The Exp ected-Pro jection Metho d: Its

Beha vior and Applications to Linear

Op erator Equations and Con v ex

Optimization

Dan Butnariu

Departmen t of Mathematics and Computer Science

Univ ersit y of Haifa, 31905 Haifa, Israel

No v em b er 8, 1995

Abstract

It w as sho wn b y Butnariu and Fl ˚ am [ 5 ] that, under some conditions,

sequences generated b y the exp ected pro jection metho d (EPM) in Hilb ert

spaces appro ximate almost common p oin ts of measurable families of closed

con v ex subsets pro vided that suc h p oin ts exists. In this w ork w e study the

b eha vior of the EPM in the more general situation when the in v olv ed sets

ma y or ma y not ha v e almost common p oin ts and w e giv e necessary and

sufficien t conditions for w eak and strong con v ergence. Also, w e sho w ho w

the EPM can b e applied to finding solutions of linear op erator equations

and to solving con v ex optimization problems.

Keyw ords: Con v ex set, Metric pro jection, Bo c hner in tegral, Asymp-

totic cen ter of a sequence, Sto c hastic con v ex feasibilit y problem, Optimiza-

tion problem.

Classification: 52A40, 90C30, 45B05

1 In tro duction

1.1 This w ork is aimed at giving an answ er to the follo wing problem regard-

ing the con v ergence of sequences generated in a Hilb ert space via the so called

exp e cte d pr oje ction metho d :

(CP): Let (Ω , A, μ ) b e a complete probabilit y space and let Q b e a measurable

p oin t-to-set mapping from Ω to the separable Hilb ert space H suc h that, for eac h

ω ∈ Ω, the set Q

ω is closed, con v ex and nonempt y . Supp ose that Q has an in tegrable

1

selector, that is, there exists an in tegrable function ϕ : Ω → H suc h

that ϕ ( ω ) ∈ Q

ω

, for almost all ω ∈ Ω . In this case, the op erator P : H → H ,

called the exp e cte d pr oje ction op er ator (with resp ect to Q ), and giv en b y

P ( x ) =

∫

Ω

P

ω

( x ) dμ ( ω ) , (1)

where P

ω

( x ) denotes the (metric) pro jection of x ∈ H on to the set Q

ω

, is w ell-

defined (cf. [ 5 , Prop osition 2.3]). An exp e cte d-pr oje ction metho d (EPM) gener ate d

se quenc e

{

x k

}

k ∈ N

(with resp ect to Q ) is defined recursiv ely suc h that the initial

p oint x

0

∈ H and

x k +1

= P ( x k

) , k ∈ N . (2)

The question is whether, or in what conditions, an y EPM generated sequence

con v erges (w eakly or strongly) in H and, if affirmativ e, what can b e said ab out

the lo cation of its limit.

1.2 The con v ergence problem (CP) app ears in applied mathematics in v arious

forms. Recall that a p oin t x

∗

∈ H is called an almost c ommon p oint of the sets

Q

ω

, ω ∈ Ω, if

2

μ ( { ω ∈ Ω; x

∗

∈ Q

ω

} ) = 1 . (3)

The so called sto chastic c onvex fe asibility pr oblem (SCFP) studied in [ 5 ] is that

of finding an almost common p oin t of the sets Q

ω

, ω ∈ Ω . The SCFP is termed

c onsistent if the sets Q

ω

, ω ∈ Ω , ha v e an almost common p oin t; otherwise, the

SCFP is called inc onsistent . It w as sho wn in [ 5 ] that, when the giv en SCFP is

consisten t and its data satisfy some additional conditions, an y EPM generated

sequence con v erges strongly and its limit is an almost common p oin t of the sets

Q

ω

, ω ∈ Ω . Moreo v er, b y com bining [ 5 , Lemma 4.6] and [ 3 , Theorem 1] one can

easily deduce that, if the SCFP is c onsistent , then an y EPM generated sequence

con v erges w eakly to an almost common p oin t of the sets Q

ω

, ω ∈ Ω. These

sho w that, when consistency of the giv en SCFP can b e a priori guaran teed, the

EPM generated sequences pro vide (w eakly or strong) appro ximations of almost

common p oin ts of the sets Q

ω

, ω ∈ Ω .

It is kno wn that the system of linear equations or/and inequalities (as those

encoun tered in computed tomograph y and in signal pro cessing - see [ 6 ] and the

references therein), the F redholm t yp e in tegral equations (see [ 11 ]), some b est ap-

pro ximation problems (see [ 5 ]), can b e treated and solv ed as particular SCFPs.

Deciding if suc h a SCFP is consisten t ma y b e difficult b ecause of the amoun t and

the randomness of the data. Ev en if suc h a decision is p ossible at the theoretical

1

In what follo ws in tegrabilit y and in tegrals (with rep ect to μ ) are in the sense of Bo c hner

(see [ 12 ]).

2

Note that, since Q is measurable, the set { ω ∈ Ω; x

∗

∈ Q

ω

} is measurable to o.

lev el (as, for instance, in the case of the F redholm and V oltera t yp e in tegral equa-

tions studied in [ 11 ]), the computer related errors (rounding) ma y determine that

practical computation of the EPM generated sequence supp osed to appro ximate

a solution is done not for the original consisten t SCFP but for a sligh tly differ-

en t SCFP whic h is, in fact, inconsisten t. These naturally lead to the follo wing

questions: ( i ) Do EPM generated sequences con v erge (w eakly or strongly) when

the giv en SCFP is inconsisten t? and, if so, ( ii ) What can b e said ab out the limit

of suc h a sequence? Answ ering these questions means solving the con v ergence

problem (CP).

1.3 The main result pro v en in this pap er, Theorem 2.2, sho ws that a necessary

and sufficien t condition for an EPM generated sequence to b e w eakly con v ergen t

is that the exp ected pro jection op erator P has fixed a p oin t. This implies that

the answ er to the question ( i ) ask ed ab o v e is affirmativ e b ecause it ma y happ en

that P has fixed p oin ts ev en if the sets Q

ω

, ω ∈ Ω, ha v e no almost common

p oin ts. Theorem 2.2 also answ ers the question ( ii ): The w eak limit of an EPM

generated sequence, whenev er it exists, is a fixed p oin t of P . If, in addition, the

p oin t-to-set mapping Q has a square in tegrable selector, then the w eak limit of

an y EPM generated sequence minimizes the a v erage of the squared distances to

the sets Q

ω

. In the particular case when the sets Q

ω

, ω ∈ Ω , ha v e almost common

p oin ts, then all fixed p oin ts of P are almost common p oin ts of the sets Q

ω

, ω ∈ Ω

and con v ersely .

Theorem 2.2 allo ws to enlarge the area of applicabilit y of the exp ected pro jec-

tion metho d. In Section 3 w e sho w ho w this result can b e used in order to solv e

linear op erator equations T x = b in the space L

2

([ a, b ]) . Corollary 3.2 sho ws that,

under quite mild conditions, finding a solution of suc h an equation is equiv alen t to

solving a SCFP . Also, it describ es the b eha vior of the EPM generated sequences

related to this SCFP in the case when the giv en linear op erator equation has

solutions as w ell as in the inconsisten t case. It can b e easily seen that F redholm

and V oltera t yp e in tegral equations in L

2

([ a, b ]) fall in the class of linear op erator

equations whose solutions can b e appro ximated via the EPM. Another category

of problems whic h can b e reduced to SCFPs and solv ed via the EPM is that

of minimizing smo oth con v ex functionals on compact subsets of R n

(see Section

3.3). Corollary 3.3 implies that large classes of suc h optimization problems can

b e solv ed n umerically b y an iterativ e metho d whose basic requiremen t is the

a v ailabilit y of reliable tec hniques of determining in tegrals o v er the set of feasible

solutions.

2 The con v ergence theorem

2.1 In this section w e giv e our main result describing the b eha vior of the

exp ected pro jection metho d generated sequences. T o this end, some preliminary notions and results are needed. Recall that a squar e-inte gr able sele ctor of the

p oin t-to-set mapping Q is a measurable function ϕ : Ω → H suc h that ϕ ( ω ) ∈ Q

ω

,

for almost all ω ∈ Ω , and suc h that the functional ω → ‖ ϕ ( ω ) ‖

2

is in tegrable.

According to [ 1 , Corollary 8.2.13], for eac h x ∈ H , the function ω → d ( x, Q

ω

) :

Ω → R

+ is measurable and, therefore, so is the function ω → d

2

( x, Q

ω

) . By

consequence, for eac h x ∈ H , the function f : H → [0 , + ∞ ] giv en b y

f ( x ) =

∫

Ω

‖ P

ω

( x ) − x ‖

2

dμ ( ω ) , (4)

is w ell-defined. Of course, the set D om ( f ) = { x ∈ H ; f ( x ) < ∞ } m y b e empt y .

The next result sho ws that this can not happ en when the p oin t-to-set mapping

Q has a square-in tegrable selector.

Lemma. The fol lowing statements ar e e quivalent:

( i ) D om ( f ) = H ;

( ii ) D om ( f ) ≠ ∅ ;

( iii ) F or e ach p oint x ∈ H , the function ω → P

ω

( x ) is squar e-inte gr able;

( iv ) The p oint-to-set mapping Q has a squar e-inte gr able sele ctor;

( v ) F or some p oint x

0

∈ H , the function ω → P

ω

( x

0

) is squar e-inte gr able.

Pro of. The implications ( i ) ⇒ ( ii ), ( iii ) ⇒ ( iv ) and ( iii ) ⇒ ( v ) are ob vious. If

x

∗

∈ D om ( f ) and x ∈ H , then

f ( x ) ≤

∫

Ω

[ ‖ P

ω

( x ) − P

ω

( x

∗

) ‖ + ‖ P

ω

( x

∗

) − x ‖ ]

2

dμ ( ω )

≤

∫

Ω

[ ‖ P

ω

( x ) − P

ω

( x

∗

) ‖ + ‖ P

ω

( x

∗

) − x

∗

‖ + ‖ x

∗

− x ‖ ]

2

dμ ( ω )

≤

∫

Ω

[ 2 · ‖ x

∗

− x ‖ + ‖ P

ω

( x

∗

) − x

∗

‖ ]

2

dμ ( ω )

≤ 4 · ‖ x

∗

− x ‖

2

+ f ( x

∗

) + 4 · ‖ x

∗

− x ‖ ·

∫

Ω

‖ P

ω

( x

∗

) − x

∗

‖ dμ ( ω ) < ∞ ,

b ecause the function ω → ‖ P

ω

( x

∗

) − x

∗

‖ is in tegrable as b eing square in tegrable.

This pro v es ( ii ) ⇒ ( i ). The implication ( iv ) ⇒ ( iii ) follo ws from the fact that, for

eac h square in tegrable selector ϕ of the mapping Q and for an y x ∈ H , w e ha v e

f ( x ) ≤

∫

Ω

‖ ϕ ( ω ) − x ‖

2

dμ ( ω )

≤ ‖ x ‖

2

+

∫

Ω

‖ ϕ ( ω ) ‖

2

dμ ( ω ) + 2 · ‖ x ‖ ·

∫

Ω

‖ ϕ ( ω ) ‖ dμ ( ω ) < ∞ ,

(5)

and

∫

Ω

‖ P

ω

( x ) ‖

2

dμ ( ω ) ≤

∫

Ω

[ ‖ P

ω

( x ) − x ‖ + ‖ x ‖ ]

2

dμ ( ω )

= f ( x ) + ‖ x ‖

2

+ 2 · ‖ x ‖ ·

∫

Ω

‖ P

ω

( x ) − x ‖ dμ ( ω )

≤ f ( x ) + ‖ x ‖

2

+ 2 · ‖ x ‖ ·

∫

Ω

‖ ϕ ( ω ) − x ‖ dμ ( ω ) ,

(6) where ∫

Ω

‖ ϕ ( ω ) − x ‖ dμ ( ω ) ≤

∫

Ω

‖ ϕ ( ω ) ‖ dμ ( ω ) + ‖ x ‖ < ∞ .

Observ e that from (5) also follo ws that ( iv ) ⇒ ( i ). No w, if ( i ) holds, then the func-

tion ω → ‖ P

ω

( x ) − x ‖ is square in tegrable and, b y applying the first inequalit y

in (6), w e obtain ( iii ). The implication ( v ) ⇒ ( iii ) results from the inequalit y

‖ P

ω

( x ) ‖ ≤

‖

‖

‖ P

ω

( x ) − P

ω

( x

0

)

‖

‖

‖ +

‖

‖

‖ P

ω

( x

0

)

‖

‖

‖ ≤

‖

‖

‖ x − x

0

‖

‖

‖ +

‖

‖

‖ P

ω

( x

0

)

‖

‖

‖ ,

whic h is satisfied for eac h pair ( ω , x ) ∈ Ω × H . □

2.2 Our answ er to (CP) is stated as follo ws:

Theorem.

( A ) The fol lowing statements ar e e quivalent:

( A 1) The set F ix ( P ) of the fixe d p oints of P is nonempty;

( A 2) Ther e exists a p oint x

0

∈ H such that the EPM gener ate d se quenc e

{

x k

}

k ∈ N with the initial p oint x

0

is b ounde d;

( A 3) Ther e exists a p oint x

0

∈ H such that the EPM gener ate d se quenc e

{

x k

}

k ∈ N with the initial p oint x

0

has a we ak ac cumulation p oint and

lim

k →∞

( x k +1

− x k

) = 0 (7)

( A 4) Ther e exists a p oint x

0

∈ H such that EPM gener ate d se quenc e

{

x k

}

k ∈ N with the initial p oint x

0

c onver ges we akly;

( A 5) F or e ach p oint x

0

∈ H , the EPM gener ate d se quenc e

{

x k

}

k ∈ N with

the initial p oint x

0

c onver ges we akly.

( B ) The we ak limit of an EPM gener ate d se quenc e, whenever it exists, b elongs

to F ix ( P ) .

( C ) If either one of the c onditions ( i ) − ( v ) of L emma 2.1 is satisfie d, then

the function f : H → [0 , ∞ ] given by (4) is everywher e finite, c onvex, c ontinu-

ously differ entiable and F ix ( P ) = Ar g min ( f ) . In this c ase, whenever an EPM

gener ate d se quenc e c onver ges we akly its limit is a (glob al) minimizer of f .

2.3 The pro of of Theorem 2.2 is giv en b elo w. Observ e that Theorem 2.2

and the considerations con tained in its pro of imply that eac h of the follo wing

statemen ts holds:

( j ) If f is prop er and Ar g min ( f ) ≠ ∅ , then f is ev erywhere finite and the w eak

limit of an y EPM generated sequence exists and b elongs to Ar g min ( f ) = F ix ( P ) .

( j j ) If the set ⌈⌉

μ

Q

ω of the almost common p oin ts of Q

ω

, ω ∈ Ω, is nonempt y ,

then f is finite (an y p oin t in ⌈⌉

μ

Q

ω defines a constan t selector of Q ), inf

x ∈ H f ( x ) =

0 and, therefore, F ix ( P ) = ⌈⌉

μ

Q

ω and an y EPM generated sequence

{

x k

}

k ∈ N

con v erges w eakly to a p oin t in ⌈⌉

μ

Q

ω

.

2.4 W e start the pro of of Theorem 2.2 b y observing that the implications

( A 1) ⇔ ( A 2) result from [ 9 , Theorem 5.2] b ecause, according to [ 5 , Theorem 3.2],

the exp ected pro jection op erator P is nonexpansiv e. Note that, according to

Lemma 2.1, under the assumptions of ( C ) the function f defined b y (4) is ev-

erywhere finite. Therefore, Prop osition 2.5 in [ 5 ] applies and it sho ws that f is

con v ex, con tin uously differen tiable and, for eac h x ∈ H ,

∇ f ( x ) = 2 · ( x − P ( x )) . (8)

These imply that

Ar g min ( f ) = F ix ( P ) . (9)

Hence, ( C ) follo ws from ( A ).

2.5 In order to pro v e ( A ) w e use the follo wing

Lemma. If F ix ( P ) ≠ ∅ and if

{

x k

}

k ∈ N is an EPM gener ate d se quenc e, then,

for any z ∈ F ix ( P ) and for e ach k ∈ N ,

‖

‖

‖ x k

− x k +1

‖

‖

‖

2

+

‖

‖

‖ x k +1

− z

‖

‖

‖

2

≤

‖

‖

‖ x k

− z

‖

‖

‖

2

. (10)

Pro of. Note that

< x k

− z , x k +1

− x k

> = < x k

− P ( z ) , x k +1

− x k

>

= < ( x k

− x k +1

) + ( x k +1

− P ( z )) , x k +1

− x k

>

= < x k +1

− P ( z ) , x k +1

− x k

> −

‖

‖

‖ x k +1

− x k

‖

‖

‖

2

=

[

‖

‖

‖ P ( z ) − P ( x k

)

‖

‖

‖

2

− < P ( x k

) − P ( z ) , x k

− z >

]

−

‖

‖

‖ P ( x k

) − x k

‖

‖

‖

2

,

where the quan tit y b et w een the square brac k ets is nonp ositiv e b ecause of Prop o-

sition 2.4 in [ 5 ]. This sho ws that

< x k

− z , x k +1

− x k

> ≤ −

‖

‖

‖ x k +1

− x k

‖

‖

‖

2

.

Hence,

‖

‖

‖ x k +1

− z

‖

‖

‖

2

=

‖

‖

‖ x k

− z

‖

‖

‖

2

+

‖

‖

‖ x k +1

− x k

‖

‖

‖

2

+ 2 · < x k

− z , x k +1

− x k

>

≤

‖

‖

‖ x k

− z

‖

‖

‖

2

+

‖

‖

‖ x k +1

− x k

‖

‖

‖

2

− 2 ·

‖

‖

‖ x k +1

− x k

‖

‖

‖

2

and the pro of is complete. □

2.6 The implication ( A 1) ⇒ ( A 3) is a direct consequence of the follo wing

Lemma. If F ix ( P ) ≠ ∅ , then any EPM gener ate d se quenc e

{

x k

}

k ∈ N is

b ounde d and satisfies (7). Mor e over, the series

∑

∞

k =0

‖

‖

‖ x k +1

− x k

‖

‖

‖

2

c onver ges.

Pro of. Supp ose that z ∈ F ix ( P ). Summing up the inequalities in (10) for

k = 0 , 1 , ..., n w e obtain

n

∑

k =0

‖

‖

‖ x k +1

− x k

‖

‖

‖

2

≤

‖

‖

‖ x

0

− z

‖

‖

‖

2

.

This implies that the series

∑

∞

k =0

‖

‖

‖ x k +1

− x k

‖

‖

‖

2

con v erges and, therefore, the equal-

it y (7) holds. Applying again (10), w e deduce that the sequence

{ ‖

‖

‖ x k

− z

‖

‖

‖

}

k ∈ N is

nonincreasing, hence con v ergen t and, th us, b ounded. Consequen tly , the sequence

{

x k

}

k ∈ N is b ounded to o. □

2.7 Recall (see [ 9 , Section 4]) that the asymptotic c enter of the b ounded

sequence

{

y k

}

k ∈ N in H is the unique minimizer of the functional h ( · ;

{

y k

}

k ∈ N

) :

H → [0 , ∞ ) defined b y

h ( x ;

{

y k

}

k ∈ N

) = lim

k →∞

‖

‖

‖ y k

− x

‖

‖

‖ . (11)

Also, if

{

y k

}

k ∈ N con v erges w eakly , then its w eak limit and its asymptotic cen ter

coincide. W e use this fact in order to pro v e the next result from whic h the

implication ( A 3) ⇒ ( A 1) clearly follo ws .

Lemma. If x

∗

is a we ak ac cumulation p oint of an EPM gener ate d se quenc e

{

x k

}

k ∈ N which satisfies (7) , then x

∗

∈ F ix ( P ) .

Pro of. Let

{

x k

p

}

p ∈ N b e a subsequence of

{

x k

}

k ∈ N whic h con v erges w eakly

to x

∗

. Then, for eac h p ∈ N , w e ha v e

‖

‖

‖ x k

p

− P ( x

∗

)

‖

‖

‖ ≤

‖

‖

‖ x k

p

− x k

p

+1

‖

‖

‖ +

‖

‖

‖ x k

p

+1

− P ( x

∗

)

‖

‖

‖

=

‖

‖

‖ x k

p

− x k

p

+1

‖

‖

‖ +

‖

‖

‖ P ( x k

p

) − P ( x

∗

)

‖

‖

‖

≤

‖

‖

‖ x k

p

− x k

p

+1

‖

‖

‖ +

‖

‖

‖ x k

p

− x

∗

‖

‖

‖ ,

b ecause P is nonexpansiv e. This implies

h ( P ( x

∗

);

{

x k

p

}

p ∈ N

) = lim

k →∞

‖

‖

‖ x k

p

− P ( x

∗

)

‖

‖

‖

≤ lim

k →∞

( ‖

‖

‖ x k

p

− x k

p

+1

‖

‖

‖ +

‖

‖

‖ x k

p

− x

∗

‖

‖

‖

)

≤ lim

k →∞

‖

‖

‖ x k

p

− x

∗

‖

‖

‖ = h ( x

∗

;

{

x k

p

}

p ∈ N

) , where h is the function defined b y (11). Note that x

∗

is the asymptotic cen ter of

{

x k

p

}

p ∈ N and, therefore, it is the unique minimizer of h ( · ;

{

x k

p

}

p ∈ N

) o v er H . Since

P ( x

∗

) also minimizes the functional h ( · ;

{

x k

p

}

p ∈ N

), it results that x

∗

= P ( x

∗

) . □

2.8 Recall that w eakly con v ergen t sequences are b ounded. Therefore, the

follo wing implications hold ( A 5) ⇒ ( A 4) ⇒ ( A 2). No w w e pro v e that ( A 1) ⇒ ( A 5).

T o this end, let

{

x k

}

k ∈ N b e an EPM generated sequence. Then, according to

( A 1) and Lemma 2.6, this sequence is b ounded (and, consequen tly , has a w eak

accum ulation p oin t) and it satisfies (7). According to Lemma 2.7 all accum ulation

p oin ts of

{

x k

}

k ∈ N b elong to F ix ( P ) . Supp ose, b y con tradiction, that

{

x k

}

k ∈ N

do es not con v erge w eakly . Then,

{

x k

}

k ∈ N has t w o differen t w eak accum ulation

p oin ts x

′

and x

′′

and, necessarily , x

′

, x

′′

∈ F ix ( P ) . Applying Lemma 2.5 w e deduce

that the sequences

{ ‖

‖

‖ x k

− x

′

‖

‖

‖

}

k ∈ N and

{ ‖

‖

‖ x k

− x

′′

‖

‖

‖

}

k ∈ N are nonincreasing and

b ounded. Therefore, the follo wing limit exists and is finite

a = lim

k →∞

[

‖

‖

‖ x k

− x

′

‖

‖

‖

2

−

‖

‖

‖ x k

− x

′′

‖

‖

‖

2

]

= ‖ x

′

‖

2

− ‖ x

′′

‖

2

+ 2 · lim

k →∞

< x k

, x

′′

− x

′

> .

Let

{

x k

p

}

p ∈ N and

{

x h

q

}

q ∈ N b e subsequences of

{

x k

}

k ∈ N con v erging w eakly to x

′

and x

′′

, resp ectiv ely . Then,

a = ‖ x

′

‖

2

− ‖ x

′′

‖

2

+ 2 · lim

p →∞

< x k

p

, x

′′

− x

′

>

= ‖ x

′

‖

2

− ‖ x

′′

‖

2

+ 2 · < x

′

, x

′′

− x

′

>

= − ‖ x

′

− x

′′

‖ .

Also, w e ha v e

a = ‖ x

′

‖

2

− ‖ x

′′

‖

2

+ 2 · lim

q →∞

< x h

q

, x

′′

− x

′

>

= ‖ x

′

‖

2

− ‖ x

′′

‖

2

+ 2 · < x

′′

, x

′′

− x

′

>

= ‖ x

′

− x

′′

‖ .

These sho w that ‖ x

′

− x

′′

‖ = a = − ‖ x

′

− x

′′

‖ , i.e., x

′

= x

′′

, a con tradiction. □

2.9 In order to pro v e ( B ), supp ose that

{

x k

}

k ∈ N is an EPM generated se-

quence whic h con v erges w eakly to x

∗

. Then, according to ( A ), w e ha v e that

F ix ( P ) ≠ ∅ and (7) is satisfied. No w, application of Lemma 2.7 y elds that

x

∗

∈ F ix ( P ) and the pro of of the theorem is complete. □

3 Applications of the EPM

3.1 The EPM in the particular case when Ω is finite, A = 2

Ω

and μ : A → [0 , 1]

is defined b y

μ ( A ) =

∑

a ∈ A μ

a

,

where, for a ∈ Ω , μ

a are p ositiv e real n um b ers with

∑

a ∈ Ω μ

a

= 1 , reduces to the

so called simultane ous pr oje ction metho d whic h originates in Cimmino’s w ork [ 7 ].

Recen t researc h concerning the b eha vior of the sim ultaneous pro jection metho d

(see Censor and Zenios [ 6 ], Com b ettes [ 8 ], Iusem and De Pierro [ 10 ], Pierra [ 13 ],

and the references therein) w ere mostly motiv ated b y its applications to solving

systems of con v ex inequalities app earing in computed tomograph y and signal

pro cessing. Kammerer and Nashed [ 11 , Section 4] observ ed that an algorithm

similar to that prop osed b y Cimmino for solving finite systems of linear equations

(seen as problems of finding common p oin ts of h yp erplanes in R n

) can b e applied

to solv e F redholm and V oltera t yp e in tegral equations (seen as SCFP of finding

almost common p oin ts of infinite families of h yp erplanes in a Hilb ert space). The

EPM can b e view ed as an extension of the algorithm prop osed in [ 11 ]. In what

follo ws w e sho w ho w the EPM can b e used as an iterativ e algorithm for finding

solutions of linear op erator equations and of con v ex optimization problems. Other

applications of the EPM are discussed in [ 5 ].

3.2 Finding solutions to the line ar op er ator e quation T x = b in L

2

([ a, b ]) via

the EPM. Let Ω = [ a, b ] b e a real in terv al pro vided with the σ − algebra A of all its

Leb esgue measurable subsets and with the probabilit y measure μ = ( b − a )

− 1

· λ ,

where λ stands for the Leb esgue measure on A . Denote H := L

2

([ a, b ]) , the

Hilb ert space of all square in tegrable functions on Ω with the inner pro duct

< x, y > =

∫

Ω x ( ω ) · y ( ω ) dμ ( ω ) .

If ξ : H → R is a linear con tin uous function, then w e denote b y ξ

∗

the unique

elemen t of H satisfying ‖ ξ ‖

∗

= ‖ ξ

∗

‖ and < ξ

∗

, x > = ξ ( x ), for an y x ∈ H (suc h a

ξ

∗

exists b y Riesz’s theorem).

Let T : H → H b e a linear op erator and b ∈ H . W e consider the (linear

op erator) equation

T x = b. (12)

This equation can b e represen ted as a SCFP and solv ed b y the EPM. Precisely ,

w e ha v e the follo wing result:

Corollary . If, for e ach ω ∈ Ω , the line ar function T

ω

: H → R given by

T

ω x = ( T x )( ω ) , is c ontinuous and has ‖ T

ω

‖

∗

≠ 0 , and if the function ζ : Ω → R

define d by

ζ ( ω ) = b ( ω )

‖ T

ω

‖

∗

, (13) is inte gr able, then

( a ) The p oint-to-set mapping Q : Ω → H define d by

Q

ω

:= { z ∈ H ; T

ω z = b ( ω ) } , (14)

has close d, c onvex, nonempty values and is me asur able;

( b ) F or any p air ( ω , x ) ∈ Ω × H , the metric pr oje ction of x onto the set Q

ω

is given by

P

ω x = x + b ( ω ) − T

ω x

‖ T

ω

‖

2

∗

· T

∗

ω

; (15)

( c ) F or e ach x ∈ H , the function ω → P

ω x : Ω → H is inte gr able;

( d ) A n EPM gener ate d se quenc e

{

x k

}

k ∈ N with r esp e ct to Q c onver ges we akly

if and only if the line ar op er ator e quation

∫

Ω b ( ω ) − T

ω x

‖ T

ω

‖

2

∗

· T

∗

ω

= 0 , (16)

has at le ast one solution in H ;

( e ) If the e quation (16) has solutions, then any EPM gener ate d se quenc e with

r esp e ct to Q c onver ges we akly to a solution of (16);

( f ) A n element x

∗

∈ H is a solution of the e quation (12) if and only if x

∗

is

an almost c ommon p oint of the sets Q

ω

, ω ∈ Ω;

( g ) If the e quation (12) has solutions, then any EPM gener ate d se quenc e with

r esp e ct to Q c onver ges we akly to a solution of it .

Pro of. The fact that eac h set Q

ω is con v ex, closed and nonempt y is ob vious.

Note that the function g : Ω × H → R defined b y g ( ω , x ) = T

ω x − b ( ω ), has the

prop erties that, for eac h x ∈ H , g ( · , x ) is measurable and, for eac h ω ∈ Ω , g ( ω , · )

is con tin uous. Th us applying to g the Theorem 8.2.9 in [ 1 ] w e deduce that the

p oin t-to-set mapping Q is measurable. Hence, ( a ) is pro v en. F or an arbitrary

x ∈ H , denote b y z

ω the righ t hand side of the equation (15). Observ e that

T

ω z

ω

= b ( ω ) ,

and that, for an y z ∈ H ,

< x − z

ω

, z

ω

− z > = 0 .

These sho w that P

ω x = z

ω is the metric pro jection of x on to Q

ω

, i.e., ( b ) is

pro v en. In order to pro v e ( c ) observ e that, according to ( a ), ( b ) and to Corollary

8.2.13 in [ 1 ], for ev ery x ∈ H , the function ω → P

ω x is measurable. Also, w e ha v e

∫

Ω

‖ P

ω

(0) ‖ dμ ( ω ) =

∫

Ω

| ζ | dμ ( ω ) , where ζ is the function defined b y (13). This implies that the function ω → P

ω

(0)

is in tegrable. If x is an y elemen t of H , then

∫

Ω

‖ P

ω x ‖ dμ ( ω ) ≤

∫

Ω

‖ P

ω x − P

ω

(0) ‖ dμ ( ω ) +

∫

Ω

‖ P

ω

(0) ‖ dμ ( ω )

≤ ‖ x ‖ +

∫

Ω

‖ P

ω

(0) ‖ dμ ( ω ) ,

pro ving that the function ω → P

ω x is in tegrable. Com bining ( a ), ( b ) and ( c ) w e

deduce that the exp ected pro jection op erator P with resp ect to the p oin t-to-set

mapping Q is w ell-defined and for an y x ∈ H ,

P x = x +

∫

Ω b ( ω ) − T

ω x

‖ T

ω

‖

2

∗

· T

∗

ω dμ ( ω ) . (17)

Therefore, application of Theorem 2.2( A ) yields ( d ) and ( e ). According to (14),

the elemen t x

∗

∈ H is a solution of (12) if and only if x

∗

∈ ⌈⌉

μ

Q

ω

, i.e. ( f ) holds.

By consequence, application of Remark 2.3( j j ) implies ( g ). □

3.3 Finding solutions to c onvex pr o gr amming pr oblems with the EPM. Con-

sider the optimization problem ( P ) : Find x ∈ X suc h that

f ( x ) = inf { f ( y ); y ∈ X } ,

where f : R n

→ R is con v ex and con tin uously differen tiable and X ⊂ R n

is

con v ex, compact and has nonempt y in terior. Clearly , the problem ( P ) has at

least one optimal solution. Recall (see, for instance, [ 2 , Section 3.5]) that ( P )

can b e equiv alen tly rewritten in v ariational form: Find x ∈ X suc h that, for eac h

y ∈ X ,

< x − y , ∇ f ( y ) > ≤ 0 . (18)

In this w a y , the optimization problem ( P ) can b e transformed in to an equiv alen t

SCFP where Ω = X , A =the family of all Leb esgue measurable subsets of X ,

μ = ( λ ( X ))

− 1

· λ with λ b eing the Leb esgue measure on X , and Q : Ω → R n

is

defined b y

Q

y

= { x ∈ X ; < x − y , ∇ f ( y ) > ≤ 0 } . (19)

Note that the p oin t-to-set mapping Q is measurable b ecause its graph is closed.

An y common p oin t of the sets Q

y

, y ∈ X , satisfies (18) and, th us, is an optimal

solution of ( P ) . Moreo v er, w e ha v e that

⋂

y ∈ X

Q

y

= ⌈⌉

μ

Q

y b ecause, if x ∈ ⌈⌉

μ

Q

y

and if, for some y

∗

∈ X ,

< x − y

∗

, ∇ f ( y

∗

) >> 0 ,

then there exists an op en neigh b orho o d N of y

∗

suc h that, for all y ∈ N ,

< x − y , ∇ f ( y ) >> 0 , and this is a con tradiction b ecause μ ( N ∩ X ) > 0 . Hence, finding an almost

common p oin t of the sets Q

y

, y ∈ X , amoun ts to finding an optimal solution

of ( P ) . Com bining these facts, Theorem 2.2 and the w ell-kno wn form ula of the

orthogonal pro jection on a half-space in R n

w e get the next result whic h describ es

an iterativ e metho d of appro ximating solutions of ( P ) .

Corollary . Supp ose that the function f : R n

→ R is a c onvex and c on-

tinuously differ entiable and that X is a c onvex c omp act subset of R n

such that

I nt ( X ) ≠ ∅ . Then, for any initial p oint x

0

∈ R n

, the se quenc e r e cursively define d

by

3

x k +1

= x k

+

1

λ ( X )

·

∫

X min

[

0 ,

< x k

− y , ∇ f ( y ) >

‖ ∇ f ( y ) ‖

2

]

· ∇ f ( y ) dλ ( y ) (20)

c onver ges to a minimizer of the function f over X .

In general, computing the m ultiple in tegrals in v olv ed in (20) ma y b e difficult

ev en if w e are able to determine explicit form ulae for f and ∇ f . Ho w ev er, in

practical problems, X is usually giv en as the solution set of a system of inequal-

ities

g

i

( x ) ≤ 0 , 1 ≤ i ≤ m,

where, for eac h i , the function g

i

: R n

→ R is con v ex. In suc h a case, one can

apply the algorithm describ ed b y in [ 4 , Section 4] for computing the triangulation

T

1 as defined there for some small n um b er ε > 0. This triangulation T

1 is a

collection of simplices of diameter less that the giv en ε, included in X , and whose

union form a con v ex p olytop e with Hausdorff distance to X no greater than ε

and ha ving all its v ertices in ∂ X . Therefore, the Leb esgue sum

S k

ε

=

∑

τ ∈T

1

F

k

( bar ( τ )) · λ ( τ ) ,

where F

k

( y ) stands for the in tegrand in (20) and bar ( τ ) denotes the barycen ter

of the simplex τ , appro ximates the in tegral in (20) with an error whic h con v erges

to zero as ε ↘ 0 .

Ac kno wledgmen t

The author is grateful to Professor Alfredo Iusem for commen ts helping to

impro v e an earlier v ersion of this w ork.

3

Here w e mak e the usual con v en tion that the in tegrand in the next equation is zero whenev er

∇ f ( y ) = 0 .

References

[1] J.-P . Aubin and H. F rank o wsk a: Set-V alued Analysis, Birkh

..

a user , Basel,

1990.

[2] D.P . Bertsek as and J.N. Tsitsiklis: P arallel and Distributed Computation:

Numerical Metho ds, Pr entic e-Hal l International , 1993.

[3] L.M. Bregman: The metho d of successiv e pro jections for finding a common

p oin t of con v ex sets, Dokl. A c ad. Nauk SSSR , 162, 3, 1965, 688-692.

[4] D. Butnariu and Y. Censor: A metho d for appro ximating the solution set of

a system of con v ex inequalities b y p olytop es, J. Computational and Applie d

Mathematics , 36, 1991, 289-304.

[5] D. Butnariu and S.D. Fl ˚ am: Strong con v ergence of the exp ected pro jection

metho d in Hilb ert spaces, J. Numer. F unct. A nal. Optim. , to app ear.

[6] Y. Censor and S. Zenios: In tro duction to Metho ds of P arallel Optimization,

Instituto de Matematic a Pur a e Applic ada , Rio de Janiero, Brazil, 1993.

[7] G. Cimmino: Calcolo approsimato p er le solutioni di sistemi di equationi

lineari, L a R iser c a Scientific a, R oma , XVI, Anno IX, 2, 1938, 326-333.

[8] P .L. Com b ettes: Construction of a common fixed p oin t of firmly nonexpan-

siv e mappings, C.R. A c ad. Sci. Paris , t. 320, S ´ erie I, 1995, in publication.

[9] K. Go eb el and S. Reic h: Uniform con v exit y , h yp erb olic geometry , and non-

expansiv e mappings, Mar c el Dekker , New Y ork, 1984.

[10] A. Iusem and A.R. De Pierro: Con v ergence results for an accelerated non-

linear Cimmino algorithm, Numer. Math ., 49, 1986, 367-378.

[11] W.J. Kammerer and M.Z. Nashed: Iterativ e metho ds for b est appro ximate

solutions of linear in tegral equations of the first and second kind, J. Math.

A nal. Appl. , 40, 1972, 547-573.

[12] J. Mikusinski: The Bo c hner In tegral, A c ademic Pr ess , New Y ork, 1978.

[13] G. Pierra: Decomp osition trough formalization in a pro duct space, Math.

Pr o gr ., 28, 1984, 96-115.

[14] R.R. Phelps: Con v ex F unctions, Monotone Op erators and Differen tiabilit y ,

Springer V erlag , Berlin, 1993.