y ∈ dcl(y1).

Proof. Recall that by our assumption all types over the empty set are
stationary.

Let a′d′e′ |= tp(ade)|abcdexyz. We have ade |̂ yz, hence ade |̂ yzb.
Then by stationarity we have a′d′e′ ≡yzb ade. Let x′, c′ be such that
a′d′e′x′c′ ≡yzb adexc. So (a′, b, c′, x′, y, z, d′, e′) is also an enhanced
group configuration. Applying Lemma 4.12 to it, the set z̃′ of con-
jugates of z over ybx′c′d′ is interalgebraic with z, and z̃′ ∈ dcl(ybx′c′d′).

We add acl(a′d′e′) to the base, and take y1 := yx′, b1 := bc′, z1 := z̃′.
Then (a, b1, c, x, y1, z1, d, e) is an enhanced group configuration satisfy-
ing the conclusion of the lemma. �

Lemma 4.14. Let (a, b, c, x, y, z, d, e) be an enhanced group configura-
tion with e ∈ dcl(∅). Then, applying finitely many base changes and
interalgebraic replacements, is can be transformed to a configuration
(a1, b1, c1, x1, y1, z1, d, e) such that y1 and z1 are inter-definable over b1.
(Notice that d and e remain unchanged.)

Proof. Applying Lemma 4.13, after a base change and an interalgebraic
replacement we may assume z ∈ dcl(by).

Next observe that, since e ∈ dcl(∅), the tuple (b, a, c, z, y, x, d, e) is
also an enhanced group configuration.

b
a

c

z
y

x

d

e

By Lemma 4.13, after a base change, it is acl-equivalent to a configu-
ration (b, a1, c, z, y1, x1, d, e) with x1 ∈ dcl(a1, y1) and y ∈ dcl(y1). Thus
after an interalgebraic replacement we may assume that x ∈ dcl(ay)
and z ∈ dcl(by).

Finally, observe that (c, b, a, x, z, y, e, d) is an enhanced group con-
figuration.

c
b

a

x
z

y

e

d

Applying the proof of Lemma 4.13 to it, after base change to an
independent copy c′d′e′ of cde, let a′x′c′d′e′ ≡ybz axcde, let ỹ′ be the
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set of conjugates of y over ba′zx′e′, equivalently over ba′zx′ since e′ ∈
dcl(∅). So y′ ∈ dcl(ba′zx′).

Now since x′ ∈ dcl(a′y) and z ∈ dcl(by) (since this was satisfied on
the previous step), we have zx′ ∈ dcl(ba′y). But then zx′ ∈ dcl(ba′y′)
for any y′ a conjugate of y over ba′zx′, and so zx′ ∈ dcl(ba′ỹ′). We
take b1 := ba′, z1 := zx′ and y1 := ỹ′. Then y1 ∈ dcl(b1z1), and
also z1 ∈ dcl(b1y1), and the tuple (a, b1, c, x, y1, z1, d, e) satisfies the
conclusion of the lemma. �

We can now finish Step 1.
Let (a1, . . . , am, ξ) be an expanded abelian m-gon. Let ã := a5 . . . am

and η := acl(a1a3) ∩ acl(a2a4 . . . am)
It is easy to check that (a3, ξ, a4, η, a1, a2, ã, ∅) is an enhanced group

configuration.

a3

ξ
a4

η
a1

a2

ã

Applying Lemma 4.14, after a base change it is acl-equivalent to an
enhanced group configuration (a′3, ξ

′, a′4, η
′, a′1, a

′
2, ã, ∅) such that a′1 and

a′2 are interdefinable over ξ′. Replacing a1, a2, a3, a4 with a′1, a
′
2, a
′
3, a
′
4,

respectively, and ξ with ξ′ we complete Step 1.

Reduction 1. From now on we assume that in the expanded abelian
m-gon (a1, . . . , am, ξ ) we have that a1 and a2 are interdefinable over ξ.

4.3. Step 2. Obtaining a group from an expanded abelian m-
gon. As in Hrushovski’s Group Configuration Theorem, we will con-
struct a group using germs of definable functions. We begin by recalling
some definitions (see e.g. [7, Section 5.1]).

Let p(x) be a stationary type over a set A. By a definable function
on p(x) we mean a (partial) function f(x) definable over a set B such
that every element a |= p|AB is in the domain of f .

If f and g are two definable functions on p(x), defined over sets B
and C respectively, then we say that they have the same germ at p(x),
and write f ∼p g, if for all (equivalently, some) a |= p|ABC we have
f(a) = g(a). We may omit p and write f ∼ g if no confusion arises.

The germ of a definable function f at p is the equivalence class of f
under this equivalence relation, and we denote it by f̃ .

If p(x) and q(y) are stationary types over ∅, we write f̃ : p→ q if for

some (any) representative f of f̃ definable over B and a |= p|B we have
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f(a) |= q. We say that f̃ is invertible if there exists a germ g̃ : q → p
and for some (any) representative g definable over C and a |= p|BC we

have g(f(a)) = a. We denote g̃ by f̃−1.
By a type-definable family of functions from p to q we mean an ∅-

definable family of functions fz and a stationary type s(z) over ∅ such
that for any c |= s(z) the function fc is a definable function on p, and
for any a |= p|c we have fc(a) |= q(y)|c. We will denote such a family

as fs : p→ q, and the family of the corresponding germs as f̃s : p→ q.
Let p, q, s be stationary types over ∅ and fs : p→ q a type-definable

family of functions. This family is generically transitive if fc(a) |̂ a for
any (equivalently, some) c |= s and a |= p|c. This family is canonical if
for any c, c′ |= s we have fc ∼ fc′ ⇔ c = c′.

We now return to our expanded abelian m-gon (~a, ξ).
Let pi(xi) := tp(ai/∅) for i ∈ {1, 2}, and let q(y) := tp(ξ/∅).
Since a1 and a2 are interdefinable over ξ and ξ ∈ acl(a1, a2), there

exists a formula ϕ(x1, x2, y) over ∅ such that

|= ∀y∀x1∃≤1x2ϕ(x1, x2, y), |= ∀y∀x2∃≤1x1ϕ(x1, x2, y),

|= ∀x1∀x2∃≤dϕ(x1, x2, y),

for some d ∈ N, and also

ϕ(a1, a2, y) ` tp(ξ/a1a2).

It follows that ϕ(x1, x2, r), r |= q gives a type-definable family of in-

vertible germs f̃q : p1 → p2 with fξ(a1) = a2. Let r |= q, b1 |= p1|r and
b2 := fr(b1). By stationarity of types over ∅ we then have b1r ≡ a1ξ,
and as ϕ(b1, x2, r) has a unique solution this implies b1b2r ≡ a1a2ξ, so

b1 |̂ b2, b1 ∈ dcl(b2, r) and r ∈ acl(b1, b2). In particular f̃q : p1 → p2 is
a generically transitive invertible family.

Consider the equivalence relation E(y, y′) on the set of realizations of
q given by rEr′ ⇔ fr ∼ fr′ . By the definability of types it is relatively
definable, i.e. it is an intersection of an ∅-definable equivalence relation
with q(y)∪ q(y′). Assume ξ′ |= q with ξEξ′. We choose b1 |= p1|ξξ′ and
let b2 := fξ(b1) = fξ′(b1). By the choice of ϕ we have ξ, ξ′ ∈ acl(b1, b2),
hence ξ and ξ′ are interalgebraic over b1. Since b1 |̂ ξξ′ it follows that
ξ and ξ′ are interalgebraic over ∅: as b1 |̂ ξ ξ

′ and ξ′ ∈ acl(b1ξ) implies

ξ′ |̂
ξ
ξ′, hence ξ′ ∈ acl(ξ); and similarly ξ ∈ acl(ξ′). Hence the E-class

of ξ is finite. Replacing ξ by ξ/E, if needed, we will assume that the

family f̃q : p1 → p2 is canonical.



36 ARTEM CHERNIKOV, YA’ACOV PETERZIL, AND SERGEI STARCHENKO

We now consider the type-definable family of germs f̃−1
r1
◦f̃r2 : p1 →

p1, (r1, r2) |= q(2). Again let E be a relatively definable equivalence
relation on q(2) defined as (r1, r2)E(r3, r4) if and only if f−1

r1
◦fr2 ∼

f−1
r3
◦ fr4 . Let s(z) be the type q(2)/E. We then have a canonical family

of germs h̃s : p1 → p1 such that for every (r1, r2) |= q(2) there is unique

c |= s(z) with h̃c = f̃−1
r1
◦f̃r2 . We will denote this c as c = df−1

r1
◦fr2e.

Clearly c ∈ dcl(r1, r2), r1 ∈ dcl(c, r2) and r2 ∈ dcl(c, r1).

Lemma 4.15. For any (r1, r2) |= q(2) and c := df−1
r1
◦fr2e we have

r1 |̂ c and r2 |̂ c.

Proof. It is sufficient to prove the lemma for some (r1, r2) |= q(2). We
take r1 := ξ from our abelian expanded m-gon (~a, ξ) and let r2 |=
q|a1,...,am . Let c := df−1

ξ ◦fr2e.
Let ã := (a5, . . . , am) and η := acl(a1a3) ∩ acl(a2a4 . . . am). We have

an enhanced group configuration

a3

ξ
a4

η
a1

a2

ã

In particular (a3, ξ, a4, η, a1, a2) form a group configuration over ã,
i.e. we have a group configuration

a3

ξa4

η
a1

a2

where any three distinct collinear points form a triangle over ã, and
any three distinct non-collinear points form an independent set over ã.

It follows from the proof of the Group Configuration Theorem (e.g. see
Step (II) in the proof of [7, Theorem 6.1]) that c |̂

ã
ξ and c |̂

ã
r2.

We also have r2 |̂ a1 . . . am, hence r2 |̂ a1a2 ã, and as a1a2 |̂ ã this

implies r2a1a2 |̂ ã, which together with ξ ∈ acl(a1a2) implies ξr2 |̂ ã.
Hence c |̂ ξ and c |̂ r2. �

This shows that the families of germs f̃q : p1 → p2, h̃s : p1 → p1

satisfy the assumptions of the Hrushovski-Weil theorem for bijections
(see [7, Lemma 5.4]), applying which we obtain the following.

(a) The family of germs h̃s : p1 → p1 is closed under generic composi-
tion and inverse, i.e. for any independent c1, c2 |= s(z) there exists



ELEKES-SZABÓ FOR STABLE AND O-MINIMAL HYPERGRAPHS 37

c |= s(z) with h̃c = h̃c1◦h̃c2 , and also there is c3 |= s(z) with

h̃c3 = h̃−1
c1

.
(b) There is a type-definable connected group (G, ·) and a type-definable

set S with a relatively definable faithfull transitive action of G on
S that we will denote by ∗ : G × S → S, so that G, S and the
action are defined over the empty set.

(c) There is a definable embedding of s(z) into G as its unique generic
type, and a definable embedding of p1(x1) into S as its unique
generic type, such that the generic action of the family hs on p1

agrees with that of G on S, i.e. for any c |= s(z) and a |= p1(x)|c
we have hc(a) = c ∗ a.

Reduction 2. Let r1, r2 be independent realizations of q(y), c :=
df−1

r1
◦fr2e and s(z) := tp(c/∅).

From now on we assume that s(z) is the generic type of a type defin-
able connected group (G, ·), the group G relatively definably acts faith-
fully and transitively on a type definable set S. The type p1(x1) is the
generic type of S, and generically the action of hs on p1 agrees with
the action of G on S. And G, S and the action are definable over the
empty set.

4.4. Step 3. Finishing the proof. We fix an independent copy (~e, ξe)
of (~a, ξ), i.e. (~e, ξe) ≡ (~a, ξ) and ~eξe |̂ ~aξ.

We denote by π the map π : q(y)|ξe → s(z)|ξe given by π : r 7→
df−1

ξe
◦fre. Note that π is relatively definable over acl(~e). Let

t(x3, . . . , xm) := tp(a3, . . . , am/∅),
tξ(y, x3, . . . , xm) := tp(ξ, a3, . . . , am/∅).

Note that by Claim 4.10 every tuple realizing tξ is an (m− 1)-gon.

Notation 4.16. For a tuple c̄ = (c3, . . . , cm), j ∈ {3, . . . ,m} and � ∈ {<
,≤, >,≥}, we will denote by c̄�j the tuple c̄�j = (ci : 3 ≤ i ≤ m∧ i�j).
For example, c̄<j = (c3, . . . , cj−1). We will typically omit the concatena-
tion sign: e.g., for c̄ = (c3, . . . , cm), b̄ = (b3, . . . , bm) and j ∈ {3, . . . ,m}
we denote by c̄<j, bj, c̄>j the tuple (c3, . . . , cj−1, bj, cj+1, . . . , cm).

Also in the proof of the next proposition we let ā := (a3, . . . , am), ē :=
(e3, . . . , em), and continue using ~a and ~e to denote the corresponding
m-tuples.

Proposition 4.17. For each j ∈ {3, . . . ,m} there exists rj |= q(y)|ξe
such that |= tξ(rj, ē<j, aj, ē>j) and π(ξ) = π(rm) · π(rm−1) · . . . · π(r3).
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We will choose such rj by reverse induction on j. Before proving
Proposition 4.17 we first establish the following lemma and its corollary
that will provide the induction step.

Lemma 4.18. For j ∈ {4, . . . ,m} there exist r<j, rj, r≤j, each re-
alizing q(y)|ξe, such that |= tξ(r<j, ā<j, ē≥j), |= tξ(rj, ē<j, aj, ē>j), |=
tξ(r≤j, ā≤j, ē>j) and π(r≤j) = π(rj) · π(r<j).

Proof. First we note that the condition r<j, rj, r≤j |= q(y)|ξe can be re-
laxed to r<j, rj, r≤j |= q(y) by stationarity of q, since for j ∈ {4, . . . ,m}
and r |= q(y) satisfying one of |= tξ(r, ā<j, ē≥j), |= tξ(r, ē<j, aj, ē>j),
|= tξ(r, ā≤j, ē>j) we have r |̂ ξe. Indeed, assume e.g. |= tξ(r, ā<j, ē≥j).
We have r ∈ acl(ā<j, ē≥j) and ξe ∈ acl(e3, . . . , em). By assumption
{e3, . . . , em, a3, . . . , am} is an independent set, hence we obtain r |̂

ē≥j
ξe.

Using ξe |̂ ē≥j we conclude r |̂ ξe. The other two cases are similar.
Let η := aclē>j(e1, ej)∩ aclē>j(e2, e3, . . . , ej−1). Note that acl(η) = η,

hence all types over η are stationary, and ē>j ∈ η.
Then one verifies by basic forking calculus that

(4.1) ej
ξe

ej−1

η
e1

e2

ē<j−1

is an enhanced group configuration over ē>j. Namely,

• (ej, ξe, ej−1) and (η, e2, ej−1) are triangles over ē<j−1, ē>j;
• (e1, η, ej) and (e1, e2, ξe) are triangles over ē>j;
• for any non-collinear triple in e1, e2, ej−1, ej, η, ξe, the set given by it

and ē<j−1 is independent over ē>j.

In addition, e1e2ξe |̂ ē>j and fξe(e1) = e2.

The triple η, ej, ej−1 is non-collinear, hence η |̂
ē>j

e3 . . . ej. Since

ē>j |̂ e3 . . . ej, this implies η |̂ e3 . . . ej. Since also η |̂ a3 . . . aj, by
stationarity of types over ∅ we have a3 . . . aj ≡η e3 . . . ej. Hence there
exist r≤j, b1, b2 such that the diagram

(4.2) aj
r≤j

aj−1

η
b1

b2

ā<j−1

is isomorphic over η to the diagram (4.1). I.e., there is an automor-
phism of M fixing η (hence also ē>j) and mapping (4.2) to (4.1).

It follows from the choice of the tuple (~e, ξe), diagrams (4.1), (4.2)
and their isomorphism over η that e1ej |̂ η e2 . . . ej−1 and b1aj ≡η e1ej.
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Since aj |̂ e1 . . . em we have aj |̂ η e2 . . . ej−1. As b1 ∈ acl(ajη), we have

b1aj |̂ η e2 . . . ej−1. Since all types over η are stationary, this implies

b1aje2 . . . ej−1 ≡η e1eje2 . . . ej−1, hence there exists rj such that the
diagram

(4.3) aj
rj

ej−1

η
b1

e2

ē<j−1

is isomorphic to the diagram (4.1) over η.
A similar argument with the roles of the a’s and the e’s interchanged

shows that there exists r<j such that the diagram

(4.4) ej
r<j

aj−1

η
e1

b2

ā<j−1

is isomorphic to the diagram (4.1) over η.
From the choice of (~e, ξe) and the isomorphisms of the diagrams we

have

(4.5) (fr<j ◦ f−1
ξe
◦ frj)(b1) = b2 = fr≤j(b1).

We claim that b1 |̂ r<j, ξe, rj, r≤j. Indeed, as

r<j, ξe, rj, r≤j ∈ acl(a3, . . . , am, e3, . . . em) and

e2 |̂ a3, . . . , am, e3, . . . em,

we obtain e2 |̂ r<j, ξe, rj, r≤j, hence e2 |̂ rj r<j, ξe, r≤j. As b1 ∈ acl(e2, rj)

we have b1 |̂ rj r<j, ξe, r≤j. Using b1 |̂ rj we conclude

(4.6) b1 |̂ r<j, ξe, rj, r≤j.
It follows from (4.5) and (4.6) that

f̃r<j ◦ f̃−1
ξe
◦ f̃rj = f̃r≤j ,

and hence

(4.7)
(

(f̃−1
ξe
◦ f̃r<j) ◦ (f̃−1

ξe
◦ f̃rj)

)
= f̃−1

ξe
◦ f̃r≤j .

As noted at the beginning of the proof, we have that rj, r<j, r≤j |=
q(y)|ξe , and we define c0, c1, c2 |= s(z)|ξe as follows:

c0 := π(r<j) = df−1
ξe
◦fr<je,

c1 := π(rj) = df−1
ξe
◦frje,

c2 := π(r≤j) = df−1
ξe
◦fr≤je.
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By (4.7), to conclude that c2 = c0 · c1 in G and finish the proof of
the lemma it is sufficient to show that c0 |̂ c1.

As r<j ∈ acl(ā<j, ē≥j), rj, ξe ∈ acl(ē, aj), and {e3, . . . , em, aj, ā<j}
is an independent set, we have r<j |̂ ē≥j rjξe. Since r<j |̂ ē≥j (as

(r<j, ā<j, ē≥j) is an (m − 1)-gon) we also have r<j |̂ ξe rj. It follows

then that c0 |̂ ξe c1. Since, by Lemma 4.15, c0 |̂ ξe we have c0 |̂ c1.

This concludes the proof of Lemma 4.18. �

Corollary 4.19. For any j ∈ {4, . . . ,m}, let r≤j |= q(y)|ξe with
|= tξ(r≤j, ā≤j, ē>j). Then there exist r<j, rj |= q(y)|ξe such that |=
tξ(r<j, ā<j, ē≥j), |= tξ(rj, ē<j, aj, ē>j) and π(r≤j) = π(rj) · π(r<j).

Proof. It is sufficient to show that for any r, r′ with |= tξ(r, ā≤j, ē>j),
|= tξ(r

′, ā≤j, ē>j) we have rāē ≡ r′āē. Indeed, given any (r′≤j, r
′
j, r
′
>j)

satisfying the conclusion of Lemma 4.18, we then have an automor-
phism σ of M fixing āē with σ(r′≤j) = r≤j; as the map π is relatively
definable over acl(ē), it then follows that r<j := σ(r′<j), rj := σ(r′j)
satisfy the requirements.

We have rā≤j ē>j ≡ r′ā≤j ē>j. As ē |̂ ā and each of ē, ā is an m− 2-
tuple from the corresponding m-gon, we get ā≤j ē>j |̂ ā>j ē≤j. Also
r, r′ ∈ acl(ā≤j ē>j), as any realization of tξ is an (m − 1)-gon, hence
rr′ā≤j ē>j |̂ ā>j ē≤j. As all types over the empty set are stationary, we
conclude rāē ≡ r′āē. �

We can now finish the proof of Proposition 4.17.

Proof of Proposition 4.17. We start with r≤m := ξ. Applying Corol-
lary 4.19 with j := m, we obtain rm and r<m with π(ξ) = π(rm)·π(r<m).

Applying Corollary 4.19 again with j := m − 1 and r≤m−1 := r<m
we obtain rm−1 and r<m−1 with π(ξ) = π(rm) · π(rm−1) · π(r<m−1).

Continuing this process with j := m − 2, . . . , 4 we obtain some
rm−2, . . . , r4, r<4 with π(ξ) = π(rm) · . . . · π(r4) · π(r<4). We take
r3 := r<4, which concludes the proof of the proposition. �

Proposition 4.20. There exist r1, r2 |= q(y)|ξe such that fr1(a1) = e2,
fr2(e1) = a2 and π(r2) · π(r1) = π(ξ).

Proof. We choose r1 |= q(y) with fr1(a1) = e2 (possible by generic
transitivity: as a1 |̂ e2, hence a1e2 ≡ a1a2 by stationarity of types
over ∅; and as fξ(a1) = a2, we can take r1 to be the image of ξ
under the automorphism of M sending (a1, a2) to (a1, e2)). We also
have r1 |̂ ξe (a1 |̂ ~e and e2 |̂ ē by the choice of ~e, so a1e2 |̂ ē; as
r1 ∈ acl(a1, e2), ξe ∈ acl(ē), we conclude r1 |̂ ξe), hence r1 |= q|ξe by
stationarity again.
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Similarly ξ |̂ ξer1, hence ξ |̂ df−1
r1
◦fξee. By Lemma 4.15 we aslo

have r1 |̂ df−1
r1
◦fξee. By stationarity of q this implies ξ ≡df−1

r1
◦fξee

r1,

so there exists some r2 |= q such that ξr2 ≡df−1
r1
◦fξee

r1ξe. Hence

f̃−1
ξ ◦f̃r2 = f̃−1

r1
◦f̃ξe ,

equivalently

(4.8) f̃r2 = f̃ξ◦f̃−1
r1
◦f̃ξe .

In particular, r2 ∈ acl(ξ, r1, ξe).
We claim that e1 |̂ r2ξr1ξe. Since ξe ∈ acl(e1, e2), r1 ∈ acl(a1, e2)

and {a1, e1, e2} is an independent set, we have r1 |̂ e2 e1ξe. Using

r1 |̂ e2 we deduce r1 |̂ e1ξe. As ξe |̂ e1, it implies that {r1, e1, ξe}
is an independent set. We have r1, e1, ξe ∈ acl(a1, e1, e2) and ξ ∈
acl(a1, a2). Using independence of a1, a2, e1, e2 we obtain ξ |̂

a1
e1ξer1.

Since ξ |̂ a1, we have that ξ |̂ e1r1ξe, hence {ξ, e1, r1, ξe} is an in-
dependent set and e1 |̂ ξr1ξe. As r2 ∈ acl(ξ, r1, ξe) we can conclude
e1 |̂ r2ξr1ξe.

It then follows from (4.8) that

fr2(e1) = (fξ◦f−1
r1
◦fξe)(e1) = a2,

so fr2(e1) = a2.
It also follows from (4.8) that(

(f̃−1
ξe
◦ f̃r2) ◦ (f̃−1

ξe
◦ f̃r1)

)
= f̃−1

ξe
◦ f̃ξ.

We let

c1 := π(r1) = df−1
ξe
◦fr1e and c2 := π(r2) = df−1

ξe
◦fr2e.

To show that c2 · c1 = π(ξ) and finish the proof of the proposition it is
sufficient to show that c1 |̂ c2.

Since r1 ∈ acl(a1, e2), r2 ∈ acl(e1, a2) and ξe ∈ acl(e1, e2), we obtain
r1 |̂ e2 r2ξe. Using r1 |̂ e2 we deduce r1 |̂ r2ξe, hence r1 |̂ ξe r2. It

follows then that c1 |̂ ξe c2 and, as c1 |̂ ξe, we obtain c1 |̂ c2. �

Combining Propositions 4.20 and 4.17, we obtain some r1, . . . , rm |=
q(y)|ξe such that each ri is interalgebraic with ai over {e1, . . . , em} and

π(r2) · π(r1) = π(rm) · . . . · π(r3).

Obviously each ri is also interalgebraic over {e1, . . . , em} with π(ri).
Thus, after a base change to {e1, . . . , em} and interalgebraically re-

placing a1 with π(r1)−1, a2 with π(r2)−1, and ai with π(ri) for i ∈
{3, . . . ,m}, and using that permuting the elements of an abelian m-
gon we still obtain an abelian m-gon, we achieve the following.
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Reduction 3. We may assume that a1, . . . , am realize the generic
type s(z) of a connected group G that is type-definable over the empty
set, with a1 · a2 · am · . . . · a3 = 1G.

To finish the proof of Theorem 4.6 it only remains to show that the
group G is abelian. We deduce it from the Abelian Group Configura-
tion Theorem, more precisely [9, Lemma C.1].

Claim 4.21. Let G be a connected group type-definable over the empty
set, m ≥ 4 and g1, . . . , gm are generic elements of G such that g1, . . . , gm
form an abelian m-gon and g1 · . . . · gm = 1G. Then the group G is
abelian.

Proof. Let B := acl(g5, . . . , gm). We have that g1, . . . , g4 are generics
of G over B, and they form an abelian 4-gon over B. Since g4 is
interalgebraic over B with g1·g2·g3, we have that g1, g2, g3, g1·g2·g3 form
an abelian 4-gon over B. Let D := aclB(g1, g3)∩ aclB(g2, g1·g2·g3). We
have g1, g3 |̂ D g2, g1·g2·g3, hence

g1·g2·g3 ∈ aclB(g2, D) = aclB
(
g2, aclB(g1, g3) ∩ aclB(g2, g1·g2·g3)

)
.

By [9, Lemma C.1], the group G is abelian. �

5. Main theorem in the stable case

Throughout the section we work in a complete theory T in a language
L. We fix an |L|+-saturated modelM = (M, . . .) of T , and also choose
a large saturated elementary extension M ofM. We say that a subset
A of M is small if |A| ≤ |L|. Given a definable set X in M, we will
often view it as a definable subset of M, and sometimes write explicitly
X(M) to denote the set of tuples in M realizing the formula defining
X.

5.1. On the notion of p-dimension. We introduce a basic notion of
dimension in an arbitrary theory imitating the topological definition
of dimension in o-minimal structures, but localized at a given tuple of
commuting definable global types. We will see that it enjoys definabil-
ity properties that may fail for Morley rank even in nice theories such
as DCF0.

Definition 5.1. If X is a definable set in M and F is a family
of subsets of X, we say that F is a definable family (over a set of
parameters A) if there exists a definable set Y and a definable set
D ⊆ X × Y (both defined over A) such that F = {Db : b ∈ Y }, where
Db = {a ∈ X : (a, b) ∈ D} is the fiber of D at b.
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Definition 5.2. (1) By a p-pair we mean a pair (X, pX) where X is
an ∅-definable set and pX ∈ S(M) is an ∅-definable stationary type
on X.

(2) Given s ∈ N, we say that (Xi, pi)i∈[s] is a p-system if each (Xi, pi)
is a p-pair and the types p1, . . . , ps commute, i.e. pi ⊗ pj = pj ⊗ pi
for all i, j ∈ [s].

Example 5.3. Assume T is a stable theory, (pi)i∈[s] are arbitrary types
over M and Xi ∈ pi are arbitrary definable sets. By local character
we can choose a model M0 � M with |M0| ≤ |L| such that each
pi is definable (and stationary) over M0 and Xi, i ∈ [s] are definable
overM0. The types (pi)i∈[s] automatically commute in a stable theory.
Hence, naming the elements ofM0 by constants, we obtain a p-system.

Assume now that (Xi, pi)i∈[s] is a p-system. Given u ⊆ [s], we let
πu :

∏
i∈[s] Xi →

∏
i∈uXi be the projection map. For i ∈ [s], we let

πi := π{i}. Given u, v ⊆ [s] with u ∩ v = ∅, a = (ai : i ∈ u) ∈
∏

i∈u
and b = (bi : i ∈ v) ∈

∏
i∈vXi, we write a ⊕ b to denote the tuple

c = (ci : i ∈ u ∪ v) ∈
∏

i∈u∪vXi with ci = ai for i ∈ u and ci = bi
for i ∈ v. Given Y ⊆

∏
i∈[s] Xi, u ⊆ [s] and a ∈

∏
i∈uXi, we write

Ya := {b ∈
∏

i∈[s]\uXi : a⊕ b ∈ Y } to denote the fiber of Y above a.

Example 5.4. If F is a definable family of subsets of
∏

i∈[s] Xi and u ⊆
[s], then {πu(F ) : F ∈ F} and {Fa : F ∈ F , a ∈

∏
i∈uXi} are definable

families of subsets of
∏

i∈uXi (over the same set of parameters).

Definition 5.5. Let ā = (a1, . . . , as) ∈ X1 × · · · × Xs and A a small
subset of M.

(1) We say that ā is p-generic in X1×· · ·×Xs over A if (a1, . . . , as) |=
p1 ⊗ · · · ⊗ ps�A.

(2) (a) For k ≤ s we write dimp(ā/A) ≥ k if for some u ⊆ [s] with
|u| ≥ k the tuple πu(ā) is p-generic (with respect to the corre-
sponding p-system {(Xi, pi) : i ∈ u}).

(b) As usual, we define dimp(ā/A) = k if dimp(ā/A) ≥ k and it is
not true that dimp(ā/A) ≥ k + 1.

(3) If q(x̄) ∈ S(A) and q(x̄) ` x̄ ∈ X1 × . . .×Xs, we write dimp(q) :=
dimp(ā/A) for some (equivalently, any) ā |= q.

(4) For a subset Y ⊆ X1× · · · ×Xs definable over A, we define

dimp(Y ) := max {dimp(ā/A) : ā ∈ Y }
= max {dimp(q) : q ∈ S(A), Y ∈ q} ,

note that this does not depend on the set A such that Y is A-
definable.
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(5) As usual, for a definable subset Y ⊆ X1× · · · ×Xs we say that Y
is a p-generic subset of X1× · · · ×Xs if dimp(Y ) = s (equivalently,
Y is contained in p1 ⊗ · · · ⊗ ps.)

If A = ∅ we will omit it.

Remark 5.6. It follows from the definition that for a definable Y ⊆
X1× · · ·×Xs, dimp(Y ) is the maximal k such that the projection of
Y onto some k coordinates is generic. As usual, for a definable Y ⊆
X1 × · · · × Xs and small A ⊆ M we say that an element a ∈ Y is
generic in Y over A if dimp(a/A) = dimp(Y ).

Remark 5.7. It also follows that if N � M is an arbitrary |L|+-
saturated model and p′i := pi|N ∈ S(N ) is the unique definable ex-
tension, for i ∈ [s], then (Xi(N ), p′i)i∈[s] is a p-system in N , and for
every definable subset Y ⊆ X1 × . . . × Xs in M we have dimp(Y ) =
dimp(Y (N )), where the latter is calculated in N with respect to this
p-system.

Claim 5.8. Let F be a definable (over A) family of subsets of X1 ×
· · · ×Xs and k ≤ s. Then the family

{F ∈ F : dimp(F ) = k}
is definable (over A as well).

Proof. Assume that F = {Db : b ∈ Y } for some definable Y and
definable D ⊆ (X1× . . .×Xs)×Y . Given 0 ≤ k ≤ s, let Yk := {b ∈ Y :
dimp(Db) = k}, it suffices to show that Yk is definable. As every pi is
definable, for every u ⊆ [s], the type pu =

⊗
i∈u pi is also definable. In

particular, there is a definable (over any set of parameters containing
the parameters of Y and D) set Zu ⊆ Y such that for any b ∈ Y ,
πu(Db) ∈ pu ⇐⇒ b ∈ Zu. Then Yk is definable as

Yk =

 ∨
u⊆[s],|u|=k

b ∈ Zu

 ∧
 ∧
u⊆[s],|u|>k

b /∈ Zu

 .

�

The following lemma shows that p-dimension is “sub-additive”.

Lemma 5.9. Let Y ⊆ X1× · · ·×Xs be definable and u ⊆ [s]. Assume
that 0 ≤ n ≤ [s] is such that for every a ∈ πu(Y ) we have dimp(Ya) ≥ n.
Then dimp(Y ) ≥ dimp(πu(Y )) + n.

Proof. Assume that Y is definable over a small set of parameters A,
and that dimp(πu(Y )) = m. Then there is some u∗ ⊆ u, |u∗| = m such
that πu∗(Y )(πu(Y )) = πu∗(Y ) ∈ pu∗ =

⊗
i∈u∗ pi.
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For v ⊆ [s] \ u, let Zv := {a ∈ πu(Y ) : πv(Ya) ∈ pv}, where pv =⊗
i∈v pi. As in Claim 5.8, each Zv is definable over A, by definability

of pv. As dimp(Ya) ≥ n for every a ∈ πu(Y ) by assumption, we have
πu(Y ) ⊆

⋃
v⊆[s]\u,|v|=n Zv. Then we must have πu∗(Zv∗) ∈ pu∗ for at

least one v∗ ⊆ [s] \ u, |v∗| = n. Now let a |= pu∗|A, b |= pv∗|Aa. Then
a ∈ πu∗(Zv∗), hence there exists some a′ ∈

∏
i∈u\u∗ Xi such that a⊕a′ ∈

Zv∗ , which by definition of Zv∗ implies that πv∗(Ya⊕a′) ∈ pv∗ , which
implies πv∗(Ya) ∈ pv∗ , so b ∈ πv∗(Ya), hence a⊕ b ∈ πu∗∪v∗(Y ). As the
types p1, . . . , ps commute, a ⊕ b |= pu∗∪v∗|A, hence πu∗∪v∗(Y ) ∈ pu∗∪v∗
and |u∗ ∪ v∗| = m+ n, which implies dimp(Y ) ≥ m+ n. �

5.2. Fiber-algebraic relations and p-irreducibility.

Definition 5.10. Given a definable set Y ⊆
∏

i∈[s] Xi and a small set
of parameters C ⊆ M so that Y is defined over C, we say that Y is
p-irreducible over C if there do not exist disjoint sets Y1, Y2 definable
over C with Y = Y1 ∪ Y2 and dimp(Y1) = dimp(Y2) = dimp(Y ).

We say that Y is absolutely p-irreducible if it is irreducible over any
small set C ⊆M such that Y is defined over C.

Remark 5.11. It follows from the definition of p-dimension that a de-
finable set Y ⊆ X1× . . .×Xs is p-irreducible over C if and only if any
two tuples generic in Y over C have the same type over C.

Lemma 5.12. If Q(x̄) ⊆ X1× . . .×Xs is fiber-algebraic of degree ≤ d,
then the set

{q ∈ Sx̄(M) : Q ∈ q and dimp(q) ≥ s− 1}

has cardinality at most sd.

Proof. Assume towards a contradiction that q1, . . . , qsd+1 are pairwise
different types in this set. Then there exist some formulas ψi(x̄) with
parameters in M such that ψi(x̄) ∈ qi and ψi(x̄) → ¬ψj(x̄) for all
i 6= j ∈ [sd+ 1]. Let C ⊆M be the (finite) set of the parameters of Q
and ψi, i ∈ [sd + 1]. For each i ∈ [sd + 1], as (ψi(x̄) ∧Q(x̄)) ∈ qi, we
have dimp (ψi(x̄) ∧Q(x̄)) ≥ s − 1, which by definition of p-dimension
implies ∃xk (ψi(x̄) ∧Q(x̄)) ∈

⊗
`∈[s]\{k} p` for at least one k ∈ [s]. By

pigeonhole, there must exist some k′ ∈ [s] and some u ⊆ [sd + 1]
such that |u| ≥ d + 1 and ∃xk′ (ψi(x̄) ∧Q(x̄)) ∈

⊗
`∈[s]\{k′} p` for all

i ∈ u. Now let ā = (a` : ` ∈ [s] \ {k′}) be a tuple in M satisfying

ā |=
(⊗

`∈[s]\{k′} p`

)
|C . By the choice of u, for each i ∈ u there exists

some bi in M such that (ψi ∧Q) (a1, . . . , ak′−1, bi, ak′+1, . . . , as) holds.
By the choice of the formulas ψi, the elements (bi : i ∈ u) are pairwise
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distinct, and |u| > d — contradicting that Q is fiber-algebraic of degree
d. �

Corollary 5.13. Every fiber-algebraic Q ⊆ X1× . . .×Xs of degree ≤ d
is a union of at most sd absolutely p-irreducible sets (which are then
automatically fiber-algebraic, of degree ≤ d).

Proof. Let (qi : i ∈ [D]) be an arbitrary enumeration of the set

{q ∈ Sx̄(M) : Q ∈ q ∧ dimp(q) ≥ s− 1} ,
we have D ≤ sd by Lemma 5.12. We can choose formulas (ψi(x̄) : i ∈
[D]) with parameters overM such that ψi(x̄) ∈ qi and ψi(x̄)→ ¬ψj(x̄)
for all i 6= j ∈ [D]. Let Qi(x̄) := Q(x̄) ∧ ψi(x̄), then Q =

⊔
i∈[D] Qi and

each Qi is absolutely p-irreducible (by Remark 5.11, as every generic
tuple in Qi over a small set C has the type qi|C). �

Lemma 5.14. If Q ⊆
∏

i∈[s]Xi is p-irreducible over a small set of

parameters C and dimp(Q) = s − 1, then for any i ∈ [s] and any tu-
ple ā = (aj : j ∈ [s] \ {i}) which is p-generic in

∏
j∈[s]\{i}Xj over C

(i.e. ā |= (
⊗

j∈[s]\{i} pj)|C), if Q(a1, . . . , ai−1, xi, ai+1, . . . , as) is consis-

tent then it implies a complete type over C ∪ {aj : j ∈ [s] \ {i}}.

Proof. Otherwise there exist two types rt ∈ Sxi(Cā), t ∈ {1, 2} such
that r1 6= r2 and Q(a1, . . . , ai−1, xi, ai+1, . . . , as) ∈ rt for both t ∈ {1, 2}.
Then there exist some formulas ϕt(x̄), t ∈ {1, 2} with parameters in C
such that ϕt(a1, . . . , ai−1, xi, ai+1, . . . , as) ∈ rt, ϕ1(x̄) → ¬ϕ2(x̄) and
ϕ2(x̄)→ ¬ϕ1(x̄). In particular, by assumption on ā,

dimp (Q(x̄) ∧ ϕt(x̄)) ≥ s− 1

for both t ∈ {1, 2} — contradicting irreducibility of Q over C. �

5.3. On general position. We recall the notion of general position
from Definition 1.5, specialized to the case of p-dimension.

Definition 5.15. Let (X, p) be a p-pair, and let F be a definable family
of subset of X. For ν ∈ N, we say that a set A ⊆ X is in (F , ν)-general
position if for every F ∈ F with dimp(F ) < 1 we have |A ∩ F | ≤ ν.

We extend this notion to cartesian products of p-pairs.

Definition 5.16. For sets X1×X2× · · ·×Xs and an integer n ∈ N, by
an n-grid on X1× · · ·×Xs we mean a set of the form A1×A2× · · ·×As
with Ai ⊆ Xi and |Ai| ≤ n for all i ∈ [s].

Definition 5.17. Let s ∈ N and (Xi, pi), i ∈ [s], be p-pairs. Let ~F be

a definable system of subsets of (Xi, pi), i ∈ [s], i.e. ~F = (F1, . . . ,Fs)
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where each Fi is a definable family of subsets of Xi. For ν ∈ N, we say
that a grid A1 × · · ·×As on X1× · · ·×Xs is in ( ~F , ν)-general position
if each Ai is in (Fi, ν)-general position.

We will need a couple of auxiliary lemmas bounding the size of the
intersection of sets in a definable family with finite grids in terms of
their p-dimension.

Lemma 5.18. Let s ∈ N≥1, (Xi, pi)i∈[s] a p-system, and G a definable
family of subsets of X1 × · · · × Xs such that dimp(G) = 0 for every

G ∈ G. Then there is a definable system of subsets ~F = (F1, . . . ,Fs)
such that: for any finite grid A = A1 × · · · × As on X1 × · · · ×Xs in
( ~F , ν)-general position and any G ∈ G we have |G ∩ A| ≤ νs.

Proof. We prove the lemma by induction on s.
The case s = 1 is obvious since we can take F1 := G.
For the induction step, assume that G is a definable family of subsets

X1 × · · · × Xs+1 with dimp(G) = 0 for all G ∈ G. For G ∈ G, we let
G1 := π1(G). It follows that dimp(G1) = 0 for every G ∈ G. Also, for
g ∈ G1, we denote by Gg the fiber of G at g, namely the set

Gg =

{
(g2, . . . , gs+1) ∈

∏
2≤i≤s+1

Xi : (g, g2 . . . , gs+1) ∈ G

}
.

Again we have dimp(Gg) = 0 (as Gg is contained in the projection of
G onto the corresponding coordinates).

We now apply the induction hypothesis to the definable family

G∗ = {Gg : G ∈ G, g ∈ G1}
of subsets of X2 × · · · × Xs+1, and obtain a corresponding definable

system of subsets ~F∗ = (F∗i : 2 ≤ i ≤ s+ 1) satisfying the conclusion

of the lemma. We let ~F = (Fi : i ∈ [s + 1]) be a system of subsets
of X1 × . . . × Xs+1 defined by taking Fi := F∗i for 2 ≤ i ≤ s + 1 and
F1 := {G1 : G ∈ G}.

Let now A = A1 × · · · × As+1 be a finite grid on X1 × · · · × Xs+1

in ( ~F , ν)-general position. Let G ∈ G be arbitrary. Then we have
|G1∩A1| ≤ ν, and for every g ∈ G1∩A1 we also have |Gg ∩ (A2×· · ·×
As+1)| ≤ νs from the inductive assumption. Hence |G∩A| ≤ νs+1. �

Lemma 5.19. There exists a function C : N3 → N satisfying the
following. Let s ∈ N≥1 and (Xi, pi)i∈[s] be a p-system, and G a definable
family of subset of X1× · · · ×Xs. Assume that for some 0 ≤ k ≤ s we
have dimp(G) ≤ k for every G ∈ G. Then there is a definable system
~F = (F1, . . . ,Fs) of subsets of X1 × . . .×Xs such that: for any n-grid
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A = A1×· · ·×As on X1×· · ·×Xs in ( ~F , ν)-general position, for every
G ∈ G we have |G ∩ A| ≤ C(k, s, ν)nk.

In fact, we can take C(k, s, ν) := skνs−k for all k, s, ν.

Proof. Given s ≥ k and ν, we let C(k, s, ν) be the smallest number
in N (if it exists) so that the claim holds (with respect to all possible
p-systems (Xi, pi)i∈[s] and definable families G). We will show that
C(k, s, ν) ≤ skνs−k for all s ≥ k ≥ 0 and ν.

For any s ∈ N≥1 and k = 0, the claim holds by Lemma 5.18 with
C(0, s, ν) = νs. For any s ∈ N≥1 and k = s, the claim trivially holds
with C(s, s, ν) = 1 (and Fi = ∅, i ∈ [s]).

We fix s > k ≥ 1 and assume that the claim holds for all pairs
s′ ≥ k′ ≥ 0 with either s′ < s or k′ < k. Assume that dimp(G) ≤ k
for every G ∈ G. Given G ∈ G, let G′ := {g ∈ π1(G) : dimp(Gg) ≥ k}.
Then F1 := {G′ : G ∈ G} is a definable family of subsets of X1 by
Claim 5.8. By assumption and Lemma 5.9 we have dimp(G

′) = 0 for
every G ∈ G. Let

G∗ := {Gg : G ∈ G ∧ g ∈ π1(G)},
G∗<k := {Gg : G ∈ G ∧ g ∈ π1(G) ∧ dimp(Gg) < k}.

Both G∗ and G∗<k (by Claim 5.8) are definable families of subsets of∏
2≤i≤sXi, all sets in G∗ have p-dimension ≤ k, and all sets in G∗<k have

p-dimension ≤ k− 1. Applying the (k, s− 1)-induction hypothesis, let
~F∗ = (F∗i : 2 ≤ i ≤ s) be a definable system of subsets of X2× . . .×Xs

satisfying the conclusion of the lemma with respect to G∗. Applying
the (k−1, s−1)-induction hypothesis, let ~F∗<k =

(
F∗<k,i : 2 ≤ i ≤ s

)
be

a definable system of subsets of X2× . . .×Xs satisfying the conclusion
of the lemma with respect to G∗<k. We let ~F = (Fi : i ∈ [s]) be a
definable system of subsets of X1 × . . . × Xs, with F1 defined above
and Fi := F∗i ∪ F∗<k,i for 2 ≤ i ≤ s.

Let now ν ∈ N and A = A1×· · ·×As be a finite grid on X1×· · ·×Xs

in ( ~F , ν)-general position. Let G ∈ G be arbitrary. As G′ ∈ F0, we

have in particular that |G′∩A1| ≤ ν, and by the choice of ~F∗, for every
g ∈ G′ ∩A1 we have |Gg ∩ (A2 × . . .×As)| ≤ C(k, s− 1, ν)nk. And by

the choice of ~F∗<k, for every g ∈ A1\G′, we have |Gg∩(A2× . . .×As)| ≤
C(k − 1, s− 1, ν)nk−1. Combining, we get

|G ∩ (A1 × . . .× As)| ≤
νC(k, s− 1, ν)nk + (n− ν)C(k − 1, s− 1, ν)nk−1 ≤(

νC(k, s− 1, ν) + C(k − 1, s− 1, ν)
)
nk.
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This establishes a recursive bound on C(k, s, ν). Given s ≥ k ≥ 1, we
can repeatedly apply this recurrence for s, s− 1, . . . , k, and using that
C(s, s, ν) = 1 for all s, ν we get that

C(k, s, ν) ≤ νs−k +
s−k∑
i=1

νi−1C(k − 1, s− i, ν)

for any s ≥ k ≥ 1. Using that C(0, s, ν) = νs for all s, ν and iterating
this inequality for 0, 1, . . . , k, it is not hard to see that C(s, k, ν) ≤
skνs−k for all s, k, ν. �

5.4. Main theorem: the statement and some reductions. From
now on we will assume additionally that the theory T is stable and
eliminates imaginaries, i.e. T = T eq (we refer to e.g. [51] for a general
exposition of stability). As before, M is an |L|+-saturated model of
T , and we assume that (Xi, pi)i∈[s] is a p-system in M, with each pi
non-algebraic.

Remark 5.20. Note that if Q ⊆ X1×· · ·×Xs is a fiber-algebraic relation
of degree d, then for any n-grid A ⊆

∏
i∈[s] Xi we have

|Q ∩ A| ≤ dns−1 = Od(n
s−1).

Definition 5.21. Let Q ⊆ X1× · · · ×Xs be a fiber-algebraic relation.

(1) Given a real ε > 0, we say that Q admits ε-power saving if there

is ε > 0 and definable families Fi on Xi, such that for ~F = (Fi)i≤s
and any ν ∈ N, for any n-grid A = A1× · · ·As on X1× · · · ×Xs in
( ~F , ν)-general position we have

|Q ∩ A| = Oν

(
n(s−1)−ε) .

(2) We say that Q admits power saving if it admits ε-power saving for
some ε > 02.

(3) We say that Q is special if it does not admit power-saving.

We recall Definition 1.6, specializing to p-dimension.

Definition 5.22. LetQ ⊆
∏

i∈[s] Xi be a definable relation and (G, ·, 1G)

a type-definable group in M (over a small set of parameters A). We
say that Q is in a p-generic correspondence with G (over A) if there
exist elements g1, . . . , gs ∈ G(M) such that:

(1) g1 · . . . · gs = 1G;
(2) g1, . . . , gs−1 are independent generics in G over A (in the usual sense

of stable group theory);

2We are following the terminology in [8].
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(3) for each i ∈ [s] there is a generic element ai ∈ Xi realizing pi|A and
interalgebraic with gi over A, such that M |= Q(a1, . . . , as).

Remark 5.23. IfQ is p-irreducible overA, then (3) holds for all g1, . . . , gs ∈
G satisfying (1) and (2), providing a definable generic finite-to-finite
correspondence between Q and the graph of the (s − 1)-fold multipli-
cation in G.

The following is the main theorem of the section characterizing spe-
cial fiber-algebraic relations in stable reducts of distal structures.

Theorem 5.24. Assume thatM is an |L|+-saturated L-structure, and
Th(M) is stable and admits a distal expansion. Assume that s ≥ 3,
(Xi, pi)i∈[s] is a p-system with each pi non-algebraic and Q ⊆ X1 ×
· · · ×Xs is a definable fiber-algebraic relation. Then at least one of the
following holds.

(1) Q admits power saving.
(2) Q is in a p-generic correspondence with an abelian group G type-

definable in Meq over a set of parameters of cardinality ≤ |L|.

The only property of distal structures actually used is that every
definable binary relation in M satisfies the γ-ST property (Definition
2.10) for some γ > 0, by Proposition 2.12 and Fact 2.3. In the next
remark we make this explicit, in particular providing an estimate on
the power saving exponent in clause (1) of Theorem 5.24.

Remark 5.25. Let Q be as in Theorem 5.24, but instead of assuming
that M admits a distal expansion we assume that some 0 < γ ≤ 1
satisfies the following.

• If s ≥ 4: for some definable absolutely p-irreducible sets Qi, i ∈ [m]
with Q =

⋃
i∈[m] Qi (such a decomposition exists by Corollary 5.13),

each Qi satisfies the γ-ST property when viewed as a binary relation,
under every partition of its variables into two groups of size 2 and
s− 2.
• if s = 3: let Qi, i ∈ [m] be absolutely p-irreducible with Q =⋃

i∈[m] Qi, and let Q′i be the definable fiber-algebraic (by Lemma

5.40) 4-ary relation

Q′i(x2, x
′
2, x3, x

′
3) := ∃x1 ∈ X1 (Qi(x1, x2, x3) ∧Qi(x1, x

′
2, x
′
3)) ;

assume that for each i ∈ [m], Q′i =
⋃
j∈[m′] Q

′
i,j for some absolutely

p-irreducible sets Q′i,j such that each Q′i,j satisfies the 2γ-ST prop-
erty when viewed as a binary relation, under every partition of its
variables into two groups of size 2.
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Then in the conclusion of Theorem 5.24, we can replace Clause (1) by
“Q admits γ-power saving”.

In the rest of the section we give a proof of Theorem 5.24 which
will also establish Remark 5.25. We begin with some observations and
reductions.

Assumption 1. For the rest of Section 5, we assume that s ∈ N≥1,M
is |L|+-saturated, (Xi, pi)i∈[s] is a p-system with each pi non-algebraic,
and Q ⊆

∏
i∈[s] Xi is an ∅-definable fiber-algebraic relation of degree

≤ d.

Lemma 5.26. If Q ⊆ X1× · · · ×Xs is fiber-algebraic then dimp(Q) ≤
s− 1.

Proof. Let (a1, . . . , as−1) |=
⊗

i∈[s−1] pi|A, where A is some finite set
such that Q is A-definable. The type ps is non-algebraic by Assumption
1, and Q(a1, . . . , as−1, xs) has at most d solutions. Hence necessarily
Q(a1, . . . , as−1, xs) /∈ ps, so Q(x1, . . . , xs) /∈

⊗
i∈[s] pi. �

The following is straightforward by definition of fiber-algebraicity.

Lemma 5.27. Let Q ⊆ X1 × · · · × Xs be a fiber-algebraic relation of
degree ≤ d and u ⊆ [s] with |u| = s − 1. Let πu be the projection
from X1 × · · · ×Xs onto

∏
i∈uXi. Let A = A1 × · · · ×As be a grid on

X1 × · · · ×Xs. Then

|Q ∩ A| ≤ d

∣∣∣∣∣πu(Q) ∩
∏
i∈u

Ai

∣∣∣∣∣ .
Proposition 5.28. If Q ⊆ X1×· · ·×Xs does not admit 1-power saving
then dimp(πu(Q)) = s− 1 for any u ⊆ [s] with |u| = s− 1.

Proof. Assume that dimp(πu(Q)) ≤ s − 2 for some u ⊆ [s] with |u| =
s − 1. Applying Lemma 5.19 to the definable family G of subsets
of
∏

i∈uXi consisting of a single set πu(Q), there exists a definable

system ~F∗ = (Fi : i ∈ u) of subsets of
∏

i∈uXi such that for any

ν ∈ N, for any n-grid A∗ on
∏

i∈uXi in ( ~F∗, ν)-general position we
have |πu(Q) ∩ A∗| ≤ ss−2ν2ns−2. Taking Fi := ∅ for i ∈ [s] \ u, let
~F := {Fi : i ∈ [s]}. Then by Lemma 5.27, for any n-grid A on

∏
i∈[s] Xi

in ( ~F , ν)-general position we have |Q ∩ A| ≤ dss−2ν2ns−2 = Oν(n
s−2),

hence Q admits 1-power saving. �

In view of Lemma 5.26 and Proposition 5.28, as 0 < γ ≤ 1 by
assumption, it suffices to prove Theorem 5.24 under the following ad-
ditional assumption.
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Assumption 2. We assume that the projection of Q onto any s − 1
coordinates is p-generic. In particular, dimp(Q) = s− 1.

By Corollary 5.13, we have Q =
⋃
i∈[sd] Qi for some definable abso-

lutely p-irreducible sets Qi, each fiber-algebraic of degree ≤ d. Note
that, from Definition 5.22, if at least one of the Qi is in a p-generic cor-
respondence with a type-definable group, then Q is also in a p-generic
correspondence with the same group. On the the other hand, if all of
the Qi’s have γ-power saving for some γ > 0, then Q also has γ-power
saving for the same γ. Naming finitely many parameters by constant
symbols, we may assume that each Qi is definable over ∅. Hence it suf-
fices to prove Theorem 5.24 under the following additional assumption.

Assumption 3. We assume that Q is absolutely p-irreducible.

Next we observe that for an absolutely p-irreducible relation of di-
mension s − 1 without power saving and an arbitrary generic tuple in
it, all of its projections onto s− 1 coordinates are generic (as opposed
to just some, as in the definition of p-dimension).

Proposition 5.29. Assume that Q is absolutely p-irreducible, dimp(Q) =
s − 1, and Q does not admit 1-power saving. Let C be a small set in
M and let ā = (a1, . . . , as) be a generic in Q over C. Then for any
i ∈ [s] we have

(aj : j ∈ [s] \ {i}) |=
⊗

j∈[s]\{i}

pj|C .

Proof. Let ā be a generic in Q over C. Permuting the variables if
necessary and using that the types pi commute, we may assume

(a1, . . . , as−1) |= p1 ⊗ · · · ⊗ ps−1|C .
We only consider the case i = 1, i.e. we need to show that

(a2, . . . , as) |= p2 ⊗ · · · ⊗ ps|C ,
the other cases are analogous.

Assume this does not hold, then there is a relation G1 ⊆ X2×· · ·×Xs

definable over C such that dimp(G1) < s− 1 and (a2, . . . , as) ∈ G1.
Since Q is p-irreducible over C, the formula Q(a1, . . . , as−1, xs) im-

plies a complete type over C ∪ {a1, . . . , as−1} by Lemma 5.14. Hence
we have

Q(a1, . . . , as−1, xs) ` tp(as/C ∪ {a1, . . . , as−1}),
so in particular

Q(a1, . . . , as−1, xs)→ G1(a2, . . . , as−1, xs),
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which implies

{Q(x1, . . . , xs−1, xs)} ∪ (p1 ⊗ . . .⊗ ps−1) |C(x1, . . . , xs−1)

→ G1(x2, . . . , xs−1, xs).

Then, by saturation of M, there exists some p-generic set G2 ⊆ X1 ×
· · · ×Xs−1 definable over C (given by a finite conjunction of formulas
from (p1 ⊗ . . .⊗ ps−1) |C) such that

Q(x1, . . . , xs−1, xs) ∧G2(x1, . . . , xs−1)→ G1(x2, . . . , xs−1, xs),

hence

Q(x1, . . . , xs−1, xs)→
(
¬G2(x1, . . . , xs−1) ∨G1(x2, . . . , xs−1, xs)

)
.

Let H2 := (¬G2)×Xs and H1 := X1 ×G1. Then dimp

(
π[s−1](H2)

)
=

dimp(¬G2) < s−1 and dimp

(
π[s]\{1}(H1)

)
= dimp(¬G1) < s−1. Thus

Q is covered by the union of H1 and H2, each with 1-power saving by
Proposition 5.28, which implies that Q admits 1-power-saving. �

Remark 5.30. The assumption that Q has no 1-power saving is neces-
sary in Proposition 5.29. For example let s = 2 and assume Q(x1, x2) is
the graph of a bijection from X2 to some ∅-definable set Y2 ⊆ X2 with
Y2 /∈ p2. Then Q is clearly fiber algebraic, absolutely p-irreducible,
with dim(Q) = 1. But for a generic (b1, b2) ∈ Q, b2 does not realize
p2|∅ (and Q clearly has 1-power saving).

We can now state the key structural dichotomy at the core of the
two cases in Theorem 5.24.

Theorem 5.31. Let Q and (Xi, pi)i∈[s] satisfy Assumptions 1–3. As-
sume that s ≥ 3, 0 < γ ≤ 1 and that Q, viewed as a binary relation on(∏

i∈[s−2]Xi

)
× (Xs−1 ×Xs), satisfies the γ-ST property. Then one of

the following holds.

(1) Q admits γ-power-saving.
(2) For every generic (over ∅) tuple (a1, . . . as) ∈ Q there exists some

tuple ξ ∈ acl(a1, . . . , as−2)∩ acl(as−1, as) of length at most |L| such
that

(a1, . . . , as−2) |̂
ξ

(as−1, as).

Remark 5.32. Theorem 5.31 is trivial for s = 3 since (2) always holds
with ξ = a1.

First we show how this dichotomy, combined with the reconstruction
of abelian groups from abelian s-gons in Theorem 4.6, implies Theorem
5.24 for s ≥ 4 (along with the bound in Remark 5.25). The case s = 3
of Theorem 5.24 requires a separate argument given in Section 5.8.
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Proof of Theorem 5.24 for s ≥ 4. From the reductions described above,
we assume that Q and (Xi, pi)i∈[s] satisfy Assumptions 1–3, and that
Q satisfies the γ-ST property viewed as a binary relation, with respect
to any partition of its variables into two groups of size 2 and s− 2.

It follows that for every permutation of [s], the relation and the p-
system obtained from Q and (Xi, pi)i∈[s] by permuting the variables
accordingly still satisfy the assumption of Theorem 5.31. Applying it,
we have that: either we are in case (1) of Theorem 5.31 for some per-
mutation of the variables, and hence Q satisfies Clause (1) of Theorem
5.24; or we are in case (2) of Theorem 5.31 for every permutation of
the variables of Q. That is, for every tuple (a1, . . . , as) generic in Q
(over ∅) and every permutation of [s],

a1a2 |̂
acl(a1a2)∩acl(a3...as)

a3 . . . as.

Together with fiber-algebraicity of Q this implies that (a1, . . . , as) is an
abelian s-gon (over ∅).

Applying Theorem 4.6, it follows that there exists a small set A ⊆
M and a connected abelian group G type-definable over A and such
that Q is in a p-generic correspondence with G over A, i.e. Clause (2)
of Theorem 5.24 holds. As stated, Theorem 4.6 only guarantees the
existence of an appropriate set of parameters A of size ≤ |L| and G in
M, however by |L|+-saturation of M there exists a set A′ in M with
the same type as A over ∅, hence we obtain the required group applying
an automorphism of M sending A to A′. �

In the remainder of the section we prove Theorem 5.31 by isolating
two cases in Section 5.5, and considering them in Sections 5.6 and 5.7
respectively. After that we will finish the proof Theorem 5.24 in Section
5.8, reducing the remaining case s = 3 to the case s = 4.

5.5. Proof of Theorem 5.31: the two cases. Theorem 5.31 is triv-
ial in the case s = 3 by Remark 5.32, so we will assume s ≥ 4.

Let U := X1 × . . . × Xs−2 and V = Xs−1 × Xs. We view Q as a
binary relation Q ⊆ U × V . We fix a formula ϕ(u; v) ∈ L that defines
Q, with the variables u corresponding to U and v to V .

Definition 5.33. For a ∈ U , let Z(a) be the set

Z(a) := {a′ ∈ U : dimp (ϕ(a; v) ∩ ϕ(a′; v)) = 1} .

Claim 5.34. The family {Z(a) : a ∈ U} is a definable family of subsets
of U .
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Proof. By Claim 5.8, the set

D := {(a, a′) ∈ U × U : a′ ∈ Z(a)}
= {(a, a′) ∈ U × U : dimp (ϕ(a; v) ∩ ϕ(a′; v)) = 1}

is definable, hence the family {Z(a) : a ∈ U} = {Da : a ∈ U} is defin-
able. �

Claim 5.35. For any a ∈ U , we have that Z(a) 6= ∅ if and only if
a ∈ Z(a), if and only if dimp(ϕ(a; v)) = 1.

Proof. Let a ∈ U . As Q is fiber-algebraic, we also have that the binary
relation ϕ(a, v) ⊆ Xs−1×Xs is fiber-algebraic, hence dimp(ϕ(a, v)) ≤ 1
(by Lemma 5.26). The claim follows as, by definition of p-dimension,
dimp(ϕ(a; v) ∩ ϕ(a; v)) = dimp(ϕ(a; v)) ≥ dimp(ϕ(a; v) ∩ ϕ(a′; v)) for
any a, a′ ∈ U . �

Claim 5.36. For every a ∈ U the set Z(a) ⊆ X1 × · · · × Xs−2 is
fiber-algebraic, of degree ≤ 2d2.

Proof. We fix a ∈ U . Assume Z(a) 6= ∅. Since ϕ(a; v) is fiber-algebraic
of degree ≤ d (by fiber-algebraicity of Q), the set S of types q ∈ Sv(M)
with ϕ(a; v) ∈ q and dimp(q) = 1 is finite, of size≤ 2d (by Lemma 5.12);
and for any a′ ∈ U , a′ ∈ Z(a) if and only if ϕ(a′, v) belongs to one of
these types (by definition of p-dimension). Thus

Z(a) = {a′ ∈ U : ϕ(a′, v) ∈ q for some q ∈ S}.

Let q1, . . . , qt, t ≤ 2d list all types in S . We then have Z(a) =⋃
i∈[t] dϕ(qi), where dϕ(qi) = {a′ ∈ U : ϕ(a′, v) ∈ qi}. It is sufficient

to show that each dϕ(qi) is fiber-algebraic of degree ≤ d. Choose a
realization βi of qi in M. Obviously dϕ(qi) ⊆ ϕ(M, βi). As M � M,
the set ϕ(M, βi) ⊆

∏
i∈[s−2]Xi(M) is fiber-algebraic of degree ≤ d,

hence the set dϕ(qi) is fiber-algebraic of degree ≤ d as well. �

By Claim 5.36 and Lemma 5.26, Z(a) is not a p-generic subset of
X1×· · ·×Xs−2, hence we have that dimp(Z(a)) ≤ s−3 for any a ∈ U .

Definition 5.37. Let Z ⊆ U be the set

Z = {a ∈ U : dimp(Z(a)) = s− 3}.

Note that Z is definable by Claim 5.8. In the following two sections
we consider separatly two cases: dimp(Z) < s−2 and dimp(Z) = s−2.
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5.6. Case 1: dimp(Z) < s− 2.
We assume that dimp(Z) < s − 2, i.e. Z is not a p-generic subset of
X1 × · · · × Xs−2. In this case we will prove that Q admits γ-power
saving for the required γ.

To show that Q admits γ-power saving, it suffices to show that both
Q∩ (Z×V ) and Q∩ (Z̄×V ) admit γ-power saving, where Z̄ := U \Z
is the complement of Z in U .

Since Z is not a p-generic subset of X1×· · ·×Xs−2, for the projection
π[s−1] : X1×· · ·×Xs → X1×· · ·×Xs−1 we have that π[s−1](Q∩(Z×V ))
is not a p-generic subset of X1×. . .×Xs−1. Hence, by Proposition 5.28,
Q ∩ (Z × V ) admits 1-power saving.

It remains to show that Q ∩ (Z̄ × V ) admits γ-power saving. By
the definition of Z, for any a ∈ Z̄ we have dimp(Z(a)) ≤ s − 4. By

Lemma 5.19, there is a definable system of sets ~F1 = (F1, . . . ,Fs−2) on

X1×. . .×Xs−2 such that for any n-grid A1×· · ·×As−2 in ( ~F1, ν)-general
position we have

|Z(a) ∩ (A1 × · · · × As−2)| ≤ (s− 2)s−4ν2ns−4,

for any a ∈ Z̄.
Applying Lemma 5.18 to the definable family

G := {ϕ(a1; v) ∩ ϕ(a2; v) : a1, a2 ∈ U, dimp(ϕ(a1; v) ∩ ϕ(a2; v)) = 0},

we obtain that there is a definable system of sets ~F2 = (Fs−1,Fs) on

Xs−1×Xs such that for any n-grid As−1×As in ( ~F2, ν)-general position
and G ∈ G we have

|G ∩ As−1 × As| ≤ ν2.

Then ~F := (F1, . . .Fs) is a definable system of sets on X1×· · ·×Xs.

Let A = A1 × · · · × As be an n-grid on X1 × · · · × Xs in ( ~F , ν)-
general position. We need to estimate from above |Q ∩ (Z̄ × V ) ∩ A|.
Obviously it is sufficient to consider the case when A1×· · ·×As−2 ⊆ Z̄
and estimate |Q∩A|. We let Au := A1×· · ·×As−2 and Av := As−1×As,
then |Au| ≤ ns−2 and |Av| ≤ n2.

We view Q as a binary relation on U × V . From the ( ~F , ν)-general

position assumption and the choice of ~F we have: for any a ∈ Au there
are at most (s − 2)s−4ν2ns−4 elements a′ ∈ Au such that |Q(a, v) ∩
Q(a′, v) ∩ Av| ≥ ν2.

By assumption Q (viewed as a binary relation on U × V ) satisfies
the γ-ST property, and let C ′ : N → N be as given by Definition 2.10
for C(ν) := (s − 2)s−4ν. Then we have |Q ∩ A| ≤ C ′(ν2)n(s−1)−γ, as
wanted.
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5.7. Case 2: dimp(Z) = s− 2. By absolute irreducibility of Q and
Remark 5.11 it is sufficient to show that there exists a generic of Q
satisfying clause (2) of Theorem 5.31.

By |L|+-saturation of M, let e = (e1, . . . , es−2) be a tuple in M
which is p-generic in Z, namely e ∈ Z with dimp(e/∅) = s − 2 (note
that Z is ∅-definable). LetM0 = (M0, . . .) �M be a model containing
e with |M0| ≤ |L|.

Let α = (α1, . . . , αs−2) ∈ U be a p-generic point in Z(e) over M0,
i.e. α ∈ Z(e) and dimp(α/M0) = s− 3.

Let β = (β1, β2) be a tuple in ϕ(e,M)∩ϕ(α,M) with dimp(β/M0α) =
1. Without loss of generality we assume that dimp(β1/M0α) = 1,
namely β1 |= ps−1 �M0α. Note that such α and β can be chosen in
M by |L|+-saturation.

We now collect some properties of α and β.

Claim 5.38. (1) (e, β) is generic in Q over ∅.
(2) β1 |̂ M0

β2 and (β1, β2) |= ps−1 ⊗ ps|∅.
(3) α |̂

M0
β.

(4) (α, β) is generic in Q over ∅.

Proof. (1) We have, by our assumption above, that dimp(β1/M0α) = 1,
hence in particular dimp(β1/e) = 1. Since dimp(e/∅) = s − 2 we have

dimp((e, β)/∅) ≥ s−1 (as (e, β1) |=
(⊗

i∈[s−2] pi

)
⊗ps−1|∅ using that the

types pi, i ∈ [s−1] commute). Since Q is fiber-algebraic and (e, β) ∈ Q,
we also have dimp((e, β)/∅) ≤ s− 1 by Lemma 5.26.

(2) Since (e, β) is generic in Q over ∅ by (1), by Proposition 5.29 we
have (β1, β2) |= ps−1 ⊗ ps|∅.
(3) As α |̂

M0
β1 and β2 ∈ acl(eβ1) ⊆ acl(M0β1), we have α |̂

M0
(β1, β2).

(4) We have (α, β) ∈ Q. Since dimp(α/M0) = s − 3 and α |̂
M0
β,

we have dimp(α/M0β) = s− 3 (as α |=
⊗

i∈[s−3] pi|M0β by stationarity

of non-forking over models), hence in particular dimp(α/β) ≥ s − 3.
Also, since dimp(β/∅) = 2 by (2), we have dimp ((α, β)/∅) ≥ s − 1.
Since Q is fiber-algebraic we also have dimp((α, β)/∅) ≤ s − 1, hence
dimp ((α, β)/∅) = s− 1. �

Let p(u) := tp(α/M0) and q(v) := tp(β/M0), both are definable
types over M0 by stability.

We choose canonical bases ξp and ξq of p and q, respectively; i.e. ξp, ξq
are tuples of length ≤ |L| in Meq

0 , and for any automorphism σ of M
we have σ(p|M) = p|M if and only if σ(ξp) = ξp (pointwise); and
σ(q|M) = q|M if and only if σ(ξq) = ξq.
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Note that p does not fork over ξp and q does not fork over ξq.

Claim 5.39. We have:

(a) ξq ∈ acl(α);
(b) ξp ∈ acl(β);
(c) ξq ∈ acl(ξp);
(d) ξq ∈ acl(ξp).

Proof. (a) Assume not, then the orbit of ξq under the automorphisms
of M fixing α would be infinite. Hence we can choose a model N =
(N, . . .) � M containing M0α with |N | ≤ |L|, and distinct types qi ∈
Sv(N), i ∈ ω, each conjugate to q|N under an automorphism of N
fixing α.

Let β′1 |= ps−1|N . For each i ∈ ω we choose βi2 such that (β′1, β
i
2) |= qi.

We have that (α, β′1, β
i
2) ∈ Q, hence, by fiber-algebraicity, |{βi2 : i ∈

ω}| ≤ d. But all qi are pairwise distinct types, a contradiction.

(b) Since dimp(α/M0β) = s−3, permuting variables if needed, we may
assume that (α1, . . . , αs−3) |= p1 ⊗ · · · ⊗ ps−3|M0β.

Assume (b) fails. Then we can find a model N � M, |N | ≤ |L|
containing M0β, and distinct types pi ∈ S(N), i ∈ ω, each conjugate
to p�N under an automorphism of N fixing α. Let

(α′1, . . . , α
′
s−3) |= p1 ⊗ . . .⊗ ps−3|N

in M. For each i ∈ ω we choose αis−2 in M such that

(α′1, . . . , α
′
s−3, α

i
s−2) |= pi,

and get a contradiction as in (a).

(c) Since ξq ∈M0 and p does not fork over ξp, we have ξq |̂ ξp α, which

by (a) implies ξq ∈ acl(ξp).

(d) Similar to (c). �

We claim that (α, β) satisfies Clause (2) of Theorem 5.31. It is
generic in Q by Claim 5.38(4). Let ξ := ξp∪ξq, then ξ ∈ acl(α)∩acl(β)
by Claim 5.39. Finally β |̂

M0
α by Claim 5.38(3), α |̂

ξp
M0 by the

choice of ξp, hence β |̂
ξp
α, and as ξq ∈ acl(α) we conclude α |̂

ξ
β.

5.8. Proof of Theorem 5.24 for ternary Q. In this subsection we
reduce the remaining case s = 3 of Theorem 5.24 to the case s = 4.
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Let (Xi, pi)i∈[3] and a fiber-algebraic Q ⊆ X1 ×X2 ×X3 satisfy As-
sumption 1 from Section 5.4. We consider the 4-ary relation

Q′ :=
{

(x2, x
′
2, x3, x

′
3) ∈ X2 ×X2 ×X3 ×X3 :

∃x1 ∈ X1

(
(x1, x2, x3) ∈ Q ∧ (x1, x

′
2, x
′
3) ∈ Q

)}
.

Lemma 5.40. The relation Q′ ⊆ X2×X2×X3×X3 is fiber algebraic,
of degree ≤ d2.

Proof. We consider the case of fixing the first three coordinates ofQ′, all
other cases are similar. Let (a2, a

′
2) ∈ X2 ×X2 and a3 ∈ X3 be fixed.

As Q is fiber algebraic of degree ≤ d, there are at most d elements
x1 ∈ X1 such that (x1, a2, a3) ∈ Q; and for each such x1, there are
at most d elements x′3 ∈ X3 such that (x1, a

′
2, x
′
3) ∈ Q. Hence, by

definition of Q′, there are at most d2 elements x′3 ∈ X3 such that
(a2, a

′
2, a3, x

′
3) ∈ Q′. �

Remark 5.41. Note that (X ′i, p
′
i)i∈[4] with X ′1 = X ′2 := X2, X

′
3 = X ′4 :=

X3 and p′1 = p′2 := p2, p
′
3 = p′4 := p3 is a p-system, and together with

Q′ it satisfies Assumption 1 (for s = 4, with d2 instead of d).

The following lemma will be used to show that power saving for Q′

implies power saving for Q (see [19, Proposition 3.10], which in turn is
essentially [44, Lemma 2.2]). We include a proof for completeness.

Lemma 5.42. For any finite Ai ⊆ Xi, i ∈ [3], taking Q̃ := Q ∩
(A1 × A2 × A3) and Q̃′ := Q′ ∩ (A2 × A2 × A3 × A3) we have∣∣∣Q̃∣∣∣ ≤ d |A1|

1
2

∣∣∣Q̃′∣∣∣ 12 .
Proof. Consider the (definable) set

W :=
{

(x1, x2, x
′
2, x3, x

′
3) ∈ X1 ×X2

2 ×X2
3 :

(x1, x2, x3) ∈ Q ∧ (x1, x
′
2, x
′
3) ∈ Q

}
,

and let W̃ := W ∩ (A1 × A2
2 × A2

3). As usual, for arbitrary sets S ⊆
B × C and b ∈ B, we denote by Sb the fiber Sb = {c ∈ C : (b, c) ∈ S}.

Note that |Q̃| =
∑

a1∈A1
|Q̃a1| and |W̃ | =

∑
a1∈A1

|Q̃a1|2, which by
the Cauchy-Schwarz inequality implies

|Q̃| ≤ |A1|
1
2

(∑
a1∈A1

|Q̃a1|2
) 1

2

= |A1|
1
2 |W̃ |

1
2 .
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For any tuple ā := (a2, a
′
2, a3, a

′
3) ∈ Q̃′, the fiber W̃ā ⊆ A1 has size at

most d by fiber algebraicity of Q. Hence |W̃ | ≤ d|Q̃′|, and so |Q̃| ≤
d|A1|

1
2 |Q̃′| 12 . �

Lemma 5.43. Assume that γ′ > 0 and Q′ admits γ′-power saving (with
respect to the p-system (X ′i, p

′
i)i∈[4] in Remark 5.41). Then Q admits

γ-power saving for γ := γ′

2
.

Proof. By assumption there exist ~F ′ = (F ′i)i∈[4] with F ′1,F ′2 definable
families on X2 and F ′3,F ′4 definable families on X3, and a function
C ′ : N → N, such that for any ν, n ∈ N and an n-grid A′ =

∏
i∈[4] A

′
i

on X2 ×X2 ×X3 ×X3 in ( ~F ′, ν)-general position we have |Q′ ∩ A′| ≤
C ′(ν)n3−γ′ .

We take F1 := ∅, F2 := F ′1 ∪ F ′2, F3 := F ′3 ∪ F ′4, C(ν) := d · C ′(ν)
1
2

and γ := γ′

2
.

Assume we are given ν, n ∈ N and Ai ⊆ Xi, i ∈ [3] with |Ai| = n

in ( ~F , ν)-general position. By the choice of ~F it follows that the grid

A2 ×A2 ×A3 ×A3 is in ~F ′-general position, hence |Q′ ∩ (A2
2 ×A2

3)| ≤
C ′(ν)n3−γ′ . By Lemma 5.42 this implies

|Q ∩ (A1 × A2 × A3)| ≤ d|A1|
1
2 |Q′ ∩ (A2

2 × A2
3)|

1
2

≤ dn
1
2C ′(ν)

1
2n

3
2
− γ
′
2 ≤ C(ν)n2−γ.

Hence Q satisfies γ-power saving. �

We are ready to finish the proof of the main theorem (and the bound
on the power saving exponent in Remark 5.25 follows from the proof).

Proof of Theorem 5.24 for s = 3. By the reduction in Section 5.4 we
may assume that Q is absolutely p-irreducible and does not satisfy 1-
power saving. Applying the case s = 4 of Theorem 5.24 to Q′, we
see that either Q′ admits γ-power saving, in which case Q admits γ

2
-

power saving by Lemma 5.43; or there exists a small set A ⊆ M and
an abelian group (G, ·, 1G) type-definable over A so that Q′ is in a
p-generic correspondence with G.

This means that there exists a tuple (g2, g
′
2, g3, g

′
3) ∈ G4 so that

g2 · g′2 · g3 · g′3 = 1G, g2, g3, g
′
3 are independent generics over A and a

tuple (a2, a
′
2, a3, a

′
3) ∈ (Q′)4 so that each of the elements a2, a

′
2, a3, a

′
3 is

p-generic over A and each of the pairs (g2, a2), (g′2, a
′
2), (g3, a3), (g′3, a

′
3)

is interalgebraic over A.
By definition of Q′ there exists some a1 ∈ X1 such that (a1, a2, a3) ∈

Q and (a1, a
′
2, a
′
3) ∈ Q. We let A′ := Aa′3 and g1 := g′2 · g′3, and make

the following observations.
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(1) g1 · g2 · g3 = 1G (using that G is abelian).
(2) Each of the pairs (a1, g1), (a2, g2), (a3, g3) is interalgebraic over A′.

The pairs (a2, g2), (a3, g3) are interalgebraic over A by assumption.
Note that a1 and a′2 are interalgebraic overA′ asQ is fiber-algebraic,
so it suffices to show that a′2 and g1 are interalgebraic over A′. By
definition g1 ∈ acl(g′2, g

′
3) ⊆ acl(a′2, a

′
3, A) ⊆ acl(a′2, A

′). Conversely,
as g′2 ∈ acl(g′2 · g′3, g′3) ⊆ acl(g1, A

′), we have a′2 ∈ acl(g′2, A) ⊆
acl(g1, A

′).
(3) g2 and g3 are independent generics in G over A′.

By assumption g2 |̂ A g3g
′
3 and a′3 is interalgebraic with g′3 over A,

hence g2 |̂ A′ g3.

(4) ai |= pi|A′ for all i ∈ [3].
For i ∈ {2, 3}: as gi |̂ A g

′
3 and g′3 is interalgebraic with a′3 over A,

we have ai |̂ A a
′
3, which by stationarity of pi implies ai |= pi|A′ .

For i = 1: as ai |= pi|A′ for i ∈ {2, 3} and a2 |̂ A′ a3, it follows that

(a2, a3) |= (p2⊗ p3)|A′ and the tuple (a1, a2, a3) is generic in Q over
A′ (as dimp(Q) = 2 by Lemma 5.28). But then a1 |= p1|A′ by the
assumption on Q and Proposition 5.29.

It follows that Q is in a p-generic correspondence with G over A′,
witnessed by the tuples (g1, g2, g3) and (a1, a2, a3). �

5.9. Discussion and some applications. First we observe how The-
orem 5.24, along with some standard facts from model theory of al-
gebraically closed fields, implies a higher arity generalization of the
Elekes-Szabó theorem for algebraic varieties over C similar to [8]. Re-
call from [8] that a generically finite algebraic correspondence between
irreducible varieties V and V ′ over C is a closed irreducible subvariety
C ⊆ V × V ′ such that the projections C → V and C → V ′ are generi-
cally finite and dominant (hence necessarily dim(V ) = dim(V ′)). And
assuming thatWi,W

′
i and V ⊆

∏
i∈[s] Wi, V

′ ⊆
∏

i∈[s] W
′
i are irreducible

algebraic varieties over C, we say that V and V ′ are in coordinate-wise
correspondence if there is a generically finite algebraic correspondence
C ⊆ V × V ′ such that for each i ∈ [s], the closure of the projection
(πi×π′i)(C) ⊆ Wi×W ′

i is a generically finite algebraic correspondence
between the closure of πi(V ) and the closure of π′i(V

′).

Corollary 5.44. Assume that s ≥ 3, and Xi ⊆ Cmi , i ∈ [s] and Q ⊆∏
i∈[s] Xi are irreducible algebraic varieties, with dim(Xi) = d. Assume

also that for each i ∈ [s], the projection Q→
∏

j∈[s]\{i}Xi is dominant
and generically finite. Then one of the following holds.

(1) There exist c,D, ν depending only on d, s, deg(Q) such that: for
any n and finite Ai ⊆ Xi, |Ai| = n such that |Ai∩Yi| ≤ ν for every
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algebraic subsets Yi of Xi of dimension < d and degree ≤ D, we
have

|Q ∩ A| ≤ cns−1−γ

for γ = 1
8d−1

if s ≥ 4, and γ = 1
2(8d−1)

if s = 3.

(2) There exists a connected abelian complex algebraic group (G, ·) with
dim(G) = d such that Q is in a coordinate-wise correspondence with

Q′ := {(x1, . . . , xs) ∈ Gs : x1 · . . . · xs = 1G} .

Proof. Let M := (C,+,×, 0, 1), then |L| = ℵ0 and M is an |L|+-
saturated structure. We recall thatM is a strongly minimal structure,
in particular it is ω-stable and has additive Morley rank MR coinciding
with the Zariski dimension (see e.g. [41]).

For each i, as Xi is irreducible, i.e. has Morley degree 1, let pi ∈
Sxi(M) be the unique type in Xi with MR(pi) = MR(Xi) = d. By
stability, types are definable, commute and are stationary after naming
a countable elementary submodel of M so that all of the Xi’s are
defined over it. Hence (Xi, pi)i∈[s] is a p-system; and by additivity
of Morley rank we see that dimp(Y ) = dMR(Y ) for any definable
Y ⊆

∏
i∈[s] Xi. As by assumption Q has generically finite projections,

removing a subset of each of the Xi’s of smaller dimension we may
assume that Qi is fiber-algebraic (with Xi’s quasi-affine).

As dim(Xi) = d, it follows that Xi has a finite-to-one projection
onto Cd, hence, after possibly a coordinate-wise correspondence, we
may assume that Q ⊆

∏
i∈[s] Cd. By Fact 2.13(2), every algebraic set

Y ⊆ C2d×C(s−2)d satisfies the
(

1
8d−1

)
-ST property. Applying Theorem

5.24, it follows from Remark 5.25 that in the power saving case, we
obtain γ-power saving for the stated γ.

Note that every group type-definable in Meq is actually definable
(by ω-stability, see e.g. [35, Theorem 7.5.3]). And every group in-
terpretable in an algebraically closed field is definably isomorphic to
an algebraic group (see e.g. [41, Proposition 4.12 + Corollary 1.8]).
Thus, in the group case of Theorem 5.24, there exists an abelian con-
nected complex algebraic group (G, ·), independent generic elements
g1, . . . , gs−1 ∈ G and gs ∈ G such that g1 · . . . · gs = 1 and generic
ai ∈ Xi interalgebraic with gi, such that (a1, . . . , as) ∈ Q. In particu-
lar, dim(G) = dim(Xi) = d. And, by irreducibility of Q, hence unique-
ness of the generic type, such ai’s exist for any independent generics
g1, . . . , gs−1. As the model-theoretic algebraic closure coincides with
the field-theoretic algebraic closure, by saturation of M this gives the
desired coordinate-wise correspondence. �
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Remark 5.45. Failure of power saving on arbitrary grids, not necessar-
ily in a general position, does not guarantee coordinate-wise correspon-
dence with an abelian group in Corollary 5.44. For example, let (H, ·)
be the Heisenberg group of 3×3 matrices over C, viewed as a definable
group in M := (C,+,×). For n ∈ N, consider the subset of H given
by

An :=


1 n1 n3

0 1 n2

0 0 1

 : n1, n2, n3 ∈ N, n1, n2 < n, n3 < n2

 .

It is not hard to see that |An| = n4. For the definable fiber-algebraic
relation Q(x1, x2, x3, x4) on H4 given by x1 · x2 = x3 · x4 we have
|Q ∩ A4

n| ≥ 1
16

(n4)3 = Ω(|An|3).
However, Q is not in a generic correspondence with an abelian group.

Indeed, the sets An ⊆ H,n ∈ N are not in an (F , ν)-general position for
any ν, with respect to the definable family F = {u1 − u2 = c : c ∈ C}
of subsets of H.

However, restricting further to the case dim(Xi) = 1 for all i ∈ [s],
the general position requirement is satisfied automatically: for any
definable set Y ⊆ Xi, dim(Y ) < 1 if and only if Y is finite; and for
every definably family Fi of subsets of Xi there exists some ν0 such that
for any Y ∈ Fi, if Y has cardinality greater than ν0 then it is infinite.
Hence (using the classification of one-dimensional connected complex
algebraic groups) we obtain the following simplified statement.

Corollary 5.46. Assume s ≥ 3, and let Q ⊆ Cs be an irreducible al-
gebraic variety so that for each i ∈ [s], the projection Q→

∏
j∈[s]\{i}Cs

is generically finite. Then exactly one of the following holds.

(1) There exist c depending only on s, deg(Q) such that: for any n and
Ai ⊆ Ci, |Ai| = n we have

|Q ∩ A| ≤ cns−1−γ

for γ = 1
7

if s ≥ 4, and γ = 1
14

if s = 3.
(2) For G one of (C,+), (C,×) or an elliptic curve, Q is in a coordinate-

wise correspondence with

Q′ := {(x1, . . . , xs) ∈ Gs : x1 · . . . · xs = 1G} .

Remark 5.47. The two cases in Corollary 5.44 are not mutually exclu-
sive, however they are mutually exclusive in the 1-dimensional case in
Corollary 5.46. The proof of this for s = 3 is given in [19, Proposition
1.7], and the argument generalizes in a straightforward manner to an
arbitrary s.
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We remark that the case of complex algebraic varieties corresponds
to a rather special case of our general Theorem 5.24 which also applies
e.g. to the theories of differentially closed fields or compact complex
manifolds (see Facts 2.17 and 2.18). For example:

Remark 5.48. Given definable strongly minimal sets Xi, i ∈ [s] and a
fiber-algebraic Q ⊆

∏
i∈[s] Xi in a differentially closed field M of char-

acteristic 0, we conclude that either Q has power saving (however, we
do not have an explicit exponent here, see Problem 2.19), or that Q is in
correspondence with one of the following strongly minimal differential-
algebraic groups: the additive, multiplicative or elliptic curve groups
over the field of constants CM of M, or a Manin kernel of a simple
abelian variety A that does not descend to CM (i.e. the Kolchin closure
of the torsion subgroup of A; we rely here on the Hrushovski-Sokolovic
trichotomy theorem, see e.g. [37, Section 2.1]).

6. Main theorem in the o-minimal case

6.1. Main theorem and some reductions. In this section we will
assume that M = (M, . . .) is an o-minimal, ℵ0-saturated L-structure
expanding a group. We assume that s ≥ 3 and for i = 1, . . . , s, we
have ∅-definable sets Xi with dimXi = m for all i ∈ [s] (throughout
the section, dim refers to the standard notion of dimension in o-minimal
structures). We also have an ∅-definable set Q ⊆ X := X1 × · · · ×Xs,
with dimQ = (s− 1)m, and such that Q is fiber algebraic of degree d,
for some d ∈ N (see Definition 1.4).

The following is the equivalent of Definitions 5.17 and 5.21 in the
o-minimal setting.

Definition 6.1. For γ ∈ R>0, we say that Q ⊆ X satisfies γ-power

saving if there are definable families
−→
F = (F1, . . . ,Fs), where each Fi

consists of subsets of Xi of dimension smaller than m, such that for
every ν ∈ N there exists a constant C = C(ν) such that: for every

n ∈ N and every n-grid A := A1 × · · · × Ak ⊆ X, |Xi| = n in (
−→
F , ν)-

general position (i.e. for every i ∈ [s] and S ∈ Fi we have |Ai∩S| ≤ ν)
we have

|Q ∩ A| ≤ Cn(s−1)−γ.

It is easy to verify that if Q1, Q2 ⊆ X satisfy γ-power saving then so
does Q1 ∪Q2. Before stating our main theorem in the o-minimal case,
we define:

Definition 6.2. Given a finite tuple a in an o-minimal structure M,
we let µM(a) be the infinitesimal neighborhood of a, namely the inter-
section of all M-definable open neighborhoods of a. It can be viewed
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as a partial type over M, or we can identify it with the set of its
realizations in an elementary extension of M.

Theorem 6.3. Under the above assumptions, one of the following
holds.

(1) The set Q has γ-power saving, for γ = 1
8s−5

if s ≥ 4, and γ = 1
16s−10

if s = 3.
(2) There exist (i) a tuple ā = (a1, . . . , as) in M generic in Q, (ii) a

substructure M0 := dcl(ā) of M of cardinality ≤ |L| (iii) a type-
definable abelian group (G,+) of dimension m, defined over M0

and (iv) definable bijections πi : µM0(ai)∩Xi → G, i ∈ [s], sending
ai to 0 = 0G, such that

π1(x1) + · · ·+ πs(xs) = 0⇔ Q(x1, . . . , xs)

for all xi ∈ µM0(ai) ∩Xi, i ∈ [s].

We begin working towards a proof of Theorem 6.3.

Notation

(1) For i, j ∈ [s], we write X i,j for the set
∏

`6=i,j X`.

(2) For z ∈ X1 ×X2 and V ⊆ X1,2 we write

Q(z, V ) := {w ∈ V : (z, w) ∈ Q}.
We similarly write Q(U,w), for U ⊆ X1 ×X2 and w ∈ X1,2.

Lemma 6.4. The following are easy to verify:

(1) For every z ∈ X1 ×X2, dimQ(z,X(1, 2)) ≤ (s− 3)m.
(2) If α = (z, w) ∈ (X1 × X2) × X(1, 2) is generic in Q then for

every neighborhood U × V of α, dimQ(z, V ) = (s − 3)m and
dimQ(U,w) = m.

We will need to consider a certain local variant of the property (P2)
from Section 3.2.

Definition 6.5. Assume that α = (z, w) ∈ Q ∩ (X1 ×X2)×X(1, 2).

• We say that Q has the (P2)1,2 property near α if for all U ′ ⊆ X1×X2

and V ′ ⊆ X1,2 neighborhoods of z, w respectively,

(6.1) dimQ(U ′, w) = m and dimQ(z, V ′) = (s− 3)m,

and there are open neighborhoods U×V 3 (z, w) in (X1×X2)×X i,j

such that

(6.2) Q(U,w)×Q(z, V ) ⊆ Q,

(namely, for every z1 ∈ U and w1 ∈ V , if (z1, w), (z, w1) ∈ Q then
(z1, w1) ∈ Q).
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• We say that Q satisfies the (P2)i,j-property near α, for 1 ≤ i < j ≤ s,
if the above holds under the coordinate permutation of 1, 2 and i, j,
respectively.
• We say that Q satisfies the (P2)-property near α if it has the (P2)i,j-

property for all 1 ≤ i < j ≤ s.

Remark 6.6. Note that if U, V satisfy (6.2), then also every U1 ⊆ U
and V1 ⊆ V satisfy it. Note also that under the above assumptions, we
have dim(Q(U,w)×Q(z, V )) = (s− 2)m.

Definition 6.7. • Let Q∗i,j be the set of all α ∈ Q such that Q satisfies
(P2)i,j near α.
• Let Q∗ =

⋂
i 6=j Q

∗
i,j be the set of all α ∈ Q near which Q satisfies

(P2).
Clearly, Q∗i,j and Q∗ are ∅-definable sets.

The main ingredient towards the proof of Theorem 6.3 is the follow-
ing:

Theorem 6.8. Assume that Q does not satisfy γ-power saving for γ
as in Theorem 6.3(1). Then dimQ∗ = dimQ = (s− 1)m.

6.2. The proof of Theorem 6.8. The following is an analog of Lemma
5.19 in the o-minimal setting.

Lemma 6.9. Let {Zt : t ∈ T} be a definable family of subsets of X,
each fiber-algebraic of degree ≤ d with dim(Zt) < (s− 1)m. Then there
exist definable families Fi, i ∈ [s], each consisting of subsets of Xi of
dimension smaller than m, such that for every ν ∈ N, if Ā ⊆ X is an

n-grid in (
−→
F , ν)-general position then for every t ∈ T ,

|Ā ∩ Zt| ≤ sd(ν − 1)ns−2.

In particular, each Zt, t ∈ T satisfies 1-power saving.

Proof. For t ∈ T and a1 ∈ X1 we let

Zta1 := {(a2, . . . , as) ∈ X2 × · · · ×Xs : (a1, a2, . . . , as) ∈ Zt}.

For i ∈ [s− 1], we similarly define Zta1···ai ⊆ Xi+1 × · · · ×Xs.
(1) For t ∈ T , we let

Y 1
t := {a1 ∈ X1 : dim(Zta1) = (s− 2)m} .

By our assumption on dimZt, dimY 1
t < m. Let F1 := {Y 1

t : t ∈ T}.

(2) For t ∈ T and a1 /∈ Y 1
t , let

Y 2
ta1

:= {a2 ∈ X2 : dim(Zta1a2) = (s− 3)m}.
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Then define F2 := {Y 2
ta1

: a1 /∈ Y 1
t }. Note that whenever a1 /∈ Y 1,

dim(Zta1) < (s− 2)m and therefore the set Y 2
ta1

has dimension smaller
than m.

For i = 1, . . . , s − 2, we continue in this way to define a family
Fi = {Y i

ta1···ai−1
} of subsets of Xi as follows: for a1 /∈ Y 1

t , a2 /∈ Y 2
ta1

,

a3 /∈ Y 3
ta1a2

, . . . , ai−1 /∈ Y i−1
ta1···ai−2

, we let

Y i
ta1···ai−1

:= {ai ∈ Xi : dim(Zta1···ai) = (s− (i+ 1))m},
and let

Fi :=
{
Y i
ta1···ai−1

: t ∈ T, a1 /∈ Y 1
t , a2 /∈ Y 2

ta1
, . . . , ai−1 /∈ Y i−1

ta1···ai−2

}
.

Finally, for a1, . . . , as−2 such that ai /∈ Y i
ta1···ai−1

for i = 1, . . . , s− 2,
we let

Y s−1
ta1···as−2

:= πs−1(Zta1...as−2) ⊆ Xs−1,

and let

Fs−1 :=
{
Y s−1
ta1···as−2

: a1 /∈ Y 1
t , . . . , as−2 /∈ Y s−2

ta1···as−3

}
.

We provide some details on why the families ~F := (Fi : i ∈ [s]) satisfy
the requirement.

Assume that n, ν ∈ N and Ā ⊆ X is an n-grid which is in (
−→
F , ν)-

general position, and fix t ∈ T .
Because |A1 ∩Y 1

t | < ν there are at most ν− 1 elements a1 ∈ π1(Zt ∩
Ā)∩Y 1

t , and for each such a1 there are at most dns−2 elements in Z∩Ā
which project to it. Indeed, this is true because Zta1 is fiber-algebraic
of degree ≤ d, so for every tuple (a2, . . . , as−1) ∈ A2 × · · ·As−1 (and
there are at most ns−2 such tuples) there are ≤ d elements as ∈ As
such that (a2, . . . , as−1, as) ∈ (A2 × · · · × As) ∩ Zta1 .

So, altogether there are at most d(ν− 1)ns−2 elements (a1, . . . , as) ∈
Ā∩Zt for which a1 ∈ Y t

1 . On the other hand, there are at most n−ν ≤ n
elements a1 /∈ Y 1

t . We now compute for how many ā ∈ Ā∩Zt we have
a1 /∈ Y 1

t .
By definition, dim(Zta1) < (s − 2)m, so now we consider two cases,

a2 ∈ Y 2
ta1

and a2 /∈ Y 2
ta1

. In the first case, there are at most ν − 1 such
a2, by general position, and as above, for each such a2 there are at most
dns−3 tuples (a3, . . . , as) ∈ A3×· · ·×As such that (a2, a3, . . . , as) ∈ Zta1 .
Thus all together there are n(ν − 1)dns−3 = d(ν − 1)ns−2 elements
ā ∈ Ā ∩ Zt such that a1 /∈ Y 1

t and a2 ∈ Y 2
t . There are at most

(n − ν) ≤ n elements a2 ∈ A2 which are not in Y 2
ta1

. Of course, there
are at most n2 pairs (a1, a2) such that a1 /∈ Y 1

t and a2 /∈ Y 2
ta1

, and we
now want to compute how many ā ∈ Ā∩Zt project onto such (a1, a2).
Repeating the same process along the other coordinates, we see that
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there are at most (s− 2)d(ν − 1)ns−4 elements which project into each
such (a1, a2), so all together there are at most (s−2)d(ν−1)ns−2 tuples
ā ∈ Ā ∩ Zt for which a1 /∈ Y 1

t and a2 /∈ Y 2
ta1

. If we add it all we get at
most sd(ν − 1)ns−2 elements in Ā ∩ Zt, which comcludes the proof of
the lemma. �

Corollary 6.10. Assume that Q ⊆ X does not satisfy 1-power saving
and that Z ⊆ Q is a definable set with dimZ < (s − 1)m. Then
Q′ := Q \ Z also does not satisfy 1-power saving.

Proof. Indeed, Lemma 6.9 (applied to the constant family) implies that
Z itself satisfies 1-power saving, and since γ-power saving is preserved
under union then it fails for Q′. �

In order to prove Theorem 6.8, it is sufficient to prove the following:

Proposition 6.11. Let Q′ ⊆ Q be a definable set and assume that
there exist i 6= j ∈ [s] such that dim(Q′ ∩ Q∗i,j) < (s − 1)m. Then Q′

satisfies γ-power saving for γ as in Theorem 6.3(1).

Let us first see that indeed Proposition 6.11 quickly implies Theorem
6.8. Let γ be as in Theorem 6.3(1). Assuming that Q does not have γ-
power saving, Proposition 6.11 with Q′ := Q implies that dim(Q∗1,2) =
(s − 1)m. Also, if we take Q′′ := Q \ Q∗1,2 then clearly Q′′ ∩ Q∗1,2 = ∅
and therefore by the same proposition Q′′ satisfies γ-power saving, and
therefore Q∗1,2 does not satisfy γ-power saving. We can thus replace Q
by Q1 := Q∗1,2 and retain the original properties of Q together with the
fact that Q1 has (P2)1,2 at every α ∈ Q1. Next we repeat the process
with respect to every (i, j) 6= (1, 2) and eventually obtain a definable
set Q′ ⊆ Q of dimension (s− 1)m such that Q′ satisfies (P2) at every
point — establishing Theorem 6.8.

Proof of Proposition 6.11.

Let Q′ ⊆ Q and γ be as in Proposition 6.11. It is sufficient to prove
the proposition for Q∗1,2 (the case of arbitrary i 6= j ∈ [s] follows by
permuting the coordinates accordingly). If dimQ′ < (s− 1)m then by
Lemma 6.9 Q′ satisfies 1-power saving, hence γ-power saving. Thus
we may assume that dimQ′ = (s− 1)m, and hence, by throwing away
a set of smaller dimension, we may assume that Q′ is open in Q. It
is then easy to verify that (Q′)∗1,2 = Q∗1,2 ∩ Q′. Hence, without loss of
generality, Q = Q′. We now assume that dimQ∗1,2 < (s − 1)m and
therefore, by Lemma 6.9, Q∗1,2 has γ-power saving. Thus, in order to
show that Q has γ-power saving, it is sufficient to prove that Q \Q∗1,2
has γ-power saving, so we assume from now on that Q∗1,2 = ∅.

We let U := X1 ×X2 and V := X1,2.
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Claim 6.12. For every w ∈ V , the set

Xw := {w′ ∈ V : dim(Q(U,w) ∩Q(U,w′)) = m}

has dimension strictly smaller than (s− 3)m. Moreover, the set Xw is
fiber algebraic in X3 × · · · ×Xs.

Proof. We assume that relevant sets thus far are defined over ∅. Now,
if dim(Xw) = (s− 3)m (it is not hard to see that it cannot be bigger),
then by ℵ0-saturation ofM we may take w′ generic in Xw over ∅, and
then u′ generic in Q(U,w) ∩ Q(U,w′) over w,w′. Note that the fiber-
algebraicity of Q implies that dim(Q(u′, V )) ≤ (s − 3)m, and since
dim(w′/wu′) = (s − 3)m it follows that w′ is generic in both Xw and
Q(u′, V ) over wu′, so in particular, dimXw = dimQ(u′, V ) = (s−3)m.
It is not hard to see that (u′, w′) ∈ Q∗1,2, contradicting our assumption
that Q∗1,2 = ∅.

To see that Xw is fiber algebraic, assume towards contradiction that
there exists a tuple (a3, . . . , as−1) ∈ X3 × · · · × Xs−1 for which there
are infinitely many as ∈ Xs such that (a3, . . . , as) ∈ Xu (the other
coordinates are treated similarly). We can now pick such as generic
over w, a3, . . . , as−1 and then pick (a1, a2) ∈ Q(U,w) ∩Q(U, a3, . . . , as)
generic over w, a3, . . . , as. It follows that there are infinitely many a′s
such that (a1, a2, . . . , as−1, a

′
s) ∈ Q, contradicting the fiber-algebraicity

of Q. �

We similarly have:

Claim 6.13. For every u ∈ U , the set

Xu := {u′ ∈ U : dim(Q(u, V ) ∩Q(u′, V )) = (s− 3)m}

has dimension strictly smaller than m. Moreover, the set Xu is fiber-
algebraic in X1 ×X2.

Lemma 6.14. There exist s definable families ~F = (F1, . . . ,Fs) of
subsets of X1, . . . , Xs, respectively, each containing only sets of dimen-
sion strictly smaller than m, such that for every ν ∈ N and every n-grid
Ā ⊆ X in ( ~F , ν)-general position, we have

(1) For all w,w′ ∈ A3×· · ·×As, if |Q(A1×A2, w)∩Q(A1×A2, w
′)| ≥ dν

then w′ ∈ Xw.
(2) For all w ∈ A3 × · · · × As, there are at most C(ν)ns−4 elements

w′ ∈ A3×· · ·×As such that |Q(A1×A2, w)∩Q(A1×A2, w
′)| ≥ dν.

(3) |Ā ∩Q| ≤ C ′(ν)n(s−1)−γ.
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Proof. We choose the definable families in ~F as follows. Let

F1 :=
{
π1(Q(U,w) ∩Q(U,w′)) :

w,w′ ∈ V & dimQ(U,w′) ∩Q(U,w′) < m
}
,

and F2 := {∅}. Clearly, each set in F1 has dimension smaller than m.
Because Q is fiber algebraic of degree ≤ d, it is easy to verify that (1)
holds independently of the other families.

For the other families, we first recall that by Claim 6.12, for each
w ∈ X1,2, the set Xw ⊆ X1,2 has dimension smaller than (s− 3)m.

We now apply Lemma 6.9 to the family {Xw : w ∈ X1,2} (note that s
from Lemma 6.9 is replaced here by s−2), and obtain definable families
~F ′ = (F3, , . . . ,Fs), each Fi consisting of subsets of Xi of dimension
smaller than m, such that for every ν and every n-grid A3×· · ·×As ⊆
X1,2 in ( ~F ′, ν)-general position and every w ∈ X1,2 we have

|A3 × · · · × Ak ∩Xw| ≤ C(ν)ns−4.

Let ~F := (F1,F2, ~F ′) and assume that Ā is in ( ~F , ν)-general position.
It follows that for every w ∈ A3 × · · · ×As there are at most C(ν)ns−4

elements w′ ∈ A3×· · ·×As such that |Q(A1×A2, w)∩Q(A1×A2, w
′)| ≥

dν. This proves (1) and (2).
By Fact 2.14, the relation Q, viewed as a binary relation on (X1 ×

X2) × X1,2, satisfies the γ-ST property. Given an n-grid Ā ⊆ (X1 ×
X2)×X1,2 in ( ~F , ν)-general position, we thus have that (2) implies (3)
for it.

This shows that Q has γ-power saving, in contradiction to our as-
sumption, thus completing the proof of Proposition 6.11, and with it
Theorem 6.8. �

6.3. Obtaining a nice Q-relation. By Theorem 6.8, we assume now
that dimQ∗ = dimQ = (s− 1)m.

Using o-minimal cell decomposition, we may partition Q into finitely
many definable sets such that each is “fiber-definable”, namely for
each (a1, . . . , as−1) ∈ A1 × · · · × As−1, there exists at most one as =
f(a1, . . . , as−1) ∈ Xs such that (a1, . . . , as−1, as) ∈ Q, and furthermore
f is a continuous function on its domain. We can do the same for all
permutations of the variables. Since Q does not satisfy γ-power saving
by assumption, one of these finitely many sets, of dimension (s− 1)m,
also does not satisfy γ-power saving.

Hence from now on we assume that Q is the graph of a continuous
partial function from any of its s− 1 variables to the remaining one.
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By further partitioning Q and changing the sets up to definable bi-
jections, we may assume that each Xi is an open subset of Mm. Fix
ē = (e1, . . . , es) in M generic in Q, and let M0 := dcl(ē). Note
that for each (a3, . . . , as) in a neighborhood of (e3, . . . , es), the set
Q(x1, x2, a3, . . . , as) is the graph of a homeomorphism between neigh-
borhoods of e1 and e2. We let µi := µM0(ei) (see Definition 6.2) and
identify these partial types over M0 with their sets of realizations in
M.

Lemma 6.15. There existM0-definable relatively open sets U ⊆ X1×
X2 and V ⊆ X̄1,2, containing (e1, e2) and (e3, . . . , es), respectively, and
a relatively open W ⊆ Q, containing ē, such that for every (u, v) ∈ W ,
Q(u, V )×Q(U, v) ⊆ Q.

In particular, for any u, u′ ∈ µM0(e1, e2) ∩ (X1 ×X2) and v, v′ ∈
µM0(e3, . . . , es) ∩ X̄1,2 we have

(u; v), (u; v′), (u′, v) ∈ Q⇒ (u′, v′) ∈ Q.

Proof. Because the properties of U, V and W are first-order expressible
over ē, it is sufficient to prove the existence of U, V,W in any elementary
extension of M0.

Because ē ∈ Q = Q∗, there are definable, relatively open neigh-
borhoods U ⊆ X1 × X2 and V ⊆ X̄1,2 of (e1, e2) and (e3, . . . , es),
respectively, such that

Q(U, e3, . . . , es)×Q(e1, e2, V ) ⊆ Q.

By the saturation of M, we may assume that U, V are definable
over A ⊆ M such that ē is still generic in Q over A. It follows that
there exists a relatively open W ⊆ Q, containing ē, such that for every
(u, v) ∈ W (so, u ∈ X1×X2 and v ∈ X̄1,2), we have Q(U, v)×Q(u, V ) ⊆
Q. As already noted, we now can find such U, V and W defined over
M0.

The last clause follows because for any tuple c, µM0(c) is contained
in any M0-definable open neighborhood of c. �

Lemma 6.16. The definable relation Q satisfies properties (P1) and
(P2) from Section 3.2 with respect to the M0-type-definable sets µi ∩
Xi, i ∈ [s], namely:

(P1) For any (a1, . . . , as−1) ∈ µ1 × · · · × µs−1, there exists exactly
one as ∈ µs with (a1, . . . , as−1, as) ∈ Q, and this remains true under
any coordinate permutation.

(P2) Let Ũ := µ1×µ2∩X1×X2 and Ṽ := µ3× . . .×µs∩ X̄1,2. Then

for every u, u′ ∈ Ũ and w,w′ ∈ Ṽ ,

(u;w), (u′;w), (u;w′) ∈ Q⇒ (u′;w′) ∈ Q.
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The same is true when (1, 2) is replaced by any (i, j) with i 6= j ∈ [s].

Proof. By continuity of the function given by Q, for every tuple

(a1, . . . , as−1) ∈ µ1 × · · · × µs−1

there exists a unique as ∈ µs such that (a1, . . . , as) ∈ Q. The same is
true for any permutation of the variables. This shows (P1).

Property (P2) holds by Lemma 6.15 for the (1, 2)-coordinates. The
same proof works for the other pairs (i, j). �

Assuming s ≥ 4, Lemma 6.16 shows that Q satisfies the assump-
tions of Theorem 3.21, applying which we thus conclude the proof of
Theorem 6.3 for s ≥ 4. Finally, the case s = 3 of Theorem 6.3 reduces
to the case s = 4 as in the stable case, Section 5.8, with the obvious
modifications.

6.4. Discussion and some applications. We discuss some variants
and corollaries of the main theorem. In particular, we will deduce a
variant that holds in an arbitrary o-minimal structure, i.e. without the
saturation assumption on M used in Theorem 6.3.

Definition 6.17. (see [24, Definition 2.1]) A local group is a tuple
(Γ, 1, ι, p), where Γ is a Hausdorff topological space, ι : Λ → Γ (the
inversion map) and p : Ω → Γ (the product map) are continuous
functions, with Λ ⊆ Γ and Ω ⊆ Γ2 open subsets, such that 1 ∈ Λ,
{1} × Γ,Γ× {1} ⊆ Ω and for all x, y, z ∈ Γ:

(1) p(x, 1) = p(1, x) = x;
(2) if x ∈ Λ then (x, ι(x)), (ι(x), x) ∈ Ω and p(x, ι(x)) = p(ι(x), x) = 1;
(3) if (x, y), (y, z) ∈ Ω and (p(x, y), z), (x, p(y, z)) ∈ Ω, then

p((p(x, y), z) = p(x, p(y, z)).

Our goal is to show that in Theorem 6.3 we can replace the type-
definable group with a definable local group. Namely,

Corollary 6.18. Let M be an ℵ0-saturated o-minimal expansion of a
group, s ≥ 3, Q ⊆ X1 × · · · × Xs are ∅-definable with dim(Xi) = m,
and Q is fiber algebraic. Then one of the following holds.

(1) The set Q has γ-power saving, for γ = 1
8m−5

if s ≥ 4, and γ =
1

16m−10
if s = 3.

(2) There exist (i) a finite set A ⊆ M and a structure M0 = dcl(A)
(ii) a definable local abelian group Γ with dim(Γ) = m, defined
over M0, (iii) definable relatively open Ui ⊆ Xi, a definable open
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neighborhood V ⊆ Γ of 0 = 0Γ, and (iv) definable homeomorphisms
πi : Ui → V , i ∈ [s], such that for all xi ∈ Ui,

π1(x1) + · · ·+ πs(xs) = 0⇔ Q(x1, . . . , xs).

Proof. We assume that (1) fails and apply Theorem 6.3 to obtain ā
generic in Q,M0 = dcl(ā), a type-definable abelian group G overM0,
and bijections πi : µM0(ai) → G sending ai to 0, such that for all
i ∈ [s], and xi ∈ µM0(ai),

π1(x1) + · · ·+ πs(xs) = 0⇔ Q(x1, . . . , xs).

By pulling back the group operations via, say, π1, we may assume
that the domain of G is µM0(a1). We denote this pull-back of the ad-
dition and the inverse operations by x⊕ y and 	y, respectively. Let us
see that ⊕ and 	 are continuous with respect to the induced topology
on µM0(a1) ⊆ X1. Because ā is generic in Q, and Q is fiber algebraic,
it follows from o-minimality that the set Q(x1, x2, x3, a4, . . . , as) defines
a continuous function from any two of the coordinates x1, x2, x3 to the
third one, on the corresponding infinitesimal types µM0(ai)×µM0(aj).

The following is easy to verify: for x′, x′′, x′′′ ∈ µM0(a1), x′⊕x′′ = x′′′

if and only if there exist x2 ∈ µM0(a2) and x3, x
′
3 ∈ µM0(a3) such that

Q (x′, x2, x3, a4, . . . , as) , Q (x′′′, a2, x3, a4, . . . , as) and
Q(x′′, a2, x

′
3, a4, . . . , as), Q(a1, x2, x

′
3, a4, . . . , as).

By the above comments, ⊕ can thus be obtained as a composition
of continuous maps, thus it is continuous. We similarly show that 	 is
continuous.

Applying logical compactness, we may now replace the type-definable
G with an M0-definable Γ ⊇ G = µM0(a1), with partial continuous
group operations, which make Γ into a local group. Similarly, we find
Ui ⊇ µM0(ai), V ⊆ Γ and πi : Ui → V as needed. �

Note that if Ro-min is an o-minimal expansion of the field of reals and
the Xi’s and Q are definable in Ro-min, with Q not satisfying Clause
(1) of Corollary 6.18, then taking a sufficiently saturated elementary
extension M � Ro-min, Q(M) still does not satisfy Clause (1) in M.
Hence we may deduce that Clause (2) of Corollary 6.18 holds for Q
in M, possibly over additional parameters from M. However, the
definition of a local group is first-order in the parameters defining Γ, ι
and p. Thus, by elementarity, we obtain that Clause (2) of Corollary
6.18 holds forQ(R), with Γ and the functions πi definable in the original
structure Ro-min.

By Goldrbing’s solution [24] to the Hilbert’s 5th problem for local
groups, if Γ is a locally Euclidean local group (i.e. there is an open
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neighborhood of 1 homeomorphic to an open subset of Rn, for some
n), then there is a neighborhood U of 1 such that U is isomorphic, as
a local group, to an open subset of an actual Lie group G. Clearly,
if the local group is abelian then the connected component of G is
also abelian. Combining these observations with Corollary 6.18 we
conclude:

Corollary 6.19. Let Ro-min be an o-minimal expansion of the field
of reals. Assume s ≥ 3, Q ⊆ X1 × · · · × Xs are ∅-definable with
dim(Xi) = m, and Q is fiber-algebraic. Then one of the following
holds.

(1) The set Q satisfies γ-power saving, for γ = 1
8m−5

if s ≥ 4, and

γ = 1
16m−10

if s = 3.
(2) There exist definable relatively open sets Ui ⊆ Xi, i ∈ [s], an abelian

Lie group (G,+) of dimension m and an open neighborhood V ⊆ G
of 0, and definable homeomorphisms πi : Ui → V , i ∈ [s], such that
for all xi ∈ Ui, i ∈ [s]

π1(x1) + · · ·+ πs(xs) = 0⇔ Q(x1, . . . , xs).

Finally, this takes a particularly explicit form when dim(Xi) = 1 for
all i ∈ [s].

Corollary 6.20. Let Ro-min be an o-minimal expansion of the field of
reals. Assume s ≥ 3 and Q ⊆ Rs is definable and fiber-algebraic. Then
exactly one of the following holds.

(1) There exists a constant c, depending only on the formula defining
Q (and not on its parameters), such that: for any finite Ai ⊆ R
with |Ai| = n for i ∈ [s] we have

|Q ∩ (A1 × . . .× As)| ≤ cns−1−γ,

where γ = 1
3

if s ≥ 4, and γ = 1
6

if s = 3.
(2) There exist definable open sets Ui ⊆ R, i ∈ [s], an open set V ⊆ R

containing 0, and homeomorphisms πi : Ui → V such that

π1(x1) + · · ·+ πs(xs) = 0⇔ Q(x1, . . . , xs)

for all xi ∈ Ui, i ∈ [s].

Proof. Corollary 6.19 can be applied to Q.
Assume we are in Clause (1). As the proof of Theorem 6.3 demon-

strates, we can take any γ such that Q satisfies the γ-ST property (as
a binary relation, under any partition of its variables into two and the
rest) if s ≥ 4; and such that Q′ (as defined in Section 5.8) satisfies the
γ-ST property if s = 3. Applying the stronger bound for definable sub-
sets of R2 × Rd2 from Fact 2.14(1), we get the desired γ-power saving.
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Note that in the 1-dimensional case, the general position requirement
is satisfied automatically: for any definable set Y ⊆ R, dim(Y ) < 1 if
and only if Y is finite; and for every definably family Fi of subsets of
R, by o-minimality there exists some ν0 such that for any Y ∈ Fi, if Y
has cardinality greater than ν0 then it is infinite.

In Clause (2), we use that every connected 1-dimensional Lie group
G is isomorphic to either (R,+) or S1, and in the latter case we can
restrict to a neighborhood of 0 and compose the πi’s with a local iso-
morphism from S1 to (R,+).

Finally, the two clauses are mutually exclusive as in Remark 5.47. �

Remark 6.21. In the case that definable sets in Ro-min admit analytic
cell decomposition (e.g. in the o-minimal structure Ran,exp, see [53, Sec-
tion 8]) then one can strengthen Clause (2) in Corollaries 6.19 and 6.20,
so that the Ui’s are analytic submanifolds and the maps πi are analytic
bijections with analytic inverses.

Remark 6.22. In particular, if Q is semialgebraic (which corresponds
to the case Ro-min = R of Corollary 6.20), of description complexity D
(i.e. defined by at most D polynomial (in-)equalities, with all polyno-
mials of degree at most D), then in Clause (1) the constant c depends
only on s and D.

Remark 6.23. If Q is semilinear, then by Fact 2.16 it satisfies (1−ε)-ST
property, for any ε > 0. In this case, in Clause (1) of Corollary 6.20
for s ≥ 4 we get (1 − ε)-power saving — which is essentially the best
possible bound. See [34] concerning the lower bounds on power saving.
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