DIFFERENTIAL GEOMETRY. LECTURE 4, 26.05.08

2.1. Tangent bundle. We want now to glue all tangent spaces T,(X), = € X,
into a big manifold 7'X endowed with a smooth map 7 : T'X —— X such that
T,X =m ().

In the case X is an open subspace of R", we will get just the direct product X x
R™. In general we will have to “glue” T'X from the tangent bundles corresponding
to the charts.

We will proceed as follows. First of all, we have TX = [] . 7,(X) as a set.
Using the atlas of X, we will present a covering of TX by open subsets of R*"
where n = dim X. This will define a topology on T'X, as well as an atlas.

2.1.1. Topology on TX Let ¢ : D —— U C X be a chart of X. Recall that
for each # € U an isomorphism D¢ : R" — T,.(X) is defined. This defines an
injection
(¢, D¢) : DxR" — [[ Tu(X) =TX
zeX
carrying the pair (t,v) to (¢(t), Dé(v)) € Ty (X).
Note that

e The product D x R™ is an open subset in R?".
e The images of (¢, Do) cover the whole T'X.

We declare a subset V' of T'X open if and only if for any chart ¢ in the atlas
of X the preimage (¢, Dp)~'(V) is open in D x R™.

2.1.2. The charts of TX

Of course, we would like to say that the maps (¢, D¢) : D x R" — TX
form the charts of TX. This is true, but requires checking that (¢, Do) is a
homeomorphisms of D x R™ with its image in 7'X and that this image is open
in TX.

This is clearly a bijection. To prove it is a homeomorphism, we have to check
that for any open subset V' in D x R" its image (¢, D¢)(V) is open in TX.
By definition, this amounts to checking the following. Choose any (other) chart
v Dy —— U; C X. We have to check that the preimage

(1) (¥, D) (¢, Dg)(V)

is open in D; x R™.



We will get this simultaneously with the compatibility of the charts. Let as
above ¢ : D — U C X and ¢ : D; — U; C X are two (compatible) charts of X.
By definition, this means that the map

P log:¢  (UNUY) — ¢~ (UNTY)

is a diffeomorphism.

The intersection of the images of the maps (¢, D¢) and (¢, Dy) in TX is
clearly [, cyny, T(X).

The inverse images of this set in D x R™ and D; x R™ are obviously ¢~*(U N
Up) x R" and =4 (U NU;y) x R™.

The transition map (v, DY) ~1(¢, D¢) from one space to the other is given by
the formula

(t,0) = (¥7'(t), D(¥~" 0 ¢)(v))

— this follows from Lemma 2.2.4 (Lecture 3). This is clearly a bijection since the
Jacobi matrix of a diffeomorphism is nondegenerate. A small calculation below
(Lemma 2.1.3) shows it is also a diffeomorphism.

We still have a small debt, that of checking that (1) is open. But now this
set is the image of the open set V N (¢~1(U NU;) x R™) under a diffeomorphism
(¢, D)"Y (¢, D). Therefore, it is open.

2.1.3. Lemma. Let U be an open subset in R™ and let f : U —— R™ be a smooth
map. Define F': U x R" —— R™ x R™ by the formula
F(t,v) = (f(t), D fi(v))

where D f; denotes, as usual, the Jacobi matriz of f att. Then the Jacobi matrix
of F at (t,v) is of form

@ ( il o )

In particular, if f is a local diffeomorphism, than F is a local diffeomorphism as
well.
Proof. Direct computation. The bottom left quadrant consists of expressions like
& fi
8% 8:ck

O

2.2. Properties of Tangent bundles. Vector fields. We start with (long
overdue)

2.2.1. Definition. Let X, Y be smooth manifold. Their direct product X x Y
is defined as follows.
e As a topological space, it is the direct product of X and Y.
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e Each pair of charts ¢ : Dy — U; C X and ¢ : Dy — Uy C Y defines a
(generalized) chart

OXY: Dy XDy — Uy xUyCX XY
for X xY.

2.2.2. Open subsets of R"

If X is an open subset of R”, its tangent bundle is diffeomorphic to X x R™.
We will see later that the tangent bundle does not always have such a simple
form.

2.2.3. Definition. A vector field on X is a smooth map s : X —— T'X such
that 7o s = idx.

The meaning of the definition is clear: a vector field assigns to any point z € X
a tangent vector s(x) € T,(X) which “smoothly depends” on x.
The set of vector fields on X, denoted T(X), has two natural operations,
addition and multiplication by a smooth function:
[ ] (81 + 82)(t> = Sl(t) + Sg(t).
e For a € C*(X), s € T(X), one defines as(t) = a(t)s(t).
A vector field on an open subset X of R", that is, a section of the projection
X xR" — X, is given by a smooth function

s: X — R"

or, what is the same, by n smooth functions. In this case T(X) really “looks
like” an n-dimensional vector space over C'*°.

Let e; denote the vector field assigning to all points of X the same i-th coor-
dinate vector e; of R™. Then a general vector field has form

8:f161+...—|—fn€n

where f; € C*(X).

The same holds for any manifold X whose tangent bundle is isomorphic to
X xX R™

Let us mention without proof

2.2.4. Theorem. Let s be a vector field on X = S%. Then there exists at least
one point x € S? such that s(x) = 0.

This implies that the tangent bundle of the two-dimensioinal sphere is not
isomorphic to S? x R2.



