ASYMPTOTIC BEHAVIOR OF QUASI-NONEXPANSIVE MAPPINGS

Dan Butnariu^{a∗}, Simeon Reich^b and Alexander J. Zaslavski^c

aDepartment of Mathematics, University of Haifa, 31905 Haifa, Israel

bDepartment of Mathematics, The Technion-Israel Institute of Technology, 32000 Haifa, Israel

cDepartment of Mathematics, The Technion-Israel Institute of Technology, 32000 Haifa, Israel

Let K be a closed convex subset of a Banach space X and let F be a nonempty closed convex subset of K. We consider complete metric spaces of self-mappings of K which fix all the points of F and are quasi-nonexpansive with respect to a given convex function f on X. We prove (under certain assumptions on f) that the iterates of a generic mapping in these spaces converge strongly to a retraction on F .

1. INTRODUCTION

Assume that (X, || · ||) is a Banach space, f : X → R^1 ∪ {∞} is convex, the algebraic interior D^0 of D = dom(f) = {x ∈ X : f(x) < ∞} is nonempty, and K is a nonempty closed convex subset of D^0.

For each x ∈ D^0 and y ∈ X set D_f (y, x) = f(y) − f(x) + f^0(x, x − y), where

f^0(x, v) = lim_{t→0+} t^{−1}(f(x + tv) − f(x)).

The basic properties of the Bregman distance D_f are presented in detail in [9,14]. It is not a distance in the usual sense of the term because, although nonnegative, it is not, in general, symmetric nor does it satisfy the triangle inequality. Denote by M the set of all

∗The work of the first two authors was partially supported by the Israel Science Foundation founded by the Israel Academy of Sciences and Humanities (Grants 293/97 and 592/00). The second author was also partially supported by the Fund for the Promotion of Research at the Technion, and by the Technion VPR Fund. All three authors thank the referee for several useful comments.

mappings T : K → K which are bounded on bounded subsets of K. We endow the set M with the uniformity determined by the following base: E(N, ϵ) = {(T_1, T_2) ∈ M × M : ||T_1x − T_2x|| ≤ ϵ for all x ∈ K satisfying ||x|| ≤ N}, where N, ϵ > 0. Clearly this uniform space is metrizable and complete [21]. We also endow the space M with the topology induced by this uniformity. Denote by M_c the set of all continuous T ∈ M. Clearly M_c is a closed subset of M. We consider the topological subspace M_c ⊂ M with the relative topology.

Denote by M_u the set of all those mappings T : K → K which are uniformly continuous on bounded subsets of K. Clearly any T ∈ M_u is bounded on bounded subsets of K and M_u is a closed subset of the complete uniform space M. We consider the topological subspace M_u ⊂ M with the relative topology.

Let F ⊂ K be a nonempty closed convex subset of K. Denote by M^{(F )} the set of all T ∈ M such that

T x = x for all x ∈ F (1) and D_f (z, T x) ≤ D_f (z, x) for all z ∈ F and all x ∈ K. (2) Set M^{(F )}_c = M^{(F )} ∩ M_c and M^{(F )}_u = M^{(F )} ∩ M_u.

We assume that

D_f (z, ·) : K → R^1 is convex and continuous for all z ∈ F. (3)

This assumption implies that M^{(F )}, M^{(F )}_c and M^{(F )}_u are closed subsets of M. We consider the topological subspaces M^{(F )}, M^{(F )}_c , M^{(F )}_u ⊂ M with the relative topologies.

We also assume that for each x ∈ K, each y, z ∈ F and each γ ∈ (0, 1), D_f ((1 − γ)z + γy, (1 − γ)x + γy) ≤ (1 − γ)D_f (z, x). (4) Clearly (3) and (4) are true if the function D_f (·, ·) : F × K → R^1 is convex as a function of two variables.

Although these two assumptions are rather restrictive we note that there are quite a few examples of convex functions f for which the corresponding Bregman distance D_f is convex as a function of two variables. These examples include the square of the norm in Hilbert space, the negentropy in R^n [7] and the examples discussed in [3].

For each x ∈ K and each nonempty G ⊂ K set ρ_f (x, G) = inf{D_f (z, x) : z ∈ G}. (5) Finally, we assume the following uniform continuity condition:

For any ϵ > 0 there exists δ > 0 such that if x ∈ K, z ∈ F and D_f (z, x) ≤ δ, then ||z − x|| ≤ ϵ. (6)

If K is bounded, then condition (6) is a weakened version of the so-called sequential compatibility condition studied in [9].

The study of the asymptotic behavior of various classes of operators of contractive type is a central topic in applied nonlinear analysis and optimization. In recent years Bregman functions and distances [5,12] have been playing an ever-increasing role in the literature devoted to this topic. See, for instance, [6–10,13,14,24] and the references mentioned therein.

In this paper we study the asymptotic behavior of quasi-nonexpansive (see (2)) selfmappings of K. For appropriate complete metric spaces of such mappings we establish the existence of an everywhere dense G_δ subset such that the iterates of any of its elements converge strongly to a retraction onto F . Results of this kind for powers of a nonexpansive operator were already established by De Blasi and Myjak [15]. This approach, when a certain property is investigated not for a single point of a complete metric space, but for the whole space, has also been successfully applied in the theory of dynamical systems [10,16,23,25], approximation theory [17], optimization [18–20], variational analysis [1,4, 22], the calculus of variations [2,26], as well as in optimal control [27,28].

Our paper is organized as follows. In Section 2 we state a theorem on the convergence of powers for the space M^{(F )}_u . This theorem is proved in Section 3. In Section 4 we state two convergence theorems for the space M^{(F )} when the Bregman distance D_f is uniformly continuous. These two theorems are established in Section 5. In Section 6 we consider the asymptotic behavior of continuous mappings without assuming uniform continuity of either the mappings or the Bregman distance. We obtain three theorems which are proved in Section 7.

2. CONVERGENCE OF POWERS FOR A CLASS OF UNIFORMLY CON- TINUOUS MAPPINGS

In this section we make the following assumption:

For each bounded set K_0 ⊂ K and each ϵ > 0 there is δ > 0 such that if x ∈ K_0, z ∈ F and ||z − x|| ≤ δ, then D_f (z, x) ≤ ϵ. (7)

Remark. Note that (7) is true if the function f is Lipschitzian on each bounded subset of K.

We also assume that for each bounded set K_0 ⊂ K,

sup{ρ_f (x, F ) : x ∈ K_0} < ∞. (8)

Theorem 2.1 Assume that P ∈ M^{(F )}_u and P (K) = F . Then there exists a set F ⊂ M^{(F )}_u which is a countable intersection of open everywhere dense subsets of M^{(F )}_u such that for each B ∈ F the following assertions hold:

(i) There exists P_B ∈ M^{(F )}_u such that P_B(K) = F and B^nx → P_B x as n → ∞, uniformly on bounded subsets of K;

(ii) for each ϵ > 0 and each bounded set C ⊂ K there exist a neighborhood U of B in M^{(F )}_u and an integer N ≥ 1 such that for each S ∈ U, each x ∈ C and each integer n ≥ N, we have ||S^nx − P_Bx|| ≤ ϵ

In this theorem, as well as in our subsequent theorems, we assume that certain retractions belong to M^{(F )}. Sufficient conditions for the existence of such retractions can be found in [11].

3. PROOF OF THEOREM 2.1

We first recall the following result established in [10].

Proposition 3.1 Let K_0 be a bounded subset of K, T ∈ M_u, ϵ > 0, and let n ≥ 1 be an integer. Then there exists a neighborhood U of T in M_u such that for each S ∈ U and each x ∈ K_0, the inequality ||T^nx − S^nx|| ≤ ϵ holds.

Now let γ ∈ (0, 1) and T ∈ M^{(F )}_u . Define a mapping T_γ : K → K by T_γ x = γP x + (1 − γ)T x, x ∈ K. (9) Clearly, T_γ ∈ M_u and T_γ x = x for all x ∈ F . By (9), (3) and (2), for each z ∈ F and each x ∈ K, D_f (z, T_γ x) = D_f (z, γP x + (1 − γ)T x) ≤ γD_f (z, P x)+ (1 − γ)D_f (z, T x) ≤ D_f (z, x). (10) Clearly for each T ∈ M^{(F )}_u we have T_γ → T as γ → 0 in M. (11) Lemma 3.1 Let T ∈ M^{(F )}_u and γ ∈ (0, 1). Then for each x ∈ K, ρ_f (T_γ x, F ) ≤ (1 − γ)ρ_f (x, F ). (12) Proof. Let x ∈ K and ϵ > 0. There exists z ∈ F such that (see (5)) D_f (z, x) ≤ ρ_f (x, F ) + ϵ. (13) Then γP x + (1 − γ)z ∈ F and by (9), (5), (4), (2) and (13), ρ_f (T_γ x, F ) ≤ D_f (γP x + (1 − γ)z, (1 − γ)T x + γP x) ≤

D_f (z, T x)(1 − γ) ≤ (1 − γ)D_f (z, x) ≤ (1 − γ)ρ_f (x, F ) + ϵ(1 − γ). Since ϵ is an arbitrary positive number we conclude that (12) is true. Lemma 3.1 is proved.

Lemma 3.2 Let T ∈ M^{(F )}_u , γ ∈ (0, 1) and let K_0 be a nonempty bounded subset of K. Then the set {T^i_γ x : x ∈ K_0, i ≥ 1} is bounded.

Proof. By (6) there exists δ ∈ (0, 1) such that if x ∈ K, z ∈ F and D_f (z, x) ≤ 2δ, then ||z − x|| ≤ 2^{−1}. (14) By (8) there is a number c_0 > 0 such that ρ_f (x, F ) ≤ c_0 for all x ∈ K_0. (15) Choose a natural number N such that (1 − γ)^N (c_0 + 2) ≤ 4^{−1}δ. (16) It follows from Lemma 3.1, (15) and (16) that for each x ∈ K_0, ρ_f (T^N_γ x, F ) = (1 − γ)^N ρ_f (x, F ) ≤ (1 − γ)^N c_0 ≤ 4^{−1}δ. Thus (see (5)) for each x ∈ K_0 there is Qx ∈ F such that D_f (Qx, T^N_γ x) ≤ 2^{−1}δ. Combined with (10) this inequality implies that D_f (Qx, T^n_γ x) ≤ 2^{−1}δ for each x ∈ K_0 and each integer n ≥ N. It follows from the latter inequality and (14) that ||Qx − T^n_γ x|| ≤ 2^{−1} for each x ∈ K_0 and each integer n ≥ N. (17) Since the operator T_γ is bounded on bounded subsets of K it follows from (17) that the sets {T^i_γ x : x ∈ K_0}, i = 1, 2, . . . , N, {Qx : x ∈ K_0} and {T^n_γ x : x ∈ K_0, n ≥ N} are all bounded. Lemma 3.2 is proved.

Lemma 3.3 Let T ∈ M^{(F )}_u , γ ∈ (0, 1), ϵ > 0, and let K_0 be a nonempty bounded subset of K. Then there exist a neighborhood U of T_γ in M^{(F )}_u and a natural number N such that for each x ∈ K_0 there exists Qx ∈ F such that for each integer n ≥ N and each S ∈ U, we have ||S^nx − Qx|| ≤ ϵ. (18) Proof. Set K_1 = K_0 ∪ {T^i_γ x : x ∈ K_0, i ≥ 1} and K_2 = {y ∈ K : inf{||y − x|| : x ∈ K_1} ≤ 2}. (19) By Lemma 3.2 the sets K_1 and K_2 are bounded. By (8) there is c_0 > 0 such that ρ_f (x, F ) ≤ c_0 for all x ∈ K_2. (20) By (6) there exists δ ∈ (0, ϵ) such that if x ∈ K, z ∈ F and D_f (z, x) ≤ 2δ, then ||z − x|| ≤ 2^{−1}ϵ. (21)

By (7) there is ϵ_0 ∈ (0, 2^{−1}δ) such that if x ∈ K_2, z ∈ F and ||x − z|| ≤ 2ϵ_0, then D_f (z, x) ≤ 2^{−1}δ. (22) By (6) there is δ_0 ∈ (0, 2^{−1}ϵ) such that if x ∈ K, z ∈ F, D_f (z, x) ≤ 2δ_0, then ||x − z|| ≤ 2^{−1}ϵ_0. (23) Choose a natural number N such that (1 − γ)^N (c_0 + 2) ≤ 4^{−1}δ_0.

It follows from this inequality, Lemma 3.1, (20) and (19) that for each x ∈ K_0, ρ_f (T^N_γ x, F ) ≤ (1 − γ)^N ρ_f (x, F ) ≤ (1 − γ)^N c_0 ≤ 4^{−1}δ_0.

Thus for each x ∈ K_0 there is Qx ∈ F such that D_f (Qx, T^N_γ x) ≤ 2^{−1}δ_0. Combined with (23) this implies that ||T^N_γ x − Qx|| ≤ 2^{−1}ϵ_0 for all x ∈ K_0. (24) By Proposition 3.1 there exists a neighborhood U of T_γ in M^{(F )}_u such that for each x ∈ K_0 and each S ∈ U, ||S^N x − T^N_γ x|| ≤ 4^{−1}ϵ_0. (25) Assume that x ∈ K_0 and S ∈ U. Then (25) is true and by (19) we have S^N x ∈ K_2. (26) By (25) and (24), ||S^N x − Qx|| ≤ 3 · 4^{−1}ϵ_0. It follows from this inequality, (26) and (22) that D_f (Qx, S^N x) ≤ 2^{−1}δ. Since S ∈ M^{(F )}_u it follows from the latter inequality that D_f (Qx, S^nx) ≤ 2^{−1}δ for all integers n ≥ N. Combined with (21) this implies that ||Qx − S^nx|| ≤ ϵ for all integers n ≥ N. Lemma 3.3 is proved.

Completion of the proof of Theorem 2.1. By (11), the set {T_γ : T ∈ M^{(F )}_u , γ ∈ (0, 1)} is an everywhere dense subset of M^{(F )}_u . Fix θ ∈ K. For each natural number i set K_i = {x ∈ K : ||x − θ|| ≤ i}. (27) By Lemma 3.3, for each T ∈ M^{(F )}_u , each γ ∈ (0, 1) and each integer i ≥ 1, there exist an open neighborhood U(T, γ, i) of T_γ in M^{(F )}_u and a natural number N(T, γ, i) such that the following property holds:

P(i) For each x ∈ K_2i there is Qx ∈ F such that ||S^nx − Qx|| ≤ 2^{−i} for all integers n ≥ N(T, γ, i) and all S ∈ U(T, γ, i). Define F = ∩^∞_{q=1} ∪ {U(T, γ, i) : T ∈ M^{(F )}_u , γ ∈ (0, 1), i ≥ q}. Clearly F is a countable intersection of open everywhere dense sets in M^{(F )}_u .

Let B ∈ F, ϵ > 0 and let C be a bounded subset of K. There exists an integer q ≥ 1 such that C ⊂ K_2q and 2^{−q} < 4^{−1}ϵ. (28) There exist T ∈ M^{(F )}_u , γ ∈ (0, 1) and an integer i ≥ q such that B ∈ U(T, γ, i). (29) It follows from Property P(i), (28) and (29) that the following property also holds:

P(ii) For each x ∈ C there is Qx ∈ F such that ||S^nx − Qx|| ≤ 4^{−1}ϵ for each integer n ≥ N(T, γ, i) and each S ∈ U(T, γ, i).

Property P(ii) and (29) now imply that for each x ∈ C and each integer n ≥ N(T, γ, i), ||B^nx − Qx|| ≤ 4^{−1}ϵ. (30) Since ϵ is an arbitrary positive number and C is an arbitrary bounded subset of K we conclude that for each x ∈ K, {B^nx}^∞_{n=1} is a Cauchy sequence. Therefore for each x ∈ K there exists P_Bx = lim_{n→∞} B^nx. (31) By (30) and (31), for each x ∈ C we have ||P_Bx − Qx|| ≤ 4^{−1}ϵ. (32) Once again, since ϵ is an arbitrary positive number and C is an arbitrary bounded subset of K, we conclude that P_B(K) = F. (33) It follows from Property (Pii) and (32) that for each x ∈ C, each S ∈ U(T, γ, i) and each integer n ≥ N(T, γ, i), ||S^nx − P_Bx|| ≤ 2^{−1}ϵ. This completes the proof of Theorem 2.1.

4. CONVERGENCE OF POWERS FOR A CLASS OF MAPPINGS WITH A UNIFORMLY CONTINUOUS BREGMAN DISTANCE In this section we continue to assume that for each bounded set K_0 ⊂ K, sup{ρ_f (x, F ) : x ∈ K_0} < ∞. (34) We also assume that there exists P ∈ M^{(F )} for which P (K) = F and that the function D_f (·, ·) : F × K → R^1 is uniformly continuous on bounded subsets of F × K. In the next section we will establish the following two theorems.

Theorem 4.1 There exists a set F ⊂ M^{(F )} which is a countable intersection of open everywhere dense subsets of M^{(F )} such that for each B ∈ F the following assertions hold:

1. There exists P_B ∈ M^{(F )} such that P_B (K) = F and B^nx → P_B x as n → ∞, uniformy on bounded subses of K; if B ∈ M^{(F )}_c , then P_B ∈ M^{(F )}_c .

2. For each ϵ > 0 and each nonempty bounded set C ⊂ K, there exists a neighborhood U of B in M^{(F )} and a natural number N such that for each S ∈ U and each x ∈ C, there is z(S, x) ∈ F such that ||S^nx − z(S, x)|| ≤ ϵ for all integers n ≥ N.

Moreover, if P ∈ M^{(F )}_c , then there exists a set F_c ⊂ F ∩ M^{(F )}_c which is a countable intersection of open everywhere dense subsets of M^{(F )}_c .

Theorem 4.2 Let the set F ⊂ M^{(F )} be as guaranteed by Theorem 4.1, B ∈ F ∩ M^{(F )}_c , P_B z = lim_{n→∞} B^nz, z ∈ K, and let x ∈ K, ϵ > 0. Then there exist a neighborhood U of B in M^{(F )}, a number δ > 0 and a natural number N such that for each y ∈ K satisfying ||x − y|| ≤ δ, each S ∈ U and each integer n ≥ N, we have ||S^ny − P_B x|| ≤ ϵ.

5. PROOFS OF THEOREMS 4.1 AND 4.2

We begin with several lemmas.

Lemma 5.1 Let F_0 be a nonempty bounded subset of F and let β be a positive number. Then the set {(z, y) ∈ F_0 × K : D_f (z, y) ≤ β} is bounded.

Proof. Assume the contrary. Then there exists a sequence {(z_i, x_i)}^∞_{i=1} ⊂ F_0 × K such that D_f (z_i, x_i) ≤ β, i = 1, 2, . . . , and ||x_i|| → ∞ as i → ∞. (35) We may assume that ||z_i − x_i|| ≥ 16, i = 1, 2, . . . . For each integer i ≥ 1 there exists α_i > 0 such that

||[(1 − α_i)z_i + α_ix_i] − z_i|| = 1. (36)

Clearly α_i → 0 as i → ∞. By (3) and (35), for each integer i ≥ 1 we have

D_f (z_i, (1 − α_i)z_i + α_ix_i) ≤ α_iD_f (z_i, x_i) ≤ α_iβ → 0 as i → ∞.

Combined with (6) this implies that ||z_i − [(1 − α_i)z_i + α_ix_i]|| → 0 as i → ∞, which contradicts (36). This proves Lemma 5.1.

In our next lemma we use the convention that the empty set is bounded.

Lemma 5.2 Let K_0 be a nonempty bounded subset of K and let β be a positive number. Then the set {(z, y) ∈ F × K_0 : D_f (z, y) ≤ β} is bounded.

Proof. Let us suppose the contrary. Then there exists a sequence {(z_i, x_i)}^∞_{i=1} ⊂ F ×K_0 such that D_f (z_i, x_i) ≤ β, i = 1, 2, . . . , and ||z_i|| → ∞ as i → ∞. (37)

We may assume that ||z_i − x_i|| ≥ 16, i = 1, 2, . . .. For each integer i ≥ 1 there exists α_i > 0 such that ||[(1 − α_i)z_i + α_ix_i] − z_i|| = 1. (38) Clearly α_i → 0 as i → ∞. By (3), for each integer i ≥ 1, D_f (z_i, (1 − α_i)z_i + α_ix_i) ≤ α_iD_f (z_i, x_i) ≤ α_iβ → 0 as i → ∞.

Combined with (6) this implies that ||z_i − [(1 − α_i)z_i + α_ix_i]|| → 0 as i → ∞. This contradicts (38). Thus Lemma 5.2 is proved.

Let T ∈ M^{(F )} and γ ∈ (0, 1). Define a mapping T_γ : K → K by T_γ x = (1 − γ)T x + γP x, x ∈ K. (39) Clearly T_γ ∈ M, T_γ x = x, x ∈ F , and if T, P ∈ M_c, then T_γ ∈ M_c. By (39) and (3), for each z ∈ F and each x ∈ K, D_f (z, T_γ x) = D_f (z, (1 − γ)T x + γP x) ≤ (1 − γ)D_f (z, T x) + γD_f (z, P x) ≤ D_f (z, x). Therefore, T_γ ∈ M^{(F )} and if T, P ∈ M_c, then T_γ ∈ M^{(F )}_c . (40) Clearly, for each T ∈ M^{(F )} we have T_γ → T as γ → 0 in M^{(F )}. (41) Lemma 5.3 Let T ∈ M^{(F )}, γ, ϵ ∈ (0, 1) and let K_0 be a nonempty bounded subset of K. Then there exists a neighborhood U of T_γ in M^{(F )} such that the set {Sx : S ∈ U, x ∈ K_0} is bounded and for each S ∈ U and each x ∈ K_0 satisfying ρ_f (x, F ) > ϵ, the following inequality holds: ρ_f (Sx, F ) ≤ ρ_f (x, F ) − ϵγ/4. (42) Proof. Set U_0 = {S ∈ M^{(F )} : ||Sx − T_γ x|| ≤ 1 for all x ∈ K_0}. (43) Clearly U_0 is a neighborhood of T_γ in M^{(F )} and sup{||Sx|| : S ∈ U_0, x ∈ K_0} < ∞. (44) By (34) there is c_0 > 0 such that 4 + sup{ρ_f (x, F ) : x ∈ K_0} < c_0. (45) By Lemma 5.2 there exists a number c_1 > 0 such that if (z, x) ∈ F × K_0 and D_f (z, x) ≤ c_0 + 2, then ||z|| ≤ c_1. (46) We may assume without loss of generality that c_1 > sup{||P x|| : x ∈ K_0}. (47)

Since D_f (·, ·) is assumed to be uniformly continuous on bounded subsets of F × K, there exists a number δ ∈ (0, 2^{−1}) such that for each (z, x_1), (z, x_2) ∈ {ξ ∈ F : ||ξ|| ≤ c_1} × ∪{S(K_0) : S ∈ U_0} satisfying ||x_1 − x_2|| ≤ δ, the following inequality holds:

|D_f (z, x_1) − D_f (z, x_2)| ≤ 4^{−1}ϵγ. (48) Set U = {S ∈ M^{(F )} : ||Sx − T_γ x|| ≤ δ for all x ∈ K_0}. (49) Clearly U is a neighborhood of T_γ in M^{(F )} and the set {Sx : S ∈ U, x ∈ K_0} is bounded.

Assume that S ∈ U, x ∈ K_0 and ρ_f (x, F ) > ϵ. (50) We will show that (42) is valid. Let Δ ∈ (0, 4^{−1}γϵ). (51) There is z ∈ F such that D_f (z, x) ≤ ρ_f (x, F ) + Δ. (52) By (45), (46), (50) and (52), D_f (z, x) ≤ c_0 and ||z|| ≤ c_1. (53) By (49) and (4), D_f ((1 − γ)z + γP x, T_γ x) = D_f ((1 − γ)z + γP x, (1 − γ)T x + γP x) ≤ (1 − γ)D_f (z, T x) = (1 − γ)D_f (z, x). (54) By (50) and (49) we have ||T_γ x − Sx|| ≤ δ. (55) By (53) and (47), ((1 − γ)z + γP x, T_γ x), ((1 − γ)z + γP x, Sx) ∈ {ξ ∈ F : ||ξ|| ≤ c_1} × ∪{H(K_0) : H ∈ U_0}. (56) By (55), (56) and the definition of δ (see (48)), |D_f ((1 − γ)z + γP x, T_γ x) − D_f ((1 − γ)z + γP x, Sx)| ≤ 4^{−1}ϵγ. Combined with (54), (52) and (51) this inequality implies that ρ_f (Sx, F ) ≤ D_f ((1 − γ)z + γP x, Sx) ≤ 4^{−1}ϵγ + D_f ((1 − γ)z + γP x, T_γ x) ≤ 4^{−1}ϵγ + (1 − γ)D_f (z, x) ≤ 4^{−1}ϵγ + (1 − γ)ρ_f (x, F ) + (1 − γ)Δ ≤ (1 − γ)ρ_f (x, F ) + 2^{−1}ϵγ.

Since (42) follows from the latter inequality and (50), Lemma 5.3 is proved.

We use the convention that S^0 = I, the identity operator, for each S ∈ M^{(F )}.

Lemma 5.4 Let T ∈ M^{(F )}, γ, ϵ ∈ (0, 1) and let K_0 be a nonempty bounded subset of K. Then there exists a neighborhood U of T_γ in M^{(F )} and a natural number N such that for each S ∈ U and each x ∈ K_0, ρ_f (S^N x, F ) ≤ ϵ. (57) Proof. By (34) there is c_0 > sup{ρ_f (x, F ) : x ∈ K_0}. (58) Choose a natural number N ≥ 2 for which 8^{−1}ϵγN > c_0 + 1. (59) Using Lemma 5.3 and induction we construct a sequence of nonempty bounded sets K_i ⊂ K, i = 0, . . . , N, and a sequence of neighborhoods U_i, i = 0, . . . N − 1, of T_γ in M^{(F )} such that for all i = 0, . . . , N − 1 the following properties hold:

(Pi) K_{i+1} = {Sx : S ∈ U_i, x ∈ K_i};

(Pii) for each S ∈ U_i and each x ∈ K_i satisfying ρ_f (x, F ) > ϵ the following inequality holds: ρ_f (Sx, F ) ≤ ρ_f (x, F ) − ϵγ/4. Set U = ∩^{N−1}_{i=0} U_i.

Assume that S ∈ U and x ∈ K_0. We will show that (57) is valid. Assume the contrary. Then ρ(S^ix, F ) > ϵ, i = 0, . . . , N. Combined with Property (Pii) this implies that for all i = 0, . . . , N − 1 we have ρ_f (S^{i+1}x, F ) ≤ ρ_f (S^ix, F ) − ϵγ/4. Therefore ρ_f (S^N x, F ) ≤ ρ_f (x, F ) − ϵγN/8. Using this inequality, (58) and (59) we obtain 0 ≤ ρ_f (S^nx, F ) ≤ c_0 − 8^{−1}ϵγN ≤ −1, a contradiction. Thus (57) is indeed true and Lemma 5.4 is proved. Lemma 5.5 Let T ∈ M^{(F )}, γ, ϵ ∈ (0, 1) and let K_0 be a nonempty bounded subset of K. Then there exists a neighborhood U of T_γ in M^{(F )} and a natural number N such that for each S ∈ U and each x ∈ K_0 there is z(S, x) ∈ F for which ||S^ix − z(S, x)|| ≤ ϵ for all integers i ≥ N. (60) Proof. By (41) there is δ ∈ (0, 1) such that if x ∈ K, z ∈ F and D_f (z, x) ≤ δ, then ||x − z|| ≤ 2^{−1}ϵ. (61)

By Lemma 5.4 there exist a neighborhood U of T_γ in M^{(F )} and a natural number N such that ρ_f (S^N x, F ) ≤ δ/2 for each S ∈ U and x ∈ K_0.

This implies that for each x ∈ K_0 and each S ∈ U, there exists z(S, x) ∈ F for which D_f (z(S, x), S^N x) < δ. When combined with (51) this inequality implies that for each x ∈ K_0, each S ∈ U, and each integer i ≥ N we have D_f (z(S, x), S^ix) < δ and ||S^ix − z(S, x)|| ≤ 2^{−1}ϵ. Lemma 5.5 is proved.

Completion of the proof of Theorem 4.1. By (41), the set {T_γ : T ∈ M^{(F )}, γ ∈ (0, 1)} is an everywhere dense subset of M^{(F )} and if P ∈ M^{(F )}_c , then {T_γ : T ∈ M^{(F )}_c , γ ∈ (0, 1)} is an everywhere dense subset of M^{(F )}_c . Fix θ ∈ K. For each natural number i set K_i = {x ∈ K : ||x − θ|| ≤ i}. (62) By Lemma 5.5, for each T ∈ M^{(F )}, each γ ∈ (0, 1) and each integer i ≥ 1 there exist an open neighborhood U(T, γ, i) of T_γ in M^{(F )} and a natural number N(T, γ, i) such that the following property holds:

P(iii) For each x ∈ K_2i and each S ∈ U(T, γ, i), there is z(S, x) ∈ F for which ||S^nx − z(S, x)|| ≤ 2^{−i} for all integers n ≥ N(T, γ, i). Define F = ∩^∞_{q=1} ∪ {U(T, γ, i) : T ∈ M^{(F )}, γ ∈ (0, 1), i ≥ q}. Clearly F is a countable intersection of open everywhere dense subsets of M^{(F )}. If P ∈ M^{(F )}_c , then define F_c = [∩^∞_{q=1} ∪ {U(T, γ, i) : T ∈ M^{(F )}_c , γ ∈ (0, 1), i ≥ q}] ∩ M^{(F )}_c . In this case F_c ⊂ F and F_c is a countable intersection of open everywhere dense subsets of M^{(F )}_c .

Let B ∈ F, ϵ > 0 and let C be a bounded subset of K. There exists an integer q ≥ 1 such that C ⊂ K_2q and 2^{−q} < 4^{−1}ϵ. (63) There also exist T ∈ M^{(F )}, γ ∈ (0, 1) and an integer i ≥ q such that B ∈ U(T, γ, i). (64) Note that if P ∈ M^{(F )}_c and B ∈ F_c, then T ∈ M^{(F )}_c .

It follows from Property P(iii), (63) and (64) that the following property holds: (Piv) for each S ∈ U(T, γ, i) and each x ∈ C, there is z(S, x) ∈ F such that ||S^nx − z(S, x)|| ≤ 4^{−1}ϵ for each integer n ≥ N(T, γ, i).

Property P(iv) and (64) imply that for each x ∈ C and each integer n ≥ N(T, γ, i), ||B^nx − z(B, x)|| ≤ 4^{−1}ϵ. (65)

Since ϵ is an arbitrary positive number and C is an arbitrary bounded subset of K, we conclude that for each x ∈ K, {B^nx}^∞_{n=1} is a Cauchy sequence. Therefore for each x ∈ K there exists the limit P_Bx = lim_{n→∞} B^nx. In view of (65) we see that, for each x ∈ C, ||P_Bx − z(B, x)|| ≤ 4^{−1}ϵ. (66) Once again, since ϵ is an arbitrary positive number and C is an arbitrary bounded subset of K, we conclude that P_B (K) = F. It follows from (65) and (66) that for each x ∈ C and each integer n ≥ N(T, γ, i), ||B^nx − P_B x|| ≤ 2^{−1}ϵ. This implies that P_B ∈ M^{(F )} and if B ∈ M^{(F )}_c , then P_B ∈ M^{(F )}_c . This completes the proof of Theorem 4.1.

In the proof of Theorem 4.2 we will use the following lemma which can be obtained by induction on n.

Lemma 5.6 Let B ∈ M^{(F )}_c , x ∈ K, ϵ ∈ (0, 1) and let n ≥ 1 be an integer. Then there exists a neighborhood U of B in M^{(F )} and a number δ > 0 such that for each S ∈ U and each y ∈ K satisfying ||y − x|| ≤ δ, the following inequality holds: ||S^ny − B^nx|| ≤ ϵ. Proof of Theorem 4.2. By Theorem 4.1 there exists a natural number N and a neighborhood U_0 of B in M^{(F )} such that ||P_By − B^ny|| ≤ 8^{−1}ϵ for each y ∈ K satisfying ||y − x|| ≤ 1; (67) for each S ∈ U_0 and each y ∈ K satisfying ||y − x|| ≤ 1, there is z(S, y) ∈ F such that ||S^ny − z(S, y)|| ≤ 8^{−1}ϵ for all integers n ≥ N. (68) By Lemma 5.6 there exist a number δ ∈ (0, 1) and a neighborhood U of B in M^{(F )} such that U ⊂ U_0 and ||S^N y − B^N x|| ≤ 8^{−1}ϵ for each S ∈ U and each y ∈ K for which ||y − x|| ≤ δ. (69) Assume that y ∈ K, ||x − y|| ≤ δ and S ∈ U. (70) By (70), (69) and (67), ||S^N y − B^N x|| ≤ 8^{−1}ϵ, ||S^N y − z(S, y)|| ≤ 8^{−1}ϵ and ||P_Bx − B^N x|| ≤ 8^{−1}ϵ. These three inequalities imply that ||z(S, y) − P_B x|| ≤ 3 · 8^{−1}ϵ. Combined with (68) the latter inequality implies that ||S^ny − P_Bx|| ≤ 2^{−1}ϵ for all integers n ≥ N. Theorem 4.2 is proved.

6. CONVERGENCE OF POWERS FOR CONTINUOUS MAPPINGS

In this section we assume that there is P ∈ M^{(F )}_c such that

P (K) = F. (71)

The following three theorems will be established in Section 7.

Theorem 6.1 Let x ∈ K. Then there exists a set F ⊂ M^{(F )}_c which is a countable intersection of open everywhere dense subsets of M^{(F )}_c such that for each B ∈ F the following assertions hold:

1. There exists lim_{n→∞} B^nx ∈ F .

2. For each ϵ > 0 there exist a neighborhood U of B in M^{(F )}_c , a natural number N and a number δ > 0 such that for each S ∈ U, each y ∈ K satisfying ||y − x|| ≤ δ and each integer n ≥ N, ||S^ny − lim_{i→∞} B^ix|| ≤ ϵ. In the next two theorems we consider the space K × M^{(F )}_c with the product topology.

Theorem 6.2 There exists a set F ⊂ K × M^{(F )}_c which is a countable intersection of open everywhere dense subsets of K × M^{(F )}_c such that for each (z, B) ∈ F the following two assertions hold:

1. There exists lim_{n→∞} B^nz ∈ F .

2. For each ϵ > 0 there exist a neighborhood U of (z, B) in K × M^{(F )}_c and a natural number N such that for each (y, S) ∈ U and each integer n ≥ N, ||S^ny − lim_{i→∞} B^iz|| ≤ ϵ. Theorem 6.3 Assume that the set K_0 is a nonempty separable closed subset of K. Then there exists a set F ⊂ M^{(F )}_c which is a countable intersection of open everywhere dense subsets of M^{(F )}_c such that for each T ∈ F there exists a set K_T ⊂ K_0 which is a countable intersection of open everywhere dense subsets of K_0 with the relative topology such that the following two assertions hold:

1. For each x ∈ K_T there exists lim_{n→∞} T^nx ∈ F .

2. For each x ∈ K_T and each ϵ > 0 there exist an integer N ≥ 1 and a neighborhood U of (x, T ) in K × M^{(F )}_c such that for each (y, S) ∈ U and each integer i ≥ N, ||S^iy − lim_{n→∞} T^nx|| ≤ ϵ. 7. PROOFS OF THEOREMS 6.1-6.3

Let T ∈ M^{(F )}_c and γ ∈ (0, 1). Define a mapping T_γ : K → K by T_γ x = (1 − γ)T x + γP x, x ∈ K. (72) Clearly, T_γ ∈ M_c, T_γ x = x, x ∈ F , and for each z ∈ F and each x ∈ K, D_f (z, T_γ x) = D_f (z, (1 − γ)T x + γP x) ≤ (1 − γ)D_f (z, T x) + γD_f (z, P x) ≤ D_f (z, x).

Therefore T_γ ∈ M^{(F )}_c . Clearly, for each T ∈ M^{(F )}_c we have T_γ → T as γ → 0 in M^{(F )}_c . (73) In the proofs of Theorems 6.1-6.3 we will use the followings two lemmas. The proof of the first one is identical with that of Lemma 3.1 and therefore we omit it. Lemma 7.1 Let T ∈ M^{(F )}_c and γ ∈ (0, 1). Then for each x ∈ K, ρ_f (T_γ x, F ) ≤ (1 − γ)ρ_f (x, F ). Lemma 7.2 Let T ∈ M^{(F )}_c , γ, ϵ ∈ (0, 1) and let x ∈ K. Then there exist a neighborhood U of T_γ in M^{(F )}_c , a natural number N, ^z ∈ F and a number δ > 0 such that for each S ∈ U, each y ∈ K satisfying ||y − x|| ≤ δ and each integer n ≥ N, ||S^ny − ^z|| ≤ ϵ. (74) Proof. By (6) there is ϵ_0 ∈ (0, ϵ/2) such that if z ∈ F, y ∈ K and D_f (z, y) ≤ 2ϵ_0, then ||z − y|| ≤ ϵ/2. (75) Choose a natural number N for which (1 − γ)^N (ρ_f (x, F ) + 1) < ϵ_0/8. (76) When combined with Lemma 7.1 this inequality implies that ρ_f (T^N_γ x, F ) < ϵ_0/8.

Hence there exists ^z ∈ F for which D_f (^z, T^N_γ x) < ϵ_0/8. (77) Since the function D_f (^z, ·) : K → R^1 is continuous (see (3)), there exists ϵ_1 ∈ (0, ϵ_0/2) such that D_f (^z, ξ) < ϵ_0/8 for all ξ ∈ K satisfying ||ξ − T^N_γ x|| ≤ ϵ_1. (78) It follows from the continuity of T_γ that there exist a neighborhood U of T_γ in M^{(F )}_c and a number δ > 0 such that for each S ∈ U and each y ∈ K satisfying ||y − x|| ≤ δ we have ||S^N y − T^N_γ x|| ≤ ϵ_1. (79) Assume that S ∈ U, y ∈ K and ||y − x|| ≤ δ. By the definition of U and δ, the inequality (79) is valid. By (79) and (78), D_f (^z, S^N y) < ϵ_0/8. This implies that D_f (^z, S^ny) < ϵ_0/8 for all integers n ≥ N. Combined with (75) the latter inequality implies that ||^z − S^ny|| ≤ ϵ for all integers n ≥ N. This completes the proof of Lemma 7.2.

Proof of Theorem 6.1. Let x ∈ K. By Lemma 7.2, for each T ∈ M^{(F )}_c , each γ ∈ (0, 1) and each integer i ≥ 1, there exist an open neighborhood U(T, γ, i) of T_γ in M^{(F )}_c , a natural number N(T, γ, i), a point z(T, γ, i) ∈ F and a number δ(T, γ, i) > 0 such that the following property holds:

(Pi) For each S ∈ U(T, γ, i), each y ∈ K satisfying ||x − y|| ≤ δ(T, γ, i) and each integer n ≥ N(T, γ, i), ||S^ny − z(T, γ, i)|| ≤ 2^{−i}. Define F = ∩^∞_{q=1} ∪ {U(T, γ, i) : T ∈ M^{(F )}_c , γ ∈ (0, 1), i ≥ q}. Clearly F is a countable intersection of open everywhere dense subsets of M^{(F )}_c .

Let B ∈ F and ϵ > 0. There exists an integer q ≥ 1 such that 2^{−q} < 4^{−1}ϵ. (80) There also exist T ∈ M^{(F )}_c , γ ∈ (0, 1) and an integer i ≥ q such that B ∈ U(T, γ, i). (81) It follows from Property (Pi) and (80) that the following property also holds:

(Pii) For each S ∈ U(T, γ, i), each y ∈ K satisfying ||y −x|| ≤ δ(T, γ, i) and each integer n ≥ N(T, γ, i), ||S^ny − z(T, γ, i)|| ≤ 4^{−1}ϵ. (82) Since ϵ is an arbitrary positive number we conclude that {B^nx}^∞_{n=1} is a Cauchy sequence and there exists lim_{n→∞} B^nx. The inequality (82) implies that || lim_{n→∞} B^nx − z(T, γ, i)|| ≤ 4^{−1}ϵ. Since ϵ is an arbitrary positive number we conclude that lim_{n→∞} B^nx ∈ F . It follows from this relation and Property (Pi) that for each S ∈ U(T, γ, i), each y ∈ K satisfying ||y − x|| ≤ δ(T, γ, i) and each integer n ≥ N(T, γ, i), ||S^ny − lim_{i→∞} B^ix|| ≤ 2^{−1}ϵ. Theorem 6.1 is established.

Proof of Theorem 6.2. By Lemma 7.2, for each (x, T ) ∈ K × M^{(F )}_c , each γ ∈ (0, 1) and each integer i ≥ 1, there exist an open neighborhood U(x, T, γ, i) of (x, T_γ ) in K × M^{(F )}_c , a natural number N(x, T, γ, i) and a point z(x, T, γ, i) ∈ F such that the following property holds:

(Piii) For each (y, S) ∈ U(x, T, γ, i) and each integer n ≥ N(x, T, γ, i), ||S^ny − z(x, T, γ, i)|| ≤ 2^{−i}. Define F = ∩^∞_{q=1} ∪ {U(x, T, γ, i) : (x, T ) ∈ K × M^{(F )}_c , γ ∈ (0, 1), i ≥ q}.

Clearly F is a countable intersection of open everywhere dense subsets of K × M^{(F )}_c .

Let (z, B) ∈ F and ϵ > 0. There exists an integer q ≥ 1 such that

2^{−q} < 4^{−1}ϵ. (83)

There also exist x ∈ K, T ∈ M^{(F )}_c , γ ∈ (0, 1) and an integer i ≥ q such that (z, B) ∈ U(x, T, γ, i). (84) By (83) and property (Piii) the following property holds:

(Piv) For each (y, S) ∈ U(x, T, γ, i) and each integer n ≥ N(x, T, γ, i), ||S^ny − z(x, T, γ, i)|| ≤ 4^{−1}ϵ. (85) Since ϵ is an arbitrary positive number we conclude that {B^nz}^∞_{n=1} is a Cauchy sequence and there exists lim_{n→∞} B^nz. Property (Piv) and (84) imply that || lim_{n→∞} B^nz − z(x, T, γ, i)|| ≤ 4^{−1}ϵ. (86) Since ϵ is an arbitrary positive number we conclude that lim_{n→∞} B^nz ∈ F . It follows from (86) and Property (Piv) that for each (y, S) ∈ U(x, T, γ, i) and each integer n ≥ N(x, T, γ, i), ||S^ny − lim_{i→∞} B^iz|| ≤ 2^{−1}ϵ. Theorem 6.2 is proved.

Proof of Theorem 6.3. Assume that K_0 is a nonempty closed separable subset of K. Let the sequence {x_j}^∞_{j=1} be dense in K_0. By Theorem 6.1, for each integer p ≥ 1 there exists a set F_p ⊂ M^{(F )}_c which is a countable intersection of open everywhere dense subsets of M^{(F )}_c such that for each T ∈ F_p the following two properties hold:

C(i) There exists lim_{n→∞} T^nx_p ∈ F .

C(ii) For each ϵ > 0, there exist a neighborhood U of T in M^{(F )}_c , a number δ > 0 and a natural number N such that for each S ∈ U, each y ∈ K satisfying ||y − x_p|| ≤ δ and each integer m ≥ N, ||S^my − lim_{n→∞} T^nx_p|| ≤ ϵ. Set F = ∩^∞_{p=1}F_p. (87)

Clearly F is a countable intersection of open everywhere dense subsets of M^{(F )}_c .

Assume that T ∈ F. Then for each p ≥ 1 there exists lim_{n→∞} T^nx_p ∈ F . Now we will construct the set K_T ⊂ K_0. By property C(ii), for each pair of natural numbers q, i there exist a neighborhood U(q, i) of T in M^{(F )}_c , a number δ(q, i) > 0 and a natural number N(q, i) such that the following property holds:

C(iii) For each S ∈ U(q, i), each y ∈ K satisfying ||y − x_q|| ≤ δ(q, i) and each integer m ≥ N(q, i), ||S^my − lim_{n→∞} T^nx_q|| ≤ 2^{−i}.

Define K_T = ∩^∞_{n=1} ∪ {{y ∈ K_0 : ||y − x_q|| < δ(q, i)} : q ≥ 1, i ≥ n}. (88) Clearly K_T is a countable intersection of open everywhere dense subsets of K_0.

Assume that x ∈ K_T and ϵ > 0. There exists an integer n ≥ 1 such that 2^{−n} < 4^{−1}ϵ. (89) By (88) there exist a natural number q and an integer i ≥ n such that ||x − x_q|| < δ(q, i). (90) It follows from (89) and C(iii) that the following property also holds:

C(iv) For each S ∈ U(q, i), each y ∈ K satisfying ||y − x_q|| ≤ δ(q, i) and each integer m ≥ N(q, i), ||S^my − lim_{j→∞} T^jx_q|| ≤ 4^{−1}ϵ. By property C(iv) and (90) we have ||T^mx − lim_{j→∞} T^j x_q|| ≤ 4^{−1}ϵ for all integers m ≥ N(q, i). Since ϵ is an arbitrary positive number we conclude that {T^mx}^∞_{m=1} is a Cauchy sequence, there exists lim_{m→∞} T^mx, and || lim_{m→∞} T^mx − lim_{m→∞} T^mx_q|| ≤ 4^{−1}ϵ. Since ϵ is an arbitrary positive number we conclude that lim_{m→∞} T^mx ∈ F . By this relation and property (Civ), for each S ∈ U(q, i), each y ∈ K satisfying ||y − x|| < δ(q, i) − ||x − x_q||, and each integer m ≥ N(q, i) we have ||S^my − lim_{j→∞} T^jx|| ≤ 2^{−1}ϵ. Theorem 6.3 is established. REFERENCES 1. E. Asplund, Fréchet differentiability of convex functions, Acta Math. 121 (1968) 31–47.

2. J.M. Ball and N.S. Nadirashvili, Universal singular sets for one-dimensional variational problems, Calc. Var. 1 (1993) 429–438.

3. H.H. Bauschke and J.M. Borwein, Joint and separate convexity of the Bregman distance, Inherently Parallel Algorithms in Feasibility and Optimization and their Applications (2001), this volume.

4. J.M. Borwein and D. Preiss, A smooth variational principle with applications to subdifferentiability and to differentiability of convex functions, Trans. Amer. Math. Soc. 303 (1987) 517–527.

5. L.M. Bregman, The relaxation method for finding the common point of convex sets and its application to the solution of problems in convex programming, USSR Computational Math. and Math. Phys. 7 (1967) 200–217.

6. L.M. Bregman, Y. Censor and S. Reich, Dykstra’s algorithm as the nonlinear extension of Bregman’s optimization method, J. Convex Analysis 6 (1999) 319–333.

7. D. Butnariu, Y. Censor and S. Reich, Iterative averaging of entropic projections for solving stochastic convex feasibility problems, Computational Optimization and Applications 8 (1997) 21–39.

8. D. Butnariu and A.N. Iusem, Local moduli of convexity and their application to finding almost common fixed points of measurable families of operators, Recent Developments in Optimization Theory and Nonlinear Analysis, Contemporary Mathematics 204 (1997) 61–91.

9. D. Butnariu and A.N. Iusem, Totally Convex Functions for Fixed Points Computation and Infinite Dimensional Optimization (Kluwer, Dordrecht, 2000).

10. D. Butnariu, S. Reich and A.J. Zaslavski, Generic power convergence of operators in Banach spaces, Numerical Functional Analysis and Optimization 20 (1999) 629–650.

11. D. Butnariu, S. Reich and A.J. Zaslavski, Asymptotic behavior of relatively nonexpansive operators in Banach spaces, Preprint (2000).

12. Y. Censor and A. Lent, An iterative row-action method for interval convex programming, J. Optim. Theory Appl. 34 (1981) 321–353.

13. Y. Censor and S. Reich, Iterations of paracontractions and firmly nonexpansive operators with applications to feasibility and optimization, Optimization 37 (1996) 323–339.

14. Y. Censor and S.A. Zenios, Parallel Optimization (Oxford, New York, 1997). 15. F.S. De Blasi and J. Myjak, Sur la convergence des approximations successives pour les contractions non linéaires dans un espace de Banach, C. R. Acad. Sci. Paris 283 (1976) 185–187.

16. F.S. De Blasi and J. Myjak, Generic flows generated by continuous vector fields in Banach spaces, Adv. in Math. 50 (1983) 266–280.

17. F.S. De Blasi and J. Myjak, On a generalized best approximation problem, J. Approximation Theory 94 (1998) 54–72.

18. R. Deville and J. Revalski, Porosity of ill-posed problems, Proc. Amer. Math. Soc.

128 (2000) 1117–1124.

19. A.L. Dontchev and T. Zolezzi, Well-Posed Optimization Problems. Lecture Notes in Math. 1543 (Springer, Berlin, 1993).

20. A.D. Ioffe and A.J. Zaslavski, Variational principles and well-posedness in optimization and calculus of variations, SIAM J. Control Optim. 38 (2000) 566–581.

21. J.L. Kelley, General Topology (D. Van Nostrand, New York, 1955). 22. G. Lebourg, Generic differentiability of Lipschitzian functions, Trans. Amer. Math.

Soc. 256 (1979) 125–144.

23. J. Myjak, Orlicz type category theorems for functional and differential equations, Dissertationes Math. (Rozprawy Mat.) 206 (1983) 1–81.

24. S. Reich, A weak convergence theorem for the alternating method with Bregman distances, Theory and Applications of Nonlinear Operators of Accretive and Monotone Type (A.G. Kartsatos, Editor) (1996) 313–318.

25. S. Reich and A.J. Zaslavski, Convergence of generic infinite products of nonexpansive and uniformly continuous operators, Nonlinear Analysis 36 (1999) 1049–1065.

26. A.J. Zaslavski, Turnpike property for extremals of variational problems with vectorvalued functions, Trans. Amer. Math. Soc. 351 (1999) 211–231.

27. A.J. Zaslavski, Existence of solutions of optimal control problems for a generic integrand without convexity assumptions, Nonlinear Analysis 43 (2001) 339–361.

28. A.J. Zaslavski, Generic well-posedness of optimal control problems without convexity assumptions, SIAM J. Control Optim., in press.