A RELAXED CIMMINO TYPE METHOD FOR COMPUTING ALMOST COMMON FIXED POINTS OF TOTALLY NONEXPANSIVE FAMILIES OF OPERATORS

DAN BUTNARIU AND ISRAELA MARKOWITZ

Abstract. We study the convergence behavior of a relaxed Cimmino type method of finding almost common fixed points for totally nonexpansive families of operators in Banach spaces. We show that this method preserves the convergence properties it is already known to have when applied to firmly nonexpansive operators in Hilbert spaces and to families of Bregman projections in reflexive Banach spaces.

1. Introduction

Let (Ω, A, μ) be a complete probability space, B a separable reflexive Banach space and C a closed, convex, nonempty subset of B. Suppose that T_ω : C → C, ω ∈ Ω, is measurable family of operators, that is, for each x ∈ B, the function T_•(x) : Ω → B, given by T_•(x)(ω) = T_ω(x) is measurable.

Our aim is to prove well-definedness and convergence of an algorithm for computing almost common fixed points of measurable families of operators. Recall that a point x^∗ ∈ C such that μ({ω ∈ Ω : T_ω(x^∗) = x^∗}) = 1, is called an almost common fixed point of the measurable family of operators T_ω, ω ∈ Ω. The collection of almost common fixed points of T_ω, ω ∈ Ω, is denoted Afix(T_•). The algorithm we have in mind is the following iterative procedure of generating points x^k in B starting from an initial point x^0 chosen arbitrarily in C :

(1.1) x^{k+1} = (1 − λ_k)x + λ_k ∫ Ω T_ω(x)dμ_k (ω), where {λ_k}_{k∈N} is a sequence in (0, 1] and μ_k is a sequence of complete probability measures on (Ω, A). It is usually called the relaxed Cimmino type method.

The basic idea of algorithm (1.1) originates in Cimmino’s classical method of solving systems of linear equalities (see [13]). Kammerer and Nashed [14] have expanded this idea to solving linear operator equations in Hilbert spaces. The Cimmino type algorithm they consider is exactly algorithm (1.1) with T_ω being metric projections on some closed convex sets, all λ_k = 1 and all μ_k = μ (when B is finite dimensional and Ω is finite this is precisely the algorithm proposed by Cimmino). Convergence of the same unrelaxed Cimmino type procedure was analyzed in Banach spaces by [1]-[4]. In a finite dimensional setting and for a finite set Ω the relaxed Cimmino type algorithm was extensively studied during the

Key words and phrases. Totally convex function, Bregman function, Totally nonexpansive family of operators, Almost common fixed point. 1

last decade. The main results in this respect are summarized in [12] (see also the references therein). In Hilbert spaces and for firmly nonexpansive operators the relaxed Cimmino type algorithm was discussed in [11]. In the paper [8] is proved weak convergence of it in Banach spaces for the case where T_ω are Bregman projections on closed convex nonempty sets with nonempty intersection. This note is aimed at showing that the relaxed Cimmino type algorithm still produces weak approximations of almost common fixed points of the operators T_ω when placed in (not necessarily Hilbertian) Banach spaces provided that the family of operators is totally nonexpansive. The practical meaning of this result is that when applied to (eventually infinite) totally nonexpansive families of operators, even out of the Hilbertian context, the Cimmino type algorithms preserves its weak convergence properties even if some errors occur in the process of computing the iterates. This is relevant because computing iterates in Cimmino type procedures involves determining integrals of often inexactly computable functions. Little is known today about the strong convergence of the Cimmino type method. From [10] we know that the set of totally nonexpansive operators, whose orbits do not converge strongly, is ”rare”. This means that unrelaxed Cimmino procedures will more often than not converge strongly. For a discussion of some cases in which strong convergence occurs see [2], [4] and [14].

2. Preliminaries

In this section we present several notions, notations and results, which will be used in our convergence analysis of the relaxed Cimmino type method. We start by recalling that the measurable family of operators T_ω : C → C, ω ∈ Ω, is called integrable if, for each x ∈ C, the Bochner integral ∫ Ω T_ω(x)dμ(ω) exists. A lower semicontinuous convex function f : B → (−∞, +∞] is called a Bregman function on the set C ⊆ Int(Dom(f)) (cf. [12]) if, for each x ∈ C, the following conditions are satisfied:

(i) f is Gâteaux differentiable and totally convex at x (see [7]); (ii) For any α ≥ 0, the set R^f_α(x; C) = {y ∈ C; D_f (x, y) ≤ α} is bounded.

The most typical example of Bregman functions are the functions ‖ · ‖^r, with r ∈ (1, +∞), when B is a uniformly convex and smooth Banach space (see [6]). The measurable family of operators T_ω, ω ∈ Ω, is called totally nonexpansive with respect to the Bregman function f : B → (−∞, +∞] on the set C, if there exists a point z ∈ C such that, for each x ∈ C, (2.1) D_f (z, T_ω(x)) + D_f (T_ω(x), x) ≤ D_f (z, x), μ − a.e.(Ω) A point z ∈ C such that (2.1) holds for each x ∈ C is called a nonexpansivity pole with respect to f of T_ω, ω ∈ Ω. The set of all nonexpansivity poles with respect to f of the family T_ω, ω ∈ Ω, is denoted Nex_f (T_•). Clearly, Nex_f (T_•) ⊆ Afix(T_•). Recall (cf. [7, Corollary 2.2.5]) that totally nonexpansive families of operators are always integrable with respect to any complete probability measure on Ω.

Our purpose is to show that, if there exists a continuously differentiable Bregman function f : B → (−∞, +∞] on the closed, convex, nonempty subset C ⊆ Int(Dom(f)) with respect to which the measurable family of operators T_ω, ω ∈ Ω, is totally nonexpansive and that, for some z ∈ Nex_f (T_•), the function D_f (z, ·) is convex then, for any sequence of complete probability measures {μ_k}_{k∈N} on (Ω, A), and for each sequence {λ_k}_{k∈N} ⊆ (0, 1] bounded away from zero, the operators T_k : C → C given by

(2.2) T_k (x) = (1 − λ_k)x + λ_k ∫ Ω T_ω(x)dμ_k (ω), are well defined for k ∈ N and, under some additional conditions, their orbits converge weakly to almost common fixed points of the family of operators T_ω, ω ∈ Ω. The following result shows that, under some conditions, orbits of the sequence of operators T_k approximate weakly almost common fixed points of the totally nonexpansive family of operators T_ω. To be precise, an orbit of the sequence of operators {T_k}, k ∈ N, is a sequence {x^k}_{k∈N} in B such that x^{k+1} = T_k(x^k ), k ∈ N that is, a relaxed Cimmino type method generated sequence. Recall that the measure μ_k on (Ω, A) is called absolutely continuous with respect to the measure μ, and we write μ_k ≪ μ, if μ_k(E) = 0 for any measurable set E for which μ(E) = 0. The Radon-Nikodym derivative ( see, for instance, [15]) of the μ - absolutely continuous measure μ_k with respect to μ, is the μ - a.e. unique measurable function dμ_k dμ : Ω → [−∞, +∞] such that

μ_k(A) = ∫ A dμ_k dμ dμ(ω), A ∈ A. The function f is said to satisfy the separability requirement on C, if for any two sequences {y^k}_{k∈N} and {z^k}_{k∈N} in C which converge weakly to y and z, respectively, y ≠ z implies that lim inf k→∞ |⟨f^′(y^k) − f^′(z^k), y − z⟩| > 0. Our convergence argument involves the following property of the operators T_k, k ∈ N, given by (2.2).

Lemma 1 If there exists a differentiable Bregman function f : B → (−∞, +∞] on C, with respect to which the measurable family of operators T_ω, ω ∈ Ω, is totally nonexpansive and for some z ∈ Nex_f (T_•), the function D_f (z, ·) is convex on C then, for any sequence of probability measures {μ_k}_{k∈N} on (Ω, A), and for any sequence {λ_k}_{k∈N} ⊆ (0, 1], the operators T_k, k ∈ N, given by (2.2) are totally nonexpansive with respect to f.

Proof: Let z ∈ Nex_f (T_•) be such that D_f (z, ·) is convex then, for any x ∈ C, we have D_f (z, T_k(x)) + D_f (T_k (x), x) ≤

(1 − λ_k )D_f (z, x) + λ_k [ D_f (z, ∫ Ω T_ω(x)dμ_k (ω) + D_f ( ∫ Ω T_ω(x)dμ_k (ω), x) ] ≤

(1 − λ_k )D_f (z, x) + λ_k ∫ Ω [D_f (z, T_ω(x)) + D_f (T_ω(x), x)] dμ_k(ω) ≤

(1 − λ_k)D_f (z, x) + λ_k ∫ Ω D_f (z, x)dμ_k(ω) = D_f (z, x), where the second inequality follows from Jensen’s inequality. Hence, the operators T_k, are totally nonexpansive with respect to the Bregman function f.

3. The main result

We are now in position to prove a convergence result for the relaxed Cimmino type algorithm.

Theorem 1 Suppose that the measurable family of operators T_ω, ω ∈ Ω, is totally nonexpansive with respect to the continuously differentiable Bregman function f on C and that, for some z ∈ Nex_f (T_•), the function D_f (z, ·) is convex. Let {λ_k}_{k∈N} be a sequence of numbers such that for some positive number λ we have λ_k ∈ [λ, 1], for all k ∈ N. If for each k ∈ N the complete probability measure μ_k is absolutely continuous with respect to μ and if, for μ−almost all ω ∈ Ω,

(3.1) lim inf_{k→∞} dμ_k dμ (ω) > 0, then, any orbit {x^k}_{k∈N} of {T_k}_{k∈N}, has the following properties:

(i) The sequence {x^k}_{k∈N} is bounded, has weak accumulation points and, for μ−almost all ω ∈ Ω, we have

(3.2) lim inf_{k→∞} D_f (T_ω(x^k ), x^k) = 0;

(ii) If, in addition, for μ−almost all ω ∈ Ω, the function x → D_f (T_ω(x), x) is sequentially weakly lower semicontinuous, then

(a) Any weak accumlation point of {x^k}_{k∈N} is contained in Afix(T_•); (b) The sequence {x^k}_{k∈N} converges weakly to a point in Afix(T_•) whenever either Afix(T_•) is a singleton or Afix(T_•) = Nex_f (T_•) and f satisfies the separability requirement.

Proof: Define the function Υ^f_k : C → [0, +∞] by

(3.3) Υ^f_k (x) = ∫ Ω D_f (T_ω(x), x)dμ_k (ω). Note that this function is well defined and everywhere finite on C since it was proven in [7, Corollary 2.2.5] that for any x ∈ C, the function ω → D_f (T_ω(x), x) is integrable (this function is measurable because D_f (z, ·) is continuous since f is continuously differentiable). Let z ∈ Nex_f (T_•) be such that D_f (z, ·) is convex. For any x ∈ C, we have (3.4) D_f (z, T_ω(x)) + D_f (T_ω(x), x) ≤ D_f (z, x), μ − a.e. Integrating (3.4) we get D_f (z, ∫ Ω T_ω(x)dμ_k (ω)) ≤ ∫ Ω D_f (z, T_ω(x))dμ_k (ω) ≤ D_f (z, x) − Υ^f_k (x), where the first inequality follows from Jensen’s inequality since D_f (z, ·) is convex and continuous. Using the last inequality, we get

D_f (z, T_k(x)) ≤ (1 − λ_k )D_f (z, x) + λ_k D_f (z, ∫ Ω T_ω(x)dμ_k (ω)) (3.5)

≤ (1 − λ_k )D_f (z, x) + λ_k (D_f (z, x) − Υ^f_k (x)) = D_f (z, x) − λ_k Υ^f_k (x)

Writing this for x = x^k we deduce that the sequence {D_f (z, x^k)}_{k∈N} is nonincreasing and, hence, bounded by α = D_f (z, x^0). Therefore, the sequence {x^k}_{k∈N} is contained in the bounded set R^f_α(z, C). By consequence, the sequence {x^k}_{k∈N} has weakly convergent subsequences and, thus, it has weak accumulation points. Observe that, according to (3.5), for any nonnegative integer k, we have

0 ≤ Υ^f_k (x^k) ≤ 1 λ_k (D_f (z, x^k) − D_f (z, x^{k+1})) ≤ 1 λ (D_f (z, x^k) − D_f (z, x^{k+1})).

Since the sequence {D_f (z, x^k)}_{k∈N} is nonincreasing and bounded, it is convergent. By consequence, the last inequality implies that lim_{k→∞} Υ^f_k (x^k) = 0.

According to the Radon-Nikodym Theorem (see, e.g., [15, Theorem 4.6]), we have

(3.6) Υ^f_k (x) = ∫ Ω D_f (T_ω(x), x) dμ_k dμ (ω)dμ(ω). Combining the last equation with Fatou’s lemma, we get 0 ≤ ∫ Ω lim inf k→∞ [ D_f (T_ω(x^k), x^k ) dμ_k dμ (ω) ] dμ(ω) ≤ lim inf_{k→∞} ∫ Ω [ D_f (T_ω(x^k), x^k ) dμ_k dμ (ω) ] dμ(ω) = lim_{k→∞} Υ^f_k (x^k ) = 0,

and we deduce that

(3.7) lim inf_{k→∞} D_f (T_ω(x^k), x^k ) dμ_k dμ (ω) = 0, μ − a.e. Therefore, for μ-almost all ω ∈ Ω

0 = lim inf_{k→∞} D_f (T_ω(x^k ), x^k) dμ_k dμ (ω) ≥ [ lim inf k→∞ D_f (T_ω(x^k ), x^k) ] · [ lim inf k→∞ dμ_k dμ (ω) ] ≥ 0, which, according to (3.1), proves (3.2). This completes the proof of (i).

For proving (ii), let {x^{jk} }_{k∈N} be any weakly convergent subsequence of {x^k}_{k∈N} and denote by x^∗ its weak limit. Let ω ∈ Ω be such that (3.2) holds and such that the function x → D_f (T_ω(x), x) is sequentially weakly lower semicontinuous. According to the definition of the modulus of total convexity (see [7]) we have

ν_f (x^∗, ‖T_ω(x^∗) − x^∗‖) ≤ D_f (T_ω(x^∗), x^∗) ≤ lim inf_{k→∞} D_f (T_ω(x^{jk} ), x^{jk} ) = 0, μ − a.e., where the second inequality results from the sequentially weak lower semicontinuity of x → D_f (T_ω(x), x). Consequently, we have ν_f (x^∗, ‖T_ω(x^∗) − x^∗‖) = 0, a.e., and this cannot hold unless T_ω(x^∗) = x^∗, a.e., because f is totally convex. Since ω ∈ Ω is any of the elements for which (3.2) is satisfied, it follows that x^∗ ∈ Afix(T_•). This proves (a).

For proving (b) suppose, by contradiction, that the sequence {x^k}_{k∈N} does not converge weakly. Then, {x^k}_{k∈N} has two weakly convergent subsequences {x^{tk} }_{k∈N} and {x^{sk} }_{k∈N} whose weak limits, x^′ and x^{′′}, respectively, are different. Note that |⟨f^′(x^{tk} ) − f^′(x^{sk} ), x^′ − x^{′′}⟩| (3.8)

= |(D_f (x^′, x^{tk} ) − D_f (x^′, x^{sk} )) − (D_f (x^{′′}, x^{tk} ) − D_f (x^{′′}, x^{sk} ))| ≤ |D_f (x^′, x^{tk} ) − D_f (x^′, x^{sk} )| + |D_f (x^{′′}, x^{tk} ) − D_f (x^{′′}, x^{sk} )|. According to (a), x^′, x^{′′} ∈ Afix(T_•) = Nex_f (T_•). Therefore, for x = x^k , Lemma 1 implies that the sequences {D_f (x^′, x^k )}_{k∈N} and {D_f (x^{′′}, x^k )}_{k∈N} converge nonincreasingly. By taking in inequality (3.8) the limit for k → ∞, one obtains

lim inf k→∞ |⟨f^′(x^{tk} ) − f^′(x^{sk} ), x^′ − x^{′′}⟩| = 0 and this contradicts the separability requirement.

Acknowledgment

Dan Butnariu gratefully acknowledges the support of the Israel Science Foundation founded by the Israeli Academy for Sciences and Humanities.

References

[1] Butnariu, D., The expected-projection methods: Its behavior and applications to linear operator equations and convex optimization, Journal of Applied Analysis, Vol. 1, pp. 95-108, 1995.

[2] Butnariu, D. and Censor, Y., Strong convergence of almost simultaneous projection methods in Hilbert spaces, Journal of Computational and Applied Mathematics, 53, pp. 33-42, 1994.

[3] Butnariu, D. and Censor, Y., and Reich, S., Iterative averaging of entropic projections for solving stochastic convex feasibility problems, Computational Optimization and Application, 8, pp. 21-39, 1997.

[4] Butnariu, D. and Flam, S.J., Strong convergence of expected projection methods in Hilbert spaces, Numerical Functional Analysis and Optimization, 16, pp. 601-636, 1995.

[5] Butnariu, D. and Iusem, A.N., Local moduli of convexity and their applications to finding almost common fixed points of measurable families of operators, in: Y. Censor and S. Reich (Eds.): ”Recent Developments in Optimization Theory and Nonlinear Analysis”, Contemporary Mathematics #204, pp. 61-92, American Mathematical Society, Providence, Rhode Island, 1997.

[6] Butnariu, D. and Iusem, A.N., On a proximal point method for convex optimization in Banach spaces, Numerical Functional Analysis and Optimization, 18, pp. 723-744, 1998.

[7] Butnariu, D. and Iusem, A.N., Totally Convex Functions for Fixed Points Computation and Infinite Dimensional Optimization, Kluwer Academic Publishers, 2000.

[8] Butnariu, D., Iusem, A.N. and Burachik, R.S., Iterative Methods for Solving Stochastic Convex Feasibility Problems and Applications, Computational Optimization and Application, 15, pp. 269-307, 2000.

[9] Butnariu, D. and Resmerita, E., The Outer Bregman Projection Method for Solving Stochastic Convex Feasibility Problems in Banach Spaces, in publication.

[10] Butnariu, D., Reich, S. and Zaslavski, A., Asymptotic Behaviour of Relatively Nonexpansive Operators in Banach Spaces, Jurnal of Applied Analysis 7, 2001, to appear.

[11] Flam, S.D.,Successive Averages of Firmly Nonexpansive Mappings, Mathematics of Operations Research, 20, pp. 497-512, 1995.

[12] Censor, Y. and Zenios, S., Parallel Optimization: Theory, Algorithms and Applications, Oxford University Press, 1997.

[13] Cimmino, G., Calcolo approsimato per le soluzioni di sistemi di ecuazioni lineari, La Riserca Scientifica, Roma, XVI, 2, 326-333, 1938.

[14] Kammerer, W.J. and Nashed, M.Z., A generalization of a matrix iterative methods of G.

Cimmino to best approximate solutions of linear integral equations of the first, Redinconti della Academia Nationale dei Lincei, Series 8, 51, pp. 20-25, 1971.

[15] Mukherea, A. and Pothoven, K., Real and Functional Analysis. Part A, Real Analysis, University of South Florida, Tampa, Florida, 1984.

DAN BUTNARIU AND ISRAELA MARKOWITZ: Department of Mathematics, University of Haifa, 31905 Haifa, Israel