GENERIC POWER CONVERGENCE OF NONLINEAR OPERATORS IN BANACH SPACES

Dan Butnariu, Simeon Reich and Alexander J. Zaslavski

Abstract. Let K be a closed convex subset of a Banach space X. We consider complete metric spaces of self-mappings of K which are, in some sense, nonexpansive with respect to the Bregman distance induced by a given convex function f on X. In this survey we present (under certain assumptions on f ) several recent results regarding the strong convergence of the iterates of a generic operator in these spaces. In some cases the limits do not depend on the initial points and are the unique fixed point of the operator, while in others the iterates converge to a retraction onto the fixed point set of the operator.

Introduction

The following problem often occurs in Functional Analysis and Optimization as well as in other fields of Pure and Applied Mathematics: Given a nonempty closed convex subset K of a Banach space X and an operator T : K → K, do the sequences iteratively generated in K by the rule x^{k+1} = T x^k converge (weakly or strongly) to a fixed point of T ? It is well known (see, for example, [1, 5, 18, 19]) that this indeed happens for “standard” classes of operators (e.g., certain nonexpansive operators and operators of contractive type). In a series of recent papers [6, 7, 9, 15, 20] it has been shown that sometimes, when the space X is reflexive, the question asked above has an affirmative answer even if the operator T is not contractive in any standard sense, but instead is assumed to be quasi-nonexpansive with respect to the Bregman distance induced by a given convex function on X. In these results one usually obtains only weak subsequential convergence, with strong convergence, and even weak sequential convergence, resulting only under quite restrictive conditions. However, more recently we have been able to show [11-13] that in such situations, strong convergence is not the exception, but rather the rule. More precisely, we have shown that in appropriate complete metric spaces of operators which are, in some sense, nonexpansive with respect to a given (strictly) convex function f, there exists a subset which is a countable intersection of open everywhere dense sets such that for any operator belonging to this subset all its orbits converge strongly. Results of this kind for nonexpansive (in the usual sense) operators were already established in [17, 21, 22]. Thus, instead of considering a certain convergence property for a single operator, we investigate it for a space of all such operators equipped with some natural complete metric, and show that this property holds for most of these

1991 Mathematics Subject Classification. 37N40, 47H09, 49M30, 52A41, 54E50, 54E52. Key words and phrases. Bregman distance, convex function, fixed point, generic property, iterative algorithm, retraction, uniform space.

Typeset by AMS-TEX 1

operators in the sense of Baire’s categories. This allows us to establish strong convergence without restrictive assumptions on the space and on the operators themselves. Thus we are able to obtain the convergence of the iterations of a generic operator in the norm topology of an arbitrary Banach space X, while in individual theorems we usually obtain only weak subsequential convergence of iterations and the space X is assumed to be at least reflexive.

Throughout this survey we assume that we are given a convex function f : X → R^1 ∪ {∞} such that K is a nonempty closed convex subset of the algebraic interior D^0 of D = dom(f) = {x ∈ X : f(x) < ∞}. We also assume that f is lower semicontinuous on K.

Recall that the Bregman distance [3, 14] D_f : D × D^0 → [0, ∞) induced by f is defined by D_f (y, x) = f(y) − f(x) + f^0(x, x − y), where f^0(x, v) = lim_{t→0+} t^{−1}(f(x + tv) − f(x)).

In recent years Bregman distances have been playing an ever-increasing role in Optimization and Nonlinear Analysis. See, for instance, [2, 4, 6-10, 15, 16, 20] and the references mentioned therein.

In this paper we consider several complete metric spaces of self-mappings of K which are, in some sense, nonexpansive with respect to to the Bregman distance D_f induced by the given convex function f. We present (under certain assumptions on f) several recent results regarding the strong convergence of the iterates of a generic operator in these spaces. In some cases the limits do not depend on the initial points and are the unique fixed point of the operator, while in others the iterates converge to a retraction onto the fixed point set of the operator.

The practical meaning of our results is that whenever one applies iterative algorithms of the form x^{k+1} = T x^k to compute a fixed point of an operator T which belongs to one of our spaces of operators, then there is a good chance that the resulting sequence {x^k} converges strongly. This conclusion is consistent with many computational experiments, despite the fact that the study of particular classes of such operators T has so far produced individual strong convergence theorems only under conditions which are considerably more restrictive than those we assume in the present paper.

1. Generic power convergence for a class of continuous mappings

Let (X, || · ||) be a Banach space, K ⊂ X a nonempty closed convex subset of X and let f : X → R^1 ∪ {∞} be convex. Let D^0 be the algebraic interior of the domain D of f and let D_f : D ×D^0 → [0, ∞) denote the Bregman distance induced by f. We assume in the sequel that K ⊂ D^0.

Denote by M = M(K) the set of all mappings T : K → K which are bounded on bounded subsets of K. For the set M we consider the uniformity determined by the following base: (1.1) E(N, ϵ) = {(T_1, T_2) ∈ M × M : ||T_1x − T_2x|| ≤ ϵ for all x ∈ K satisfying ||x|| ≤ N }, where N, ϵ > 0. Clearly, this uniform space is metrizable and complete. We equip the space M with the topology induced by this uniformity. Denote by M_c the set of all continuous T ∈ M. It is obvious that M_c is a closed subset of M. We consider the topological subspace M_c ⊂ M with the relative topology.

Denote by M the set of all T ∈ M_c for which there is z_T ∈ K such that the following assumptions hold:

A (i)

T z_T = z_T , D_f (z_T , ·) : K → R^1 is convex, D_f (z_T , T x) ≤ D_f (z_T , x) for all x ∈ K;

A (ii)

for any ϵ > 0, there exists δ > 0 such that if x ∈ K and D_f (z_T , x) ≤ δ, then ||z_T − x|| ≤ ϵ; A (iii)

D_f (z_T , ·) : K → R^1 is Lipschitzian in a neighborhood of z_T .

Denote by M̄ the closure of M in M. We equip the topological subspace M̄ ⊂ M with the relative topology.

Remark. Observe that here and in the sequel, the inequality

D_f (z_T , T x) ≤ D_f (z_T , x) for all x ∈ K

in A(i), when combined with A(ii), implies that z_T is a fixed point of T .

Note that A(iii) holds if the function D_f (z_T , ·) : D^0 → R^1 is convex. Note also that A(ii) holds if the function f is uniformly convex. Examples of such functions f can be found in [7]. Let ξ ∈ K. Denote by M_ξ the set of all T ∈ M such that Assumption A holds with z_T = ξ and denote by M̄_ξ the closure of M_ξ in M. We consider the topological subspace M̄_ξ ⊂ M with the relative topology. We endow the topological spaces K × M, K × M̄ and K × M̄_ξ with the appropriate product topologies.

The following three results were established in [11]. The first two describe the asymptotic behavior of orbits of a generic T in M̄ and in M̄_ξ. The third one yields strong convergence of {T^nx}^∞_{n=1} for a generic pair (x, T ) in the product space K × M̄. Theorem 1.1. Let x_j ∈ K, j = 1, . . . , p, where p is a natural number. Then there exists a set F ⊂ M̄ which is a countable intersection of open everywhere dense sets in M̄ such that for each T ∈ F the following assertions hold:

1. There exists z_∗ ∈ K such that T^nx_j → z_∗ as n → ∞ for j = 1, . . . , p. 2. For each ϵ > 0, there exist an integer N ≥ 1, a neighborhood U of T in M, and neighborhoods V_j of x_j in K for j = 1, . . ., p such that for j = 1, . . ., p,

||S^ny − z_∗|| ≤ ϵ for each S ∈ U, each y ∈ V_j and each integer n ≥ N.

Theorem 1.2. Let ξ ∈ K and x_j ∈ K, j = 1, . . ., p, where p is a natural number. Then there exists a set F_ξ ⊂ M̄_ξ which is a countable intersection of open everywhere dense sets in M̄_ξ such that for each T ∈ F_ξ, lim_{n→∞} T^nx_j = ξ, j = 1, . . . , p, and the following assertion holds:

For each ϵ > 0, there exist an integer N ≥ 1, a neighborhood U of T in M and neighborhoods V_j of x_j in K for j = 1, . . . , p such that for j = 1, . . . , p,

||S^ny − ξ|| ≤ ϵ for each S ∈ U, each y ∈ V_j , and each integer n ≥ N.

Theorem 1.3. There exists a set F ⊂ K × M̄ which is a countable intersection of open everywhere dense sets in K × M̄ such that for each (x, T ) ∈ F there exists lim_{n→∞} T^nx and the following assertion holds:

For each ϵ > 0, there exists an integer N ≥ 1 and a neighborhood U of (x, T ) in K × M such that for each (y, S) ∈ U and each integer i ≥ N , ||S^iy − lim_{n→∞} T^nx|| ≤ ϵ. Our next theorem is an analog of Theorem 1.3 for the space M̄_ξ ⊂ M̄. Similarly, Theorem 1.6 is an analog of Theorem 1.5.

Theorem 1.4. Let ξ ∈ K. Then there exists a set F_ξ ⊂ K × M̄_ξ which is a countable intersection of open everywhere dense sets in K × M̄_ξ such that for each (x, T ) ∈ F_ξ, lim_{n→∞} T^nx = ξ and the following assertion holds:

For each ϵ > 0, there exists an integer N ≥ 1 and a neighborhood U of (x, T ) in K × M such that for each (y, S) ∈ U and each integer i ≥ N , ||S^iy − ξ|| ≤ ϵ. Theorem 1.5. Let K_0 be a nonempty separable closed subset of K. Then there exists a set F ⊂ M̄ which is a countable intersection of open everywhere dense sets in M̄ such that for each B ∈ F, there exists x_B ∈ K and a set K_B ⊂ K_0 which is a countable intersection of open everywhere dense sets in K_0 with the relative topology such that the following assertions hold:

1. lim_{n→∞} B^nx = x_B for all x ∈ K_B.

2. For each x ∈ K_B and each ϵ > 0, there exist an integer N ≥ 1 and a neighborhood U of (x, B) in K × M such that for each (y, S) ∈ U and each integer i ≥ N , we have ||S^iy − x_B || ≤ ϵ. Theorem 1.6. Let K_0 be a nonempty separable closed subset of K and let ξ ∈ K. Then there exists a set F_ξ ⊂ M̄_ξ which is a countable intersection of open everywhere dense sets in M̄_ξ such that for each B ∈ F_ξ, there exists a set K_B ⊂ K_0 which is a countable intersection of open everywhere dense sets in K_0 with the relative topology such that the following assertions hold:

1. lim_{n→∞} B^nx = ξ for all x ∈ K_B.

2. For each x ∈ K_B and each ϵ > 0, there exist an integer N ≥ 1 and a neighborhood U of (x, B) in K × M such that for each (y, S) ∈ U and each integer i ≥ N , we have ||S^iy − ξ|| ≤ ϵ.

2. Generic power convergence for a class of uniformly continuous mappings

In this section we assume that the space X, its subset K and the function f are as introduced in Section 1.

Denote by A = A(K) the set of all mappings T : K → K which are uniformly continuous on bounded subsets of K. Clearly, any T ∈ A is bounded on bounded subsets of K and A is a closed subset of the complete uniform space M defined in Section 1. We consider the topological subspace A ⊂ M with the relative topology.

Denote by A_∗ the set of all T ∈ A for which there is z_T ∈ K such that the following properties hold:

B (i)

T z_T = z_T , D_f (z_T , ·) : K → R^1 is convex, D_f (z_T , T x) ≤ D_f (z_T , x) for all x ∈ K;

B (ii)

the function D_f (z_T , ·) is bounded from above on any bounded subset of K;

B (iii)

for any ϵ > 0, there exists δ > 0 such that if x ∈ K and D_f (z_T , x) ≤ δ, then ||z_T − x|| ≤ ϵ. Denote by Ā_∗ the closure of A_∗ in the space A. We consider the topological subspace Ā_∗ ⊂ A with the relative topology. We note that B(iii) holds if the function f is uniformly convex.

Theorem 2.1. There exists a set F ⊂ Ā_∗ which is a countable intersection of open everywhere dense sets in Ā_∗ such that for each T ∈ F the following assertions hold:

1. There exists z_∗ ∈ K such that T^nx → z_∗ as n → ∞ for all x ∈ K. 2. For each ϵ > 0 and each bounded set C ⊂ K, there exists an integer N ≥ 1 and a neighborhood U of T in A such that for each S ∈ U and each x ∈ C, ||S^nx − z_∗|| ≤ ϵ for all integers n ≥ N. Let ξ ∈ K. Denote by A_ξ the set of all T ∈ A which satisfy Property B with z_T = ξ and denote by Ā_ξ the closure of A_ξ in A. We equip the topological subspace Ā_ξ ⊂ A with the relative topology.

Theorem 2.2. There exists a set F_ξ ⊂ Ā_ξ which is a countable intersection of open everywhere dense sets in Ā_ξ such that for each T ∈ F_ξ the following assertions hold:

1. T^nx → ξ as n → ∞ for all x ∈ K.

2. For each ϵ > 0 and each bounded set C ⊂ K, there exists an integer N ≥ 1 and a neighborhood U of T in A such that for each S ∈ U and each x ∈ C, ||S^nx − ξ|| ≤ ϵ for all integers n ≥ N. The proofs of these two theorems can also be found in [11].

3. Convergence of powers for a class of mappings with a uniformly continuous Bregman distance

In this section we use the definitions and notations from Section 1 and the complete uniform spaces M and M_c introduced there.

Denote by M_∗ the set of all T ∈ M for which there is z_T ∈ K such that the following assumptions hold:

C (i)

T z_T = z_T , D_f (z_T , ·) : K → R^1 is convex, D_f (z_T , T x) ≤ D_f (z_T , x) for all x ∈ K;

C (ii)

the function D_f (z_T , ·) is uniformly continuous on any bounded subset of K;

C (iii)

for any ϵ > 0, there exists δ > 0 such that if x ∈ K and D_f (z_T , x) ≤ δ, then ||z_T − x|| ≤ ϵ; C (iv)

for each α > 0, the level set {y ∈ K : D_f (z_T , y) ≤ α} is bounded.

Set M_{∗c} = M_c ∩ M_∗. Denote by M̄_∗ the closure of M_∗ in the space M and by M̄_{∗c} the closure of M_{∗c} in the space M. We consider the topological subspaces M̄_{∗c} and M̄_∗ ⊂ M with the relative topologies. Again we note that C(iii) holds if the function f is uniformly convex.

The next two theorems were established in [11]. Roughly speaking, these theorems show that we can replace the uniform continuity assumption imposed in Section 2 with a uniform continuity assumption on the Bregman distance D_f .

Theorem 3.1. There exists a set F ⊂ M̄_∗ which is a countable intersection of open everywhere dense sets in M̄_∗ and a set F_c ⊂ F ∩ M̄_{c∗} which is a countable intersection of open everywhere dense sets in M̄_{∗c} such that for each T ∈ F the following assertions hold:

1. There exists z_∗ ∈ K such that T^nx → z_∗ as n → ∞ for all x ∈ K. 2. For each ϵ > 0 and each bounded set C ⊂ K, there exists an integer N ≥ 1 and a neighborhood U of T in M such that for each S ∈ U and each x ∈ C, ||S^nx − z_∗|| ≤ ϵ for all integers n ≥ N. Let ξ ∈ K. Denote by M_ξ the set of all T ∈ M which satisfy Assumption C with z_T = ξ. Set M_{ξc} = M_ξ ∩ M_c. Denote by M̄_ξ the closure of M_ξ in M and by M̄_{ξc} the closure of M_{ξc} in M. We equip the topological subspaces M̄_ξ and M̄_{ξc} ⊂ M with the relative topologies.

Theorem 3.2. There exists a set F_ξ ⊂ M̄_ξ (respectively, F_{ξc} ⊂ M̄_{ξc} ∩ F_ξ) which is a countable intersection of open everywhere dense sets in M̄_ξ (respectively, in M̄_{ξc}) such that for each T ∈ F_ξ the following assertions hold:

1. T^nx → ξ as n → ∞ for all x ∈ K.

2. For each ϵ > 0 and each bounded set C ⊂ K, there exists an integer N ≥ 1 and a neighborhood U of T in M such that for each S ∈ U and each x ∈ C, ||S^nx − ξ|| ≤ ϵ for all integers n ≥ N.

4. Asymptotic behavior of quasi-nonexpansive mappings

In this section we again consider the space M, introduced in Section 1, of all mappings T : K → K which are bounded on bounded subsets of K, with the uniformity determinied by the base (1.1). Recall that this uniform space is metrizable and complete.

Denote by M_c the set of all continuous T ∈ M. Clearly, M_c is a closed subset of M. We endow the topological subspace M_c ⊂ M with the relative topology.

Denote by M_u the set of all those mappings T : K → K which are uniformly continuous on bounded subsets of K. Clearly, any T ∈ M_u is bounded on bounded subsets of K and M_u is a closed subset of the complete uniform space M. We consider the topological subspace M_u ⊂ M with the relative topology.

Let F ⊂ K be a nonempty closed convex subset of K. Denote by M^{(F )} the set of all T ∈ M such that T x = x for all x ∈ F and D_f (z, T x) ≤ D_f (z, x) for all z ∈ F and all x ∈ K. Set M^{(F )}_c = M^{(F )} ∩ M_c and M^{(F )}_u = M^{(F )} ∩ M_u.

We assume that

D_f (z, ·) : K → R^1 is convex and continuous for all z ∈ F.

This assumption implies that M^{(F )}, M^{(F )}_c and M^{(F )}_u are closed subsets of M. We consider the topological subspaces M^{(F )}, M^{(F )}c , M^{(F )}u ⊂ M with the relative topologies.

We also assume that for each x ∈ K, each y, z ∈ F , and each γ ∈ (0, 1),

(4.1) D_f ((1 − γ)z + γy, (1 − γ)x + γy) ≤ (1 − γ)D_f (z, x).

Evidently, this last assumption is true if the function D_f (·, ·) : F × K → R^1 is convex as a function of two variables. Although this convexity assumption is rather restrictive we note that there are quite a few examples of convex functions f for which the corresponding Bregman distance D_f is convex as a function of two variables. These examples include the square of the norm in Hilbert space, the negentropy in R^n [6] and the examples discussed in [2].

For each x ∈ K and each nonempty G ⊂ K, set ρ_f (x, G) = inf{D_f (z, x) : z ∈ G}. In addition, we assume the following uniform continuity condition:

For any ϵ > 0, there exists δ > 0 such that if x ∈ K, z ∈ F, and D_f (z, x) ≤ δ, then ||z − x|| ≤ ϵ. In [13] we have established, for appropriate complete metric spaces of mappings, the existence of an everywhere dense G_δ subset such that the iterates of any of its elements converge strongly to a retraction onto F . These results are presented in this section.

In our first theorem we also make the following assumption:

For each bounded set K_0 ⊂ K and each ϵ > 0, there is δ > 0 such that if x ∈ K_0, z ∈ F, and ||z − x|| ≤ δ, then D_f (z, x) ≤ ϵ. Note that this assumption is true if the function f is Lipschitzian on each bounded subset of K.

We also assume that for each bounded set K_0 ⊂ K, sup{ρ_f (x, F ) : x ∈ K_0} < ∞. Theorem 4.1. Assume that P ∈ M^{(F )}_u and P (K) = F . Then there exists a set F ⊂ M^{(F )}_u which is a countable intersection of open everywhere dense subsets of M^{(F )}_u such that for each B ∈ F the following assertions hold:

(i) There exists P_B ∈ M^{(F )}_u such that P_B(K) = F and B^nx → P_Bx as n → ∞, uniformly on bounded subsets of K;

(ii) for each ϵ > 0 and each bounded set C ⊂ K, there exist a neighborhood U of B in M^{(F )}_u and an integer N ≥ 1 such that for each S ∈ U , each x ∈ C, and each integer n ≥ N , we have ||S^nx − P_Bx|| ≤ ϵ

In this theorem, as well as in our subsequent theorems, we assume that certain retractions belong to M^{(F )}. Sufficient conditions for the existence of such retractions can be found in [12].

Whereas this theorem deals with a class of uniformly continuous mappings, our next two results are concerned with a uniformly continuous Bregman distance. More precisely, we assume that there exists P ∈ M^{(F )} for which P (K) = F and that the function D_f (·, ·) : F ×K → R^1 is uniformly continuous on bounded subsets of F × K. Theorem 4.2. There exists a set F ⊂ M^{(F )} which is a countable intersection of open everywhere dense subsets of M^{(F )} such that for each B ∈ F the following assertions hold:

1. There exists P_B ∈ M^{(F )} such that P_B(K) = F and B^nx → P_B x as n → ∞, uniformy on bounded subses of K; if B ∈ M^{(F )}c , then P_B ∈ M^{(F )}c .

2. For each ϵ > 0 and each nonempty bounded set C ⊂ K, there exists a neighborhood U of B in M^{(F )} and a natural number N such that for each S ∈ U and each x ∈ C, there is z(S, x) ∈ F such that ||S^nx − z(S, x)|| ≤ ϵ for all integers n ≥ N . Moreover, if P ∈ M^{(F )}_c , then there exists a set F_c ⊂ F ∩ M^{(F )}_c which is a countable intersection of open everywhere dense subsets of M^{(F )}c .

Theorem 4.3. Let the set F ⊂ M^{(F )} be as guaranteed by Theorem 4.2, B ∈ F ∩ M^{(F )}_c , P_Bz = lim_{n→∞} B^nz, z ∈ K, and let x ∈ K, ϵ > 0. Then there exist a neighborhood U of B in M^{(F )}, a number δ > 0 and a natural number N such that for each y ∈ K satisfying ||x − y|| ≤ δ, each S ∈ U , and each integer n ≥ N , we have ||S^ny − P_Bx|| ≤ ϵ. Finally, we mention three theorems, also established in [13], for the space M^{(F )}_c .

In all three theorems we assume that there is P ∈ M^{(F )}c such that P (K) = F .

Theorem 4.4. Let x ∈ K. Then there exists a set F ⊂ M^{(F )}_c which is a countable intersection of open everywhere dense subsets of M^{(F )}c such that for each B ∈ F the following assertions hold:

1. There exists lim_{n→∞} B^nx ∈ F .

2. For each ϵ > 0, there exist a neighborhood U of B in M^{(F )}_c , a natural number N , and a number δ > 0 such that for each S ∈ U , each y ∈ K satisfying ||y−x|| ≤ δ, and each integer n ≥ N , ||S^ny − lim_{i→∞} B^ix|| ≤ ϵ.

In the last two theorems of this section we use the space K × M^{(F )}c with the product topology.

Theorem 4.5. There exists a set F ⊂ K × M^{(F )}_c which is a countable intersection of open everywhere dense subsets of K × M^{(F )}_c such that for each (z, B) ∈ F the following two assertions hold:

1. There exists lim_{n→∞} B^nz ∈ F .

2. For each ϵ > 0, there exist a neighborhood U of (z, B) in K × M^{(F )}_c and a natural number N such that for each (y, S) ∈ U and each integer n ≥ N , ||S^ny − lim_{i→∞} B^iz|| ≤ ϵ. Theorem 4.6. Assume that the set K_0 is a nonempty separable closed subset of K. Then there exists a set F ⊂ M^{(F )}_c which is a countable intersection of open everywhere dense subsets of M^{(F )}_c such that for each T ∈ F, there exists a set K_T ⊂ K_0 which is a countable intersection of open everywhere dense subsets of K_0 with the relative topology such that the following two assertions hold:

1. For each x ∈ K_T there exists lim_{n→∞} T^nx ∈ F .

2. For each x ∈ K_T and each ϵ > 0, there exist an integer N ≥ 1 and a neighborhood U of (x, T ) in K × M^{(F )}_c such that for each (y, S) ∈ U and each integer i ≥ N , we have ||S^iy − lim_{n→∞} T^nx|| ≤ ϵ.

5. Convergence of powers to retractions

In this section we assume that the convex function f satisfies the following four conditions:

D(i) For any nonempty bounded set E ⊂ K and any ϵ > 0, there exists δ > 0 such that if x ∈ E, z ∈ F, and D_f (z, x) ≤ δ, then ||z − x|| ≤ ϵ. D(ii) There exists θ ∈ F such that the restriction to K of the function g(·) := D_f (θ, ·) has the following property: For any subset E ⊂ K, g(E) is bounded if and only if E is bounded.

D(iii) For any z ∈ F , the function D_f (z, ·) : K → R^1 is convex and lower semicontinuous.

D(iv) For any x ∈ K, there exists a vector P x ∈ F such that D_f (P x, x) ≤ D_f (z, x) for all z ∈ F. We continue to use the spaces M^{(F )}, M^{(F )}_c and M^{(F )}_u introduced in Section 4. In practical situations, the following stronger version of D(i) turns out to be useful:

For any nonempty bounded set E ⊂ K, ν_f (E, t) = inf{ν_f (x, t) : x ∈ E} is positive for all t > 0, where ν_f (x, t) = inf{D_f (y, x) : y ∈ X and ||y − x|| = t}. In [8] this condition is termed sequential compatibility of the function f with the relative topology of the set K. In [12, Lemma 1.1] we show that sequential compatibility implies D(i). In its turn, condition D(i) implies that all z ∈ F are common fixed points of the operators in M^{(F )}.

Conditions D(ii) and D(i) are satisfied by many useful functions and, among them, by many functions which are sequentially compatible with the relative topology of K. In contrast, condition D(iii) is quite restrictive. However, it does hold for many functions f which are of interest in applications (see the examples below). The vector P x in D(iv) was termed the Bregman projection with respect to f of x onto F in [14]. Condition D(iv) is automatically satisfied when X is reflexive and f is totally convex on K (in particular, when f is sequentially compatible with the relative topology of K) as follows from [8, Proposition 2.1.5(i)]. We now mention four typical situations in which all the conditions D(i)-D(iv) are satisfied simultaneously.

(i) (cf. [8]) X is a Hilbert space, K and F are nonempty closed convex subsets of X such that F ⊂ K, and f(x) = ||x||^2;

(ii) (cf. [6]) F ⊂ K ⊂ R^n_{++} and f is the negentropy;

(iii) (cf. [9]) X is a Lebesgue space L^p or l^p, 1 < p ≤ 2, f(x) = ||x||^p and K consists of either nonnegative or nonpositive functions;

(iv) (cf. [10]) X is smooth and uniformly convex, F is a singleton {z}, and f(x) = ||x − z||^r with r > 1. In this section we present the results on power convergence of mappings in M^{(F )} which have been obtained in [12]. These results are extensions of the results discussed in Section 4. The main difference is that now we do not use the rather restrictive assumption (4.1). Instead we use assumption D(iv) which is easier to handle in applications.

We begin with a result for the space M^{(F )}_u . In this result we assume that the operator P , the existence of which is stipulated in condition D(iv), belongs to M^{(F )}_u , and that the following condition is satisfied:

For each bounded set K_0 ⊂ K and each ϵ > 0, there is δ > 0 such that if x ∈ K_0, z ∈ F, and ||z − x|| ≤ δ, then D_f (z, x) ≤ ϵ. Note that this condition holds if the function f is Lipschitzian on each bounded subset of K.

Theorem 5.1. There exists a set F ⊂ M^{(F )}u which is a countable intersection of open everywhere dense subsets of M^{(F )}_u such that for each B ∈ F the following assertions hold:

(i) There exists P_B ∈ M^{(F )}_u such that P_B(K) = F and B^nx → P_Bx as n → ∞, uniformly on bounded subsets of K;

(ii) for each ϵ > 0 and each bounded set C ⊂ K, there exist a neighborhood U of B in M^{(F )}_u and an integer N ≥ 1 such that for each S ∈ U , each x ∈ C, and each integer n ≥ N , we have ||S^nx − P_Bx|| ≤ ϵ.

In our next two results we assume that the function D_f (·, ·) : F × K → R^1 is uniformly continuous on bounded subsets of F × K.

Theorem 5.2. There exists a set F ⊂ M^{(F )} which is a countable intersection of open everywhere dense subsets of M^{(F )} such that for each B ∈ F the following assertions hold:

1. There exists P_B ∈ M^{(F )} such that P_B(K) = F and B^nx → P_B x as n → ∞, uniformly on bounded subsets of K; if B ∈ M^{(F )}_c , then P_B ∈ M^{(F )}_c .

2. For each ϵ > 0 and each nonempty bounded set C ⊂ K, there exists a neighborhood U of B in M^{(F )} and a natural number N such that for each S ∈ U and each x ∈ C, there is z(S, x) ∈ F such that ||S^nx − z(S, x)|| ≤ ϵ for all integers n ≥ N . Moreover, if P ∈ M^{(F )}_c , then there exists a set F_c ⊂ F ∩ M^{(F )}_c which is a countable intersection of open everywhere dense subsets of M^{(F )}_c .

Theorem 5.3. Let the set F ⊂ M^{(F )} be as guaranteed in Theorem 5.2, B ∈ F ∩ M^{(F )}_c , P_Bz = lim_{n→∞} B^nz, z ∈ K, and let x ∈ K, ϵ > 0. Then there exists a neighborhood U of B in M^{(F )}, a number δ > 0, and a natural number N such that for each y ∈ K satisfying ||x − y|| ≤ δ, each S ∈ U , and each integer n ≥ N , ||S^ny − P_Bx|| ≤ ϵ. Finally, we present three results on convergence of powers for a class of continuous operators. We assume that P ∈ M^{(F )}_c and that the function D_f (z, ·) : K → R^1 is continuous for all z ∈ F . We equip the space K × M^{(F )}_c with the product topology.

Theorem 5.4. Let x ∈ K. Then there exists a set F ⊂ M^{(F )}_c which is a countable intersection of open everywhere dense subsets of M^{(F )}c such that for each B ∈ F the following assertions hold:

1. There exists lim_{n→∞} B^nx ∈ F .

2. For each ϵ > 0, there exist a neighborhood U of B in M^{(F )}c , a natural number N and a number δ > 0 such that for each S ∈ U , each y ∈ K satisfying ||y −x|| ≤ δ, and each integer n ≥ N , we have ||S^ny − lim_{i→∞} B^ix|| ≤ ϵ.

Theorem 5.5. There exists a set F ⊂ K × M^{(F )}c which is a countable intersection of open everywhere dense subsets of K × M^{(F )}_c such that for each (z, B) ∈ F the following assertions hold:

1. There exists lim_{n→∞} B^nz ∈ F .

2. For each ϵ > 0, there exist a neighborhood U of (z, B) in K × M^{(F )}_c and a natural number N such that for each (y, S) ∈ U and each integer n ≥ N , ||S^ny − lim_{i→∞} B^iz|| ≤ ϵ.

Theorem 5.6. Assume that the set K_0 is a nonempty separable closed subset of K. Then there exists a set F ⊂ M^{(F )}_c which is a countable intersection of open everywhere dense subsets of M^{(F )}c such that for each T ∈ F, there exists a set

K_T ⊂ K_0 which is a countable intersection of open everywhere dense subsets of K_0 with the relative topology such that the following assertions hold:

1. For each x ∈ K_T , there exists lim_{n→∞} T^nx ∈ F .

2. For each x ∈ K_T and each ϵ > 0, there exist an integer N ≥ 1 and a neighborhood U of (x, T ) in K × M^{(F )}_c such that for each (y, S) ∈ U and each integer i ≥ N , we have ||S^iy − lim_{n→∞} T^nx|| ≤ ϵ .

Acknowledgments. The work of the first two authors was partially supported by the Israel Science Foundation founded by the Israel Academy of Sciences and Humanities (Grant 592/00). The second author was also partially supported by the Fund for the Promotion of Research at the Technion and by the Technion VPR Fund.

References

1. Baillon J.B., Bruck R.E. and Reich S., On the asymptotic behavior of nonexpansive mappings and semigroups in Banach spaces, Houston J. Math. 4 (1978), 1-9.

2. Bauschke H.H. and Borwein J.M., Joint and separate convexity of the Bregman distance, Inherently Parallel Algorithms in Feasibility and Optimization and their Applications (2001), Elsevier, Amsterdam, 23-36.

3. Bregman L.M., The relaxation method for finding the common point of convex sets and its application to the solution of problems in convex programming, USSR Computational Math. and Math. Phys. 7 (1967), 200-217.

4. Bregman L.M., Censor Y. and Reich S., Dykstra’s algorithm as the nonlinear extension of Bregman’s optimization method, J. Convex Analysis 6 (1999), 319-333.

5. Bruck R.E. and Reich S., Nonexpansive projections and resolvents of accretive operators in Banach spaces, Houston J. Math. 3 (1977), 459-470.

6. Butnariu D., Censor Y. and Reich S., Iterative averaging of entropic projections for solving stochastic convex feasibility problems, Computational Optimization and Applications 8 (1997), 21-39.

7. Butnariu D. and Iusem A.N., Local moduli of convexity and their application to finding almost common fixed points of measurable families of operators, Recent Developments in Optimization Theory and Nonlinear Analysis, Contemporary Mathematics 204 (1997), 61-91.

8. Butnariu D. and Iusem A.N., Totally Convex Functions for Fixed Points Computation and Infinite Dimensional Optimization, Kluwer, Dordrecht, 2000.

9. Butnariu D., Iusem A.N. and Burachik R.S., Iterative methods of solving stochastic convex feasibility problems and applications, Computational Optimization and Applications 15 (2000), 269-307.

10. Butnariu D., Iusem A.N. and Resmerita E., Total convexity of the powers of the norm in uniformly convex Banach spaces, J. Convex Analysis 7 (2000), 319-334.

11. Butnariu D., Reich S. and Zaslavski A.J., Generic power convergence of operators in Banach spaces, Numerical Functional Analysis and Optimization 20 (1999), 629-650.

12. Butnariu D., Reich S. and Zaslavski A.J., Asymptotic behavior of relatively nonexpansive operators in Banach spaces, Journal of Applied Analysis 7 (2001), 151-174.

13. Butnariu D., Reich S. and Zaslavski A.J., Asymptotic behavior of quasi-nonexpansive mappings, Inherently Parallel Algorithms in Feasibility and Optimization and their Applications (2001), Elsevier, Amsterdam, 49-68.

14. Censor Y. and Lent A., An iterative row-action method for interval convex programming, J.

Optim. Theory Appl. 34 (1981), 321-353.

15. Censor Y. and Reich S., Iterations of paracontractions and firmly nonexpansive operators with applications to feasibility and optimization, Optimization 37 (1996), 323-339.

16. Censor Y. and Zenios S.A., Parallel Optimization, Oxford, New York, 1997. 17. De Blasi F.S. and Myjak J., Sur la convergence des approximations successives pour les contractions non linéaires dans un espace de Banach, C. R. Acad. Sci. Paris 283 (1976), 185-187.

18. Goebel K. and Reich S., Uniform Convexity, Hyperbolic Geometry, and Nonexpansive Mappings, Marcel Dekker, New York and Basel, 1984.

19. Rakotch E., A note on contractive mappings, Proc. Amer. Math. Soc. 13 (1962), 459-465. 20. Reich S., A weak convergence theorem for the alternating method with Bregman distances, Theory and Applications of Nonlinear Operators of Accretive and Monotone Type (A.G. Kartsatos, Editor), Marcel Dekker, New York, 1996, 313-318.

21. Reich S. and Zaslavski A.J., Convergence of generic infinite products of nonexpansive and uniformly continuous operators, Nonlinear Analysis 36 (1999), 1049-1065.

22. Reich S. and Zaslavski A. J., Almost all nonexpansive mappings are contractive, C. R. Math.

Rep. Acad. Sci. Canada 22 (2000), 118-124.

Department of Mathematics, University of Haifa, 31905 Haifa, Israel (DB)

Department of Mathematics, The Technion-Israel Institute of Technology, 32000 Haifa, Israel (SR and AJZ)

E-mail address: dbutnaru@math.haifa.ac.il; sreich@tx.technion.ac.il;

ajzasl@tx.technion.ac.il