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In this paper we study the stability and convergence of a regularization method
for solving inclusions f € Ax, where 4 is a maximal monotone point-to-set
operator from a reflexive smooth Banach space X with the Kadec-Klee
property to its dual. We assume that the data 4 and f'involved in the inclusion
are given by approximations 4* and f* converging to 4 and f; respectively,
in the sense of Mosco type topologies. We prove that the sequence
x* = (4" +a,J*)" f* which results from the regularization process converges
weakly and, under some conditions, converges strongly to the minimum norm
solution of the inclusion f € Ax, provided that the inclusion is consistent.
These results lead to a regularization procedure for perturbed convex
optimization problems whose objective functions and feasibility sets are given
by approximations. In particular, we obtain a strongly convergent version of
the generalized proximal point optimization algorithm which is applicable to
problems whose feasibility sets are given by Mosco approximations
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1. INTRODUCTION

Let X be a reflexive, strictly convex and smooth Banach space with the
Kadec-Klee property (i.e., such that if a sequence {xk }k . in X converges

weakly to some xeX, then {xk }k ., converges strongly whenever

lim ka H = ||x||) and let X~ be the dual of X . Given a maximal monotone

k—o

mapping 4:X — 2% and an element fe X", we consider the following
problem

Find x € X such that f € Ax. (D

Problems like (1) are often ill-posed in the sense that they may not have
solutions, may have infinitely many solutions and/or small data perturbations
may lead to significant distortions of the solution sets. A regularization
technique, whose basic idea can be traced back to Browder [16] and
Cruceanu [23], consists of replacing the original problem (1) by the problem

Find z* € X such that f € (4+aJ")z", 2)

where « is a positive real number and J* : X — X~ is the duality mapping
of gauge u defined by the equations

(3y)=y

y" and HJ”y

= (). )

*

while g :[0,+00) —[0,+0) is supposed to be continuous, strictly increasing,
having #(0)=0 and lim,  u(t)=+. One does so for several reasons.
First, since the mapping A+ aJ* is surjective and (A+aJ” ]71 is single

valued (cf. [22, Proposition 3.10, p. 165]), the regularized problem (2) has
unique solution (even if the inclusion (1) has no solution at all). Second, it

follows from [47, p. 129] and [23] that, if {a,| _ is a sequence of positive

real numbers and lim

keN
a, =0 then by solving (2) for a =¢, one finds

k—o

vectors z% converging to a solution of (1) provided that this inclusion is

-1
consistent. Third, the operator (A+aJ “] is continuous and, therefore,
small perturbations of f will not make the vector z“ be far from the

theoretical solution [A+aJ”]71 f of (2). In applications it frequently



Convergence and Stability of a Regularization Method for Maximal 3
Monotone Inclusions and Its Applications to Convex Optimization

happens that not only f but also the operator 4 involved in (1) can be

approximated but not precisely computed. This naturally leads to the
question whether the regularized inclusion (2) is stable, that is, whether by
solving instead of the regularized inclusion (2) a sequence of regularized
inclusions

fed +aJ")x

in which 4*: X - 2% are maximal monotone operators approximating A4
and f* approximates f , the sequence of corresponding solutions

=4 v a ) @)

still converges to a solution of (1) when lim, , a, =0 and the original
inclusion (1) is consistent. This question was previously considered by
Lavrentev [36] who dealt with it in Hilbert spaces under the assumption that
A is linear and positive semidefinite, *Dom 4= X and u(¢)=¢/2. In Alber
[1] the problem appears in a more general context but under the assumption
that the operator A is defined on the whole Banach space X.

The main purpose of this paper is to show that if the approximations 4"
and f* satisfy some quite mild requirements, then the answer to the

question posed above is affirmative, i.e., the sequence {xk }k . defined by (4)

converges strongly to the minimal norm solution of (1) as o, -0 and

provided that (1) has at least one solution. Subsequently, we prove that the
stability results we have obtained for the regularization method presented
above apply to the resolution of convex optimization problems with
perturbed data and, in particular, to produce a strongly convergent version of
a proximal point method.

The stability results proved in this work (see Section 2) do not make
additional demands on the data of the original inclusion (1) besides the
assumption that 4 is maximal monotone. The conditions under which we
prove those results only concern the quality of the approximations 4* and
f*. They ask that either the Mosco weak upper limit (as defined in [45]) or
the weak-strong upper limit (introduced in Subsection 2.1 below) of the

sequence of sets {Graph(Ak ]} . be a subset of Graph(A), the later being a

ke
somewhat weaker requirement. Also, they ask for a kind of linkage of the
approximative data in the form of the boundedness of the sequence
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{odist, ( f",A"v")}k . 5)

for some bounded sequence {vk }k . in X. If approximants 4° and f*

satisfying these conditions exist, then the inclusion (1) is necessarily
consistent, the sequence {xk }k . defined by (4) is bounded and its weak

accumulation points are solutions of it (see Theorem 2.2 and Corollary 2.3).
The main stability results we prove for the proposed regularization scheme
are Theorem 2.4 and its Corollary 2.5. They show that if solutions of (1)

exist and each of them is the limit of a sequence {vk}k . such that the

sequence (5) converges to zero, then the sequence {xk }k . given by (4)

converges strongly to the minimal norm solution of (1).
When one has to solve optimization problems like that of finding a vector

x" eargmin{F(x):g,(x)<0, iel}, (6)

where the functions F, g :X —(—o,+o] are convex and lower
semicontinuous, perturbations of data are inherent because of imprecise
computations and measurements. Since problems like (6) may happen to be
ill-posed, replacing the original data F and g, by approximations F, and
g’ may lead to significant distortions of the solution set. In Section 3 we
consider (6) and its perturbations in their subgradient inclusion form. We
apply the stability results presented in Section 2 for finding out how “good”
the approximative data F, and g’ should be in order to ensure that the
vectors x* resulting from the resolution of the regularized perturbed
inclusions strongly approximate solutions of (6). Theorem 3.2 answers this
question. It shows that for this to happen it is sufficient that the perturbed
data would satisfy the conditions (A4) and (B) given in Subsection 3.1.
Condition ( A4) asks for sufficiently uniform point-wise convergence of F;
to F. Condition (B) guarantees weak-strong upper convergence of the
feasibility sets of the perturbed problems to the feasibility set of the original
problem. Proposition 3.6 provides a tool for verifying the validity of
condition ( B) in the case of optimization problems with affine constraints as
well as in the case of some problems of semidefinite programming.

In Section 4 we consider the question whether or under which conditions
the generalized proximal point method for optimization which emerged from
the works of Martinet [43], [44], Rockafellar [52] and Censor and Zenios
[21] can be forced to converge strongly in infinite dimensional Banach
spaces. The origin of this question can be traced back to Rockafellar’s work
[52]. The relevance of the question emerges from the role of the proximal
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point method in the construction of augmented Lagrangian algorithms (see
[53], [18, Chapter 3] and [30]): in this context a better behaved sequence
obtained by regularization of the proximal point method may be of use in
order to determine better approximations for a solution of the primal
problem. It was shown by Butnariu and ITusem [17] that in smooth uniformly
convex Banach spaces the generalized proximal point method converges
subsequentially weakly, and sometimes weakly, to solutions of the
optimization problem to which it is applied. However, it follows from the
work of Giiler [28] that the sequences generated by the proximal point
method may fail to converge strongly. The generalized proximal point
method essentially consists of solving a sequence of perturbed variants of the
given convex optimization problem. We apply the results established in
Section 3 in order to prove that by regularizing the perturbed problems via

the scheme studied in this paper we obtain a sequence {(yk ,xk)}k . in

X x X such that, when the optimization problem is consistent, {F " )}keN

converges to the optimal value of F and {xk }k . converges strongly to the

minimum norm optimal solution of the original optimization problem.

The stability of the regularization scheme represented by (2) was studied
before in various settings, but mostly as a way of regularizing variational
inequalities involving maximal monotone operators (which, in view of
Minty’s Theorem, can be also seen as a way of regularizing inclusions
involving maximal monotone operators). Mosco [45], [46], Liskovets [39],
[40], [41], Ryazantseva [54], Alber and Ryazantseva [6], Alber [2], Alber
and Notik [5] have considered the scheme under additional assumptions (not
made in our current work) concerning the data 4 and f (as, for instance,

some kind of continuity or that the perturbed operators A* and 4 should
have the same domains). The stability results they have established usually
require Hausdorff metric type convergence conditions for the graphs of A4*.
Also under Hausdorff metric type convergence conditions, but with no
additional demands on the operator A than its maximal monotonicity, strong

convergence of the regularized sequence {xk }k N defined by (4) to the

minimal norm solution of (1) was proven by Alber, Butnariu and
Ryazantseva in [4]. Recently, weak convergence properties of this
regularization scheme were proved by Alber [3] under metric and Mosco
type convergence assumptions on the approximants. By contrast, we

by
keN
exclusively using variants of Mosco type convergence for the approximants.

The stability of regularization schemes applied to ill-posed problems is a
multifaceted topic with multiple applications in various fields as one can see

establish here strong convergence of the regularized sequence {xk }
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from the monographs of Lions and Magenes [37], Dontchev and Zolezzi
[24], Kaplan and Tichatschke [31], Engl, Hanke and Neubauer [27],
Showalter [55], and Bonnans and Shapiro [14]. We prove here that the
regularization scheme (4) has strong and stable convergence behavior under
undemanding conditions and that it can be applied to a large class of convex
optimization problems. An interesting topic for further research is to find out
whether and under which conditions this regularization scheme works when
applied to other problems like, for instance, differential equations [55],
inverse problems [27], linearized abstract equations [14, Section 5.1.3.], etc.
which, in many circumstances, can be represented as inclusions involving
maximal monotone operators. Convergence of the regularization scheme (4)
may happen to be slow (as shown by an example given in [4]). Its rate of
convergence seems to depend not only on the properties of 4° and f* but
also on the geometry of the Banach space X in which the problem is set. It
is an interesting open problem to evaluate the rate of convergence of the
regularization scheme discussed in this work in a way similar to that in
which such rates were evaluated for alternative regularization methods by
Kaplan and Tichatschke [34], [33], [32] and [42]. Such an evaluation may
help decide for which type of problems and in which settings application of
the regularization scheme (4) is efficient.

The convergence and the reliability under errors of the generalized
proximal point method in finite dimensional spaces was systematically
studied along the last decade (see [25], [26] and see [29] for a survey on this
topic). In infinite dimensional Hilbert spaces repeated attempts were recently
made in order to discover how the problem data should be in order to ensure
that the generalized proximal point method converges weakly or strongly
under error perturbations (see [8], [9], [15], [30]). Projected subgradient type
regularization techniques meant to force strong convergence in Hilbert
spaces of Rockafellar’s classical proximal point algorithm were discovered
by Bauschke and Combettes [12, Corollary 6.2] and Solodov and Svaiter
[57]. The regularized generalized proximal point method we propose in
Section 4 works in non Hilbertian spaces too. It presents an interesting
feature which can be easily observed from Theorem 4.2 and Corollary 4.3: if
X is uniformly convex, smooth and separable, then by applying the
regularized generalized proximal point method (60) one can reduce
resolution of optimization problems in spaces of infinite dimension to
solving a sequence of optimization problems in spaces of finite dimension
whose solutions will necessarily converge strongly to the minimal norm
optimum of the original problem.
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2. CONVERGENCE AND STABILITY ANALYSIS FOR
MAXIMAL MONOTONE INCLUSIONS

2.1 We start our discussion about the stability of the regularization scheme
(2) by recalling (see [45, Definition 1.1]) that a sequence {Sk} oy Of subsets

of X is called convergent (in Mosco sense) if
w—lim S, =s-lim S,

where s—1lim S, represents the collection of all y € X' which are limits (in
the strong convergence sense) of sequences with the property that x* € S,
for all keN and w—ﬁSk denotes the collection of all xe X such that

there exists a sequence { P }k . in X converging weakly to x and with the

property that there exists a subsequence |S, }k , of {S,],., such that

y" €S, forall keN.In this case, the set

S:=s5s-lim S, =W—ﬁlSk

is called the /imit of |S, |, . and is denoted S = LimS,.

By analogy with Mosco’s w—lim we introduce the following notion of
limit for sequences of sets contained in X x X~ . This induces a form of
graphical convergence for point-to-set mappings from X to X" which we
use in the sequel. For a comprehensive discussion of other notions of
convergence of sequences of sets see [13].

Definition. The weak-strong upper limit of a sequence {U, |, _ of subsets of

X x X", denoted ws—1lim U ,» 1s the collection of all pairs (x,y)e X x X~

for which there exists a sequence {xk }k . contained in X which converges
weakly to x and a sequence { P }k . contained in X° which converges
strongly to y and such that, for some subsequence {U,,k ]k . of {U k} ey WE

eN
have (x*,)")e U, forall keN.

It is easy to see that, if A" X > X', keN,isa sequence of point-to-set
mappings then the weak-strong upper limit of the sequence
U, =Graph(4"], keN, is the set U of all pairs (x,y)e X x X" with the
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property that there exists a sequence {(xk, y )}k = X x X" such that

{xk }/ . converges weakly to x in X, {yk}k . converges strongly to y in

X" and, for some subsequence {A’*‘ }k . of{Ak }keN we have

Y e A+ (x"), VkeN.

Therefore, in virtue of [11, Proposition 7.1.2.], the graphical upper limit
, lim? 4", considered in [11, Definition 7.1.1],

k—o

of the sequence {Ak}

keN

the weak-strong upper limit ws —lim Graph[Akj and the Mosco upper limit

w— EGmph [A" j are related by
Graph[limz_m/lk ) < ws —lim Graph[Ak ) c w—lim Gmph[Ak ) @)

As noted in the Introduction, a goal of this work is to establish
convergence and stability of the regularization scheme (4) under
undemanding convergence requirements for the approximative data 4* and
f*. As far as we know, the most general result in this respect is that
presented in [4 Section 2]. It guarantees convergence and stability of the
regularization scheme (4) under the requirement that the maximal monotone
operators A" approximate the maximal monotone operator A in the sense
that there exist three functions a,g,{:R, >R, , where ¢ is strictly
increasing and continuous at zero, such that for any (x,y)e Graph(A) and
for any k€N, there exists a pair (x*,y")e Graph[A"j with the property
that

Hx —xt H < a(”x")k‘l and Hy -

Se(yog ™. ®)

Clearly, if this requirement is satisfied, then

Graph (4) < Graph(lim,_,, 4", )

where lim; A" stands for the graphical lower limit of the sequence
{A" }k . (see [11, p. 267]). Since the mappings A* and 4 we work with are

maximal monotone, Proposition 7.1.7 from [11] applies and, due to (9), it
implies that A4 is exactly the graphical limit of the sequence {Ak}k . that is,
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A=lim,_ A" =lim|_ A" (10

In this section we show that convergence and stability of the
regularization scheme (4) can be ensured under conditions that are much less
demanding than the locally uniform graphical convergence (8). In fact, we
prove convergence and stability of the scheme (4) by requiring (see (16)
below) less than the graphical convergence (10). This allows us to apply the
regularization scheme to a wide class of convex optimization problems as
shown in Sections 3 and 4.

All over this paper we denote by :[0,+0)—[0,+0) a gauge function
with the property that the following limit exists and we have

im#® 5 o, 11

>0 t

The duality mapping of gauge y is denoted J*, as usual.

2.2 The next result shows that, under quite mild conditions concerning
the mappings 4" and the vectors f*, the sequence {x"}k . generated in X

according to (4) is well defined, bounded and that its weak accumulation
points are necessarily solutions of (1).

Theorem. Let {ak} .y be a bounded sequence of positive real numbers.

Suppose that, for each keN, the mapping A*:X —2° is maximal
monotone. Then the following statements are true:
(i) The sequence Jlx" }k . given by (4) is well defined;

(ii) If there exists a bounded sequence {vk }k . in X such that the

sequence (5) is bounded, then the sequence Jlx" }k . is bounded too

and has weak accumulation points;,
(7i1) If, in addition to the requirements in (ii), we have that the

k
sequence {ak}keN converges to zero, the sequence { f }keN

converges weakly to f in X" and

w—lim Graph(Akngmph(A), (12)
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then the problem (1) has at least one solution and any weak
accumulation point of {xk }k . is a solution of it.

Proof. Since the mappings A4° are maximal monotone it follows that
A"+, J" are surjective and [A" +a,J ”]_1 are single valued. Hence, the
sequence {xk }ng is well defined. In order to show that this sequence is
bounded, observe that, for each k e N, there exists a function A* e 4*x*
such that

fE=h a5 (13)

The sets A“v* are nonempty because, otherwise, the sequence (5) would be
unbounded. Also, these sets are convex and closed. Hence, for each ke N
there exists g* € A*v* such that

g = £ =dist,(f*, 4V"). (14)
Taking into account that A" is monotone, we deduce

<hk —ghx* —vk>20.
Hence,
K xE =V

<g",xk—vk>£ =<fk—akJ”xk,xk—vk>

k k

k
, X' —V

< )

< >—ak<J”xk,xk >+ak<J”xk,v">
< fxt =t >—ak,u[ka HJka H+ak<J”xk,vk>
=)

ot = el oo e [ ]

< ,xk—vk

b

where the first equality follows from (13) and the third equality, as well as
the last inequality, follows from (3). By consequence,

a2 |- b - gt -v)
(15)

Ska_gk NG

x| -gt

* *
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for all ke N. Suppose, by contradiction, that {xk }k . is unbounded. Then,

€

for some subsequence { x* } of it we have lim, , |x"*
keN

€

=+00. From (15) we

deduce that, for sufficiently large k£, we have

el

/

SL [ —g" [1+L},
et el

where, according to (14) and the hypothesis, the sequence {a;H =g

x| ="

x'*

*}keN

is bounded. Taking on both sides of this inequality the upper limit as k& — o
and taking into account (11), (14) and the boundedness of {v" }k ., one gets

that the limit on the left hand side is +o0 while that on the right hand side is
finite, that is, a contradiction. This shows that {xk} . is bounded and, since

Ke

X is reflexive, {x" }k . has weak accumulation points.

€

Now, assume that {, |, converges to zero, { f k}/ , converges weakly

*}keN

converges to  zero  because o .y  converges to  zero,

M =sup,_, a; dist,(f*, 4*V") is finite and

keN

to f in X" and (12) also holds. Observe that the sequence {H g -7

| gt < e,

for all keN. Consequently, since { I "}keN converges weakly to f, we
deduce that {g" }kEN converges weakly to f too. Let v be a weak
accumulation point of the sequence {v"}keN and denote by {v"" }keN a
subsequence of {vk}kEN converging weakly to v. Since for any ke N we
have (v,g")e Graph[Ai" ], condition (12) implies that (v, )€ Graph(A),
i.e., v is a solution of (1). Let x be a weak accumulation point of {xk }

keN

and let Jlxjk }k . be a subsequence of {xk }k . which converges weakly to x.

€

Note that for any z < X we have
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(2. f =W ) =\zf = ")+ (2 f* = 0)
=<z,f—f">+ak <Z,J"xk>

=S

k
Jx

IA

+ald |

b
I

where the last sum converges to zero as k —oo. This shows that the
sequence {hk}k , converges weakly to f. Hence, the sequence
{(xj",hj")}k , converges weakly to (x,f) in X xX". Since we also have

that k' e A%x” for all keN, condition (12) implies that
(x,f)e Graph(A), that is, x is a solution of (1).

2.3 Condition (12) involved in Theorem 2.2 is difficult to verify in
applications as those discussed in Section 3 below. We show next that this
condition can be relaxed at the expense of strenghtening the convergence

requirements for { fr }k . Note that in view of (7) condition (16) below is

weaker than (12). Precisely, we have the following result:

Corollary. Let {ak } o be a sequence of positive real numbers converging to

zero. Suppose that, for each k €N, the mapping A*: X — 2% is maximal
monotone and that there exists a bounded sequence {vk }k . in X such that
the sequence (5) is bounded. Then the sequence {xk }k N given by (4) is well

defined, bounded and has weak accumulation points. If, in addition, the
sequence { fh }k ., converges strongly to f in X* and

ws —lim Graph[Ak)gGmph(A), (16)

then the problem (1) has solutions and any weak accumulation point of

k . . .
{x }keN is a solution of it.

Proof. Well definedness and boundedness of the sequence {xk }k N results

from Theorem 2.2. Exactly as in the proof of Theorem 2.2 we deduce that
for each k e N there exist #* € A*x" and g" € 4V* such that (13) and (14)

hold. Observe that the sequence {gk}k . converges strongly to f because
of (14) and the boundedness of (5). It remain to show that, under the
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assumptions that { & }k ., converges strongly to f* and (16) holds, any weak
accumulation point of {xk }k . is a solution of (1). Let v be a weak
accumulation point of the sequence {v" }k . (such a point exists because
{vk} is bounded and X is reflexive) and denote by {vi"} a

keN keN

subsequence of {vk}k . converging weakly to v. Since for all ke N we
have (v,g")e Graph[Ai" ], condition (16) implies that (v, )€ Graph(A),
i.e., v is a solution of (1). Let x be a weak accumulation point of {xk }

ke

and let Jlxjk }k . be a subsequence of {xk }k N which converges weakly to x.

Note that, according to (13), we have

|-t

N VA R
Af = s e

5

b
5

where the last sum converges to zero as k — oo, because {x" }k . is bounded
(and, hence, so is {J “xk }k N) and the sequence { & }k ., converges to f by
hypothesis. Therefore, the sequence {hk }k ., converges strongly to f. Since

we also have that 4" e 4*x* for all keN, condition (16) implies that
(x, f) € Graph(A), thatis, x is a solution of (1). O

2.4 If problem (1) has only one solution (as happens, for instance, when
A 1is strictly monotone), then Theorem 2.2 guarantees weak convergence of

the whole sequence {xk }k . However, in general, we do not know whether
the whole sequence {x"}k . converges weakly. The next result shows that

not only weak convergence, but also strong convergence of {xk }k , foa

solution of (1) can be ensured provided that any element of 47'f (the
solution set) is the limit of a sequence {v"}] . satisfying (17) below. In view

of the remarks in Subsection 2.1, this result improves upon Theorem 2.2 in

[4].
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Theorem. Suppose that problem (1) has at least one solution and that the
sequence of positive real numbers {ak} oy Converges to zero. If
A" X -2, keN, are maximal monotone operators with the property
(12), if { fh }keN is a sequence converging weakly to f in X" and if, for
each ve A™' f, there exists a sequence {vk }keN which converges strongly to

v in X and such that

0es—Lim i[A"v"—fk], (17)
a,

then the sequence {xk }k . given by (4) is well defined and converges

strongly to  the minimal norm  solution of problem (1)

Proof. The assumption that problem (1) has solutions implies, in our current
setting, the existence of a bounded sequence {vk }k . as required by Theorem

2.2. Observe that, since (17) holds, the sequence {ak"dist*(fk,Akvk)}k .

converges to zero and, therefore, it is bounded. Hence, one can apply
Theorem 2.2 in order to deduce well definedness and boundedness of

{xk }k . and the fact that any weak accumulation point of it is a solution of
(1). Note that, since A is maximal monotone, 4" is maximal monotone too
and, therefore, the set A™'f, which is exactly the presumed nonempty

solution set of problem (1), is convex and closed. The space X is reflexive
and strictly convex and, therefore, the nonempty, convex and closed set

A”'f contains a unique minimal norm element X (the metric projection of
0 onto the set A /). We show that the only weak accumulation point of
{xk} is x. To this end, let {xi"}

keN k

converges weakly to some xeX. According to Theorem 2.2, x is

be a subsequence of {x"} which
N keN

€

necessarily contained in 47" f. If x =0, then this is necessarily the minimal
norm element of A47'f, i.e., x=X. Suppose that x#0. Let v be any other

solution of problem (1). By hypothesis, there exists a sequence {v"}k .

converging strongly in X to v and such that, for some sequence {l"}k .

with /* € 4°V" for each k € N, we have
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1imi(zk -rt)=0. (18)

k—o© al
k

Clearly,

0 <lx]| <= lim inf " |
and there exists a subsequence {x” I of Ix*|  such that
Jken Jken

lim inf x* || = lim x" . (19)

k—o k—

The subsequence {x’k }k . is still weakly convergent to x and has

lim 1nf” H

P =t =t (20)

k—w

0< () <

because 4 is continuous and increasing (as being a gauge function). For
each ke N, let 4" € A*x" be the function for which (13) is satisfied. These
functions exist because {xk }k N is well defined. Due to the monotonicity of

A", we have

0k =15 5t V)= f* =@ 5" =1 xF =)
=<fk—lk, —v >—ak<J”xk x">+ak<J“ k k>

S<fk —l",x -V >—ak,u[Hx H]Hx H+aky{ux H]“v H,

where the first equality results from (13) and the last inequality follows from
(3). This implies

k k 1 k k _k k k k
e Dl oAt =t v e e L @n
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where the first term of the right hand side converges to zero as k —

because of (18) and because of the boundedness of {vk }k . and {xk }k .

Replacing k£ by j, in this inequality, we deduce that for £ large enough

e @

=<

Letting here &k — o we get

< lirn”v""‘ “ =|

k—x

||x|| < lim||x’

k—x

Y

b

because {vk }k ., converges strongly to v and because of (19). Since v is an
arbitrarily chosen solution of problem (1), it follows that x = x . Hence, the

sequence {xk }k ., converges weakly to X.
€
It remains to show that {xk }k ., converges strongly. To this end, observe

that, since {xk }k . converges weakly to x and since X is a space with the

Kadec-Klee property, it is sufficient to show that {ka } converges to ||)?||
keN

In other words, it is sufficient to prove that all convergent subsequences of

converge to ||)_c|| In order to prove that, let

o 1

the bounded sequence {ka H}

=1,

to 0, then

keN

Pr xl’k

converges

be a convergent subsequence of {ka }
keN

X

0<|¥]<lim inf|x*| <lim|x"| =0,

k—o k—o

xP¥|l=0. Suppose now that

that is, [[¥]=1im, |

lim || x"*

k—o0

=[£>0.

Then, there exists a positive integer k, such that, for all integers k > k,, we
have Hx” g H > 0. According to (21) this implies that, for k£ >k, , one has

1

P,

1
<fl7k _ ll’k ,xl’/: _ vl’k > + HVP/: H
X

al’k

A
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Letting £ — oo in this inequality we get

||x|<11rn 1nf” “ <11m”x”" Hslim”v”"

k—w k—ow k—

=[]

Since v is an arbitrarily chosen solution of problem (1) we can take here
v=X and obtain ||x||—11rnk w” Pr H This completes the proof. O

2.5 Similarly to Corollary 2.3 ensuring that the weak accumulation points

of {xk }k \ are solutions of (1), we can use Theorem 2.4 in order to prove

strong convergence of {xk }k , foa solution of (1) when condition (12) is

replaced by the weaker requirement (16) but strenghtening the convergence

requirements on { & }/{ v
€

Corollary. Suppose that problem (1) has solutions and the sequence of

positive real numbers {ak} oy COnverges to zero. If A" x 52°, keN,

are maximal monotone operators with the property (16), if { f "}k . is a

sequence converging strongly to f in X" and if, for each ve A”' f, there

exists a sequence {vk }k . which converges strongly to v in X and satisfies

(17), then the sequence {xk }k . given by (4) is well defined and converges

strongly to the minimal norm solution of problem (1).

Proof. Well definedness and boundedness of {xk }k . as well as the fact that

€

any weak accumulation point of it is a solution of (1) result from Corollary
2.3. In order to show that {xk }k . converges strongly to the minimal norm

solution of the problem one reproduces without modification the arguments

made for the same purpose in the proof of Theorem 2.4. (|
3. REGULARIZATION OF CONVEX OPTIMIZATION
PROBLEMS

3.1 We have noted above that Theorem 2.4 and Corollary 2.5, can be of
use in order to prove stability properties of the procedure (4) applied to
optimization problems with perturbed data. Such properties are of interest in
applications in which the data involved in the optimal solution finding
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process are affected by computational and/or measurement errors. To make
things precise, in what follows F : X — (—o,+o] is a lower semicontinuous
convex function and Q is a nonempty, closed convex subset of
Int(Dom F'), the interior of the domain of F. We consider the following
optimization problem under the assumption that it has at least one solution:

(P) Minimize F(x) subjectto xeQ. (23)
It is not difficult to verify that by solving the following inclusion
(P') Find x € X such that 0 € 4x,

where A4:X — 2" is the operator defined by

A=0F +N, (24)

with OF denoting the subdifferential of Fand N, :X —2*" denoting the
normal cone operator associated to €2, that is,

{he X :(hz-x)<0, VzeQ} ifxeQ,
(25)

NQ(x):{

%) otherwise,

one implicity finds solutions of (P). The operators 0F and N, are maximal
monotone (cf. [51] by taking into account that N, is the subgradient of the
indicator function of the set 2). Consequently, the operator A4 is maximal
monotone too (cf. [50]).

We presume that the function F' can not be exactly determined and that,
instead, we have a sequence of convex, lower semicontinuous functions
F, : X — (-0,+x], (keN), such that

Dom F cDomF,, VkeN, (26)
and which approximates F' in the following sense:

Condition ( 4). There exists a continuous function c :[0,+w0)—[0,+0)
and a sequence of positive real numbers {3, | i Such that lim, 6, =0 and

| F (x)-F(x)|< c(||x||)5k, (27)

whenever xeDom F and ke N.
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In real world optimization problems it often happens that the set Q is
defined by a system of inequalities g,(x)<0, ie/, where g, are convex
and lower semicontinuous functions on X . The functions g, may also be
hard to precisely evaluate and, then, determining the set Q (or determining
whether a vector belongs to it or not) is done by using some (still convex and
lower semicontinuous) approximations g!, k€N, instead. In other words,
one replaces the set € by some nonempty closed convex approximations
Q,, keN,ofit. In what follows we assume that

Q, gInt(DomF), VkeN, (28)

and that the closed convex sets 0, approximate the set Q in the following
sense:

Condition ( B). The next two requirements are satisfied:

(i) For any yeQ there exists a sequence { e }k . which converges

strongly to y in X and such that y* € Q, forall ke N;

(ii) If {Zk }k . is a sequence in X which is weakly convergent and such

that for some subsequence {Q } . of ], we have z* €Q, for

i pe keN
all keN, then there exists a sequence lek }k . contained in Q

with the property that

limsz W “ =0.
k—o0

Observe that the requirement ( B(7)) is equivalent to the condition that
Qcs—lim Q,. The requirement (B (ii)) implies that w—lim Q, c Q.
Taken together, the requirements ( B(7)) and (B(ii)) imply that Q= Lim
Q,. It can be verified that the requirement ( B (ii)) is satisfied whenever
there exists a function b:.X —[0,+0) which is bounded on bounded sets,
and a sequence of positive real numbers {y,},_, converging to zero such
that for any k€ N and each zeQ,, we have that dist(z,Q) <b(z)y, . The
last condition was repeatedly used in the regularization of variational
inequalities involving maximal monotone operators (see [8]).

For each k € N, we associate to problem (23) the problem
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(P,) Minimize F, (x) subjecttoxe€),,

which can be solved by finding solutions of the inclusion
(P)) Find x" € X such that 0 e 4*x",

where the operator 4" : X — 2*"is defined by
A" =0F, + N, , (29)

and is also maximan monotone. The question is whether under the

conditions (A4),(B), (11) and presuming that {e,},  converges to zero,

keN

the sequence {x" }/ . generated according to (4) for the operators 4* given

by (29) and for f* = f =0,k €N, i.e., the sequence
o= (4 v ") (0) (30)

converges strongly to a solution of problem (P) and, hence, to a solution of
the original optimization problem (P) It should be noted that, since by
Asplund's Theorem (see, for istance, [22] we have

Jix= 8@(”}6" Wlth ¢ f ,u

determining the vectors x*defined by (30) amounts to solving the
optimization problem

(Q;) Minimize F, (x)+ a,4(|x|) subject to xeQ, (31)

By contrast to problem(P,() which may have intinitely many solutions, the
problem(Qk> always has unique solution. Moreover, by choosing u t) =2t
and, thus, ¢(t) =¢*, one ensures that the objective function of Qk) is
strongly convex and, therefore, the problem (Qk) may be better posed and
easier to solve than (F,).

3.2 We aim now towards giving an answer to the question asked in
Subsection 3.1. To this end, when D is a nonempty closed convex subset of
X and xe€ X, we denote by Proj D(x) the metric projection of x onto the
set D (this exists and it is unique by our hypothesis that the space X is
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strictly convex and reflexive). The next result shows stability and
convergence of the regularization technique when applied to convex
optimization problems. For proving it, recall that the objective function F
of the problem ( P) is assumed to be lower semicontinuous and convex and
its domain Dom F' has nonempty interior since & # Q < Int(Dom F') - (see
Subsection 3.1). Consequently, F is continuous on Int(Dom F ), for each
ernt(Dom F ), we have OF (x)# & (cf. [48]) and the right hand sided
derivative of F' at x, i.e. the function F°(x,-): X - R given by

F(x+td)-F(x)
t 9

F(x,d) :=1t1{101

is a well defined continuous seminorm on X.

Theorem. Suppose that conditions ( A) and ( B) are satisfied. If there exists

a sequence {ak} of positive real numbers converging to zero such that for

keN

each optimal solution v of (P), there exists a sequence {V'},_, with the
properties that V' € Q, forall keN and
(32)

. k . -1
llmHv - VH =0=lime,
k—o k—x

Projaﬂ( (F)+Ng, ) O »
then the sequence {x"},_, given by (30) converges strongly to the minimal
norm solution of the optimization problem ( P).

Proof. We show that Corollary 2.5 applies to the problems (P') and ( P,),
that is, to the maximal monotone operators 4 and A* defined by (24) and
(29), respectively, and to the functions f* = £ =0, (k € N) . First, we prove
that the condition (16) is satisfied. For this purpose, take
(z,h) e ws —limGraph(A" ] . Then, there exists a sequence {z'},_,
converging weakly to z in X and there exists a sequence {h‘},_,
converging strongly to /4 in X" such that for some subsequence {4"},_, of
{4}, wehave (z,h") e Graph(4") for all k € N. This means that

2 eQ, and b €0F, () + N, ('), VkeN,

or, equivalently,

' eQ, andh* =" + 6",
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with & e OF, (z") and 6" € Nﬂ,-k (z") forall ke N. We have to show that

zeQand hedF (z)+ N, (z). (33)

The sequence {z*},_, is weakly convergent to z and z* €Q, forall keN.
Therefore, according to ( B (ii)), there exists a sequence {wk }k WS Q such

that lim, sz —_— H =0. Clearly, the sequence {w'},_,, converges weakly

to z. Since the set Q is closed and convex, and therefore weakly closed, we
obtain that z € Q. In order to complete the proof of (33), let u € Q be fixed.

According to (B (i)), there exists a sequence {u"},_, which converges
strongly to u and such that u*eQ, for any keN. Since
W -0 =& e oF, (z") we deduce

(h* =0 " ~2*) < F, (")~ F, (")
<|F, (ufk)_F(u"k)|+|F(Zk)—Ek ("]
+Fu")-F(z")
<(elut |+ e s, +Ft)-F("),

u'*

where the last inequality results from (27). By consequence,
u*

<h",ui" —zk>é (c(\ )+ s, + Fa)-Fz)
+<€k,ui* - zk>,

where the last term on the right hand side of the inequality is nonpositive
because 6" eN, (z") and u* €Q, (see (25)). Thus, for any keN, we
obtain '

)+ |t s, + Py - F(z*). (34)

(n* =24 )< (e

As noted above, the function F is continuous on Int(Dom F ) Hence, the
sequence {F(u")},. converges to F(u). Since F is also convex, it is
weakly lower semicontinuous and, then, we have F(z)<lim inf,_ F(z").
Taking lim sup for £ — o on both sides of (34), and taking into account
that the sequences {u"},_, and {z"},_, are bounded and that the function ¢
is continuous (see condition ( 4)), we obtain that
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(hu—zy< F(u)-F(2). (35)

Since the latter holds for arbitrary u € Q, it implies that % € OF,(z), where
F, : X — (—o0,+x] is the lower semicontinuous convex function defined by

Fy=F+1,,

with ¢z, standing for the indicator function of the set Q. As noted above, the
function F is continuous on the interior of its domain and, thus, is
continuous on Q=Dom F,. Hence, applying [48] and observing that
01, = N, (see (25)), we deduce that, for any x € X,

OF, (x) =0F (x) 4+ 01,(x) = OF (x) + N (x).
Consequently,
heoF,(z)=0F(z)+ N,(z)

and this completes the proof of (33).
Now observe that, according to (32) and (29), we have that for each

solution v of ( P) there exists a sequence {v" }k . such that v* e Q, for all

k € N and with the property that

lima; " dist. (0, AV) = lim ¢ '|[Proj.. (0 =0
k—)wak dZSt*( ’ ) k—)wak JaFk(V‘)‘*'stk(Vk)( )* ’

that is, condition (17) is also satisfied. O

3.3 Recall (see Subsection 3.1) that we assume that the problem ( P) has
optimal solutions. By contrast, some or all problems (£, ) may not have

optimal solutions. Theorem 3.2 guarantees existence and convergence of
{xk }/ , foa solution of (P) with no consistency requirements on the

problems ( £, ). In our circumstances the functions F, may not have global

minimizers either. The following consequence of Theorem 3.2 may be of use
for global minimization of F when some of the problems (£, ) have no

optimal solutions.
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Corollary. Suppose that conditions (A) and (B) hold. If there exists a
sequence {a, },_ of positive real numbers converging to zero such that for

each optimal solution v of (P), there exists a sequence {V'},_, with the

properties that V' € Q, forall ke N and

lim ' v =0=lim ;" |Proj,;, +,(0)

k—w

. (36)

then the sequence {x*},_, given by (30) converges strongly to the minimal
norm solution of the optimization problem ( P).

Proof. Note that 0 e N, (v*) for all k€N and, therefore, when (36) holds,
we have

dist.(0, 4V) =inf {|g + ¢
<inf{|g],: g €0F, ("))

= HProj@FA (v")(o)u* ‘

*:geéFk(vk)and;’eNQk(v")}

This implies (32) because of (36). O

3.4 If X is a Hilbert space and the functions F and F, are differentiable
on the interior of Dom(F ) , then the condition (36) can be relaxed by taking
into account (see [52, Remark 3. p. 890]) that, in this case, we have

Proij o) (=VE,("")) (37)

- s
* *

HVFk )+ ProjNﬂk o5 (=VE,(""))

where T, (v*) denotes the tangent cone of Q, at the point v*, that is, the
polar cone of N, (v*). Precisely, we have the following result whose proof
reproduces without modification the arguments in Theorem 3.2 with the only
exception that for showing (17) one uses (37), (39) below, and the equalities

dist.(0, V") = dist.(0, VF, (v*) + Ny ("))
= dist.(-VF, ('), N, (+*)) (38)

= HVFk (") + Proj (-VF,(")

k 5
Ng, (V) .

where the first is due to the fact that 0 e N,(v*) and the second follows
from (36).
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Corollary. Suppose that X is a Hilbert space and that conditions (A)
and (B) hold. If the functions F and F,, keN, are (Gditeaux)
differentiable on Int(Dom F) and if there exists a sequence {a,},. of
positive real numbers converging to zero such that for each optimal solution
v of (P), there exists a sequence {V'},_. with the properties that V' € Q,
forall ke N and
Proj, . (-VF,(v")

lim v —v| =0 = lima,' (39)

k—ow

,k 2
Ty (V) .

then the sequence {x"},_, given by (30) converges strongly to the minimal
norm solution of the optimization problem ( P).

351If Q =Q forall ke N, then condition ( B) is, obviously, satisfied.

In this case, if there exists a sequence {,}, of positive real numbers
converging to zero such that for each solution v of (P ) we have

lim a;'|VF,(»-VF®W), =0, (40)

then (32) holds too. Indeed, if v is a solution of ( P ), then

(VF(V),u—v>=lli\rr01F(v+t(u_tv))_F(v) >0,

for any u€Q and this shows that —VF(v)e N,(v). Therefore, taking
v :=v forall ke N we have

Proi, v, @) <[VE )+ Proj (VE 0],

|Proj,, ., (-VE, ()~ (-VE 0|
VEm-VFO),

which together with (40) implies (32). Hence, we have the following result:

Corollary. Suppose that Q, =Q for all ke N and condition (A) holds.
Assume that the functions F and F,, keN, are (Gdteaux) differentiable
on Int(Dom F). If there exists a sequence of positive real numbers
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converging to zero such that for each solution v of (P) condition (40) is
satisfied, then the sequence {x"},_, given by (30) converges strongly to the
minimal norm solution of the optimization problem ( P).

3.6 Theorem 3.2 shows that perturbed convex optimization problems can
be regularized by the method (4). This naturally leads to the question of
whether this regularization technique still works when the set Q is defined
by continuous affine constraints and one has to replace the affine constraints
of (P) by approximations which are still continuous and affine. We are
going to show that this is indeed the case when Q satisfies a Robinson type
regularity condition. In order to do that, let L(X,X") be the Banach space
of all linear continuous operators L: X — X" provided with the norm

||L||OO = sup{”Lx”* :xe B, (0, 1)} , 41

where B, (u,r) stands for the closed ball of center # and radius » in X.
Suppose that L, L' e L(X,X"), [, IYe X" and let K < X" be a nonempty
closed convex cone. Suppose that the sets Q and €, are defined by

Q={xeX:L(x)+[ K} 42)
and
Q, ={xeX:'(x)+I'eK}. (43)

The set Q is called regular if the point-to-set mapping x = L(x)+/—K 1is
regular in the sense of Robinson [49, p. 132], that is,

Oent{L(x)+[-y:xe X,yeK}. (44)

Taking in the next result K ={0} one obtains an answer to the question

posed above. The fact is that the proposition we prove below is more general
and can be also used in order to guarantee validity of condition ( B ) for some
classes of problems of interest in semidefinite programming. Combined with
Theorem 3.2 it implies that if the data involved in the constraints of the
perturbed problem ( £, ) are strong approximations of the data of (P ) and if

conditions ( 4) and (32) hold, then the regularization technique (4) can be
applied in order to produce strong approximations of the minimal norm
solution of (P).
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Proposition. Suppose that L, L' e L(X,X") and I, I* € X" for any keN.
Let K< X" be a nonempty closed convex cone and consider the problems
(P) and (B,) with the feasibility sets Q and €, defined at (42) and (43),

respectively. If the set Q is regular, if the sequence {Lk }k . converges
strongly to L in L(X,X") and if the sequence {l" }k . converges strongly to
[ in X°, then condition ( B) is satisfied.

Proof. We first prove ( B (ii)). For this purpose we apply Corollary 4 in [10,
p. 133] to the set M =K —/ and to the point-to-set mapping G: X — 2%
defined by G(x)= L(x)— M. This is possible because of the regularity of Q
(see (44)) which guarantees that 0e IntG(X). Hence, by observing that
Q=G"(0), we deduce that for any xeQ there exists a positive real
number J(x) such that for any ze X we have

dist(z,Q) =dist(z,G'(0)) < (1+]z - x||)%dist* (L(z),M)
X

(45)
1

o(x)

= (1+]z - x|)——dist, (L(z) + LK.

Now, let x € Q2 be fixed and let 0 :=0(x). If zeQ,, then

dist, (L(z) +1,K) < H(L(z) +1) (L (2) +1")

*

3 CORTICTN Bl

5

<u-2| b

&

because of (41). Taking into account (45), it follows that for any zeQ,, we
have

dist(z,Q) < %(1 =l -2 e+ -],

)

(46)

1
<<+ =] + Dmax |z - 4] - 1*

2
0
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Consider the bounded on bounded sets function b: X —[0,+0) defined by

b= + 11+ -+ .

By (46) we obtain that, for any z€ Q,,

||z — Proj,, (z)” = dist(z,Q) < b(z;/k ),

where y, :=max{HL—LkHw,HZ—I"H*} converges to zero as k— . Let
{Zk }keN be a weakly convergent sequence in X such that, for some

subsequence {Q } . of (]

i I rap We have e Q, forall keN. According

to (47), the vectors w" := Proj,(z*) have the property that
sz —wh H <b(z")y,,

where, since {zk} is bounded, the sequence {b(z")}l . is bounded too.

keN
Hence, lim, ,,|z* —w*|=0 and ( B (i) is satisfied.

Now we prove that ( B (7)) is also satisfied. To this end, we consider the
function g: X xN — X~ defined by

o k)z{L(x)Jrl ifk=0
T (x)+ I ifk L
and the point-to-set mapping I': X x N — 2" defined by
F(x,k) = g(x,k) —K
forall xe X and k£ >0. Since Q is regular (see (44)), we have that

O0e Int[ImF(‘,O)].

Clearly, Q=T""(-,0)(0). Let u° €Q. By Theorem 1 in [49], there exXists
n >0 such that
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BX*(()’U)gg(BX(uoal)ao)_K: (48)

Since “Lk —LH and Hlk —l”* converge to 0, there exists k, € N such that for
any integer k > k, we have

|lg(x.0) - g(x.b)|, =|L(x)+1- L7 (x) - 1] < % Vxe B, (u’,1).
This implies that whenever k >k, we have
(B, (u"1),0)C g (B, (u’.1),k) - K + B, (uOgJ (49)

This and (48) show that the function g satisfies the assumptions in [49,
Corollary 2] (with —K instead of K ). Consequently, application of this
result yields that, for each x € QQ and for any integer k >k, , the set

Q,, ={reX:g(x,k)eK}

contains the open ball B, (O,%) and that for any x € X we have
. 2 of[\ 4
dist(x, 0, ) < ;(1 +|x-u H)dlst*(o, 2(x,k)—K). (50)

Note that, if x €, then g(x,0) € K and, therefore, we have

dist.(0, g(x,k) — K) = dist.(g(x,k),K)
<|g(x.k) - g(x,0)|.
= HLH (x)+1" = L(x) - 1“

<t =l e+ A,

< ([}x] + 1) max {HL“ —L| | - ZH}
This and (50) implies

-1

Jo6D

9
0

dist(x,€,) < %(l + ||x|| + HMOH)(”)C” + l)max {HL"’1 -L
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for any x € Q. Define the function «:[0,+w) —[0,+x) by
a(t) = Z(1+u |+)(1+1)
n

and the sequence of nonnegative real numbers

B, = max {HL"" -L

[ 1“} VkeN.

According to (51) we have
Hx ~ Proj,, (x)H = dist(x,Q,) < a(x]) 5,

for all integers k>k, and for all xeQ. Since, by hypothesis,
lim, , B, =0, condition (B (7)) holds. O

3.7 The implementation of the regularization procedure discussed in this
work requires computing vectors x* defined by (30) with operators A
given by (29). This implicitly means solving problems like (31). In some
circumstances, in the regularization process, one can reduce problems placed
in infinite dimensional settings to finite dimensional problems for which
many efficient techniques of computing solutions are available. This is
typically the case of the problem considered in the following example.

Let X=¢" with pe(l,©), g=p(p—1)" and, then, X" =/ Let
ael? \{0} and b’ € (?1{0}, for all jeJ, where J is a nonempty set of
indices and /¢? stands for the subset of /¢ consisting of vectors with
nonnegative coordinates. For each jeJ, let B, be a nonnegative real
number. Consider ( P) to be the following optimization problem in ¢ :

Minimize F(x) = <a,x> (52)
over the set

Q::{xeﬂﬁ:<bj,x>ﬁﬂj,jeJ}. (53)

We assume that a =(a,,...,q,,...) has infinitely many coordinates a, # 0 and
that the problem ( P ) has optimal solutions. Whenever u is an element in ¢
orin ¢, we denote by u[k] the vector in the same space as u obtained by
replacing by zero all coordinates u, of u with i > k. With this notations, for
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each keN, let o =|a- a[k]”i/z, and observe that {o, |, is a sequence of

keN
positive real numbers which converge to zero as k& — . We associate to
problem (52)+(53) the perturbed problems ( £, ) given by

Minimize F, (x) = (a[k], x) over Q. (54)

Note that, for each k € N, the problem (54) has optimal solutions because its
objective function F, is bounded from below on Q by

F* =inf{F(x):x€Q}. Problem (P) is ill posed and, therefore, even if one
can find an optimal solution y* for each of the essentially finite dimensional

linear programming problems (£, ), the sequences {yk }k , may not

converge in /” or, at best, its weak accumulation points (if any) are optimal
solutions of ( P).

We apply the regularization method (4) to the problems (P) and (F,)
with the function u(f)=¢"". It is easy to see that, in this case, determining
the vector x* defined by (30) reduces to finding the unique optimal solution
of the problem

Minimize (alk], x) + a,||x]|" over Q. (55)

Theorem 3.2 applies to problems () and (F,) and guarantees that the

sequence {xk }k ., converges strongly to the minimal norm solution of ( P).

Indeed, observe that condition ( 4) is satisfied because, for any x € ¢”, we
have

|F(x) = F.(x)| < la — alk]

2
x| = |+,

5

and condition ( B) trivially holds. It remains to prove that (32) holds too, that
is, for any optimal solution v of (P) there exists a sequence {vk }k . of

vectors in QQ such that

. . —1
hm”vk - vH =0=lime,
k—w k—>0

Proj, ., 1)) (56)
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Take the constant sequence V' =v, (ke N ). Then the first equality in (56)

holds and, for any x (), we have <—a,x — v> = <a,v> - <a, x> <0, showing
that —a € N, (v). Thus, for each k € N, we obtain that

o0, b8l

and this implies the second equality in (56).
Solving problem (55) can be done by finding the unique optimal solution
u* of the following optimization problem in R*

Minimize ial.xf—l—akihir s.t. Zb’x <p, (jel), x>0 (57)
i—1 i—1 -

and taking = (uf‘,...,u,?,...). Indeed, for any x € QO we have

(alk]x)+ e " = {alk],x[k]) + e |

> (ali].x{k]) + o [l 2 (alk.t )+ el [

where the last inequality holds because x[k] € Q (due to the nonnegativity
of the vectors b’).

4. REGULARIZATION OF A PROXIMAL POINT
METHOD

4.1 A question of interest in convex optimization concerns the strong
convergence of the generalized proximal point method (GPPM for short)
which emerged from the works of Martinet [43], [44], Rockafellar [52] and
Censor and Zenios [21]. When applied to the consistent problem (P)
described in Subsection 3.1 the GPPM produces iterates according to the
rule

y eQand y"" i=arg min{F(x) +o,D,(x,y"):x € Q} (58)
with D, : Dom(G)x Int(Dom G)—>[0,+) defined by

D.(x,y)=G(x)-G(y) - <VG(y),x - y>, VyeInt(Dom G), (59)



Convergence and Stability of a Regularization Method for Maximal 33
Monotone Inclusions and Its Applications to Convex Optimization

where {a)k} .y 18 @ bounded sequence of positive real numbers and
G : X > (—oo,+x] is a Bregman function on Q) , that is, a function satisfying
the following conditions:

(i) QcInt(Dom G);

(ii) G is Fréchet differentiable on Int(Dom G);

(iii) G is uniformly convex on bounded subsets of Q;
(iv) For each x € Q, the sets

R (x)={yeQ:D;(x,y)<a}

are bounded for all real numbers « > 0.
The sequences {yk}k . generated by the GPPM are well defined,

bounded and their weak accumulation points are solutions of (P) - cf. [17].
Weak convergence of these sequences can be ensured only when the
Bregman function G has very special properties as, for instance, when VG

is sequentially weakly-to-weak * continuous on Q - (see [18, Chapter 3]).
Strong convergence may not happen at all even when weak convergence
does occur. This is in fact the case of the classical proximal point method for
optimization which is the particular version of GPPM in Hilbert spaces in

which G =|{ (cf. [28]). The conditions under which the GPPM is known to

converge strongly (see [52], [35], [7], [17], [20] and the references therein)
are quite restrictive and mostly concern the data of ( P) [in contrast to those
ensuring weak convergence which mostly concern the Bregman function G
whose selection can be done from a relatively large pool of known
candidates - cf. [18]]. We are going to prove, by applying Theorem 3.2 and
its corollaries, that a regularized version of the GPPM produces sequences

which behave better than the sequences { yk}/ . associated to (P) by (58).

By contrast to the regularization method of GPPM proposed in [57] which,
in Hilbert spaces, produces strongly convergent sequences whose limits are
the projection of their initial points onto the set of optima of (P), the
sequences resulting from the regularized version of GPPM proposed here
converge strongly to the minimal norm solution of ( P).

4.2 From now on we assume that X is an uniformly convex and
uniformly smooth Banach space. We are going to show that in this not
necessarily Hilbertian setting, by regularizing GPPM following the
technique defined in (4), one obtains a procedure which generates sequences
converging strongly to optima of ( P). To this end, we denote G(x) =||x||p
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and w(t) = pt””" for some p e (1l,+o). Recall (cf. [19]) that G is a Bregman
function and that G is exactly the duality mapping J”. We denote by S
the presumed nonempty set of optimal solutions of the problem (P)
described in Subsection 3.1.

Theorem. Let {Qk} o D€ a sequence of closed convex sets contained in Q

such that ( B (1)) is satisfied and
(a) SN ﬂfonk * &
(b) Lim (§nQ,)=S.
If {0{,(} oy and {a)k} o are sequences of positive real numbers such that

the first converges to zero and the second has the property that
lim,_,, (@,,,/a,)=0, then, for any initial point y° €, the sequences

{xk }keN and { e }kEN generated according to the rule

y* =arg min{F(x) +o,D,(x,y" ) :xeQ, },
(60)
x* =[0F 4 Ny, + 0,(J" =Ty )+ g | (0),

are well defined and have the following properties:
(i) The sequence { P }k . is bounded, the sequence {F " )}

keN
converges and

}imF(yk):inf{F(y):yeQ}; (61)
(ii) The sequence {xk }k . converges strongly to a solution of (P).

Proof. For each k € N, define the functions E,,H, : X — (—0,+] by
E,(x)= F(x) + 15, (x),

and
H, (x) = E (x) + &, D (x, y' ),

where ¢, stands for the indicator function of the set €,. The functions E,
and H, are lower semicontinuous, convex and bounded from below.
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According to [18] applied to them we deduce that, for any integer £ >1, the
vector

y* =arg min{Hk(y):yer}.

exists and is well defined. Note that this is exactly the vector »* given by

(60) and, thus, the sequence { yk}k . is well defined. Let z € S m[ ZO Q, ]
Observe that, for each positive integer &, the vector z is also a minimizer of
the function E, over ,. An argument similar to that in the proof of [18]

applied to the functions £, and H, shows that

D EN =D, E ) - Do ¥ )2 [ E OG- EG)].

k

for all integers k>1. Thus, if @ is a positive upper bound of the bounded

sequence {@,| ., we get

Dy(z.y™") =Dy (Z,7") =Dy (y",y“)zi[F(yk)—F@] >0, (62)

for all integers k>1, because y* €Q, cQ and z is a solution of (P).

From (62) it can be easily seen that the sequence {DG(E, yk)}k . is
nonincreasing, hence, convergent, and, consequently, that the sequence
{DG(yk , yk‘l)}k , converges to zero. These and (62) imply that

lim, [F(y" )— F(E)] =0. Hence, (61) is proved. Boundedness of {yk}

keN

follows from the fact that {DG (" )} is bounded by a =D, (Z,)") and,

keN
then, all »* are contained in the set RY(z) which is bounded because, as
noted above, G is a Bregman function. Hence, the proof of (i) is complete.

In order to prove (ii ), we apply Theorem 3.2 to the problem ( P) given at
(23) and to the problems ( £, ) with the functions F, : X — (—o0,+0] given
by

F.(x):=F(x)+a,,D,(x,y"),
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where, for each nonnegative integer k, the vector y* is defined by (60), that
18,

Y =arg min{F,_ (x):xeQ,].
Note that F, is convex, lower semicontinuous and has Dom F, =Dom F.
Also, by Asplund’s Theorem which shows that VG is exactly the duality
mapping J” , we obtain

OF (x):=0F (x)+ @, (J'x—=J" y").
We associate to each function F, the maximal monotone operator A*
defined by (29). Observe that the vectors x* defined by (60) are exactly
those given by (30) for this specific operator 4* and, thus, it is well defined.
We show next that the operators 4° have the properties required by the

hypothesis of Theorem 3.2.
Let x € Dom F. Then, for any k € N, we have

F.(x)-F(x)=a,,D; (x, ")
o, [”x”p _Hyk “P B <Jv/yk,x ) >]
= a)kﬂ(”x"p +(p- I)Hyk Hp - <J"’yk,x>)
<o (I + o=+ 75| )

SO (a1 (e 1 M

The sequence Jl y"}k . is bounded as shown above. Let M be a positive

upper bound of the sequence {Hyk Hk v Define the continuous function

c:[0,+0) —>[0,4+0) by
c()=t"+ pM"'t+(p-DM"".
Hence, for each k£ €,N we have

|, (0) = P € @ | [+ (p=1M” + pM 7 |1 | = @y,
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showing that condition (A4) is satisfied with J, =w,,,, keN. Condition
(B (ii)) holds in our case because, by hypothesis, all €, are subsets of (.
So, condition ( B) is satisfied.

It remains to show that there exists a such that for any solution veQ of

( P) there exists a sequence {vk }k . which has v* € Q, for all ke N, and

satisfies (32). To this end, note that each S, :=€, NS is a nonempty, closed
and convex subset of X . By (b), we have

S=LimS§,. (63)

Also, there exists a sequence {w" }k , such that, for each ke N, weQ,

and lim, Hwk —VH =0. Let v =Proj 5 (w"). Observe that, according to [24,

p. 40], the space X is an FE -space because it is uniformly convex.
Therefore, Theorem 10 in [24, p. 49] combined with (63) imply that

,I{im V= ll{im Projg, (W) =Proj, (v) = v. (64)

Now, observe that each V' €S, and, hence, is a minimizer of E, over X,
that is, 0 € 0E, (v*). Similarly to F, the functions F, are continuous on the
interiors of their respective domains and, therefore, they are continuous on
Q, (see (26) and (28)). By consequence, we have

OE,(V')=0F (V") + Ot (V)=0F(V")+ N, ). (65)
From (65) we obtain

0€dF (V") + Ny, (V). (66)
For each k€N, we have

Proj

iy, o) (O] =dist.(0.0F () + No, () + (T =Tt )

=dist, (@, (J" )" ="V |LOF() + Ny, (V1))

‘Jy/yk _J.//Vk

< a)k+l

b
*
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where the last inequality follows from (66). By consequence, taking into
account (3), we obtain

JYVE =gy

*

i <
Proj, v, @) <0

sa (] o)

p-1 p-1
!

:pa)k+l[

and, thus, we have

HProjaF(Vk . M)(O)H < pa,., ka i Mp—l], VkeN, (67)

Let N be an upper bound of the sequence {Hvk H}keN and denote
q:= p[N’H +M’”’1].

Then, by (67), we have

a)kﬂ

o [Proj,; 0 () Sg=EL VEeN. (68)

a,

This and (64) imply (32) by hypothesis. According to (68), condition (32)
holds too. These show that Theorem 3.2 is applicable to F and to the
functions F,. In turn, Theorem 3.2 implies that the sequence {xk}k .

converges strongly to the minimal norm minimizer of ' over Q. U

4.3 Verifying the conditions (a) and (b) of Theorem 4.2 may be
difficult. In some circumstances the following consequence of Theorem 4.2
may be of use. For instance, if X has a countable system of generators

{ek }k . and the problem ( P) is unconstrained (i.e., Q2= X ), then using the

next result with the sets
Q, =aff{e’ :0<i<k},

which necessarily satisfy condition (¢ ) below, one reduces the resolution of
(P) to solving a sequence of unconstrained problems in spaces of finite
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dimension whose solutions x* will necessarily converge strongly to an
optimum of (P).

Corollary. Let {Qk} . De a sequence of closed convex subsets of Q such
that ( B (1)) is satisfied and one of the following conditions hold:

(¢) SQU:ZOQ/« and Q, cQ,, forall keN;

(d) IntS#D and SNQ, #D forall keN.

If {ak} oy and {a)k} (o are sequences of positive real numbers such that
the first converges to zero and the second has the property that
lim, (a)k+l/ak ) =0, then, for any initial point y0 €, the sequences
{xk }keN and { e }kEN generated according to the rule (60) are well defined
and have the properties (i) and (ii) from Theorem 4.2.

Proof. Suppose that condition (c¢) holds. Take any z € S. There exists a
number k, €N such that ZeQ, . Denote Q, =UE”OQ and Q, =Q,
for £>1. Applymg Lemma 1.2 from [45] we deduce that Lim(Q, N S)=S.
Applying Theorem 4.2 to the sets 2, we obtain the result. Now, assume that
(d ) holds. Then, Lemma 1.4 from [45] guarantees that condition (b) of
Theorem 4.2 is satisfied and we can apply that proposition in this case too.

0

4.4 The previous results in this section deal with the case that the sets €,
are contained in Q. If F' has bounded level sets

L.(a)={xe X :F(x)<a},

then the regularized proximal point method (60) is also stable under outer
approximations of Q.

Proposition. Let {Qk} . De a sequence of closed convex sets contained in
Int(Dom F) such that condition (B) is satisfied, €= ﬂ::o Q, and

Q... cQ, forall keN. Let {ak}keN be a sequence of positive real numbers

converging to zero. Suppose that for each number o >0 the level set
L, (a) of the objective function F is bounded. Then, for any initial point

¥’ €Q, the sequences {xk }k . and { i }k . generated according to the rule
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(60) where the positive numbers @, are chosen such that

lim, , (@,,,/a,)=0 and for some positive number K,

o,D; (", <K, (69)
are well defined and have the properties (i) and (ii) from Theorem 4.2.
Proof. We use the notations F, E, and H, introduced in the proof of
Theorem 4.2. Observe that, since X is reflexive and the level sets of F' are
bounded, for any k € N, there exists

z' earg min{F(x):xeQ,]|.

According to [18] applied to E, and H, we deduce that, for any integer
k >1, the vector

y* =arg min{Hk(y):y er}.
exists. Let z€ S and observe that, for any ke N,
F(Z")<F(Z"")< F(2), (70)

because QcQ, and Q,, cQ,. This shows that all z‘ belong to
L, (F(z)) and, therefore, the sequence {zk }k . is bounded. Since X is

reflexive, the bounded sequence {zk }k . contains a weakly convergent

subsequence {z’* }k . Let Z be the weak limit of {z’* }k - According to [45,

Lemma 1.3], we have that
Q=9 =LimQ,
k=0
and this implies that z' € Q. Hence, by taking (70) into account we get
F(zZ")<F(z)<F(Z).

Since F is lower semicontinuous and the sequence {F (z")}l “ is
Ke

nondecreasing this implies
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F(E)<limF(Z)=limF(Z") < F(z) < F(2),

that is, F(z)=F(z) showing that {F (' )}k . converges to the minimal
value of F' over Q). Now observe that according to (60) and (69) we have

FO)<SFO )+ oDy (v, » )
<SF(*)+o,D;(»°, y" )
<FO")+K

because y° e Qc Q,. This implies that the sequence Jl y"}k . is bounded

because it is contained in L, (F(y")+ K). Also according to (60) we have

0<F(y" )= F(") <o [ Do (4.5 ) = Dy (v, ") ]
(71)

k
z

:a)k[ p_HkaP_i_<Jwyk—1’yk_Zk>}
where the quantity between the square brackets is bounded because both
sequences { P }k . and {Zk }k . are bounded as shown above. Note that

{a)k } Ly converges to zero. Hence, by (71), we obtain that
: k k _
lim| F(y) = F(z") =0,

and this proves (i ).

For proving (ii) one reproduces without modifications the arguments
made for the same purpose in the proof of Theorem 4.2 and keeping in mind
that in the current circumstances we have that S, :=S"Q, =S for all
keN. O
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