Iterativ e Av eraging of En tropic Pro jections

for Solving Sto c hastic Con v ex F easibilit y

Problems

Dan Butnariu

Departmen t of Mathematics and Computer Science

Univ ersit y of Haifa, 31905 Haifa, Israel

Y air Censor

Departmen t of Mathematics and Computer Science

Univ ersit y of Haifa, 31905 Haifa, Israel

Simeon Reic h

Departmen t of Mathematics

The T ec hnion - Israel Institute of T ec hnology

32000 Haifa, Israel

No v em b er 1995

Abstract

The problem considered in this pap er is that of finding a p oin t whic h

is common to almost all the mem b ers of a measurable family of closed

con v ex subsets of R n

++

, pro vided that suc h a p oin t exists. The main results

sho w that this problem can b e solv ed b y an iterativ e metho d essen tially

based on a v eraging at eac h step the Bregman pro jections with resp ect to

f ( x ) =

∑

n

i =1 x

i

· ln x

i of the curren t iterate on to the giv en sets.

Keyw ords: Sto c hastic con v ex feasibilit y problem, Bregman pro jection,

en tropic pro jection, mo dulus of lo cal con v exit y , v ery con v ex function.

1 In tro duction

1.1 In this pap er w e approac h a particular v ersion of the sto chastic c onvex fe a-

sibility pr oblem (SCFP) form ulated b y Butnariu and Fl ˚ am [ 8 ]: Given a c omplete

pr ob ability sp ac e (Ω , A , μ ) and a me asur able p oint-to-set mapping Q : Ω → R n

++ having nonempty, close d and c onvex values, find an almost c ommon p oint x

∗

of

the sets Q

ω

, i.e., find a p oint x

∗

∈ R n

++ such that

μ ( { ω ∈ Ω | x

∗

∈ Q

ω

} ) = 1 , (1)

pr ovide d that such a p oint exists . Recall that the p oin t-to-set mapping Q is called

me asur able if, for ev ery closed subset F ⊆ R n

, the set { ω ∈ Ω | Q

ω

∩ F ≠ ∅ } is

measurable (in the sense that it b elongs to A ). Note that if Q is measurable,

then, for eac h x ∈ R n

, the set { ω ∈ Ω | x ∈ Q

ω

} is measurable and, therefore,

form ula (1) mak es sense.

The SCFP stated ab o v e is a natural generalization of the w ell-kno wn c on-

sistent c onvex fe asibility pr oblem (CFP). A CFP is a particular SCFP in whic h

Ω is a finite set, A = 2

Ω

is the collection of all subsets of Ω and the measure

μ : A → [0 , 1] is defined b y

μ ( A ) =

∑

ω ∈ A μ

ω

, (2)

for some giv en p ositiv e real n um b ers μ

ω

, ω ∈ Ω , suc h that

∑

ω ∈ Ω μ

ω

= 1 . In

this particular case, the set of almost common p oin ts of the sets Q

ω is exactly

⋂

ω ∈ Ω

Q

ω

, that is, the problem of finding an almost common p oin t of the giv en

sets is exactly the problem of determining an elemen t of their in tersection.

1.2 W e study the SCFP , form ulated ab o v e, under the assumption that

S := cl conv

(

⋃

ω ∈ Ω

Q

ω

)

⊆ R n

++

. (3)

The question w e p ose is whether, and under what additional conditions on the

data of the SCFP , sequences generated in R n

++ according to the follo wing algo-

rithmic sc heme, whic h w e call the aver age d entr opic pr oje ction metho d (AEPM) ,

are w ell-defined and con v erge to almost common p oin ts of the sets Q

ω

, ω ∈ Ω :

Cho ose an arbitrary initial p oint x

0

∈ R n

++ and, for eac h in teger k ≥ 0, let

1

x k +1

=

∫

Ω

Π

ω

( x k

) dμ ( ω ) , (4)

where Π

ω

( x ) := Π

Q

ω

( x ) denotes the Bregman pro jection of x on to the set Q

ω

with resp ect to the function f : R n

++

→ R giv en b y

f ( x ) = n

∑

i =1 x

i

· ln x

i

. (5)

Recall that, according to Censor and Len t [ 9 ], the Br e gman pr oje ction with r esp e ct

to f of a p oin t x on to the closed con v ex set K ⊆ R n

++ is the (necessarily unique)

1

All o v er this pap er the in tegral of a v ector function is the v ector of the in tegrals of its

co ordinates.

minimizer o v er K , denoted Π

K

( x ) , of the functional D

f

( · , x ) : R n

++

→ R

+ defined

b y

D

f

( y , x ) = f ( y ) − f ( x ) − < ∇ f ( x ) , y − x >, (6)

i.e.,

Π

K

( x ) = arg min { D

f

( y , x ) | y ∈ K } . (7)

Lemma 2.2 in [ 9 ] ensures that Π

K

( x ) exists. Since the function f defined b y

(5) is the negativ e of Shannon’s entr opy function , w e call it ne gentr opy and the

Bregman pro jections with resp ect to it entr opic pr oje ctions .

According to Theorem 8.2.11 of Aubin and F rank o wsk a [ 2 ], for eac h x ∈ R n

++

,

the function ω → Π

ω

( x ) : Ω → R n

++ is measurable, and th us the a v erage

Π( x ) :=

∫

Ω

Π

ω

( x ) dμ ( ω ) (8)

exists and b elongs to [0 , ∞ ] n

. Ob viously , if Ω is finite, A = 2

Ω

and μ is defined

b y (2), then

Π( x ) =

∑

ω ∈ Ω μ

ω

· Π

ω

( x ) ∈ S . (9)

W e pro v e in Section 2 that, if (3) holds, then Π( x ) exists and b elongs to S ev en

if Ω is infinite. This implies that the sequence { x k

}

k ∈ N

, recursiv ely defined b y

(4), exists and is included in R n

++ no matter ho w the initial p oin t x

0

is c hosen in

R n

++

.

1.3 In this w ork w e sho w that the answ er to the question p osed ab o v e is

affirmativ e, i.e., sequences { x k

}

k ∈ N generated b y the AEPM con v erge to almost

common p oin ts of the sets Q

ω

. The con v ergence result is presen ted in Section

3. It giv es an algorithm to solv e SCFPs whic h, in its sp ecific framew ork, can b e

used as an alternativ e to the sto c hastic pro jection metho d studied b y Butnariu

and Fl ˚ am [ 8 ]. Applied to CFPs, the AEPM represen ts a new addition to a

long list of existing tec hniques for finding common p oin ts of finite collections of

closed con v ex subsets of R n

whic h ha v e nonempt y in tersection. The classical

metho ds of finding solutions of CFPs, based on computing metric pro jections

on to the closed con v ex sets Q

ω

, ha v e recen tly b een surv ey ed b y Bausc hk e and

Borw ein [ 3 ] and Com b ettes [ 13 ]. The AEPM w e prop ose falls in the category of

iterativ e algorithms in tro duced b y Bregman [ 5 ] and further dev elop ed b y Censor

and Len t [ 9 ] and others. They differ from the classical metho ds b y the essen tial

feature that, at eac h iterativ e step, the new iterate is determined b y com bining

not metric pro jections but Bregman pro jections of the curren t iterate on to the

sets Q

ω

. The kno wn algorithms in this category are either ”sequen tial” in the

sense that eac h new iterate is computed b y using the Bregman pro jection of

the previous iterate on a single set Q

ω

(see [ 5 ], [ 9 ], [ 14 ], [ 10 ], [ 1 ], [ 11 ], [ 4 ]) or

”sim ultaneous” in the sense that the computation of the new iterate requires

determining the Bregman pro jection of the curren t iterate on all sets Q

ω

(see

[ 10 ], [ 11 ]). The AEPM, seen as a metho d for solving CFPs, is sim ultaneous. In

other sim ultaneous en tropic pro jection based algorithms (see [ 10 ], [ 11 ]) x k +1

is

defined as the ge ometric me an of the individual en tropic pro jections Π

ω

( x k

) . In

the AEPM, x k +1

is determined as the weighte d aver age (see (4) and (9)) of the

individual en tropic pro jections Π

ω

( x k

), ω ∈ Ω . This fact represen ts an adv an tage

of the AEPM b ecause computation of w eigh ted a v erages is more efficien t and less

error prone than computation of geometric means.

1.4 The AEPM, whenev er applicable, is an alternativ e to the exp ected (met-

ric) pro jection metho d of solving SCFPs presen ted in [ 8 ]. It w as observ ed in [ 8 ]

and [ 6 , Section 3] that SCFPs for finding n umerical solutions of F redholm t yp e in-

tegral equations or of b est appro ximation problems in L

∞

as w ell as minimization

problem of differen tiable con v ex functionals o v er compact subsets of R n

in v olv e

sets Q

ω whic h are h yp erplanes or half spaces. Suc h SCFPs can b e efficien tly

solv ed b y the exp ected pro jection metho d b ecause the metric pro jections on h y-

p erplanes and half spaces are easily computable using explicit form ulae (see, for

instance, [ 1 , Section 5]). Ho w ev er, if the geometry of the sets Q

ω is more compli-

cated (i.e., nonp olyhedral), then computing metric pro jections on them is rather

difficult. In sp ecific situations, determining en tropic pro jections ma y b e easier

and, then, application of the AEPM prop osed here pro vides an alternativ e device.

An example illustrating this fact is giv en in Section 4. In general, computing the

en tropic pro jections required b y the AEPM can b e demanding. This leads to the

question whether, and under what conditions, one can guaran tee con v ergence of

algorithms for solving SCFPs similar to the AEPM in whic h the negen trop y f is

replaced b y a function other than the square of the norm. Replacing the negen-

trop y in the AEPM b y the square of the norm one obtains the exp ected metric

pro jection metho d men tioned ab o v e. Ha ving a large p o ol of suc h functions w ould

allo w users to fit the metho d of solving particular SCFPs to the nature of the

sets Q

ω in v olv ed in suc h a manner that the effort of computing the corresp onding

Bregman pro jections is reduced (see Section 4).

1.5 The question ask ed ab o v e p oin ts to another in teresting problem: Can the

pro ofs of the main results in this w ork (namely , Prop osition 2.5( ii ), Prop osition

3.2 and Theorem 3.3) b e extended to functions other than the negen trop y and

the square of the norm ? In this resp ect, a careful analysis of our argumen ts

rev eals that these results are based on t w o features of the negen trop y whic h are

common to a large class of con v ex functions: The prop ert y of b eing v ery con v ex

and the con v exit y of D

f on int ( dom ( f )) × int ( dom ( f )). The notion of v ery

con v ex function is a generalization of the notion of uniformly con v ex function

discussed in [ 19 ]. V ery con v ex functions are defined in Section 2 via the newly

in tro duced concept of mo dulus of lo cal con v exit y (see Definition 2.2) whose basic

prop erties are emphasized in general terms b y Prop osition 2.4. The pro of of

Prop osition 2.5( ii ) can b e adapted to sho w that, if f is an y v ery con v ex function

with solid closed domain and if the function f is differen tiable on int ( dom ( f )),

then the in tegral Π( x ) in whic h en tropic pro jections are replaced b y the general

Bregman pro jections with resp ect to f exists and b elongs to dom ( f ) for eac h

x ∈ int ( dom ( f )). Th us, the existence of the sequences

{

x k

}

k ∈ N defined b y (4)

can b e ensured in a more general framew ork pro vided that S ⊂ int ( dom ( f )).

The con v ergence analysis of

{

x k

}

k ∈ N

(i.e., the pro of of Theorem 3.2) follo ws the

pattern of pro of devised b y Iusem and De Pierro [ 16 ] and Butnariu and Censor [ 7 ].

Ho w ev er, in the con v ergence pro of w e use particular prop erties of the negen trop y ,

namely the con v exit y of D

f

( · , · ) on R n

++

× R n

++ and the relationship b et w een the

mo dulus of lo cal con v exit y of the negen trop y and the mo dulus of lo cal con v exit y

of the function g ( t ) = t · ln t (see (14)). The prop erties of the mo dulus of lo cal

con v exit y of the negen trop y used in the pro of of Theorem 3.2 are shared with

all uniformly con v ex functions (in spite of the fact that the negen trop y f is not

uniformly con v ex). Th us, w e conjecture that, b y follo wing the basic ideas of our

analysis, new algorithms for solving SCFPs can b e dev elop ed.

1.6 One can approac h SCFPs in R n

with other tec hniques in addition to

the exp ected pro jection metho d and the a v eraged en tropic pro jection metho d

discussed ab o v e. One suc h tec hnique, p oin ted out to us b y a referee, consists

of reform ulating the SCFP as a sto c hastic programming problem in the sense

of W ets [ 20 ]. More precisely , the SCFP can b e seen as a minimization problem

for the a v erage of the indicator functions I

Q

ω to whic h the Progressiv e Hedging

Algorithm of Ro c k afellar and W ets [ 18 ] can b e applied. In practice, solving the

SCFP in this w a y amoun ts to appro ximating solutions of a sequence of nonlin-

ear programming problems. The relativ e adv an tage of the metho ds of solving

SCFPs via iterativ e a v eraging of Bregman pro jections on to the sets Q

ω is that,

in sp ecific circumstances as those discussed in Section 1.4, they allo w us to a v oid

computationally costly nonlinear optimization pro cedures.

2 Mo dulus of lo cal con v exit y: existence of Π( x )

2.1 In this section w e sho w that the a v eraged en tropic pro jection Π( x ) defined

b y (8) exists and b elongs to S for an y x ∈ R n

++

. As noted in Section 1.2, the

measurabilit y of the mapping ω → Π

ω

( x ) : Ω → R n

++ is guaran teed. Th us it

remains to pro v e that this mapping is in tegrable (in the sense that the in tegral

of eac h one of its co ordinates is finite). T o do this w e need the follo wing notions

and results.

2.2 Let U b e a nonempt y , con v ex and op en subset of R n

and let g : U → R b e

a con v ex function. Recall (see, for instance, [ 17 , Lemma 1.2] or [ 12 , Prop osition

2.1.2]) that the righ t hand side deriv ativ e of g at a p oin t x ∈ U in a direction

d ∈ R n

, defined b y g

∘

( x, d ) = lim

τ ↘ 0 g ( x + τ d ) − g ( x )

τ

, (10)

exists, is finite and satisfies

g

∘

( x, y − x ) ≤ g ( y ) − g ( x ) . (11)

This allo ws us to in tro duce the follo wing notions.

Definition. The mo dulus of lo c al c onvexity of the function g at the p oint

x ∈ U is the function ν

g

( x, · ) : [0 , ∞ ) → [0 , ∞ ] giv en b y

2

ν

g

( x, t ) = inf { D

g

( y , x ) | y ∈ U , ‖ y − x ‖ = t } , (12)

where

D

g

( y , x ) := g ( y ) − g ( x ) − g

∘

( x, y − x ) . (13)

The function g is called very c onvex if, for eac h x ∈ U , ν

g

( x, t ) > 0 whenev er

t > 0 .

2.3 The notions of mo dulus of lo cal con v exit y and of v ery con v ex func-

tions in tro duced here are not equiv alen t to the analogous notions of mo dulus

of (uniform) con v exit y and, resp ectiv ely , uniformly con v ex function studied b y

Vladimiro v et al. in [ 19 ]. Recall that the mo dulus of c onvexity of g is the function

δ

g

: [0 , ∞ ) → [0 , ∞ ] defined b y

δ

g

( t ) = inf

{

τ · g ( y ) + (1 − τ ) · g ( x ) − g ( τ y + (1 − τ ) x )

τ · (1 − τ )

| τ ∈ (0 , 1) , ‖ y − x ‖ = t

}

,

and that the function g is called uniformly con v ex if δ

g

( t ) > 0 whenev er t > 0 . It

follo ws from Remark 4 in [ 19 ] that 0 ≤ δ

g

( t ) ≤ ν

g

( x, t ) for all t ∈ [0 , ∞ ) and x ∈ U .

Ho w ev er, in general, δ

g and ν

g are not equal. F or instance, if g : (0 , ∞ ) → R is

the function defined b y g ( x ) = x · ln x , then

ν

g

( x, t ) = min { D

g

( x + t, x ) , D

g

( x − t, x ) }

= x ·

[ (

1 + t

x

)

· ln

(

1 + t

x

)

− t

x

]

.

(14)

This sho ws that the function g is v ery con v ex b ecause ν

g

( x, 0) = 0 and the

function ν

g

( x, · ) is strictly increasing on (0 , ∞ ) (its deriv ativ e is p ositiv e). Nev-

ertheless, since for an y t > 0, w e ha v e

0 ≤ δ

g

( t ) ≤ lim

x →∞ ν

g

( x, t ) = 0 ,

2

W e use the con v en tion that the infim um of an empt y set of real n um b ers is + ∞ .

it follo ws that δ

g

( t ) = 0 and that the function g is not uniformly con v ex.

2.4 Our pro of that the function ω → Π

ω

( x ) is in tegrable for eac h x ∈ R n

++

is based on the prop erties of the mo dulus of lo cal con v exit y summarized in the

next result.

Prop osition. If U is an op en, c onvex and unb ounde d subset of R n

and if

g : U → R is a c onvex function, then for e ach x ∈ U the function ν

g

( x, · ) is

everywher e finite and has the fol lowing pr op erties:

( i ) If c ∈ [1 , ∞ ) , then, for any t ∈ [0 , ∞ ) , ν

g

( x, c · t ) ≥ c · ν

g

( x, t );

( ii ) ν

g

( x, · ) is nonde cr e asing and it is strictly incr e asing iff g is very c onvex;

( iii ) ν

g

( x, · ) is c ontinuous fr om the right on [0 , ∞ );

( iv ) If g

: cl U → R is a c onvex c ontinuous function whose r estriction to U is

g and if ν

g

( x, · ) is c ontinuous, then, for e ach t ∈ [0 , ∞ ) ,

ν

g

( x, t ) = inf

{

D

g

( y , x ) | y ∈ cl U , ‖ y − x ‖ = t

}

. (15)

Pro of: Since U is un b ounded and con v ex one can find a p oin t y ∈ U at

an y distance t from x. Th us, ν

g

( x, · ) is ev erywhere finite. W e pro v e the other

statemen ts p oin t b y p oin t.

( i ) It is sufficien t to pro v e this statemen t for c > 1 and t > 0. In this case, let

ε b e a p ositiv e real n um b er. According to (12), there exists a p oin t u ∈ U suc h

that ‖ u − x ‖ = c · t and

ν

g

( x, c · t ) + ε > D

g

( u, x ) = g ( u ) − g ( x ) − g

∘

( x, u − x ) . (16)

F or ev ery α ∈ (0 , 1) , denote u

α

= α u + (1 − α ) x . Let β = c

− 1

and observ e that

‖ u

β

− x ‖ = β · ‖ u − x ‖ = t. (17)

Note that, for an y α ∈ (0 , 1) ,

α

β u

β

+ (1 − α

β

) x = α

β

[ β u + (1 − β ) x ] + (1 − α

β

) x = u

α

. (18)

The function α → g ( x + α ( u − x )) − g ( x )

α is nondecreasing on (0 , 1) b ecause g is con v ex

(see, for instance, [ 17 , p. 2]). Therefore, b y com bining (10) and (16), w e obtain

ν

g

( x, c · t ) + ε > g ( u ) − g ( x ) − g ( x + α ( u − x )) − g ( x )

α

,

for all α ∈ (0 , 1) . As a consequence,

ν

g

( x, c · t ) + ε > α · g ( u ) + (1 − α ) · g ( x ) − g ( x + α ( u − x ))

α

=

α · g ( u ) + (1 − α ) · g ( x ) − α

β

· g ( u

β

) − (1 − α

β

) · g ( x )

α

+ α

β

· g ( u

β

) + (1 − α

β

) · g ( x ) − g ( u

α

)

α

=

β · g ( u ) + (1 − β ) · g ( x ) − g ( u

β

)

β

+

α

β

· g ( u

β

) + (1 − α

β

) · g ( x ) − g ( α

β u

β

+ (1 − α

β

) x )

α

,

where the last equalit y results from (18). The first term of the last sum is

nonnegativ e b ecause g is con v ex. Th us,

ν

g

( x, c · t ) + ε > α

β

· g ( u

β

) + (1 − α

β

) · g ( x ) − g ( α

β u

β

+ (1 − α

β

) x )

α

=

1

β

· g ( u

β

) − g ( x ) − g ( x + α

β

( u

β

− x )) − g ( x )

α

β

.

Letting α ↘ 0 and taking in to accoun t (16) and (10) w e deduce that

ν

g

( x, c · t ) + ε > c · D

g

( u

β

, x ) ≥ c · ν

g

( x, t ) .

Since ε is an arbitrary p ositiv e real n um b er, this pro v es ( i ).

( ii ) Supp ose that s and t are real n um b ers suc h that 0 < s < t. Then,

ν

g

( x, t ) = ν

g

( x, t

s

· s ) ≥ t

s

· ν

g

( x, s ) ≥ ν

g

( x, s ) , (19)

where the first inequalit y follo ws from ( i ). Th us, ν

g

( x, · ) is nondecreasing. If g

is v ery con v ex, then the last inequalit y in (19) is strict and this sho ws that the

function ν

g

( x, · ) is strictly increasing on (0 , ∞ ) . The con v erse is ob vious. Hence,

( ii ) is pro v en.

( iii ) First w e sho w that ν

g

( x, · ) is con tin uous from the righ t at 0. T o this end,

let { t

k

}

k ∈ N b e a sequence in (0 , 1) con v erging nonincreasingly to 0 . Applying ( ii )

and ( i ) w e deduce

ν

g

( x, 1) ≥ ν

g

( x,

√

t

k

) = ν

g

( x, t

k

√

t

k

) ≥

1

√

t

k

· ν

g

( x, t

k

) .

Hence,

ν

g

( x, 0) = 0 ≤ lim

k →∞ ν

g

( x, t

k

) ≤ ν

g

( x, 1) · lim

k →∞

√

t

k

= 0 .

This sho ws that ν

g

( x, · ) is con tin uous from the righ t at 0 . No w supp ose that

0 < s < t < ∞ . Fix an arbitrary real n um b er ε > 0 . According to (12), there

exists a p oin t y

ε

∈ U suc h that ‖ y

ε

− x ‖ = s and

ν

g

( x, s ) + ε

4

> D

g

( y

ε

, x ) .

Applying ( ii ), w e deduce that

0 ≤ | ν

g

( x, t ) − ν

g

( x, s ) | = ν

g

( x, t ) − ν

g

( x, s ) < ν

g

( x, t ) − D

g

( y

ε

, x ) + ε

4

.

The function D

g

( · , x ) is con tin uous on U (see (13)) b ecause g and g

∘

( x, · ) are

con tin uous (cf. [ 17 , Prop osition 1.19 and Corollary 1.7]). Therefore, there exists

a n um b er δ ( ε ) > 0 suc h that, for an y z ∈ R n

with ‖ z − y

ε

‖ < δ ( ε ), w e ha v e

z ∈ U and

| D

g

( z , x ) − D

g

( y

ε

, x ) | < ε

4

.

If 0 < t − s < δ ( ε ), then the v ector

y

′

ε

= t

s y

ε

+ (1 − t

s

) x

satisfies ‖ y

′

ε

− y

ε

‖ = t − s < δ ( ε ) and ‖ y

′

ε

− x ‖ = t . Hence y

′

ε

∈ U and

0 ≤ ν

g

( x, t ) − ν

g

( x, s ) < D

g

( y

′

ε

, x ) − D

g

( y

ε

, x ) + ε

4

< ε

4

+ ε

4

< ε.

This pro v es ( iii ).

( iv ) Denote b y ν

0 the righ t hand side of (15). Clearly , ν

0

≤ ν

g

( x, t ) . Let ε > 0

b e arbitrarily fixed and observ e that there exists z

ε

∈ cl U suc h that ‖ z

ε

− x ‖ = t

and ν

0

+ ε

4

> D

g

( z

ε

, x ) . If z

ε

∈ U , then

ν

0

+ ε

4

> D

g

( z

ε

, x ) = D

g

( z

ε

, x ) ≥ ν

g

( x, t ) . (20)

Otherwise, there exists a sequence

{

z k

}

k ∈ N

⊂ U whic h con v erges to z

ε

. F or

t

k

:=

‖

‖

‖ z k

− x

‖

‖

‖ w e ha v e lim

k →∞ t

k

= t and, therefore, lim

k →∞ ν

g

( x, t

k

) = ν

g

( x, t )

b ecause ν

g

( x, · ) is con tin uous. Th us, there exists a p ositiv e in teger k

ε suc h that,

for an y in teger k ≥ k

ε

, w e ha v e ν

0

+ ε

4

> D

g

( z k

, x ) and ν

g

( x, t

k

) ≥ ν

g

( x, t ) − ε

4

.

By consequence, if k ≥ k

ε

, then

ν

0

+ ε

4

> D

g

( z k

, x ) ≥ ν

g

( x, t

k

) ≥ ν

g

( x, t ) − ε

4

.

This and (20) imply that, for an y ε > 0 , w e ha v e ν

0

+ ε

2

> ν

g

( x, t ) . The pro of is

complete. □

2.5 The next result emphasizes imp ortan t features of the negen trop y f . It

sho ws that the a v eraged en tropic pro jection op erator Π( x ) exists and b elongs to

S no matter ho w x ∈ R n

++ is c hosen.

Prop osition. ( i ) The function f : R n

++

→ R define d by (5) is a very c onvex

function .

( ii ) F or e ach x ∈ R n

++ the aver age d entr opic pr oje ction Π( x ) =

∫

Ω

Π

ω

( x ) dμ ( ω )

exists and b elongs to S .

Pro of: ( i ) Let g

: [0 , ∞ ) → R b e the con tin uous con v ex function defined b y

g

( x ) =

{

x · ln x, if x > 0 ,

0 , other w ise.

(21)

The function f : R n

+

→ R giv en b y

f ( x ) = n

∑

i =1 g

( x

i

) , (22)

is con v ex and con tin uous and its restriction to R n

++ is exactly f . Let

ν

f

( x, t ) = inf

{

D

f

( y , x ) | y ∈ R n

+

, ‖ y − x ‖ = t

}

.

Since the set

{

y ∈ R n

+

| ‖ y − x ‖ = t

}

is compact in R n

and D

f

( · , x ) is con tin uous

on this set, there exists y

∗

∈ R n

+ suc h that ‖ y

∗

− x ‖ = t and

ν

f

( x, t ) ≥ ν

f

( x, t ) = D

f

( y

∗

, x ) = n

∑

i =1

D

g

( y

∗

i

, x

i

) .

Let g b e the restriction of g

to (0 , ∞ ).The mo dulus of lo cal con v exit y of g is giv en

b y (14) and is con tin uous in t . Therefore, w e can apply Prop osition 2.4( iv ) and

obtain that, for eac h i ∈ { 1 , 2 , ..., n } ,

D

g

( y

∗

i

, x

i

) ≥ ν

g

( x

i

, | y

∗

i

− x

i

| ) .

Hence,

ν

f

( x, t ) ≥ n

∑

i =1 ν

g

( x

i

, | y

∗

i

− x

i

| ) . (23)

When t > 0, w e ha v e | y

∗

i

− x

i

| > 0 for at least one index i. As noted in Section

2.3 the function g is v ery con v ex. Consequen tly , ν

g

( x

i

, | y

∗

i

− x

i

| ) > 0 for at least

one index i . This and (23) sho w that, if t > 0 , then ν

f

( x, t ) > 0 , i.e., f is v ery

con v ex.

( ii ) It w as noted in Section 1.2 that the function ω → Π

ω

( x ) : Ω → R n

++ is

measurable. By the definition of the in tegral, the a v eraged en tropic pro jection

Π( x ) is the limit of a co ordinatewise nondecreasing sequence of elemen ts of R n

++

consisting of p oin ts of the form

∑

m

j =1 μ (Ω

j

) · Π

ω

j

( x ) , where Ω

1

, ..., Ω

m is a partition

of Ω and, for eac h j ∈ { 1 , ..., m } , ω

j

∈ Ω

j

(see Halmos [ 15 , Theorem B, p. 85]).

Eac h suc h p oin t is a con v ex com bination of elemen ts of S . Therefore, if w e sho w

that the a v eraged en tropic pro jection Π( x ) is (co ordinatewise) finite, then it will

follo w that Π( x ) m ust b e an elemen t of the closed set S . In order to sho w this,

let z ∈ R n

++ b e an arbitrary almost common p oin t of the sets Q

ω

, ω ∈ Ω . Set

I =

∫

Ω

‖ Π

ω

( x ) − x ‖ dμ ( ω ) .

This in tegral exists b ecause the function ω → Π

ω

( x ) is measurable. It is sufficien t

to pro v e that I is finite b ecause

∫

Ω

‖ Π

ω

( x ) ‖ dμ ( ω ) ≤ I + ‖ x ‖ .

Observ e that, for almost all ω ∈ Ω ,

ν

f

( x, ‖ Π

ω

( x ) − x ‖ ) ≤ D

f

(Π

ω

( x ) , x ) ≤ D

f

( z , x ) ,

b ecause z is an almost common p oin t of the sets Q

ω

, ω ∈ Ω . Since f is v ery con v ex,

w e ha v e ν

f

( x, 1) > 0 . Also, according to Prop osition 2.4( i ), for eac h t ∈ [1 , ∞ ),

w e ha v e ν

f

( x, t ) ≥ t · ν

f

( x, 1). Hence, lim

t →∞ ν

f

( x, t ) = + ∞ . Consequen tly , there

exists a n um b er t

0

> 0 suc h that D

f

( z , x ) < ν

f

( x, t

0

). These sho w that, for

almost all ω ∈ Ω,

ν

f

( x, ‖ Π

ω

( x ) − x ‖ ) ≤ D

f

( z , x ) < ν

f

( x, t

0

) .

According to Prop osition 2.4( ii ), this can happ en only if

‖ Π

ω

( x ) − x ‖ < t

0

, a.s.

In tegrating this inequalit y w e obtain that I ≤ t

0 and the pro of is complete. □

3 A con v ergence analysis of the AEPM

3.1 Prop osition 2.5 ensures that, for an y initial p oin t x

0

∈ R n

++

, the sequence

{

x k

}

k ∈ N generated b y the AEPM exists and is included in S . In this section w e

sho w that the sequence

{

x k

}

k ∈ N con v erges and its limit is an almost common

p oin t of the sets Q

ω

, ω ∈ Ω . Our con v ergence pro of is based on the follo wing fact.

Lemma. If K ⊆ R n

++ is nonempty, c onvex and close d, then the entr opic

pr oje ction Π

K

: R n

++

→ K is c ontinuous.

Pro of: Let

{

x k

}

k ∈ N b e a con v ergen t sequence in R n

++ suc h that x

∗

:=

lim

k →∞ x k

∈ R n

++

. Denote y k

= Π

K

( x k

) , k ∈ N . The sequence

{

y k

}

k ∈ N is

b ounded. Indeed, observ e that for an arbitrarily fixed z ∈ K and for all k ∈ N

w e ha v e

D

f

( y k

, x k

) ≤ D

f

( z , x k

) . (24)

Since the function D

f

( z , · ) is con tin uous, the sequence

{

D

f

( z , x k

)

}

k ∈ N is b ounded.

According to (24), this implies that

{

D

f

( y k

, x k

)

}

k ∈ N is b ounded to o. By (6), this

cannot happ en unless

{

y k

}

k ∈ N is b ounded. Therefore,

{

y k

}

k ∈ N has an accum u-

lation p oin t and, ob viously , all accum ulation p oin ts of

{

y k

}

k ∈ N are in K . W e sho w that an y accum ulation p oin t of

{

y k

}

k ∈ N coincides with Π

K

( x ). This will

imply

lim

k →∞

Π

K

( x k

) = lim

k →∞ y k

= Π

K

( x

∗

) ,

that is, Π

K is con tin uous.

In order to pro v e that an y accum ulation p oin t y

∗

of

{

y k

}

k ∈ N equals Π

K

( x

∗

),

let

{

y k

p

}

p ∈ N b e a subsequence of

{

y k

}

k ∈ N whic h con v erges to y

∗

. According to

[ 11 , Theorem 2.2], for eac h nonnegativ e in teger p and for all z ∈ K ,

n

∑

i =1

(

ln x k

p

i

− ln y k

p

i

)

· ( z

i

− y k

p

i

) ≤ 0 .

Letting p → ∞ w e get

n

∑

i =1

( ln x

∗

i

− ln y

∗

i

) · ( z

i

− y

∗

i

) ≤ 0 ,

for all z ∈ K . Applying again Theorem 2.2 of [ 11 ], this implies y

∗

= Π

K

( x

∗

) . □

3.2 No w w e apply Lemma 3.1 to obtain another useful result.

Lemma. If K ⊆ R n

++ is nonempty, c onvex and close d, then the function

Φ

K

: R n

++

→ R n

+ define d by

Φ

K

( x ) = D

f

(Π

K

( x ) , x ) , (25)

is c onvex, differ entiable and, for every x ∈ R n

++

,

∂ Φ

K

∂ x

i

( x ) = x

i

− Π i

K

( x )

x

i

, 1 ≤ i ≤ n, (26)

wher e Π i

K

( x ) denotes the i -th c o or dinate of Π

K

( x ) .

Pro of: Let x, y ∈ R n

++ and α ∈ (0 , 1) . Then,

Φ

K

( α x + (1 − α ) y ) = D

f

[Π

K

( α x + (1 − α ) y ) , α x + (1 − α ) y ]

≤ D

f

[ α Π

K

( x ) + (1 − α )Π

K

( y ) , α x + (1 − α ) y ] ≤

α · D

f

(Π

K

( x ) , x ) + (1 − α ) · D

f

(Π

K

( y ) , y ) = α · Φ

K

( x ) + (1 − α ) · Φ

K

( y ) ,

where the first inequalit y follo ws from the con v exit y of K com bined with the

definition of the en tropic pro jection Π

K

(see (7)) and the second inequalit y results

from the con v exit y of the function D

f

: R n

++

× R n

++

→ R . This sho ws that Φ

K

is con v ex. No w, in order to pro v e that Φ

K is differen tiable at x ∈ R n

++

, let u ∈

R n

\{ 0 } and supp ose that θ ∈ (0 , ∞ ) is sufficien tly small so that x + θ u ∈ R n

++

.

Then, applying (7) t wice, w e get

θ

− 1

· [ D

f

(Π

K

( x + θ u ) , x + θ u ) − D

f

(Π

K

( x + θ u ) , x ) ]

≤ θ

− 1

· [ D

f

(Π

K

( x + θ u ) , x + θ u ) − D

f

(Π

K

( x ) , x ) ] (27)

≤ θ

− 1

· [ D

f

(Π

K

( x ) , x + θ u ) − D

f

(Π

K

( x ) , x ) ] .

Observ e that

lim

θ ↘ 0

D

f

(Π

K

( x ) , x + θ u ) − D

f

(Π

K

( x ) , x )

θ

= lim

θ ↘ 0 n

∑

i =1

[

u

i

− Π i

K

( x ) · ln ( x

i

+ θ · u

i

) − ln x

i

θ · u

i

· u

i

]

(28)

= n

∑

i =1 u

i

·

(

1 −

Π i

K

( x )

x

i

)

.

According to Lemma 3.1, the en tropic pro jection Π

K is con tin uous. Therefore,

lim

θ ↘ 0

D

f

(Π

K

( x + θ · u ) , x + θ u ) − D

f

(Π

K

( x + θ u ) , x )

θ

= lim

θ ↘ 0 n

∑

i =1

[

u

i

− Π i

K

( x + θ u ) · ln ( x

i

+ θ · u

i

) − ln x

i

θ · u

i

· u

i

]

(29)

= n

∑

i =1 u

i

·

(

1 −

Π i

K

( x )

x

i

)

.

Letting θ ↘ 0 in (27) and taking in to accoun t (28) and (29) w e obtain that the

middle term con v erges and its limit is the common limit of the left and the righ t

hand sides, i.e. Φ

K is differen tiable and (26) holds. □

3.3 Using the results ab o v e w e are in a p osition to pro v e that AEPM generated

sequences con v erge to almost common p oin ts of the sets Q

ω

, ω ∈ Ω .

Theorem. F or any SCFP which satisfies (3) , and for e ach x

0

∈ R n

++

, the

AEPM gener ate d se quenc e

{

x k

}

k ∈ N

, having x

0

as initial p oint, exists and c on-

ver ges to an almost c ommon p oint of the sets Q

ω

, ω ∈ Ω .

Pro of: The existence of the sequence

{

x k

}

k ∈ N follo ws from Prop osition 2.5.

W e no w pro v e the con v ergence of

{

x k

}

k ∈ N

. T o this end, let z b e an arbitrary

almost common p oin t of the sets Q

ω

, ω ∈ Ω. Denote Φ

ω

= Φ

Q

ω

, where Φ

Q

ω is

the function giv en in (25) for K = Q

ω

. Define the function Φ : R n

++

→ R b y

Φ( x ) =

∫

Ω

Φ

ω

( x ) dμ ( ω ) . (30)

This function is w ell-defined b ecause the mapping ω → Φ

ω

( x ) is measurable (it

is the comp osition of the measurable function ω → Π

ω

( x ) with the con tin uous

function D

f

( · , x )) and, for eac h ω ∈ Ω and all x ∈ R n

++

,

0 ≤ Φ

ω

( x ) ≤ D

f

( z , x ) . (31)

Observ e that Φ is con v ex b ecause, for all ω ∈ Ω, the functions Φ

ω are con v ex (cf.

Prop osition 3.2). Note that, if x ∈ R n

++ and u ∈ R n

\{ 0 } , then there exists a real

n um b er θ

0

> 0 suc h that, for an y θ ∈ (0 , θ

0

], x + θ u ∈ R n

++ and

< ∇ Φ

ω

( x ) , u > ≤

Φ

ω

( x + θ u ) − Φ

ω

( x )

θ

≤ Φ

ω

( x + θ

0 u ) − Φ

ω

( x ) . (32)

This is b ecause the con v exit y of Φ

ω implies that the mapping

θ →

Φ

ω

( x + θ u ) − Φ

ω

( x )

θ

is nondecreasing on (0 , θ

0

]. Since the functions ω → Φ

ω

( x + θ

0 u ) − Φ

ω

( x ) and

ω → < ∇ Φ

ω

( x ) , u > are in tegrable (cf. Prop osition 2.5( ii ), Prop osition 3.2 and

(31)), the inequalit y (32) allo ws us to apply the b ounded con v ergence theorem in

order to conclude that

lim

θ ↘ 0

Φ( x + θ u ) − Φ( x )

θ

= lim

θ ↘ 0

∫

Ω

Φ

ω

( x + θ u ) − Φ

ω

( x )

θ dμ ( ω ) =

∫

Ω lim

θ ↘ 0

Φ

ω

( x + θ u ) − Φ

ω

( x )

θ dμ ( ω ) =

∫

Ω

< ∇ Φ

ω

( x ) , u > dμ ( ω ) .

This and Prop osition 3.2 sho w that Φ is differen tiable on R n

++ and

∂ Φ

∂ x

i

( x ) =

∫

Ω x

i

− Π i

ω

( x )

x

i dμ ( ω ) , 1 ≤ i ≤ n, (33)

where Π i

ω

( x ) denotes the i -th co ordinate of Π

ω

( x ) . T aking in to accoun t (4) and

(33) w e deduce that, for eac h nonnegativ e in teger k ,

∂ Φ

∂ x

i

( x k

) = x k

i

− x k +1

i

x k

i

, 1 ≤ i ≤ n. (34)

By a sp ecialization of [ 5 , Lemma 1] w e ha v e that, for an y x ∈ R n

++ and for almost

all ω ∈ Ω,

D

f

(Π

ω

( x ) , x ) + D

f

( z , Π

ω

( x )) ≤ D

f

( z , x ) . (35)

Observ e that the function u → D

f

( u, x ) + D

f

( z , u ) is con v ex on R n

++

. Therefore,

Jensen’s inequalit y applies and giv es

D

f

(Π( x ) , x ) + D

f

( z , Π( x )) ≤

∫

Ω

[ D

f

(Π

ω

( x ) , x ) + D

f

( z , Π

ω

( x )) ] dμ ( ω ) . (36)

Letting x = x k

in (35) and in (36) and, after that, in tegrating the resulting

inequalit y with resp ect to ω ∈ Ω, w e obtain that, for eac h nonnegativ e in teger k ,

D

f

( x k +1

, x k

) + D

f

( z , x k +1

) ≤ D

f

( z , x k

) . (37)

Summing up the inequalities in (37) corresp onding to k = 0 , 1 , ..., m, w e get

m

∑

k =0

D

f

( x k +1

, x k

) ≤ D

f

( z , x

0

) − D

f

( z , x k +1

) ≤ D

f

( z , x

0

) .

This sho ws that the series

∑

∞

k =0

D

f

( x k +1

, x k

) con v erges and, implicitly , that

lim

k →∞

D

f

( x k +1

, x k

) = 0 . (38)

Let g : (0 , ∞ ) → R b e the function defined b y g ( t ) = t · ln t. Then,

D

f

( x k +1

, x k

) = n

∑

i =1

D

g

( x k +1

i

, x k

i

) ,

where, for eac h i , D

g

( x k +1

i

, x k

i

) ≥ 0. This, together with (12) and (38), implies

that, for eac h i ∈ { 1 , ..., n } ,

0 ≤ lim

k →∞ ν

g

( x k

i

,

|

|

| x k +1

i

− x k

i

|

|

| ) ≤ lim

k →∞ ν

g

( x k

i

,

|

|

| x k +1

i

− x k

i

|

|

| )

≤ lim

k →∞

D

g

( x k +1

i

, x k

i

) ≤ lim

k →∞

D

f

( x k +1

, x k

) = 0 ,

i.e.,

lim

k →∞ ν

g

( x k

i

,

|

|

| x k +1

i

− x k

i

|

|

| ) = 0 , 1 ≤ i ≤ n. (39)

Observ e that, according to (37), the sequence { D

f

( z , x k

) }

k ∈ N is nonincreasing

and b ounded from ab o v e b y γ := D

f

( z , x

0

). The set

{

u ∈ R n

++

| D

f

( z , u ) ≤ γ

}

is

b ounded in R n

and con tains the sequence

{

x k

}

k ∈ N

. Th us,

{

x k

}

k ∈ N is b ounded.

Also, according to Prop osition 2.5( ii ),

{

x k

}

k ∈ N

⊂ S ⊆ R n

++

(cf. (3)) and this

sho ws that inf

k ∈ N x k

i

> 0, for eac h i ∈ { 1 , 2 , ..., n } . These facts, com bined with

(14), imply that the equalities in (39) are satisfied only if

lim

k →∞

|

|

| x k +1

i

− x k

i

|

|

|

x k

i

= 0 , 1 ≤ i ≤ n.

According to (34), this means

lim

k →∞

∇ Φ( x k

) = 0 . (40)

The b ounded sequence

{

x k

}

k ∈ N has a con v ergen t subsequence

{

x k

p

}

p ∈ N

. Let

x

∗

= lim

p →∞ x k

p

. Note that x

∗

∈ S ⊂ R n

++ b ecause

{

x k

}

k ∈ N

⊂ S and S is

closed . The function Φ is con v ex and, therefore, for an y y ∈ R n

++

, w e ha v e

Φ( y ) − Φ( x

∗

) = (Φ( y ) − Φ( x k

p

)) + (Φ( x k

p

) − Φ( x

∗

)) ≥

< ∇ Φ( x k

p

) , y − x k

p

> + < ∇ Φ( x

∗

) , x k

p

− x

∗

> .

Since

{

x k

p

}

p ∈ N is b ounded, the righ t hand side of the last inequalit y con v erges

to zero as p → ∞ b y (40). Th us, letting p → ∞ on b oth sides of the last

inequalit y , w e obtain Φ( y ) ≥ Φ( x

∗

) , for all y ∈ R n

++

. This sho ws that x

∗

is a

minimizer of Φ o v er R n

++

. Note that Φ is nonnegativ e and that Φ( z ) = 0 . Hence,

Φ( x

∗

) = Φ( z ) = 0 . According to (30), this means

∫

Ω

D

f

(Π

ω

( x

∗

) , x

∗

) dμ ( ω ) = 0 ,

i.e., D

f

(Π

ω

( x

∗

) , x

∗

) = 0 for almost all ω ∈ Ω. Observ e that D

f

( y , x ) v anishes if

and only if x = y . Consequen tly , w e ha v e Π

ω

( x

∗

) = x

∗

for almost all ω ∈ Ω. This

pro v es that x

∗

is an almost common p oin t of the sets Q

ω

, ω ∈ Ω.

Observ e that (37) w as pro v en ab o v e for an arbitrary almost common p oin t z

of the sets Q

ω

, ω ∈ Ω. This means that it still holds for z = x

∗

. Therefore, the

sequence

{

D

f

( x

∗

, x k

)

}

k ∈ N is nonincreasing. Hence, this sequence con v erges and

it m ust ha v e the same limit as its subsequence

{

D

f

( x

∗

, x k

p

)

}

p ∈ N

, i.e.,

lim

k →∞

D

f

( x

∗

, x k

) = lim

p →∞

D

f

( x

∗

, x k

p

) = 0 . (41)

Since, for eac h k ∈ N ,

D

f

( x

∗

, x k

) = n

∑

i =1

D

g

( x

∗

i

, x k

i

) ,

and the terms of the last sum are nonnegativ e, w e deduce from (41) that

lim

k →∞

D

g

( x

∗

, x k

i

) = 0 , 1 ≤ i ≤ n,

and, as a consequence (see (12)),

lim

k →∞ ν

g

( x k

i

,

|

|

| x

∗

i

− x k

i

|

|

| ) = 0 , 1 ≤ i ≤ n.

The b oundedness of

{

x k

}

k ∈ N and the fact that inf

k ∈ N x k

i

> 0 , 1 ≤ i ≤ n, com-

bined with (14), sho w that this can happ en only if

lim

k →∞

|

|

| x

∗

i

− x k

i

|

|

|

x k

i

= 0 , 1 ≤ i ≤ n, that is, only if

lim

k →∞

|

|

| x

∗

i

− x k

i

|

|

| = 0 , 1 ≤ i ≤ n.

This means that

{

x k

}

k ∈ N con v erges to x

∗

whic h is an almost common p oin t of

the sets Q

ω

, ω ∈ Ω . The pro of is complete. □

4 An example and commen ts

4.1 In this section w e demonstrate ho w the AEPM w orks and illustrate the

idea men tioned in Sections 1.3 and 1.4 that emplo ying Bregman pro jection t yp e

metho ds for solving the SCFP can ha v e computational adv an tages when the

function f with resp ect to whic h the Bregman pro jections are computed is fitted

to the nature of the sets Q

ω in the giv en problem. T o this purp ose w e consider

the follo wing example.

Let Ω b e the in terv al [ a, b ] and, for eac h i ∈ { 0 , 1 , 2 , ..., n } , let ϕ

i

: Ω → (0 , ∞ )

b e a con tin uous function. F or eac h ω ∈ Ω, w e consider the function g

ω

: R n

+

→ R

giv en b y

g

ω

( y ) = n

∑

i =1 ϕ

i

( ω ) · y

i

· ln y

i

+ ϕ

0

( ω ) , (42)

with the usual con v en tion that 0 · ln 0 = 0 . W e w an t to find an elemen t x

∗

∈ R n

++

whic h, for all ω ∈ Ω , satisfies g

ω

( x

∗

) ≤ 0 . T o this end, observ e that, for eac h

ω ∈ Ω , the set

Q

ω

=

{

z ∈ R n

+

| g

ω

( z ) ≤ 0

}

, (43)

is con v ex and closed and that finding a p oin t x

∗

as men tioned ab o v e, is equiv alen t

to finding a common elemen t of the sets Q

ω

, ω ∈ Ω . W e assume that the sets Q

ω

ha v e common p oin ts (that is,

⋂

ω ∈ Ω

Q

ω

≠ ∅ ) and that (3) is satisfied.

4.2 W e reduce the problem of finding a p oin t x

∗

in

⋂

ω ∈ Ω

Q

ω to a SCFP as

follo ws. W e pro vide Ω with the probabilit y structure ( A , μ ), where A is the family

of all Leb esgue measurable subsets of Ω and μ = ( b − a )

− 1

· λ , and λ denotes

the Leb esgue measure on Ω. The probabilit y space (Ω , A , μ ) is complete and

the p oin t-to-set mapping Q : Ω → R n

+

, whic h assigns to eac h ω ∈ Ω the closed

con v ex set Q

ω

, is measurable (its graph is closed). Note that, for ev ery x ∈ R n

+

,

the function ω → g

ω

( x ) : Ω → R is con tin uous. Therefore, an y almost common

p oin t of the sets Q

ω

, ω ∈ Ω, is a p oin t in

⋂

ω ∈ Ω

Q

ω

. This is so b ecause if z is an

almost common fixed p oin t of the giv en sets and z /∈

⋂

ω ∈ Ω

Q

ω

, then g

ω

0

( z ) > 0 ,

for some ω

0

∈ Ω and this implies g

ω

( z ) > 0 for all ω ∈ N

0

∩ [ a, b ] , where N

0 is an

op en neigh b ourho o d of ω

0

; this is a con tradiction since μ ( N

0

∩ [ a, b ]) > 0. Hence,

the problem of finding a p oin t x

∗

∈

⋂

ω ∈ Ω

Q

ω is exactly the SCFP of finding an

almost common p oin t of the sets Q

ω

, ω ∈ Ω .

4.3 Under the assumptions made in Section 4.1, Theorem 3.2 guaran tees the

con v ergence of eac h AEPM generated sequence to a common p oin t of the sets

Q

ω

, ω ∈ Ω. F or determining an AEPM generated sequence w e w ould lik e to ha v e

an explicit form ula for computing the en tropic pro jections required in (4). T o

this end w e ha v e to solv e, for ev ery fixed x ∈ R n

++

, the optimization problem

min D

f

( y , x )

such that

g

ω

( y ) ≤ 0 , y ∈ R n

+

,

(44)

where f is defined in (22). The Kuhn-T uc k er conditions for this optimization

problem (note that, according to [ 4 , Theorem 3.12], the optim um of (44) is nec-

essarily a p oin t in R n

++

) are

ln y

i

− ln x

i

+ α · ϕ

i

( ω ) · ( ln y

i

+ 1) = 0 , 1 ≤ i ≤ n,

g

ω

( y ) = 0 ,

where α ≥ 0 represen ts the Lagrange m ultiplier. The solution of this system of

equations is the v ector y with the co ordinates

y

i

= exp

(

− α · ϕ

i

( ω ) − ln x

i

α · ϕ

i

( ω ) + 1

)

, 1 ≤ i ≤ n, (45)

where α is a p ositiv e solution of the equation

n

∑

i =1 ϕ

i

( ω ) · α · ϕ

i

( ω ) − ln x

i

α · ϕ

i

( ω ) + 1

· exp

(

− α · ϕ

i

( ω ) − ln x

i

α · ϕ

i

( ω ) + 1

)

− ϕ

0

( ω ) = 0 . (46)

This equation can b e solv ed b y standard n umerical pro cedures.

4.4 Theorem 4.4 in [ 8 ] ensures that the SCFP form ulated in Section 4.1 can

b e also approac hed with the exp ected metric pro jection metho d of Butnariu and

Fl ˚ am [ 8 ]. This metho d, applied to the giv en SCFP , pro duces sequences whic h

con v erge to a common p oin ts of the sets Q

ω

, ω ∈ Ω, defined in (43). Computing

the metric pro jection P

ω

( x ) of the p oin t x on to the set Q

ω amoun ts to solving

the optimization problem

min ‖ y − x ‖

2

such that

g

ω

( y ) ≤ 0 , y ∈ R n

+

.

(47)

Compared with the relativ ely simple w a y of solving (44) whic h practically consists

of computing a p ositiv e solutions of (46) and of using (45), finding a solution of

(47) ma y b e computationally costly . In fact, writing do wn the Kuhn-T uc k er conditions for the optimization problem (47) sho ws that this requires n umerical

computation of a solution α , y

1

, ..., y

n to the system

2 · ( y

i

− x

i

) + α · ϕ

i

( ω )( ln y

i

+ 1) = 0 , 1 ≤ i ≤ n,

g

ω

( y ) ≤ 0 .

4.5 The relativ e easiness with whic h the en tropic pro jections Π

ω

( x ) w ere

determined in Section 4.3 adv o cates the AEPM in this sp ecific case. In other

situations the exp ected metric pro jection metho d ma y b e more friendly than the

AEPM. In fact, this happ ens when one has to solv e SCFPs lik e those required

for computing the in v erse of the Radon transform in computed tomograph y (see

[ 8 , Section 6]). This is a SCFP similar to that in Section 4.1 but with

Q

ω

:= { z ∈ R n

| < a ( ω ) , z > = b ( ω ) } . (48)

In this case,

P

ω

( x ) = x + b ( ω ) − < a ( ω ) , x >

‖ a ( ω ) ‖

2

· a ( ω ) .

Ho w ev er, computing the en tropic pro jection Π

ω

( x ) on to the set Q

ω defined in

(48), pro vided that they exist, is rather complicated. It can b e sho wn that, if

Q

ω

⋂

R n

++

≠ ∅ , for all ω ∈ Ω , then

Π i

ω

( x ) = x

i

· [ v

ω

( x )] a

n

( ω )

,

where v

ω

( x ) is the unique p ositiv e solution of the equation

n

∑

i =1 a

i

( ω ) · x

i

· v a

i

( ω )

= b ( ω ) .

The comparison of the AEPM and of the exp ected metric pro jection metho d

emphasizes the practical meaning of the conjecture in Section 1.5 that our results

concerning the con v ergence of the AEPM can b e extended to pro cedures based

on functions other than the negen trop y and the square of the norm.

Ac kno wledgemen ts

The w ork of Y. Censor w as partially supp orted b y the gran t HL-28438 at

the Medical Image Pro cessing Group (MIPG), Departmen t of Radiology , the

Univ ersit y of P ennsylv ania, Philadelphia, P A, USA. The w ork of S. Reic h w as

partially supp orted b y the F und for the Promotion of Researc h at the T ec hnion

and b y the M. and M.L. Bank Mathematics Researc h F und at the T ec hnion.

The authors are grateful to the referees for their suggestions.

References

[1] Y. Alb er and D. Butnariu: Con v ergence of Bregman-pro jection metho ds for

solving consisten t con v ex feasibilit y problems in reflexiv e Banac h spaces, J.

Optim. The ory and Appl. , to app ear.

[2] J.-P . Aubin and H. F rank o wsk a: Set-V alued Analysis, Birkh

..

a user , Boston,

1990.

[3] H.H. Bausc hk e and J.M. Borw ein: On pro jection algorithms for solving con-

v ex feasibilit y problems, Researc h Rep ort #93-12, Dept. of Mathematics

and Statistics, Simon F raser Univ ersit y , Burnab y , BC, Canada, June 1993

(to app ear in SIAM R eview ).

[4] H.H. Bausc hk e and J.M. Borw ein: Legendre functions and the metho d of

random Bregman pro jections, Researc h Rep ort, Dept. of Mathematics and

Statistics, Simon F raser Univ ersit y , Burnab y , BC, Canada, Marc h 1995.

[5] L.M. Bregman: The relaxation metho d for finding the common p oin t of

con v ex sets and its application to the solution of con v ex programming, USSR

Comp. Math. and Math. Phys. , 7, 1967, 200-217.

[6] D. Butnariu: The exp ected-pro jection metho d: Its b eha vior and applications

to linear op erator equations and con v ex optimization, J. Applie d A nalysis ,

to app ear.

[7] D. Butnariu and Y. Censor: Strong con v ergence of almost sim ultaneous

pro jection metho ds in Hilb ert spaces, J. Comput. Appl. Math ., 53, 1994,

33-42.

[8] D. Butnariu and S.D. Fl ˚ am: Strong con v ergence of exp ected-pro jection

metho ds in Hilb ert spaces, Numer. F unct. A nal. Optim. , 15(5&6), 1995,

601-636.

[9] Y. Censor and A. Len t: An iterativ e ro w-action metho d for in terv al con v ex

programming, J. Optim. The ory and Appl. , 34(3), 1981, 321-353.

[10] Y. Censor and T. Elfving: A m ultipro jection algorithm using Bregman pro-

jections in a pro duct space, Numeric al A lgorithms , 8, 1994, 221-239.

[11] Y. Censor and S. Reic h: Iterations of paracon tractions and firmly nonex-

pansiv e op erators with applications to feasibilit y and optimization, T e chnion

Pr eprint Series No. MT-1005 , 1995.

[12] F.H. Clark e: Optimization and Nonsmo oth Analysis, John Wil ley & Sons ,

New Y ork, 1983.

[13] P .L. Com b ettes: The foundations of set theoretic estimation, Pr o c. IEEE ,

81, 1993, 182-208.

[14] A.R. De Pierro and A.N. Iusem: A relaxed v ersion of Bregman’s metho d for

con v ex programming, J. Optim. The ory Appl. , 51, 1986, 421-440.

[15] P .R. Halmos: Measure Theory , Springer-V erlag , New Y ork, 1974.

[16] A.N. Iusem and A.R. De Pierro: Con v ergence results for an accelerated

Cimmino algorithm, Numer. Math. , 49, 1986, 347-368.

[17] R.R. Phelps: Con v ex F unctions, Monotone Op erators and Differen tiabilit y ,

Springer-V erlag , Berlin, 1993.

[18] R.T. Ro c k afellar and R. J.-B. W ets: Scenarios and p olicy aggregation in op-

timization under uncertain t y , Mathematics of Op er ation R ese ar ch , 16, 1991,

119-147.

[19] A.A. Vladimiro v, Y.E. Nestero v and Y.N. Cek ano v: Uniformly con v ex func-

tions, V estnik Moskovskaya Universiteta, Series Matematika i Kyb ernetika ,

3, 1978, 12-23.

[20] R. J.-B. W ets: Sto c hastio c programming, in: G.L. Nemhauser, A.H.G. Rin-

no o y Kan and M.J. T o dd (Eds.), Handb o ok of Op er ation R ese ar ch and Man-

agement Scienc es, V ol. 1: Optimization, North-hol land, A mster dam, 1989,

pp. 573-629.