
LIE GROUPS, HOME ASSIGNMENT 10

1. Present the Lie algebra of U(n) as a product of a commutative and a
semisimple Lie algebra. Show that U(n) has no compatible decomposi-
tion.

2. Given a finite dimensional representation ρ : G → GL(V ), its character
χV is the function on G defined by the formula

χV (g) = Tr(ρ(g)).

Prove that if V and W are nonisomorphic irreducible modules then χV

and χW are orthogonal.
3. Prove that V is irreducible iff χV has length 1. Deduce that if V = ⊕V di

i

where Vi are non-isomorphic irreducible representations, then ||χV ||2 =∑
d2i .

4. Can the Killing form of a Lie algebra g be positively definite?
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