WEAK CONVERGENCE OF ORBITS OF NONLINEAR OPERATORS IN REFLEXIVE BANACH SPACES

Dan Butnariu^1, Simeon Reich^2, and Alexander J. Zaslavski^3

1Department of Mathematics, University of Haifa, 31905 Haifa, Israel E-mail: dbutnaru@math.haifa.ac.il 2The Technion - Israel Institute of Technology, 32000 Haifa, Israel E-mail: sreich@techunix.technion.ac.il 3The Technion - Israel Institute of Technology, 32000 Haifa, Israel E-mail: ajzasl@techunix.technion.ac.il

March 11, 2003

Abstract

Let K be a closed convex subset of a reflexive Banach space X. We consider self-mappings of K which are bounded on bounded subsets of K and satisfy a relaxed form of nonexpansivity with respect to a given convex function f. The family of these operators is endowed with the topology of uniform convergence on bounded subsets of K. We show that “almost all” such operators T share the property that they have a fixed point zT such that, for any x ∈ K, the orbit { T^kx }_∞ k=1 converges weakly to zT . Here the meaning of “almost all” is in the sense of Baire’s categories: the collection of all those operators which do not have this property is contained in a countable union of nowhere dense sets.

Keywords: Bregman distance, fixed point, nonexpansivity of an operator with respect to a convex function, orbit, reflexive Banach space, total convexity, uniform convexity, weak convergence.

2000 Mathematics Subject Classification: 47H09, 47H30, 54E35, 54E52, 65K99.

1 INTRODUCTION

Let (X, ‖·‖) be a reflexive Banach space, let f : X → (−∞, +∞] be a proper convex function with the domain D = {x ∈ X : f(x) < +∞} , and define the functions D_f , D^#_f : D × D → [0, +∞] by D_f (y, x) = f(y) − f(x) + f^∘(x, x − y) (1) and D^#_f (y, x) = f(y) − f(x) − f^∘(x, y − x), (2) where f^∘(x, y − x) := lim_{t↘0} t^{−1} [f(ty + (1 − t)x) − f(x)] .

Suppose that K is a nonempty, closed and convex subset of D^∘, the interior of D, and that the function f is strictly convex on K. An operator T : K → K is called relatively nonexpansive with respect to f (cf. [14]) if there exists a vector z ∈ K such that D_f (z, T x) ≤ D_f (z, x) (3) for all x ∈ K. Note that, in these circumstances, z is a fixed point of T because 0 ≤ D_f (z, T z) ≤ D_f (z, z) = 0, and this cannot hold unless D_f (z, T z) = 0 which implies z = T z (cf. Proposition 1.1.4 in [8]).

A fixed point z of T satisfying (3) is called a nonexpansivity pole of T with respect to f and the collection of all such fixed points is denoted by Nexp_f (T ) . An operator T can be relatively nonexpansive with respect to a function f as described above without being nonexpansive in the usual sense of this term, that is, it may not satisfy the inequality ‖T x − T y‖ ≤ ‖x − y‖ , (4) or even the inequality D_f (T y, T x) ≤ D_f (y, x), (5) for all x, y ∈ K (see, for instance, [8, Section 2.1.7]). In a smooth strictly convex space X, if T is an operator satisfying (4) with a fixed point z, then it is necessarily relatively nonexpansive with respect to f(x) = ‖x − z‖^2 . Also, if T satisfies (5) with respect to some function f as described above, and if T has a fixed point, then T is relatively nonexpansive with respect to f.

A question of practical interest concerning the operators T : K → K which are relatively nonexpansive with respect to an a priori given function f is whether for any x ∈ K, the orbit { T^kx } k∈N converges (weakly or strongly) to a fixed point of T. The relevance of this question is due to the fact that significant problems of applied mathematics (convex feasibility problems, optimization problems, variational inequalities and some classes of integral and differential equations) can be reduced to the computation of fixed points of operators which are relatively nonexpansive with respect to functions f satisfying the conditions required in the present paper (cf. [8, Section 2.4]). For particular families of operators T which are totally nonexpansive (in the sense given to this term in [8]) and, therefore, relatively nonexpansive with respect to a function f having some differentiability properties on K, and whose restriction to K, defined by

f_K (x) = { f(x) if x ∈ K, +∞ if x /∈ K, (6) is totally convex, weak and, sometimes, strong convergence of the orbits { T^kx } k∈N to fixed points of T were established under various conditions by many authors (see, for example, [3], [1], [28], [4], [29], [26], [30], [33], [5], [18], [19], [8], [9], [2], [24], [25], [39], [12] and [11]). In this connection, recall (cf. [8]) that the function f_K defined by (6) is called totally convex if for each x ∈ K, the modulus of total convexity of f_K at x, given by

ν_{fK} (x, t) := inf { D^#_f (y, x) : y ∈ K, ‖y − x‖ = t } , is positive whenever t > 0, where D^#_f is defined by (2).

As far as we know, the first study of weak convergence per se of orbits of operators T which are relatively nonexpansive with respect to a convex function f (in fact, a smooth and uniformly convex function f) occurs in [31]. The purpose of the present paper is to show that for large classes of operators T : K → K, which are relatively nonexpansive with respect to a function f, weak convergence of the orbits { T^kx } k∈N to fixed points of T is a generic property in the sense that it is satisfied by all but a “small” set of operators in those classes. We prove this under the assumption that, in addition to f being strictly convex on K, the convergence structure induced on K by the function D_f given by (1) is stronger than that induced by the norm of X. In other words, depending on the context, we use either the assumption

(A1) For each x ∈ K and each ϵ > 0, there exists δ > 0 such that if y ∈ K and D_f (y, x) ≤ δ, then ||x − y|| ≤ ϵ; or its stronger version,

(A2) For each x ∈ K and each ϵ > 0, there exists δ > 0 such that if y, z ∈ K, ||y − x|| ≤ δ and D_f (z, y) ≤ δ, then ||x − z|| ≤ ϵ. Naturally, the question whether functions satisfying (A1) or (A2) exist on Banach spaces comes to mind. Lemma 2.1 below contains an answer to this question. It shows that if the function f is totally convex on K, then it satisfies condition (A1). Taking into account [11, Proposition 2.4], it follows that if X is a locally uniformly convex Banach space (as many spaces happen to be - see [23]), then all the functions f_p = ‖·‖^p with p ∈ (1, ∞) are totally convex on X and, therefore, satisfy (A1) no matter how K is chosen. Lemma 2.1 also implies that functions which are uniformly convex on bounded subsets of K satisfy (A2). This and the results in [10] show that in uniformly convex Banach spaces all functions f_p mentioned above satisfy (A2).

With these facts in mind, we consider the set M(K) of all operators T : K → K which are bounded on bounded subsets of K. We endow it with the metrizable complete uniformity with the base E(N, ε) = {(T_1, T_2) ∈ M(K) × M(K) : ||T_1x − T_2x|| ≤ ϵ, ∀x ∈ K ∩ B(0, N)}, where N, ε are positive real numbers and, for any u ∈ X, B(u, N) denotes the closed ball of center u and radius N in X. The space M(K) is provided with the topology induced by this uniformity. We denote by M_c(K) and M_u(K) the subsets of M(K) consisting of those operators in M(K) which are continuous on K and, respectively, uniformly continuous on bounded subsets of K. Both M_c(K) and M_u(K) are closed subsets of M(K) and we endow each one of them with the corresponding relative topology induced by M(K). Let M^f (K) be the collection of all T ∈ M(K) which satisfy the following conditions:

(I) The operator T is relatively nonexpansive with respect to f; (II) For some z_T ∈ Nexp_f (T ), the function D_f (z_T , ·) is convex and uniformly continuous on bounded subsets of K and, for each α > 0, the level set L_f (T ; α) := {y ∈ K : D_f (z_T , y) ≤ α} is bounded.

Denote M^f_c (K) = M^f (K) ∩ M_c(K) and let M^f_c (K) be the closure of M^f_c (K) in M_c(K). Also, let M^f_1 (K) be the collection of all those operators in M(K) which satisfy condition (I) above as well as the following requirement:

(III) For some z_T ∈ Nexp_f (T ), the function D_f (z_T , ·) is convex, lower semicontinuous, bounded on bounded subsets of K and, for each α > 0, the level set L_f (T ; α) is bounded.

Denote M^f_u(K) = M^f_1 (K) ∩ M_u(K) and let M^f_u(K) be the closure of M^f_u(K) in M_u(K). Theorem 2.1, proved below, shows that the family of all those T ∈ M^f_c (K) for which the orbits { T^kx } k∈N are weakly convergent to a fixed point of T, no matter how x is chosen in K, contains a countable intersection of open everywhere dense subsets of M^f_c (K). Moreover, for each operator T in this countable intersection of open everywhere dense subsets of M^f_c (K), all its weakly convergent orbits have the same weak limit. Theorems 3.1 and 3.2 give similar results for the space M^f_u(K), instead of M^f_c (K). They show that there exists a countable intersection of open everywhere dense subsets of M^f_u(K) such that, for each operator T contained in it, all the orbits { T^kx } k∈N with x ∈ K converge weakly and uniformly on bounded subsets of K to a fixed point of T. The main difference between Theorem 3.1 and Theorem 3.2 is in the assumptions under which they are proved. Theorem 3.1 is established under the hypothesis that the space X is separable and f satisfies (A1). In Theorem 3.2 the separability condition on X is dropped but one strengthens the conditions on f by requiring it to satisfy (A2).

It is interesting to observe that the spaces M^fc (K) and M^fu(K) contain useful operators. For instance, if the space X is uniformly convex and uniformly smooth, then for any p ∈ (1, ∞), the function f = ‖·‖^p is Fréchet differentiable, totally convex and, therefore, it satisfies condition (A1) and for any closed convex set C ⊆ X which contains the origin, the Bregman projection operators T = Π^f_C is well defined (cf. [8]), and satisfies conditions (I) and (II) for z_T = 0. According to [40, Corollary 4.1], Π^f_C is continuous and, thus, belongs to M^f_c (K). If X is a smooth space and, for some p ∈ (1, ∞), the function ‖·‖^p is totally convex and if z ∈ K, then any nonexpansive (in the sense of (4)) operator T : K → K having z as a fixed point is relatively nonexpansive with respect to the function f(x) = ‖z − x‖^p and, therefore, is contained in M^f_u(K). If X is a Hilbert space and f = ‖·‖^2 , then for any nonempty closed convex subset C of X, the metric projection operator T = P_C is contained in M^f_u(K).

Theorem 2.1 can be seen as an extension of a result of De Blasi and Myjak [20, Theorem, p. 185] (in this context see also [21]). In fact, De Blasi and Myjak [20] have shown that, if K is bounded, then the set N_0(K) consisting of all nonexpansive T : K → K whose orbits converge strongly to the fixed points of T is a residual set in M(K). Theorem 2.1 says that, even if K is unbounded, a similar property holds for operators which are relatively nonexpansive with respect to a function f satisfying (A1): for most of them (in the sense of Baire’s categories), their orbits converge weakly to fixed points. When X is a Hilbert space, then Theorem 2.1 and its Corollary 2.1 enhance another result in [20] according to which N (K), the subset of M(K) consisting of all operators T : K → K which are strict contractions, is of the first Baire category in M(K) : they show that even if one adds to N (K) all metric projection operators (which, in general, are not strict contractions), one still gets a set which is of the first Baire category in M(K).

The results presented in this paper also relate to previous results we have presented in [14]. They improve upon those results by showing that in reflexive spaces one can guarantee generic weak convergence of orbits of relatively nonexpansive operators under less demanding requirements concerning the function f and, implicitly, for a larger class of operators. The methods and techniques we use in the proofs of the main results are those of generic analysis which have already been successfully applied in the theory of dynamical systems ([22], [27], [35]), the calculus of variations and optimization ([41], [36], [42]), as well as in nonlinear analysis ([34], [32], [37], [38], [39]).

2 GENERIC WEAK CONVERGENCE FOR THE ORBITS OF OPERATORS IN M^f (K) AND M^fc (K)

In this section we analyze the generic behavior of the orbits generated by operators in M^fc (K). We start with a series of technical results. The first of them shows the connection between the total convexity of f_K defined by (6) and conditions (A1) and (A2). This justifies the claims made in the Introduction that the class of functions f satisfying either (A1) or (A2) on some spaces is quite large.

Lemma 2.1: (a) If the function f_K defined by (6) is totally convex, then f satisfies condition ( A1).

(b) If f is (Gâteaux) differentiable at each point x ∈ K and ( A1) holds, then f_K is totally convex.

(c) If f_K is uniformly convex on bounded subsets of K, then f satisfies (A2).

Proof. ( a) Suppose that f_K is totally convex, ε > 0 and x ∈ K. If for all y ∈ K we have ‖y − x‖ < ε, then there is nothing to prove. Otherwise, there exists y_0 ∈ K with ‖y_0 − x‖ ≥ ε and, thus, according to Proposition 1.1.2 in [8], we deduce that ν_{fK} (x, ε) finite. Since f_K is totally convex, we also have that ν_{fK} (x, ε) > 0. Let δ := ν_{fK} (x, ε). If y ∈ K and D_f (y, x) ≤ δ, then ν_{fK} (x, ‖y − x‖) ≤ D^#_f (y, x) ≤ D_f (y, x) ≤ ν_{fK} (x, ε). (7) The function ν_{fK} (x, ·) is strictly increasing on its domain (cf. Proposition 1.2.2 in [8]). Therefore, (7) cannot hold unless ‖y − x‖ ≤ ε. Hence (A1) is satisfied with δ := ν_{fK} (x, ε).

(b) Suppose that f is differentiable on K and that (A1) holds, but ν_{fK} (x^∗, t_0) = 0 for some x^∗ ∈ K and for some t_0 > 0. Then there exists a sequence {x_k }^∞_{k=1} contained in K such that ‖x_k − x‖ = t_0 for all k and lim_{k→∞} D^#_f (x_k , x^∗) = 0. By the differentiability of f on K, we have D_f (·, x^∗) = D^#_f (·, x^∗). Hence lim_{k→∞} D_f (x_k, x^∗) = 0. This and (A1) imply that t_0 = lim_{k→∞} ‖x_k − x^∗‖ = 0 which contradicts the assumption that t_0 > 0.

(c) Assume that f_K is uniformly convex on bounded subsets of K. Let x be any point in K and take ε > 0. Denote K_x = K ∩ B(x,^ε_2 ) and observe that Dom (ν_{fK} (K_x, ·)) , the domain of the function ν_{fK} (K_x, ·) : [0, +∞) → [0, +∞) defined by ν_{fK} (K_x, t) := inf {ν_{fK} (u, t) : u ∈ K_x} , contains a nonempty interval [0, τ) because K is contained in Int (Dom (f)) and K_x is bounded. Set

δ = min { ε 2 , ν_{fK} (K_x, ε p ) } , where p ≥ 3 is a number such that^ε_p ∈ Dom (ν_{fK} (K_x, ·)) . Clearly, δ > 0 because f_K is uniformly convex on bounded subsets of K (see [11]). If y, z ∈ K, ‖y − x‖ < δ and D_f (z, y) < δ, then ‖y − x‖ <^ε_2 and ν_{fK} (y, ‖z − y‖) ≤ D_f (z, y) < δ ≤ ν_{fK} (K_x, ε p ). The last inequality cannot hold unless ‖z − y‖ < ε p , because the function ν_{fK} (K_x, ·) is strictly increasing on its domain (cf. [16]). Hence we have ‖y − x‖ < ε 2 and ‖z − y‖ < ε p < ε 2 . Consequently, ‖z − x‖ ≤ ‖y − x‖ + ‖y − z‖ < ε 2 + ε 2 = ε and this completes the proof. □ From now on we assume that the function f satisfies condition (A1). The next lemma establishes a special property of the functions satisfying condition (A1) which will be used in the sequel.

Lemma 2.2: Let {x_n}^∞_{n=1} be a bounded sequence in K and let {ϵ_n}^∞_{n=1} be a sequence of positive real numbers converging to zero. Assume that {z_n}^∞_{n=1} is a sequence contained in K such that for each integer n ≥ 1, the function D_f (z_n, ·) : K → R^1 is convex and lower semicontinuous and

lim sup_{i→∞} D_f (z_n, x_i) < ϵ_n.

Then the sequence {x_i}^∞_{i=1} converges weakly and the sequence {z_n}^∞_{n=1} converges strongly to the same point x_∗ ∈ K.

Proof. Let {x_{ji} }^∞_{i=1} be a subsequence of {x_n}^∞_{n=1} which converges weakly to x_∗. Clearly, x_∗ ∈ K because K is closed and convex. By hypothesis, for each natural number n we have

D_f (z_n, x_∗) ≤ lim inf_{i→∞} D_f (z_n, x_{ji} )

≤ lim sup i→∞ D_f (z_n, x_{ji} ) ≤ lim sup_{i→∞} D_f (z_n, x_i) < ϵ_n.

Since the sequence {ϵ_n}^∞_{n=1} converges to zero, this inequality and (A1) imply that {z_n}^∞_{n=1} converges strongly to x_∗. Consequently, any weak subsequential limit of {x_n}^∞_{n=1} coincides with the unique strong limit of {z_n}^∞_{n=1}. □ The next lemma can be proved by straightforward induction. Lemma 2.3: Let n ≥ 1 be an integer, x ∈ K, B ∈ M_c(K), and ϵ > 0.

Then there exist a neighborhood U of B in M_c(K) and a number δ > 0 such that for each S ∈ U and for each y ∈ K ∩ B(x, δ), we have ||S^ny − B^nx|| ≤ ϵ.

Let T be an operator in M(K) and suppose that z_T ∈ Nexp_f (T ) . As noted in the Introduction, in this case z_T is a fixed point of T. For each γ ∈ (0, 1), we define the perturbed mapping T_γ : K → K by

T_γ x = γz_T + (1 − γ)T x. (8)

Clearly, T_γ ∈ M(K) and, if T ∈ M_c(K) or, respectively, T ∈ M_u(K), then T_γ ∈ M_c(K) or, respectively, T_γ ∈ M_u(K). Note that T_γ converges to T as γ → 0^+. It is easy to see that z_T is a fixed point of T_γ . Moreover, if D_f (z_T , ·) is convex on K, then for each γ ∈ (0, 1),

D_f (z_T , T_γ x) ≤ (1 − γ)D_f (z_T , x) (9)

for all x ∈ K, i.e., T_γ is also relatively nonexpansive with respect to f and z_T ∈ Nexp_f (T_γ ) . In particular, this happens when z_T is a nonexpansivity pole of T with respect to f for which either condition (II) or condition (III) holds. The following result concerning the operators T_γ is a modification of Lemma 8.1 in [13].

Lemma 2.4: Suppose that T ∈ M^f (K) and let z_T ∈ Nexp_f (T ) be such that condition ( II) is satisfied. Let ϵ, γ ∈ (0, 1) and let K_0 be a nonempty bounded subset of K. Then there exist a natural number N and a neighborhood U of T_γ in M(K) such that for each S ∈ U, each x ∈ K_0, and each integer n ≥ N, we have D_f (z_T , S^nx) ≤ ϵ.

Proof. Since T and z_T satisfy condition (II), the function D_f (z_T , ·) is uniformly continuous on K_0 and, thus, there exists a real number c_0 > 1 such that D_f (z_T , x) ≤ c_0 for all x ∈ K_0. (10)

Also, the set L_f (T, c_0 + 2) is bounded. Let c_1 > 0 be a number such that L_f (T, c_0 + 2) is included in the closed ball B(0, c_1). Then we have

x ∈ K and D_f (z_T , x) ≤ c_0 + 2 ⇒ ||x|| ≤ c_1. (11)

Set K_1 = {x ∈ K : ||x|| ≤ c_1} and K_2 = {x ∈ K : ||x|| ≤ c_1 + 2}. Clearly, K_0 ⊂ K_1. By (II) again, the function D_f (z_T , ·) is uniformly continuous on K_2. Therefore there exists δ_0 ∈ (0, 8^{−1}ϵ) such that

|D_f (z_T , x_1) − D_f (z_T , x_2)| ≤ 16^{−1}γϵ (12)

for each x_1, x_2 ∈ K_2 satisfying ||x_1 − x_2|| ≤ δ_0. Choose a natural number N such that 16^{−1}Nγϵ > c_0 + 2 (13)

and define U = {S ∈ M(K) : ||Sx − T_γ x|| ≤ δ_0, ∀x ∈ K_1}. (14) Suppose that S ∈ U and x ∈ K_0. We are going to show that

D_f (z_T , S^nx) ≤ ϵ for all integers n ≥ N. (15)

To this end, we first show by induction that, for all integers n ≥ 0, D_f (z_T , S^nx) ≤ c_0 (16) and D_f (z_T , S^{n+1}x) ≤ (1 − γ)D_f (z_T , S^nx) + 16^{−1}γϵ. (17) By (10), the inequality (16) is valid for n = 0 because S^0 is the identity operator. Assume that (16) is true for some integer n ≥ 0. Then, we deduce from (11) that S^nx ∈ K_1 and ||S^nx|| ≤ c_1. This and (14) imply that ||S^{n+1}x − T_γ S^nx|| ≤ δ_0. (18) By (16) and (9) we also have D_f (z_T , T_γ (S^nx)) ≤ (1 − γ)D_f (z_T , S^nx) ≤ (1 − γ)c_0, (19) which, together with (11), implies that ||T_γ (S^nx)|| ≤ c_1. Thus, (18) implies that T_γ (S^nx) ∈ K_1 and S^{n+1}x ∈ K_2.

Combining this, (18) and the definition of δ_0 (see (12)), we obtain that | |D_f (z_T , S^{n+1}x) − D_f (z_T , T_γ (S^nx)) | | ≤ 16^{−1}γϵ. Consequently, we have

D_f (z_T , S^{n+1}x) ≤ 16^{−1}γϵ + (1 − γ)D_f (z_T , S^nx) ≤ 16^{−1}γϵ + (1 − γ)c_0 ≤ c_0, because of (19). Hence, (17) holds and D_f (z_T , S^{n+1}x) ≤ c_0. Therefore (16) and (17) are valid for all integers n ≥ 0.

Now, let n ≥ 0 be an integer. If D_f (z_T , S^nx) ≤ ϵ, then, according to (17), we obtain D_f (z_T , S^{n+1}x) ≤ (1 − γ)ϵ + 16^{−1}γϵ ≤ ϵ.

Therefore, to prove (15) it is sufficient to show that D_f (z_T , S^nx) ≤ ϵ for some integer n ∈ [0, N]. Assume the contrary. Then D_f (z_T , S^nx) > ϵ for all integers n ∈ [0, N]. Taking (17) into account, we see that for all n = 0, . . . , N, D_f (z_T , S^nx) − D_f (z_T , S^{n+1}x) ≥ γD_f (z_T , S^nx) − 16^{−1}γϵ ≥ 2^{−1}γϵ.

When combined with (13), these inequalities yield

D_f (z_T , x) ≥ D_f (z_T , x) − D_f (z_T , S^{N+1}x) ≥ 2^{−1}γϵN > c_0 + 2, which contradicts (10). Thus (15) holds and the proof is complete. □ At this stage we are in a position to establish our generic convergence result for orbits of operators in M^fc (K). To this end, let M^f (K) be the closure in M(K) of the set of all operators T : K → K satisfying (I) and (II). Clearly, M^f_c (K) ⊂ M^f (K).

Theorem 2.1: (a) There exists a set F ⊂ M^f (K) which is a countable intersection of open everywhere dense sets in M^f (K) such that for each B ∈ F, there is z_∗ ∈ K with the property that for each x ∈ K, the orbit {B^nx}_{n∈N} converges weakly to z_∗.

( b) There exists a set F_c ⊂ F ∩ M^fc (K) which is a countable intersection of open everywhere dense sets in M^fc (K) such that for each B ∈ F_c, there is a fixed point z_∗ ∈ K of B with the property that for each x ∈ K, the orbit {B^nx}_{n∈N} converges weakly to z_∗.

Proof. Fix θ ∈ K. For each natural number i, set K_i = {x ∈ K : ||x − θ|| ≤ i}. (20) With each T ∈ M^f (K), we associate a point z_T ∈ Nexp_f (T ) for which condition (II) holds and define the operators T_γ : K → K, γ ∈ (0, 1), by (8). According to Lemma 2.4, for each T ∈ M^f (K), each γ ∈ (0, 1) and each integer i ≥ 1, there exist a natural number N(T, γ, i) and an open neighborhood U(T, γ, i) of T_γ in M(K) such that the following properties hold:

(P 1) For each S ∈ U(T, γ, i), each x ∈ K_i and each integer n ≥ N(T, γ, i), D_f (z_T , S^nx) ≤ 2^{−i};

(P 2) For each S ∈ U(T, γ, i), we have ||Sx − T_γ x|| ≤ 2^{−i} for all x ∈ K_i. Define F = [∩^∞_{q=1} ∪ {U(T, γ, q) : T ∈ M^f (K), γ ∈ (0, 1)}] ∩ M^f (K), and F_c = [∩^∞_{q=1} ∪ {U(T, γ, q) : T ∈ M^f_c (K), γ ∈ (0, 1)}] ∩ M^f_c (K). Clearly, the set F is a countable intersection of open everywhere dense sets in M^f (K), the set F_c is a countable intersection of open everywhere dense sets in M^f_c (K), and F_c ⊂ F.

Let B ∈ F. For each integer q ≥ 1, there exist T_q ∈ M^f (K) and γ_q ∈ (0, 1) such that B ∈ U(T_q, γ_q , q), ∀q ≥ 1. (21) Let x ∈ K and denote by z_{Tq} the nonexpansivity pole of the operator T_q for which condition (II) is satisfied with T_q instead of T (such nonexpansivity poles exist because T_q ∈ M^f (K)). There exists an integer q_x ≥ 1 such that x ∈ K_q for all integers q ≥ q_x, where the sets K_q are given by (20). Note that according to (P 1) and (21), we have that whenever q ≥ q_x, D_f (z_{Tq} , B^ix) ≤ 2^{−q}, ∀i ≥ N(T_q , γ_q, q). (22) So, all but finitely many vectors B^ix are contained in the level set L(T_{qx} , 2^{−qx} ) which is bounded by condition (II). Hence the sequence {B^ix}^∞_{i=1} is bounded too. Also, by (22) it results that if q ≥ q_x, then

lim sup i→∞ D_f (z_{Tq} , B^ix) ≤ 2^{−q}.

When combined with Lemma 2.2, this implies that the sequence { z_{Tq} }_∞ q=1 converges strongly to some vector z_∗ ∈ K which is also the weak limit of the sequence { B^ix } i∈N. Thus (a) is proved.

Now suppose that B ∈ F_c. A reasoning similar to the one presented above shows that, for each positive integer q, there exist T_q ∈ M^f_c (K) and γ_q ∈ (0, 1) such that (21) holds. Let z_{Tq} be a nonexpansivity pole of T_q such that condition (II) is satisfied with T_q instead of T. For each γ ∈ (0, 1), define

T_{q,γ} = γz_{Tq} + (1 − γ)T_q . (23)

Since z_{Tq} is a fixed point of T_{q,γq} , we have

Bz_∗ − z_∗ = (Bz_∗ − Bz_{Tq} ) + (Bz_{Tq} − z_{Tq} ) + (z_{Tq} − z_∗) = (z_{Tq} − z_∗) + (Bz_∗ − Bz_{Tq} ) + (Bz_{Tq} − T_{q,γq} z_{Tq} ), and the last expression converges strongly to zero as q → ∞ because B is continuous and (P 2) ensures that lim_{q→∞} ||Bz_{Tq} − T_{q,γq} z_{Tq} || = 0. Thus Bz_∗ = z_∗ and the proof is complete. □

When X is a Hilbert space and f = ‖·‖^2 , condition (A1) is satisfied and the space M^f_c (X) consists of all those continuous operators T : X → X which are bounded on bounded sets and for some z_T ∈ X satisfy ‖z_T − T x‖ ≤ ‖z_T − x‖ , ∀x ∈ X. (24) In particular, M^f_c (X) contains all nonexpansive operators having fixed points in X and, in particular, all metric projections on nonempty closed convex subsets of X, that is, all operators P_C : X → X defined by P_C (x) = arg min {‖y − x‖ : y ∈ C} , where C is a nonempty closed convex subset of X. Let T ∈ M^f_c (X) and denote by Fix(T ) the set of fixed points of T. As noted above, z_T ∈ Fix(T ). When Fix(T ) is not a singleton, then the orbits of T starting at two different points in Fix(T ) are stationary and converge to their respective different initial points. Hence, if Fix(T ) is not a singleton, then T does not belong to the subset F_c of M^f_c (X) the existence of which is guaranteed by Theorem 2.1, because all the orbits of the operators in F_c converge weakly to the same limit. This leads to the following result which shows that the set of nonexpansive operators with more than one fixed point in a Hilbert space is “small” in M^fc (X) (in the Baire category sense).

Corollary 2.1: If X is a Hilbert space and f = ‖·‖^2 , then the set of all nonexpansive operators on X which have more than one fixed point is of the first Baire category in M^f_c (X). In particular, the set of all metric projections on closed convex subsets of X which are not singletons is of the first Baire category in M^f_c (X).

A similar result can be deduced from Theorem 2.1 in the case where X is not necessarily a Hilbert space, but still has the property that for some p ∈ (1, +∞), the function f = ‖·‖^p is totally convex and Fréchet differentiable on X. In this situation, the function f satisfies (A1) by Lemma 2.1. For any closed convex nonempty subset C ⊂ X, the Bregman projection operator Π^f_C : X → X, defined by Π^f_C (x) = arg min {D_f (y, x) : y ∈ C} , is well defined and, for any z ∈ C, satisfies the following strong nonexpansivity condition with respect to f : D_f (z, Π^f_C (x)) + D_f (Π^f_C (x), x) ≤ D_f (z, x), ∀x ∈ X. Consequently, C ⊆ Nexp_f ( Π^f_C ) . Moreover, condition (II) is satisfied whenever 0 ∈ C because D_f (0, ·) is convex. According to a result from [40], this implies that Π^f_C ∈ M^f_c (X). Observe that if C is not a singleton, then not all orbits of Π^f_C converge weakly to the same limit point. In view of Theorem 2.1(b), this implies that if C is not a singleton, then Π^f_C /∈ F_c. Hence we obtain the following result which applies, in particular, to any locally uniformly convex and uniformly smooth Banach space.

Corollary 2.2: If for some p ∈ (1, ∞) the function f = ‖·‖^p is totally convex and Fréchet differentiable on X, then the set of Bregman projections Π^f_C on closed convex subsets C of X which are not singletons and contain 0 is of the first Baire category in M^f_c (X).

3 GENERIC WEAK CONVERGENCE FOR THE ORBITS OF OPERATORS IN M^fu(K)

In this section we establish generic convergence properties for the orbits of the operators in M^fu(K) under each of the following assumptions: (i) X is separable and f satisfies (A1) or, alternatively, (ii) f satisfies (A2) [which is a stronger assumption than (A1)]. So, let f be a function which satisfies condition (A1). We first prove several technical results concerning the operators in M^f_u(K). They involve the operators T_γ associated with T ∈ M^fu(K) by (8).

Lemma 3.1: Suppose that T ∈ M^f_u(K) and let z_T ∈ Nexp_f (T ) be such that condition ( III) is satisfied. Let ϵ, γ ∈ (0, 1) and let K_0 be a nonempty bounded subset of K. Then there exist a natural number N and a neighborhood U of T_γ in M_u(K) such that for each S ∈ U, each x ∈ K_0, and each integer n ≥ N, there exist vectors y^{(n)}_1 ∈ K and y^{(n)}_2 ∈ X such that

S^nx = y^{(n)}_1 + y^{(n)}_2 , D_f (z_T , y^{(n)}_1 ) ≤ ϵ, and ||y^{(n)}_2 || ≤ ϵ. (25)

Proof. Since T ∈ M^f_u(K) and z_T ∈ Nexp_f (T ) satisfy condition (III), we may assume without loss of generality that

{y ∈ K : ∃x ∈ K such that D_f (z_T , x) ≤ 1 and ||x − y|| ≤ 2} ⊂ K_0. (26)

Observe that, according to condition (III), there exists a number c_0 > 0 such that D_f (z_T , x) ≤ c_0, ∀x ∈ K_0. (27) Choose a natural number N ≥ 4 such that

(1 − γ)^N (c_0 + 1) ≤ 8^{−1}ϵ. (28)

This, together with (27) and (9), implies that for each x ∈ K_0, and any integer n ≥ N, D_f (z_T , T^n_γ x) ≤ (1 − γ)^nD_f (z_T , x) ≤ (1 − γ)^N c_0 ≤ 8^{−1}ϵ. (29)

According to [13, Proposition 5.1], there exists a neighborhood U of T_γ in M_u(K) such that for each x ∈ K_0, all integers n = N, N + 1, . . . , 4N, and any S ∈ U, ||T^n_γ x − S^nx|| ≤ 8^{−1}ϵ. (30) Assume that S ∈ U and x ∈ K_0. It follows from (29) and (30) that if n ∈ {N, . . . , 4N} , then (25) is valid for y^{(n)}_1 = T^n_γ x ∈ K and y^{(n)}_2 = S^nx − T^n_γ x. Let q ≥ 4N be an integer such that y^{(n)}_1 ∈ K and y^{(n)}_2 ∈ X satisfying (25) exist for all n ∈ {N, . . . , q}. We now prove that for n = q + 1, there also exist y^{(n)}_1 ∈ K and y^{(n)}_2 ∈ X such that (25) is valid. To this end, note that since (25) is true for n = q − N, it follows from (26) that S^{q−N} x ∈ K_0. Therefore, using (29) and (30), we obtain that

D_f (z_T , T^{N+1}_γ (S^{q−N} x)) ≤ 8^{−1}ϵ and ||T^{N+1}_γ (S^{q−N} x) − S^{q+1}x|| ≤ 8^{−1}ϵ.

This shows that (25) is true for n = q + 1 with y^{(n)}_1 = T^{N+1}_γ (S^{q−N} x) and y^{(n)}_2 = S^{q+1}x − T^{N+1}_γ (S^{q−N} x). By induction, (25) is true for any integer n ≥ N and the proof is complete. □ Denote by X^∗ the (topological) dual of the space X provided with the usual norm ||l||_∗ = sup{|l(y)| : y ∈ X, ||y|| ≤ 1}. With these notations we state our next result.

Lemma 3.2: Suppose that T ∈ M^f_u(K) and let z_T ∈ Nexp_f (T ) be such that condition ( III) is satisfied. Let ϵ, γ ∈ (0, 1), l ∈ X^∗, and let K_0 be a nonempty bounded subset of K. Then there exist a natural number N and a neighborhood U of T_γ in M_u(K) such that for each S ∈ U, each x ∈ K_0, and each integer n ≥ N, we have |l(S^nx − z_T )| ≤ ϵ.

Proof. We may assume without loss of generality that ||l||_∗ = 1. First we claim that there exists δ ∈ (0, 1) such that x ∈ K and D_f (z_T , x) ≤ δ ⇒ |l(x − z_T )| ≤ 8^{−1}ϵ. (31) Assume the contrary. Then there exists a sequence {x_n}^∞_{n=1} ⊂ K such that lim m→∞ D_f (z_T , x_m) = 0 and |l(x_n − z_T )| ≥ 8^{−1}ϵ (32)

for any positive integer n. Since T ∈ M^f_u(K), condition (III) is satisfied and, consequently, the sequence {x_n}^∞_{n=1} is bounded. We may assume without loss of generality either that l(x_n − z_T ) ≥ 8^{−1}ϵ, (33) for all positive integers n, or that

l(x_n − z_T ) ≤ −8^{−1}ϵ. (34)

for all positive integers n. Denote by E_n the closure in the norm topology of the convex hull of the set {x_i : i ≥ n}. Since the space X is reflexive, there exists x_∗ ∈ ∩^∞_{n=1}E_n. The function D_f (z_T , ·) : K → R^1 is convex and lower semicontinuous (see condition (III)). Therefore, (32) together with (33) or, alternatively, together with (34), imply that

D_f (z_T , x_∗) = 0 and |l(x_∗ − z_T )| ≥ 8^{−1}ϵ.

This contradicts assumption (A1). Thus, the claim is proved.

According to Lemma 3.1, there exist a natural number N and a neighborhood U of T_γ in M_u(K) such that for each S ∈ U, each x ∈ K_0, and each integer n ≥ N, there exist y^{(n)}_1 ∈ K and y^{(n)}_2 ∈ X with the property

S^nx = y^{(n)}_1 + y^{(n)}_2 , D_f (z_T , y^{(n)}_1 ) ≤ δ, and ||y^{(n)}_2 || ≤ 8^{−1}ϵ. (35)

Fix S ∈ U, x ∈ K_0, and let n ≥ N be an integer. Then, according to (31) and (35), we get

|l(z_T − y^n_1 )| ≤ 8^{−1}ϵ, |l(y^n_2 )| ≤ 8^{−1}ϵ, and |l(z_T − S^nx)| ≤ 2^{−1}ϵ

because ||l||_∗ = 1. □ Now we are in a position to prove a result which shows that in the space M^fu(K) weak convergence of the orbits is a generic property.

Theorem 3.1: Suppose that the space X is separable. Then there exists a set F ⊂ M^f_u(K) which is a countable intersection of open everywhere dense sets in M^f_u(K) such that, for each B ∈ F, there exists a vector z_∗ ∈ K with the property that if x ∈ K, then the orbit { B^ix }_∞ i=1 converges weakly to z_∗, uniformly on bounded subsets of K.

Proof. Since the space X is separable and reflexive, its dual space X^∗ is also separable. Consequently, the closed unit ball B^∗(0, 1) of X^∗ is also separable. Thus there exists a sequence {l_i}^∞_{i=1} ⊂ B^∗(0, 1) such that its strong closure is B^∗(0, 1). Let T be an operator in M^f_u(K) and γ ∈ (0, 1). Then, obviously, T_γ ∈ M^f_u(K). Fix θ ∈ K and, for each integer i ≥ 1, set K_i = {x ∈ K : ||x − θ|| ≤ i}. (36) Let T ∈ M^f_u(K), γ ∈ (0, 1), and suppose that n ≥ 1 is an integer. According to Lemmas 3.1 and 3.2, there exist an open neighborhood U(T, γ, n) of T_γ in M_u(K) and a natural number N(T, γ, n) such that the following property holds:

(P 3) For each S ∈ U(T, γ, n), each x ∈ K_n, and each integer j ≥ N(T, γ, n), |l_i(S^j x − z_T )| ≤ 2^{−n}, i = 1, . . . , n, and there exist vectors y^{(j)}_1 ∈ K and y^{(j)}_2 ∈ X such that

S^j x = y^{(j)}_1 + y^{(j)}_2 , D_f (z_T , y^{(j)}_1 ) ≤ 2^{−n}, and ||y^{(j)}_2 || ≤ 2^{−n},

where z_T denotes the element of Nexp_f (T ) for which condition (III) is satisfied.

Take F = [∩^∞_{q=1} ∪ {U(T, γ, q) : T ∈ M^f_u(K), γ ∈ (0, 1)}] ∩ M^f_u(K). Clearly, F is a countable intersection of open everywhere dense sets in M^f_u(K). Let B ∈ F. For each integer q ≥ 1, there exist T_q ∈ M^f_u(K) and γ_q ∈ (0, 1) such that B ∈ U(T_q, γ_q , q). Denote by z_{Tq} the element in Nexp_f (T_q ) for which condition (III) is satisfied. Let x be any vector in K. There exists an integer q_0 ≥ 1 with the property that x ∈ K_{q0} . Using (P 3) and taking into account that for any positive integer q the operator T_q satisfies condition (III), we deduce that the sequence {B^ix}^∞_{i=1} is bounded and, therefore, it has weakly convergent subsequences (because X is reflexive). We claim that the weak limit w − lim_{j→∞} B^j x exists in K and that for each integer q ≥ q_0, |l_i(w − lim_{j→∞} B^j x − z_{Tq} )| ≤ 2^{−q}, i = 1, . . . , q. (37) In order to prove this claim, observe that according to (P 3), for each weakly convergent subsequence {B^{kj} x}^∞_{j=1} of {B^ix}^∞_{i=1} and for any integer q ≥ q_0, we have |l_i(w − lim_{j→∞} B^{kj} x − z_{Tq} )| ≤ 2^{−q}, i = 1, . . . , q. Letting q → ∞, we obtain that the sequences {B^{kj} x}^∞_{j=1} and { z_{Tq} }_∞ q=1 have the same weak limit. Hence, for each x ∈ K, the weak limit of {B^ix}^∞_{i=1} exists (all weakly convergent subsequences of this sequence have the same weak limit), the weak limit of { z_{Tq} }_∞ q=1 exists too and the two weak limits coincide. Hence there exists a vector z_∗ ∈ K such that

w − lim_{q→∞} z_{Tq} = z_∗ = w − lim_{j→∞} B^j x for all x ∈ K, and |l_i(z_∗ − z_{Tq} )| ≤ 2^{−q}, i = 1, . . . , q. Moreover, if q ≥ 1 is any integer, x ∈ K_q, and j ≥ N(T_q, γ_q, q), then |l_i(B^j x − z_∗)| ≤ 2^{−q+1}, i = 1, . . . , q. (38) This shows that the weak convergence of the sequences {B^ix}^∞_{i=1} is uniform on bounded subsets of K. □ Theorem 3.1 has been proven under the assumption that the space X is separable and f satisfies (A1). Its conclusion still holds in spaces which are not necessarily separable provided that the function f satisfies (A2). In order to show this we need the following result.

Lemma 3.3: Assume that the function f satisfies condition (A2). Suppose that {x_n}^∞_{n=1} ⊂ K is bounded, {ϵ_n}^∞_{n=0} ⊂ (0, ∞), lim_{n→∞} ϵ_n = 0, {z_n}^∞_{n=1} ⊂ K, and that for each integer n ≥ 1, the function D_f (z_n, ·) : K → R^1 is convex and lower semicontinuous. If for any integer n > 0 and for each integer i ≥ 1, there exist vectors y^′_i ∈ K and y^{′′}_i ∈ X such that

x_i = y^′_i + y^{′′}_i , (39) and lim sup i→∞ D_f (z_n, y^′_i) < ϵ_n and lim sup_{i→∞} ||y^{′′}_i || < ϵ_n, (40)

then there exists a vector x_∗ ∈ K such that the sequence {x_n}^∞_{n=1} converges weakly and the sequence {z_n}^∞_{n=1} converges strongly to x_∗.

Proof. Let x_∗ be a weak subsequential limit of the bounded sequence {x_i}^∞_{i=1} and let {x_{ij} }^∞_{j=1} be a subsequence of {x_i}^∞_{i=1} which converges weakly to x_∗. Fix an integer n ≥ 1. It follows from (39) and (40) that there exists a positive integer j(n) such that D_f (z_n, y^′_{ij} ) ≤ ϵ_n and ||y^′_{ij} − x_{ij} || ≤ ϵ_n for all j ≥ j(n). Taking into account the weak lower semicontinuity of the norm and the convexity and lower semicontinuity of D_f (z_n, ·), and extracting a subsequence if necessary, we deduce that there exists a vector ȳ_n ∈ K such that D_f (z_n, ȳ_n) ≤ ϵ_n and ||ȳ_n − x_∗|| ≤ ϵ_n. Hence, by (A2), it follows that {z_n}^∞_{n=1} converges strongly to x_∗. Consequently, any subsequential weak limit of {x_n}^∞_{n=1} is necessarily the strong limit of {z_n}^∞_{n=1}. This implies that {x_n}^∞_{n=1} converges weakly to x_∗. □ With this result in mind, we proceed to establish generic weak convergence of powers for the operators in M^f_u(K) under the assumption (A2) regarding f.

Theorem 3.2: If the function f satisfies condition (A2), then there exists a set F ⊂ M^f_u(K) which is a countable intersection of open everywhere dense sets in M^f_u(K) such that, for each B ∈ F , there exists a fixed point z_∗ ∈ K of the operator B which has the property that all the orbits { B^ix }_∞ i=1 with x ∈ K converge weakly to z_∗.

Proof. Fix θ ∈ K and, for each integer i ≥ 1, set K_i = {x ∈ K : ||x − θ|| ≤ i}. Let T ∈ M^f_u(K), γ ∈ (0, 1), and let n ≥ 1 be an integer. If z_T ∈ Nexp_f (T ) is such that condition (III) is satisfied, then, by Lemma 3.1, there exist an open neighborhood U(T, γ, n) of T_γ in M_u(K) and a natural number N(T, γ, n) such that for each S ∈ U(T, γ, n), each x ∈ K_n, and each integer j ≥ N(T, γ, n), there exist vectors y^{(j)}_1 ∈ K and y^{(j)}_2 ∈ X with the property that

S^j x = y^{(j)}_1 + y^{(j)}_2 , D_f (z_T , y^{(j)}_1 ) ≤ 2^{−n}, and ||y^{(j)}_2 || ≤ 2^{−n}. (41)

Also, for each S ∈ U(T, γ, n) and each x ∈ K_n, we have ‖Sx − T_γ x‖ ≤ 2^{−n}. (42) Define F = [∩^∞_{q=1} ∪ {U(T, γ, q) : T ∈ M^f_u(K), γ ∈ (0, 1)}] ∩ M^f_u(K). Clearly, F is a countable intersection of open everywhere dense sets in M^f_u(K). Consider an operator B ∈ F. For each integer q ≥ 1, there exist T_q ∈ M^f_u(K) and γ_q ∈ (0, 1) such that B ∈ U(T_q , γ_q, q). Let x ∈ K. According to (41) and condition (III), the sequence {B^ix}^∞_{i=1} is bounded. For any positive integer q, let z_{Tq} ∈ Nexp_f (T_q ) be such that condition (III) holds with T_q instead of T. Lemma 3.3 (applied with z_i = z_{Ti} , x_i = B^ix, ϵ_i = 2^{−i}, i = 1, 2, . . . ), when combined with (41), implies that {B^ix}^∞_{i=1} converges weakly and that the sequence {z_{Tq} }^∞_{q=1} converges strongly to the same point z_∗. Since x is an arbitrary element of K, it follows that all the orbits { B^ix }_∞ i=1 with x ∈ K converge weakly to the same limit z_∗. Now observe that Bz_∗ − z_∗ = ( Bz_∗ − Bz_{Tq} ) + ( Bz_{Tq} − z_{Tq} ) + ( z_{Tq} − z_∗ ) = ( Bz_∗ − Bz_{Tq} ) + ( z_{Tq} − z_∗ ) + ( Bz_{Tq} − T_{q,γq} z_{Tq} ) + ( T_{q,γq} z_{Tq} − z_{Tq} ) = ( Bz_∗ − Bz_{Tq} ) + ( z_{Tq} − z_∗ ) + ( Bz_{Tq} − T_{q,γq} z_{Tq} ) , where T_{q,γq} is given by (23). Note that Bz_∗ − Bz_{Tq} and z_{Tq} − z_∗ converge strongly to zero as q → ∞ because {z_{Tq} }^∞_{q=1} converges strongly to z_∗ and B is continuous. Since for each positive integer q, we have that B ∈ U(T_q , γ_q , q) and (42) holds for B instead of S, and T_q and γ_q instead of T and γ, respectively, we also deduce that Bz_{Tq} − T_{q,γq} z_{Tq} converges strongly to zero and this completes the proof. □

ACKNOWLEDGEMENTS

The work of the first two authors was partially supported by the Israel Science Foundation founded by the Israel Academy of Sciences and Humanities (Grants 293/97 and 592/00). The second author was also partially supported by the Fund for the Promotion of Research at the Technion and by the Technion VPR Fund.

References

[1] Baillon J.B.; Bruck R.E.; Reich S. On the asymptotic behavior of nonexpansive mappings and semigroups in Banach spaces. Houston J. Math. 1978, 4, 1-9.

[2] Bauschke H.H.; Combettes P.L. A weak-to-strong convergence principle for Fejér monotone methods in Hilbert spaces. Math. Oper. Res. 2001, 26, 248-264.

[3] Bruck R.E.; Reich S. Nonexpansive projections and resolvents of accretive operators in Banach spaces. Houston J. Math. 1977, 3, 459-470.

[4] Bruck R.E.; Kirk W.A.; Reich S. Strong and weak convergence theorems for locally nonexpansive mappings in Banach spaces. Nonlinear Anal. 1982, 6, 151-155.

[5] Bruck R.E.; Kuczumow T.; Reich S. Convergence of iterates of asymptotically nonexpansive mappings in Banach spaces with the uniform Opial property. Colloquium Math. 1993, 65, 169-179.

[6] Butnariu D.; Censor Y.; Reich S. Iterative averaging of entropic projections for solving stochastic convex feasibility problems. Comput. Optim. Appl. 1997, 8, 21-39.

[7] Butnariu D.; Iusem A.N. Local moduli of convexity and their application to finding almost common fixed points of measurable families of operators. In Recent Developments in Optimization Theory and Nonlinear Analysis, Y. Censor; S. Reich, Eds.; Contemporary Mathematics 204; American Mathematical Society: Providence, R.I., 1997; 61-91.

[8] Butnariu D.; Iusem A.N. Totally Convex Functions for Fixed Points Computation and Infinite Dimensional Optimization. Kluwer Academic Publishers: Dordrecht, 2000.

[9] Butnariu D.; Iusem A.N.; Burachik R.S. Iterative methods of solving stochastic convex feasibility problems and applications. Comput. Optim. Appl. 2000, 15, 269-307.

[10] Butnariu D.; Iusem A.N.; Resmerita E. Total convexity of the powers of the norm in uniformly convex Banach spaces. J. Conv. Anal. 2000, 7, 319-334.

[11] Butnariu D.; Iusem A.N.; Zalinescu C. On uniform convexity, total convexity and the convergence of a proximal point and an outer Bregman projection method in Banach spaces. J. Conv. Anal. 2003, 10, to appear.

[12] Butnariu D.; Markowicz I. A relaxed Cimmino type method for computing almost common fixed points of totally nonexpansive families of operators. Semin. on Fixed Point Theory. 2002, 3, 149-155.

[13] Butnariu D.; Reich S.; Zaslavski A.J. Generic power convergence of operators in Banach spaces. Numer. Funct. Anal. and Optim. 1999, 20, 629-650.

[14] Butnariu D.; Reich S.; Zaslavski A.J. Asymptotic behavior of relatively nonexpansive operators in Banach spaces. J. Appl. Anal. 2001, 7, 151-174.

[15] Butnariu D.; Reich S.; Zaslavski A.J. Asymptotic behavior of quasinonexpansive mappings. In Inherently Parallel Algorithms in Feasibility and Optimization and their Applications; Butnariu D., Censor; Y., Reich S., Eds.; Elsevier: Amsterdam, 2001; 49-68.

[16] Butnariu D.; Resmerita E. The outer Bregman projection method for stochastic feasibility problems in Banach spaces. In Inherently Parallel Algorithms in Feasibility and Optimization and their Applications; Butnariu D., Censor; Y., Reich S., Eds.; Elsevier: Amsterdam, 2001; 69-87.

[17] Censor Y.; Lent A. An iterative row-action method for interval convex programming. J. Optim. Theory Appl. 1981, 34, 321-353.

[18] Censor Y.; Reich S. Iterations of paracontractions and firmly nonexpansive operators with applications to feasibility and optimization. Optimization 1996, 37, 323-339.

[19] Censor Y.; Zenios S.A. Parallel Optimization. Theory, Algorithms, and Applications. Oxford University Press: New York, 1997.

[20] De Blasi F.S.; Myjak J. Sur la convergence des approximations successives pour les contractions non linéaires dans un espace de Banach. C. R. Acad. Sci. Paris. 1976, 283, 185-187.

[21] De Blasi F.S.; Myjak J. Some generic properties in fixed point theory. J.

Math. Anal. Appl. 1979, 71, 161-166.

[22] De Blasi F.S.; Myjak J. Generic flows generated by continuous vector fields in Banach spaces. Adv. Math. 1983, 50, 266-280.

[23] Diestel J. Geometry of Banach Spaces - Selected Topics. Springer Verlag, Berlin, 1975.

[24] Deutsch F. Best Approximations in Inner Product Spaces. Springer Verlag:

New York, 2001.

[25] Garcia Falset J.; Kaczor W.; Kuczumov T.; Reich S. Weak convergence theorems for asymptotically nonexpansive mappings and semigroups. Nonlinear Anal. 2001, 43, 377-401.

[26] Goebel K.; Reich S. Uniform Convexity, Hyperbolic Geometry, and Nonexpansive Mappings. Marcel Dekker: New York, 1984.

[27] Myjak J. Orlicz type category theorems for functional and differential equations. Dissertationes Math. (Rozprawy Mat.) 1983, 206, 1-81.

[28] Reich S. Weak convergence theorems for nonexpansive mappings in Banach spaces. J. Math. Anal. Appl. 1979, 67, 274-276.

[29] Reich S. A limit theorem for projections. Linear and Multilinear Algebra.

1983, 13, 281-290.

[30] Reich S. Averaged mappings in the Hilbert ball. J. Math. Anal. Appl. 1985, 109, 199-206.

[31] Reich S. A weak convergence theorem for the alternating method with Bregman distances. In Theory and Applications of Nonlinear Operators of Accretive and Monotone Type; A.G. Kartsatos, Ed.; Marcel Dekker: New York, 1996; 313-318.

[32] Reich S.; Rubinov A.; Zaslavski A.J. Generic power convergence of order preserving mappings. Nonlinear Anal. 2000, 40, 537-547.

[33] Reich S.; Shafrir I. The asymptotic behavior of firmly nonexpansive mappings. Proc. Amer. Math. Soc. 1987, 101, 246-250.

[34] Reich S.; Zaslavski A.J. Convergence of generic infinite products of nonexpansive and uniformly continuous operators, Nonlinear Anal. 1999, 36, 1049-1065.

[35] Reich S.; Zaslavski A.J. Asymptotic behavior of dynamical systems with convex Lyapunov function. J. Nonlinear Conv. Anal. 2000, 1, 107-113.

[36] Reich S.; Zaslavski A.J. Generic convergence of descent methods in Banach spaces. Math. Oper. Res. 2000, 25, 231-242.

[37] Reich S.; Zaslavski A.J. Infinite products of resolvents of accretive operators. Topol. Methods in Nonlinear Analysis. 2000, 15, 153-168.

[38] Reich S.; Zaslavski A.J. Almost all nonexpansive mappings are contractive.

C.R. Math. Rep. Acad. Sci. Canada. 2000, 22, 118-124.

[39] Reich S.; Zaslavski A.J. Generic convergence of infinite products. J. Nonlinear Conv. Anal. 2001, 2, 111-127.

[40] E. Resmerita On total convexity, Bregman projections and stability in Banach spaces. 2002, preprint.

[41] Zaslavski A.J. Dynamic properties of optimal solutions of variational problems. Nonlinear Anal. 1996, 27, 895-932.

[42] Zaslavski A.J. Existence of solutions of optimal control problems for a generic integrand without convexity assumptions. Nonlinear Anal. 2001, 43, 339-361.