ALGEBRAIC INVARIANTS FOR HOMOTOPY TYPES
DAVID BLANC

ABSTRACT. We define a sequence of purely algebraic invariants — namely, classes in the
Quillen cohomology of the Il-algebra #,X - for distinguishing between different homotopy
types of spaces. Another sequence of such cohomology classes allows one to decide whether a
given abstract Il-algebra can be realized as the homotopy II-algebra of a space.

1. INTRODUCTION

The usual Postnikov system for a (simply-connected) CW complex X serves to determine
its homotopy type. One begins with purely algebraic data, consisting of the homotopy groups
(7,X),. However, in order to construct the succesive approximations X (n > 2), with
X =~ holim X, one must specify a sequence of cohomology classes k, € H""*(X"); x,,1X)
(see [W, IX, §2]). These can hardly qualify as algebraic invariants, since their description
involves the cohomology groups of topological spaces. In this paper we show that if one is
willing to invest the graded group #.X := (7,X), with some further algebraic structure,
the additional information needed to determine the homotopy type of X can be described in
purely algebraic terms.

The structure needed on 7,X is that of a II-algebra — i.e., a graded group equipped with an
action of the primary homotopy operations (Whitehead products and compositions). In this
context, the additional data needed consists of cohomology classes in the Quillen cohomology
of this Il-algebra — which can be defined as usual in algebraic terms (see §4.1 below). We
show:

Theorem A. Given two realizations X and X' of a ll-algebra J., there is a successively
defined sequence of “difference obstructions” &, € H" ' (J.,Q"J.), taking value in the Quillen
cohomology groups of J., with coefficients in the J.-module Q"J., whose vanishing implies

that X ~ X',

(See Theorems 4.18 and 4.21 below). The (n + 1)-st cohomology class is defined whenever the
n-th Postnikov section of the simplicial space resolutions of the spaces X and X', respectively,
agree, up to homotopy. Even though the obstructions are defined in terms of a specific choice
of II-algebra resolution of J,, in fact they depend only on the homotopy type of the Postnikov
sections.

Moreover, these cohomology groups can also be used to determine the realizability of an
abstract II-algebra as the homotopy groups of some space:

Theorem B. Given a ll-algebra J., there is a successively defined sequence of “characteristic
classes” & € H"2(J,, Q" J,), which vanish if and only if J. is realizable by a topological space.

(See Theorems 4.8 and 4.15 below). The vanishing requirement should be understood in the
sense of an obstruction theory: if any such sequence of cohomology classes vanishes, the II-
algebra is realizable; if one reaches a non-trivial obstruction, one must back-track, and try to
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vary the choices involved in order to obtain a realization. These choices again depend only the
homotopy type of a suitable Postnikov section — this time, of a simplicial resolution we are
trying to construct for the putative topological space X realizing .J.. See Proposition 4.10
below.

The theory is greatly simplified if we are only interested in the rational homotopy type of a
simply-connected space X. In that case, a rational Il-algebra is simply a graded Lie algebra
over Q, and the cohomology theory in question reduces to the usual cohomology of Lie algebras.
Theorem A thus provides an integral version of (the dual to) the Halperin-Stasheff obstruction
theory for rational homotopy types (see [HS] and §4.22 below).

It is in order to be able to deal with this case, too (and other possible variants — see
§2.14 below), that we have stated our results for a general model catgory C (subject to certain
somewhat restrictive simplifying assumptions on C — not all of which are really necessary). For
technical convenience we have chosen to describe the ordinary topological version of our theory
within the framework of simplicial groups, rather than topological spaces (see §4.12 below).

1.1. notation and conventions. 7 will denote the category of topological spaces, and 7,
that of pointed connected topological spaces with base-point preserving maps. The base-point
will be written % € X.

The category of groups is denoted by Gp, that of graded groups by g¢rGp, that of (left)
R-modules by R-Mod, and that of sets by Set.

1.2. Definition. A is the category of ordered sequences n = (0,1,...,n) (n € N), with
order-preserving maps. A is the opposite category. As usual, a simplicial object over any
category C is a functor X : A®? — C; more explicitly, it is a sequence of objects {X,}>2, inC,
equipped with face maps d; : X,, — X,—1 and degeneracies s;: X, — X411 (0 <¢,5 <n),
satisfying the usual simplicial identities ([May, §1.1]). We usually denote such a simplical
object by X,. The category of simplicial objects over C is denoted by sC. The standard
embedding of categories ¢(—), : C — sC is defined by letting ¢(X)s € sC denote the constant
simplicial object on any X € C (with ¢(X), = X, d; = s; = idx).

The category of simplical sets will be denoted by &, rather than s8et, that of pointed
connected simplicial sets by &,, and that of simplicial groups by G. If we consider a simplicial
object X, over G, say, we shall sometimes call n in Xy,...,X,,... the external simplicial
dimension, written (—)%*, in distinction from the internal simplicial dimension k, inside G,
denoted by (=)@, In this case we shall sometimes write (X,){* € sGp, in contrast with
X, € G, to emphasize the distinction.

The standard n simplex in S is denoted by A[n], generated by o, € A[n],, with A¥[n]
the subobject generated by d;o, for ¢ # k.

If we denote by A(n) the category obtained from A by omitting the objects {k}zZ, 4,
the category of functors (A(n))® — C is called the category of n-simplicial objects over C —
written s;,,)C. If C has enough colimits, the obvious truncation functor tr, : sC — s(,C has
a left adjoint p, : 5(,)C — sC, and the composite sk, := p, otr, : sC — sC is called the
n-skeleton functor.

1.3. organization. In section 2 we review some background material on closed model category
structures for categories of simplicial objects and show how certain convenient CW resolutions
may be constructed therein. In section 3 we construct Postnikov systems for such resolutions,
and define the action of the fundamental group on them; and in section 4 we explain how these
resolutions are determined in terms of appropriate cohomology classes, which may also be used
to determine the realizability of a (generalized) II-algebra (Theorems 4.8 and 4.15), as well as
to distinguish between different possible realizations (Theorems 4.18 and 4.21).
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It should be noted that Baues had previously constructed the first difference obstruction of
Theorem A, lying in H?*(J.,Q.J.), by different methods, and has since extended his construction
to the full range of invariants we define here: see [Ba3]. Yet a third description of these
invariants, more in the spirit of the original approach of Dwyer, Kan, and Stover, is planned in

[BG.

2. MODEL CATEGORIES OF SIMPLICIAL OBJECTS

We first review some background material on model category structures for categories of
simplicial objects, in particular a slightly expanded version of structure defined in [DKS2], and
show how one can construct CW resolutions in such a context.

2.1. model categories. A model category in the sense of Quillen (see [Q1]) is a category C
equipped with three distinguished classes of morphisms: 20 (weak equivalences), €, and §F,
satisfying the following assumptions:

(1) C has all small limits and colimits.

(2) 20 is a class of quasi-isomorphisms (i.e., there is some functor F :C — D such that
f €W & F(f)is an isomorphism).

(3) Any morphism f: A — B in C has a factorization A 5C % B (f = poi) with
1€ €NYW and p € §F; moreover, this factorization is unique up to weak equivalence, in
the sense that if A 5 €’ 25 B is another such factorization of f (i’ € €N, p € F),
then there is a map h:C — €’ such that hoit=14 and p' oh = p.

(4) Similarly, any morphism f: A — B in C has a factorization A -C 5B (f =poi)
with 2 € € and p € FNYW — again unique up to weak equivalence.

(5) We will assume here that the factorizations above may be chosen functorially (though this
is not included in the original definition in [Q1, I, §1]).

We call the closures under retracts of € and § the classes of cofibrations and fibrations,
respectively. The definition given here is then equivalent to the original one of Quillen in
Q1, Q3] (see [BI5, §2)).

An object X € C is called fibrant if X — *; is a fibration, where #; is the final object
of C; similarly X is cofibrant if *; — X is a cofibration (%; = initial object). If X € C is
cofibrant and Y € C is fibrant, we denote by [X,Y]¢ (or simply [X,Y]) the set of homotopy
equivalence classes [f] of maps f: X — Y. For this to be defined we in fact need only
require X to be cofibrant or Y to be fibrant (cf. [Q1, [,§1]). A mapin 20NF is called a trivial
fibration, and one in W N & a trivial cofibration.

Given a model category (C;20,€&,F), one can “invert the weak equivalences” to obtain the
associated homotopy category hoC, in which the set of morphisms from X to Y is just [X,Y]
(at least when X and Y are both fibrant and cofibrant). See [Q1, 1], [Q3, IL,§1], or [Hi, ch.

[X-XIT] for some basic properties of model categories.

2.2. pointed model categories. In a pointed model category (C;20,¢&,F) — i.e., one with
a zero object, denoted by 0 or % (= %5 = x;) — we may define the fiber of a map (usually: a

fibration) f: X — Y to be the pullback of X Ly <« %, and the cofiber of a map (usually:
a cofibration) ¢ : A — B to be the pushout of * « A -5 B. The suspension YA of a
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(cofibrant) object A € C is then defined to be the cofiber of AII A — A x I, where AXx [
is any cylinder object for A (cf. [Q1, I,1,Def. 4]); it is unique up to homotopy equivalence.
Similarly, the loops QX of a fibrant object X is the fiber of X’ — X x X, where X' isa
path object for X (ibid.). Finally, the cone C'A of a (cofibrant) object A € C is the cofiber
of either map A — A x I. See [Q1, 1,2.8-9].

2.3. simplicial objects. For any category C with coproducts, one has a simplicial structure
(cf. [Q1, II, §1]) on the category sC of simplicial objects over C, defined as usual by:

(i) For any simplicialset A € S and X € C, wedefine X©A € sC by (XQA), := ica, X,
with the face and degeneracy maps induced from those of A. We denote the cofiber of
A@*x — AOX by AAX.

Now for X, € sC we define X, ® A € sC by (X,® A), := HaeAn X, (the diagonal
of the bisimplicial object X, A).
(ii) For any X,,Y, € sC we define the function complex map(X,,Y,) by

map(Xe, Ys), := Homy (Xe @ Alnl, Ys),
where A[n] € § denotes the standard simplicial n-simplex.

2.4. Definition. For any complete category C, the matching object functor M : §? x sC — C,
written M4 X, for a (finite) simplicial set A € § and any X, € sC, is defined by requiring
that MapyXe := X, and if A = colim; A; then My X, = lim; M4, X, (see [DKS2, §2.1]).
This may be defined by adjointness, via:

Homye(Z @ A, Xo) = Home(Z, Ma X,)

for X, € sC and Z € C.

In particular, we write M*X, for M4 X, where A is the subcomplex of sk,_; A[n] generated
by the last (n — k + 1) faces (dyo,,...,d,0,). When C = Set or Gp, for example, this
reduces to:

(2.5) MFX, = {(2p,. .. 20) € (X)) | diw; = di_yz; forall k <i < j <n},

and the map ¢ : X, — MFX, induced by the inclusion A < Aln] is defined §,(z) =
(dyx,...,d,x). The original matching object of [BK, X,84.5] was M?X, = Msap Xe, which
we shall further abbreviate to M, X,; note that each face map di : X,11 — X, factors
through 6, := 62. See also §3.1 below and [Hi, XVII, 87.17].

The dual construction yields the colimit L, X,, sometimes called the “n-th latching object”
of X, — see [DKSI, §2.3(1)]. For X, €§, for example, we have L, X, :=[[jcic,,_ 1 Xn1/ ~,
where for any = € X,,_4—1 and 0<i<j<n—1 weset s;sj,...8;,x in the i-th copy of
X,-1 equivalent to s;s;,...5,2 in the y-th copy of X, _; whenever the simplicial identity

5485184y « o e S5 = 8584180y -+ Siy

holds (so in particular sjz € (X,_1); is equivalent to s;x € (X,—1)j41 forall 0 <¢<j <
n—1). The map o, : L, Xs — X, is defined o,(x); = s;x, where (2); € (X,-1)i.

There are (at least) two ways to extend a given model category structure on C to sC:

2.6. Definition. In the Reedy model structure on sC (see [R] or [Hi, XVII, §88]), a simplicial
map f:X,—Y, is
(i) a weak equivalence if f,: X, — VY, is a weak equivalence in C for each n > 0;
(ii) a (trivial) cofibration if f, Mo, : X, Uy, x, L,Ye — Y, is a (trivial) cofibration in C for
each n > 0;
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(iii) a (trivial) fibration if f, x 6, : X, — Y, Xav, M, Xe is a (trivial) fibration in C for
each n > 0.

Note that these definitions imply that X, € sC is fibrant if and only if the maps ¢, : X,, —
M, X, are fibrations (in C) for all n.

We shall require another structure, originally called the “E?-model category” (see [DKSI,
§3] and §4.20 below), defined under the following

2.7. Assumption. Assume that (C;20,€,§) is a pointed cofibrantly generated model category,
in which every object is fibrant (this holds, for example,if C =7, or C=G). Let F = F¢
be a small full subcategory of C with the following properties:

(i) There is a subset {M(a)}, .z C ObjF consisting of cogroup objects for C — so there is
a natural group structure on Home¢(M{a),Y) for any Y € C.

(ii) F is closed under coproducts, and every object 7 € F is weakly equivalent to some
(possibly infinite) coproduct [[. M{e;) with «o; € F — so Zis a homotopy cogroup
object (i.e., [Z,Y]c has a natural group structure). However, we do not require the
morphisms in F to respect the cogroup structure, even up to homotopy.

(iii) F is closed under suspensions — that is, for each X € F, there is a model for ¥X in
F. We also assume CM(a) € F for every «a € F (§2.2).

We now wish to define an algebraic model for the collection of sets of homotopy classes of
maps {[X,Y]c}xer, for a given object Y € C. This is provided by the following

2.8. Definition. Given F C C asin §2.7, we define a Ilr-algebra to be a functor ho(F)* —
Set, which takes coproducts in F to products in 8et (compare [Dr]).

The category of all [Iz-algebras will be denoted by Iz Alg, and the functor [hoF,—] :
C — llz-Alg defined ([B,Y])sehor will be denoted by wz. Ilz-Alg is a category of universal
graded algebras, or CUGA, in the sense of [BS, §2.1]. In particular, the free Ilz-algebras are
those isomorphic to 77X for some X € F. If we assume that X ~[[ .2 HteTa M(a); for

some ﬁ—graded set T, we say that wzX is the free llr-algebra generated by T..
It f: X —Y isamorphismin C, the induced morphism of Il z-algebras, wrf : 7zX —
7rY, will be denoted simply by f4.

2.9. Remark. Since all objects in F are homotopy equivalent to coproducts of objects from the
set .7}, a Il r-algebra may be thought of more concretely as an ﬁ—graded group — l.e., a
collection of groups (G, ),z — equipped with a (contravariant) action of the homotopy classes
of morphisms in F on them, modeled on the action of such homotopy classes on {[M(a), Y]} o+
by precomposition (cf. [W, XI, §1]).

We shall write 7, X for (77X), := [M{a),X], and 7,4, X for [X*M(a), X].

2.10. Definition. Asusual, a llz-algebra X is called abelian if Homyy . 4;,(X, A) has a natural
abelian group structure for any A € Ilz-Alg (see [BS, §5.1] for an explicit description.). In
particular, for any X € lHz-Alg, its abelianization X,, may be defined as in [BS, §5.1.4] as a
suitable quotient of X. Another abelian Il z-algebra which may be defined for any X is its loop
algebra QX defined by QX(B) := X(EB) (cf. [DKS2, §9.4]; recall that F is closed under
suspension). The fact that it is abelian follows as in [Gr, Prop. 9.9]. The (abelian) category
of abelian Il r-algebras will be denoted by Il-Alg,,.

2.11. Example. In C = 7., let F denote the subcategory whose objects are wedges of
spheres of various dimensions; then for any space X € 7., the functor 7+X is determined up
to isomorphism by 7. X, the homotopy Il-algebra of X — that is, its homotopy groups, together
with the action of the primary homotopy operations (Whitehead products and compositions)



6 DAVID BLANC

on them. See [BI2, §2] or [St, §4]. In particular, the abelian II-algebras are those for which all
Whitehead products are trivial (cf. [B12, §3]).

2.12. Remark. This example does not quite fit our assumptions (§2.7), since the spheres are
only co- H-spaces, i.e., homotopy cogroup objects in 7,. This does not affect the arguments
at this stage — in fact, this is the original example of an “E*-model category” in [DKSI].
However, for our purposes G appears to be more convenient than 7, as a model for the
homotopy category of (connected) spaces (see [K2]; also, e.g., [BI6, §5]).

In fact, in all the examples we have in mind the objects in C will have an (underlying) group
structure, so it will be convenient to add to §2.7 the following additional

2.13. Assumption. C is equipped with a faithful forgetful functor U:C—7D - where Dis
one of the “categories of groups” D = Gp, ¢grGp, G, R-Mod, or sR-Mod, for some ring R —
and the cogroup objects M{a) € F of §2.7(i) are in the image of its adjoint F, with the group
structure on Home(M{er), X') induced from that of U(X) When D=¢G or D= sR-Mod,
the objects M{«a) must actually lie in the image of the composite FoF :8— C, where
F'":§ — D is adjoint to the forgetful functor U': D — S.

We also assume that the adjoint pair (U, F) create the model category structure on C in
the sense of [BI5, §4.13] - so in particular U7 creates all limits in C (cf. [Mcl, V.§1]).

2.14. Remark. In fact, the categories C in which shall be interested are the following:

o C=¢, so sC, the category of bisimplicial groups, is a model for simplicial spaces;

o C =3p, so sC =@ is amodel for the homotopy category of connected topological spaces
of the homotopy type of a CW complex;

e C =dL, the category of differential graded Lie algebras (or equivalently, C = sLie), so
sC is a model for simplicial rational spaces;

e C = Lie, the category of Lie algebras, so sLie is a model for (simply connected) rational
spaces (cf. [Q3, 11,§4-5]);

e C = R-Mod, the category of (left) modules over a not-necessarily commutative, possibly
graded, ring R, so sC is a model for chain complexes over R.

and it is the desire to give a unified treatment for these five cases that forces upon us the
somewhat unnatural set of assumptions we have made in §2.7 and here.

2.15. Definition. A map f:V, — Y, in sC is called F-free if for each n >0, there is

a) a cofibrant object W, which is weakly equivalent to an object in F;
b) amap ¢, : W, — Y, in C which induces a trivial cofibration (V, I, v, L,Ye)IW, — Y.

2.16. The resolution model category. Given a model category C and a subcategory F as
in §2.7, we define the resolution model category structure on sC, with respect to F by setting
a simplicial map f: X, — Y, to be
(i) a weak equivalence if mrf is a weak equivalence of F-graded simplicial groups (§2.9).
(ii) a cofibration if it is a retract of an F-free map;
(iii) a fibration if it is a Reedy fibration (Def. 2.6(iii)) and 7£f 1is a (levelwise) fibration of
simplicial groups (that is, for each B € F and each n > 0, the group homomorphism

(B, X,] 1Bofol, [B,Y,]*" is an epimorphism (where for G, :=[B,Y,] € G, G denotes

the connected component of the identity) — see [Q1, I1,3.8].

This was originally called the “E%-model category structure” on sC. See [DKSI, §5] for
further details.

2.17. Example. Let C = Gp with the trivial model category structure: 1i.e., only isomor-
phisms are weak equivalences, and every map is both a fibration and a cofibration. Let Fg,
be the category of all free groups (which are the cogroup objects in Gp — cf. [K1]). The
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resulting resolution model category structure on G := sGp is the usual one (cf. [Q1, II, §3]).
This observation is due to Pete Bousfield. We can then iterate the process by letting Fg be
the category of (coproducts of) the G-spheres, defined: S" := FS"' € G — see [Mi] — (with

0:= (G5?), and obtain a resolution model category structure on sG (bisimplicial groups).

Note that if we tried to do the same for C = Set, there are no nontrivial cogroup objects,
while in § not all objects are fibrant (see §2.7). The category 7. of pointed topological spaces,
which is the main example we actually have in mind, does not quite fit our assumptions (but
see §2.12 above).

Motivation for the name of “resolution model category” is provided by the following

2.18. Definition. A resolution of an object X, € sC (relative to F) is a cofibrant replacement
for X, in the resolution model category on sC determined by F: that is, it is any cofibrant

object (),, equipped with a weak equivalence to X,, which may be obtained from the

cof fib4w.e. . . .
factorization of * — X, as * — Qg ——— X, — and is thus unique up to weak equivalence,

by §2.1(4)).

More classically, a (simplicial) resolution for an object X € C is a resolution of the constant

simplicial object ¢(X), (cf. §1.2) in sC.

2.19. Functorial resolutions. The construction of [St, §2] provides canonical resolutions in
sC, defined as follows: consider the comonad L :C — C given by

(2.20) Ly =] ]_[ M(a)s | ] 1T CM(a)g,

acF ¢€Home(M{a),Y) acF ®€Home(CM{a),Y)

by which we mean the the coproduct, over all ¢ : M{a) — Y, of the colimits of the various
diagrams consisting of an inclusion M{a)y — CM{a)g for each ® : CM(a) — Y such that
®|my= ¢. The counit ¢ : LY — Y is “evaluation of indices”, and the comultiplication
9 : LY — L*Y 1is the obvious “tautological” one. Note that LY € F for any Y € C by our
assumptions on F (§2.7).

Given X € C, we define its canonical resolution Q, — X by @Q, := L™ X, with the
degeneracies and face maps induced as usual by ¢ and ¥ (see [Gd, App., §3]).

The construction can be modified so as to yield resolutions for arbitrary Y, € sC, and not
only ¢(X),. Moreover, it has the advantage that 7rg : 72Q, — 7£Y, is clearly surjective
for all n, so g can be changed into a fibration (Def. 2.16(iii)) by simply changing each @, up
to homotopy, which yields the factorization needed for §2.1(3).

An alternative (noncanonical) construction of a resolution is given in Proposition 2.41 below.

2.21. representing objects for sC. Just as the spheres “represent” the weak equivalences in
the usual model structure on 7., for example, in the sense that a map f: X — Y is a weak
equivalence if and only if it induces an isomorphism f, : [S™, X] — [S™, Y] for each n >0, we
may similarly define representing objects for the resolution model category (compare [DKS2,

§5.1]):

2.22. Definition. Given a model category C and a subcategory F as above, for each n > 0,
the n-dimensional simplicial F-sphere, denoted by 8%, is the subcategory X"F of sC,
whose objects are of the form ¥"X := X A S" for X € F, where 5" = A[n]/A[n] is the
usual simplicial n-sphere (see §2.3(i)).

Note that each such ¥"X is cofibrant (in fact, free) in the resolution model category sC.
Moreover, by the definition of the simplicial structure on sC (§2.3), ¥"X is also a cogroup
object in sC.
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Given Y, € sC, choose some fibrant replacement X, (that is, factor Y, — x as Y, coftw.e.

X, b, %, using §2.1(3)) and define 7,Y, (also written [8%,Y,]) to be the ﬁ—graded set
7o map(8%, X,). This definition is independent of the choice of X,.

We define a map f: X, — Y, in sC to be an F-equivalence if it induces isomorphisms in
(=) forall n >0.

2.23. fibration sequences. Let F C C be as in §2.7, and X, — Y, a fibration in the
resolution model category sC (§2.16), with fiber F, (§2.2). Then as usual we have the long
exact sequence of the fibration:

(2.24) R S ALY Y N G A

(see [Q1, 1,3.8]), which in fact may be constructed in this case as for S, (see [May, 7.6]).

2.25. Definition. Given X, € sC, , we define the n-cycles object of X,, written Z,X,, to
be the fiber of 6, : X,, = M, X, (see §24),s0 Z, X ={x € X, | dix =0fori=0,...,n}
(cf. [Q1, 1,§2]). Of course, this definition really makes sense only when ¢, 1is a fibration
in C. Similarly, the n-chains object of X,, written C,X,, is defined to be the fiber of
sl X, — M'X,.

Note that for any W € C and fibrant X, € sC we have natural adjunction isomorphisms
Homge (W A 5™, X,) = Home(W, Z, X,) and Homg (W A D", X,) = Home(W, C,, X,) (where
D™ := A"/A°n] € § is a simplicial model for the n-disc).

If X, is fibrant, the map do = dj := dole, x,: CnXe — Z,-1X,s 1is the pullback of
6, X, — M, X, along the inclusion ¢ : 7,1 X, — M, X, (where «(z) = (2,0,...,0)), so

do is a fibration (in C), fitting into a fibration sequence

- X
(2.26) Q01 Xe = Zo Xy 5 0o X 2 7,1 X,

(see [DKS2, Prop. 5.7]). Moreover, there is an exact sequence of Il r-algebras

(2.27) rCopt Xo %, 7 X Li Xy — 0,

(see [DKS2, Prop. 5.8]), which provides a (relatively) explicit way to recover #,X, from X,.

Finally, the composition of the boundary map 0d, : Q7,1 X, — 7Z,X, of the fibration
sequence (2.26) with Qdg is trivial, so by (2.27) it induces a map of Ilz-algebras from
Tno1QXe = Q1,1 Xy (82.10) to 7£7,X, which, composed with the map ¢ in (2.27), de-
fines a “shift map” s: Qr,_1Xe — 7, Xo (see [DKS2, Prop. 6.2]).

2.28. the simplicial [Ir-algebra. Applying the functor 7 dimensionwise to any simplicial
object X, € sC yields a simplicial [[r-algebra G, = 7 X,, which is in particular an ﬁ—graded
simplicial group; its homotopy groups form a sequence of F -graded groups which we denote by
(mumrXe)oly, and each m,7rX, is a [[z-algebra.

Note that as for any (graded) simplicial group, the homotopy groups of G, may be computed
using the Moore chains C.G,, defined C,G, := N Ker{d; : G, — Gh_1} (cf. §2.25 and
[May, 17.3]), and we have the following version of [BI8, Prop. 2.11]

2.29. Lemma. For any fibrant X, € sC, the inclusion ¢:C, X, — X,, induces an isomor-
phism 1, @ 7.Cp Xe =2 Cp(7.Xe) for each n > 0.
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Proof. (a) First, note that any trivial cofibration j : A — B in & induces a fibration
j* . MBX. — MAX. in C

To see this, by assumption 2.13 it suffices to consider C = D, (since by [BI5, Def. 4.13], f
is a fibration in C if and only if Uf is a fibration in D), and in fact the only nontrivial case
is when D = G (where the fibrations are maps which surject onto the identity component
~ see [Ql, II, 3.8]). Note that in internal simplicial dimension k we have (M,X,)i"" =
Hom,g,(FA, (X,)") (see §1.2) for A € S, where F denotes the (dimensionwise) free group
functor. Since F'A is fibrant in sGp, Fj: FA — FB has a left inverse r : FFB — FA,
so 7% (MpXe)" — (M4X,)% has a right inverse r*, so in particular is onto. Since this
is true in each simplicial dimension k, j*: MpX, — M4 X, is a fibration in G. (Note that
d;» X, — X,_1 is always a fibration.)

(b)  In addition, * = j*: M°X, — M*X, is a fibration for all 0 <k < n, as one can see
by considering (2.5) (since 6,-1 surjects onto the identity component by assumption).

(¢) Given n € C,(7,X,), represented by h: M(a) — Y, with d;h ~0 for 1 <j <nmn,
note that for 1 <k <n, MF*X, is the pullback of
B+l (drreedis) & B
MT Xy — M) Xy ——— X, 1,
in which (dy,...,d;) is a fibration by (a) if k& > 1, so this is in fact a homotopy pullback
square (see [Mat, §1]). By descending induction on 1 < k <n, (starting with 6! =d,), we
may assume &t oh: M{a) — MF1 X, is nullhomotopic in C, as is dy o h, so the induced
pullback map, which is just 6% o h : M{a) — MFX,. is also nullhomotopic by the universal
property. We conclude that 8! o h ~ 0, and since 6! : X, — M}!X, is a fibration by (b), we
can replace h by a homotopic map h': M{a) — X, such that 6,A" = 0. Thus A’ lifts to
Z,Ys = Fib(6,), so « is surjective.

(d) Even though the retraction r: FA[n] — FA? in (a)is not canonical, it may be chosen
independently of the internal simplicial dimension k to yield a section r* for 6! = j;*: X, —»

M}!X,. Thelong exact sequence in [M({a}, —] for the fibration sequence Y, 5y, n, MY,
(cf. [Q1, 1,§3]) then implies that ¢x is monic, so ¢, is, too. The argument lifts from D =G

to C because the objects M{a) are in the image of the adjoint of U :C — D, by assumption
2.13. O

This Lemma, together with (2.27), yields a commuting diagram:

d
rrCon Xa — 90y Fu X,
e |2 i b
dng. '
Crt1(mrXe) Zn(mrXe) — > munr X,
Ficure 1

which defines the dotted morphism of Il z-algebras h : 7, Xe — 7,(77X,) (this was called the
“Hurewicz map” in [DKS2, 7.1]). Note that for n =0 the map i, is an isomorphism, so h
18, too.

2.30. An exact couple. If X, € sC is Reedy fibrant, the long exact sequences (2.24) for
the fibrations Cn11 X, — Z,X, fit into an (N, F)-bigraded exact couple (D}, E} ) with

*,00

D}w >~ 1,7 X, and E,;a = 1,0 Xe for k>0 and M{a) € F. Asin [DKS2, §8] the
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derived couple has D,zw = (75 X4)a and E,ia = (7 Xe) (using Lemma 2.29), which fit into
a “spiral exact sequence”

(2.31) coo = T T r X, iﬂﬁ'n_lX. 7. X i>7Tn71']:X. — oo X R TorrXe — 0

as in [DKS2, 8.1], so by Reedy fibrant replacement (§2.22), one has such an exact sequence for
any Y, € sC. Of course, 7_1X, := 0; and at the right hand end we have h : 7gX, & 7o7rX,,
as noted above.

We immediately deduce the following

2.32. Proposition. A map f: X, — Y, in sC is a weak equivalence in the resolution model
category — i.e., induces an isorphism in w,mr for all n >0 (§2.16(i)) — if and only if it
is an F-equivalence — i.e., induces an isomorphism in 7, for all n >0 (see §2.22).

2.33. Resolutions. By Definition 2.18, a resolution of an object X € C is a simplicial object
(s over C which is cofibrant and has a weak equivalence f: Qs — ¢(X),. Note that such
an f is detemined by an augmentation ¢ : Qo — X in C (with dyoe = dyoe); by
Proposition 2.32, f is a weak equivalence if and only if the augmented ﬁ—graded simplicial
group &, : 7rQs — wrX s acyclic (i.e., has vanishing homotopy groups in all dimensions

> 0).
The long exact sequence (2.31) then implies that
(2.34) 7,06 Z Q"7 r X for all n > 0.

2.35. Definition. A CW complex over a pointed category C is a simplicial object R, € sC,
together with a sequence of objects R, (n=0,1,...) - called a CW basis for R, — such that
R,=R,0L,R, (§2.4), and di|g,= 0 for 1 <¢<n. The morphism d? R, — Z,_1R, is
called the n-th attaching map for R, (compare [BI1, §5]).

A CW resolution of a simplicial Il z-algebra A, is a CW complex G, € sllzAlg, with
CW basis (Gn)gozo such that each G, is a free [Ir-algebra, together with a weak equivalence

¢ Gy — A,.
2.36. Definition. In the situation of §2.7, a simplicial object R, € sC is called a CW

resolution of X, € sC if R, is a CW complex with each R, in F, up to homotopy (so in
particular R, is indeed cofibrant), equipped with a weak equivalence f: R, — X,.

2.37. Remark. 1t is easy to see that one can inductively construct a CW resolution for every
simplicial IIr-algebra A,, since in order for ¢ : G, — A, to be a weak equivalence it is
necessary and sufficient that 7,¢ take Z,G, onto a set of representatives of 7,4, in Z,A,,
and the attaching map d? map G, onto a set of representatives for Ker(r,¢) in Z,_1G,.
Thus we can let G, be the free Ir-algebra (§2.8) generated by union of the underlying sets
of Z,As and Ker(Z,_1f), say.

The “topological” version of this requires a little more care. In particular, [BI8, Remark 3.16]
implies that not every free simplicial [Ir-algebra A, is realizable in the sense that there is a
R, € sC with 7R, =2 A,. In order to see what can be said on this context, assume given
a fibrant and cofibrant simplicial object F, with an augmentation ¢ : Fy — X. For each
o€ .7}, consider the long exact sequence

(2.38) e O P % g P g Py Y o P

for the fibration dj', where ZyF, := F,. By definition, P, — X is a resolution if and only if
m;wr Py =0 for each 2 > 0, where the homotopy groups are understod in the augmented sense
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— that is, morrP, := Ker((d9)s : CorrPy — Z_17£P,)/Im((d}) s : C17xPs — ZowrP,). The

key technical fact we shall need in this context is contained in the following

2.39. Lemma. An fibrant and cofibrant P, € sC with an augmentation P, — X s a
resolution of X if and only if for each m > 0:

(a) There is a short exact sequence 0 — Im(0y—1) — %5 Ly Py M ZmmrPy — 0, and

(b)  Omlim(s,,_1) 05 one-to-one, and surjects onto Im(dy), and Imdy = QrrX.

Note that since 0,, shifts degrees by one, (a) and (b) together imply that Im(d,,) =
Qmtlr X for each m.

Proof. For any P,, the inclusion j,, : Z, Ps — C,, Py induces a map of Il z-algebras (j,,)% :
TrlmPe — 77Ch Pe = Cpwr Py (see Lemma 2.29), which factors through 7, 77F,. Denote
the boundary map for the chain complex C.xzP, (which computes w.7zP,) by D, :=
(Jm—1)s 0 (dF")#-

If P, — X is a resolution, we must have Im((j,.)x o (d§™")x) = Im(D,ny1) = Ker(D,,)
for each m >0, so in particular (j,,) maps onto Z,_17rP,. Moreover, since nzCyP, —
7rPo—»7rX — 0 is exact, Imdy = QrrX and so if we assume by induction that (b) holds
for m — 1, we see that Ker(j,,) = Imd,_; is isomorphic to Q"7zX, which proves (a).
Moreover, if 0 # v € Kerd,, = Im(dj*!)y, and ~ € Imd,,_; = Ker(j,,)#, then we have
B € rnrCpi Py with (A1) u(3)=~#0 but D,1(8) =0 — contradicting (a) for m + 1.
Finally, if (j,,)%(7) # 0, thereisa 8 € 7xCp1Pe with Dy, (8) = (4m)#(v), by the acyclicity
of mrPs, so v — (dg")(B) € Ker(jn)g = Im0p_y, and dn(y — (dg")(5)) = Ou(7).
which proves (b) for m. The identification of Imd, is immediate from (2.38).

Conversely, if (a) and (b) are satisfied for all m, for any element in ( € Z,, 77F,, we have
(= (Jm)z(y) for some ~ € 7xZ, P,. Thus thereisa 0 € 7xZ,_1 P, with 0,(0,-1(8)) =
Or(7), by (b), s0 7+ 0pn-r(0)7" is in Kerdp = Im(dg™*)g; thus (Ju)a(y - Om-a(0)71) = ¢
bounds, and wzF, is acyclic. O

It should be pointed out that the fundamental short exact sequence

(2.40) 0— Q"rrX ZIm(0pn-1) = 7572, P, M»Zmﬂ']:P. — 0

for a resolution P, is actually split, as a sequence of graded groups, because (jm)#|lm(d6"+1)#:
(Jm)#|Kers,, is one-to-one, by (b), and surjects onto Z,7xP, by the acyclicity. However,
Im(dg“"l)# = Ker d,, need not be a sub-Ilz-algebra of #x7,, P,, since d,, is not a morphism
of Il z-algebras.

With the aid of Lemma 2.39 we can now show:

2.41. Proposition. Under the assumptions of §2.7 and 2.13, any X € C has a CW resolution
R, € sC.

Proof. Let )y € sC be the functorial resolution of §2.19; we may assume that the augmentation
e?: Qo — X is a fibration.

We start off by choosing a set TP C 7@ of [Ir-algebra generators (§2.8), such that if we
let Ry = [1,cz [sero M{a)s, then eﬁ maps the free Ilr-algebra 7zR) C 7#rQo onto
77X. We may assume TC is minimal, in the sense that no sub-graded set generates a free
[Ir-algebra surjecting onto 7z X — so that 5i(ﬂ) #0 for all geT?.

The inclusion ¢ : 7z R) — 770 defines a map f): Rl — Qo with (f})s = ¢, and we let
e = e9 o fl: factoring ¢ by 2.1(3) as R - Ry 5 X and usng the LLP for ¢ and &%
yields fo: Rg — Qo commuting with .
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Now assume by induction that we have constructed a fibrant and cofibrant R, through
simplicial dimension n —1 > 0, together with a map tr,_1 f : tr,_1 Re — tr,_1 ()¢ which
induces an embedding of Il r-algebras (tr,—; f)g. We assume that R, satisfies (a) and (b)
of Lemma 2.39 for 0 < m <n (and of course ), satisfies them for all m > 0). If we map
the short exact sequence (a) for R, to the corresponding sequence for Q). by f., we see
that Z,_1(f3) = Zn-10: ZpnoamrRe — Zno17rQs is one-to-one, so (Z,—1f)u : 7521 Re —
7rlnu_1Qe 18, tooO.

Any non-zero element in 7,17, R, is represented by v € x#xZ,_1R., by (2.40) for R,_;.
Let g : M(a) — Z,_1Q. represent favy € 7oZ,_1Q., with M(a)y) the corresponding
coproduct summand of @, = LQ,_y in (2.20), with ) : M(a)y) — @, the inclusion.
Then d;oig) = i(4,_,g for 1 <7 <n (in the same notation) and dyoig) = g, by §2.19.
Thus the Il z-algebra generator (i) € mo@Qy isin C,mrQe, and (df)x(i)) = fa7-

Thus if we choose a set T of [Ir-algebra generators for 7, _17rR, and set

(2.42) Ro= 1] TI M{a)s,

ozE]:— BETE

we have maps f,: R, — C,Q. and dy: R, — Z,_1 R, such that (Jn-1)% 0 (dOQ)# o (fn)# =
(Jne1)# © (Zn_1f)s o (do)x. Now (2.40) implies that (j,_1)z is one-to-one on Imdy, so
(dOQ)# o(fu)e = (Zn_1f)a o (do)g. Because (dOQ)# is a fibration and 7£R, is free, this
implies that one can choose f, so that dOQ 0 fo=Zn_1fody. Since L,f: L,Re — L,Qs
exists by the induction hypothesis, one can define f, : R, ~ L,R, 11 R, — @, extending
tro_1 [ to tr,f :tr, Ry — tr, (s, with 55 : R, — M, R, a fibration. Since m7mzrl, =0
then holds for ¢ <n —1, (2.42) and (2.40) hold for m = n. O

2.43. Remark. We have actually proved a little more: given any minimal simplicial CW res-
olution of Il r-algebra’s A, — 77X (8§2.35) of a realizable Il z-algebra, one can find a CW
resolution R, — X realizing it: that is, 7x R, = A,. (Minimality here is understood to mean
that we allow no unnecessary Ilr-algebra generators in each A,, beyond those needed to map
onto Z,-14..)

By a more careful analysis, as in [BI8, Thm. 3.19], one could in fact show that any CW
resolution of 7rX is realizable. However, this will follow from Corollary 4.11 below.

3. POSTNIKOV SYSTEMS AND THE FUNDAMENTAL GROUP ACTION

We now describe Postnikov systems for simplicial objects in the resolution model category,
and the fundamental group action on them.

3.1. Definition. If C is a category satisfying the assumptions of §2.7, a Postnikov system for
an object Y, € sC is a sequence of objects P, X, € sC, together with maps ¢": X, — P, X,
and p": P11 Xe — P, X, (for n>0), such that 73p" and #pp™ are isomorphisms for all
k<n, and 7. P, X, =0 for k>n+1

3.2. Remark. In general, such Postnikov towers may be constructed for fibrant X, using a
variant of the standard construction for simplicial sets (cf. [May, §8]) due to Dwyer and Kan
in [DK2, §1.2], and for arbitrary X, by using a fibrant approximation.

Note that if @, € sC is a resolution of some X € C  (see §2.33), then by (2.34)
7iPQe 2 Q'nrX for n>1>0, and 7,P,Q, =0 for 7 >mn; so (2.31) implies that

7rX for 1 =0
(3.3) Trr P Qe = Q" Mrr X for i =n+2,

0 otherwise.
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3.4. Postnikov towers for resolutions. It is actually easier to construct a cofibrant version of
the Postnikov tower for a resolution than it is to construct the resolution itself: Given a CW
resolution @), of an object X € C, (constructed as in Proposition 2.41), with CW basis

(Qr)5y, we construct a CW cofibrant approximation Y, — Q(.n) as follows.

Let J. := 77X, and choose some G € hoF (ie., G ~ [[,cr [y, M(a)) having a
surjection of [lr-algebras ¢ : mzG —» Q" LI, Set Y, := Qui2 I G, with (dolg)s = &,
mapping onto Q") = Im(9,) — 7rZ,41Qe = TrZu11Ye (see (2.40)). This defines

5n . . . .
V) =Y I Lo Yo = M, 4Y,, which we then change into a fibration. Since (dj*?)s
7rChiaYe—>mrZ, 1Y, is surjective, we may assume by induction on &£ > n 4+ 2 that

(35) (]k)* . FkaK i ZMT]:K and 8k_1 = 0,

and thus we may choose Yk-|—1 € hoF with dy: ﬂ'y:Yk_H —» 7w rYs, and see that (3.5) holds
for k+1 by (2.40).

Note that Y, ~ Q(.n) is constructed by “attaching cells” to ()., as in the traditional method
for “killing homotopy groups” (cf. [Gr, §17]), so we have a natural embedding p: Qs — Vi,
rather than a fibration. In fact, it is helpful to think of P, X, as a homotopy-invariant version
of the (n + 1)-skeleton of X,: starting with tr,+; Xo, one completes it to a full simplicial
object by a functorial construction which (unlike the skeleton) depends only on the homotopy
type of X,.

3.6. Il-algebras and the fundamental group. Under our assumptions, the category C =
Hr-Alg is a CUGA, or category of universal graded algebras (see [BS, §2.1] and [Mcl, V,§6]),
so that sC, the category of simplicial Il r-algebras, has a model category structure defined by
Quillen (see [Q1, II, §4]). Equivalently, one could take the resolution model category on sC,
starting with the trivial model category structure on Ilr-Alg, and letting Fri,_a;, be the sub-
category of all free [ z-algebras — asin §2.17. One thus has a concept of “spheres” in sllz-Alg
— namely, 7xX"M(a), for a € F (cf. §2.22) — and (7, 44)0 = [E"M{a), Ag]sri,.a1, for any
simplicial Il r-algebra A,. Thus if we take homotopy classes of maps between (coproducts
of) these spheres as the primary homotopy operations (see [W, XI, §1]), we can endow the
homotopy groups w.As = (7;44)52, of A. with an additional structure: that of a (Ilr-Alg)-
[I-algebra, in the (somewhat unfortunate, in this case) terminology of [BS, §3.2]. By definition,
this structure is a homotopy invariant of A,.

In our situation, however, because we are dealing with Postnikov sections, by (3.3) we only
need the very simplest part of that structure — namely, the action of the fundamental group
moAs on each of the higher homotopy groups =, A,.

Observe that because C has an underlying group structure, by assumption 2.13, the indexing
of the homotopy groups of an object in sC should be shifted by one compared with the usual
indexing in 7., so that wyA, is indeed the fundamental group, and in fact the action we
refer to is a straightforward generalization of the usual action of the fundamental group of a
simplicial group (or topological space) on the higher homotopy groups.

3.7. J.-modules and J.-algebras. We shall be interested in an algebraic description of this
action: that is, we would like a category of universal algebras which model this action, in the
same sense that Il-algebras model the action of all the primary homotopy operations on the
homotopy groups of a space. Just as in the case of ordinary Il-algebras, the action in question
is determined by the homotopy classes of maps of simplicial Il z-algebras.

Thus we are led to consider two distinct “varieties of algebras”, in the terminology of [Mcl,
V, §6]): one modeled on the homotopy classes of maps, and one on the actual maps.
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3.8. Definition. Given a llz-algebra J., let J.-Mod denote the category of universal
algebras whose operations are in one-to-one correspondence with homotopy classes of maps
Y "M{a) — 7x(3"M{o’) II X°M(a")), and whose universal relations correspond to the
relations holding among these homotopy class in ho(sC). These model 7,A,, with the action
of mpA,, for A, € sllz-Alg.

An object K, € J.-Mod is itselt a [lr-algebra, equipped with an action of an operation
A Jon X Ky — K, for each A € [722"M(a), 77(X"M{a/) I X°M(a”))]. Such a K, will be
called a J,-module, even though in general the category of such objects, which we shall denote
by J.-Mod, need not be abelian (and it could depend on n). However, in the cases that
interest us, J.-Mod will be abelian, and will not depend on n > 0.

3.9. Definition. Given a Ilz-algebra J,., let J.-Alg denote the category of universal al-
gebras whose operations are in one-to-one correspondence with actual maps mrX"M{a) —
Tr(X"M(/) IT X°M(a")) as above, and whose universal relations correspond to the relations
holding among these maps in sC. The objects in J.-Alg, which are again Il r-algebras with
additional structure, will be called J,.-algebras.

The category J,-Alg is generally very complicated; it is not abelian, and we cannot expect to
know much about it, even for C = G, say. In particular, one may well have a different category
for each n >0 (although we surpress the dependence on n to avoid excessive notation). Note,
however, that maps ¢ : 72X"M({a) — A,, for any simplicial [Iz-algebra A,, correspond
to elements in 7, A,, so that the Ag-algebra structure on A, restricts to an action of of

Z()A. = AO on ZnA.

3.10. Remark. Let Qo be aresolution (in sC) of some object X € C, with J.:=7zX, and
Y, ~ P,Q), its n-th Postnikov approximation. Then we have an action of worzrY, = J, on
TngaTrYe = QL] which is a homotopy invariant of Y,, and thus in turn of Q,, so of X.
It is not clear on the face of it whether the J.-module Q"J, depends only on J., though we
shall see (in §4.5 below) this holds for n =1, and hope to show in [BG] that in fact this holds
for all n. In any case it is describable purely in terms of the primary Il r-algebra-structure of
J..

In general, for any simplicial object X, € sC, there is an action of 7o X, = 7grrX, on the
higher I £-algebras #,X,, defined similarly via homotopy classes of maps [8%, 8%I18%], (see
§2.22); but there is no reason why this should define the same category of “7g X,-modules” as
that defined above. Thus we do not know (2.31)to be a long exact sequence of 7oX,-modules.
However, in our case, when X, = @), is a resolution, the isomorphism of (abelian) Il r-algebras
Tnp2TrYe = QL] is defined inductively by means of the connecting homomorphism of (2.31),
and this yields the J,-module structure on Q".J,.

3.11. Assumption. Under mild assumptions on the category C one may show that for any
Ay € sllg-Alg and n > 1, the llz-algebra 7,A, is abelian (see [BS, Lemma 5.2.1]).

However, we shall need to assume more than this: namely, that J.-Mod as defined above
is in fact an abelian category. We also assume that when A, is a simplicial [l £-algebra, the
action of mwpA, on each w,A, is induced by an action of Ag on A,, and if A, = 770Q,,
then this in turn is induced by an action of )y on (,. Moreover, Z,A, and C,A, are
sub-Ag-algebras of A,, and dg is a homomorphism of Ap-algebras.

3.12. Proposition. These assumptions are satisfied for the categories listed in §2.1/.

Proof. As we shall see, all the categories in question are essentially special cases of the first:

en C= e fundamental group action has an explicit description as follows:
I) When C =¢, the fund tal group action h plicit descripti foll
We define the generalised Samelson product of two elements x € X, y € X, (where,
as in §1.2, p is the “external” dimension, k& the “internal” dimension in a a bisimplicial
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group Xee € 3G) to be the element ((x,y) € X,4qr4s
e(2)

(3.13) {(x,y)) := H H (S;jt e 32?3% e Sfﬁx, S?;t e Sf,ftsgf e ngy)s(w)
(0,0)ESp,q (‘pvdj)eskl

Here S,, is the set of all (p,q)-shuffles — that is, partitions of {0,1,....,p+ ¢ — 1}
into disjoint sets oy <oy <--- <y, p1 < p2<---<p, — and e(o) is the sign of the
permutation corresponding to (o, p) (see [Mc2, VIII, §8]); S,, is ordered by the reverse
lexicographical ordering in . (a,b) denotes the commutator a-b-a™'-b~' (where -
is the group operation). When p =¢ =0, {(x,y)) is just the usual Samelson product
(x,y) in Xoo€G (cf. [C, §11.11]).

We are mainly interested here in the case p = 0, so ((x,y)) = (¢,y) for & :=
Sg-1 - sox € X, 5. It is sometimes convenient to think of this as an “action” of z on vy,
setting t,(y) == ({z,y)) -y (cf. [W, X, (T.9)]).

The simplicial identities imply that if d"a = d™y =0 for all ¢, the same holds for
(z,y), and if o =dJz for some z € O3 X, ., then (x,y) =dy(z,y), so that {(,)
induces a well-defined operation (( , )) : 7i" X, ¢ X 7" X, 4 — 74", X} 440, which is defined
for any simplicial [I-algebra A.., with o € A,. and § € A,., by:

(3.14) (a8 =" T (S0 80080, 50,87 € Apyge

(0,0)€8p,q

Again when p =0 we write 7,(3):= {(a, ) - 3, so that 7, : Ag — Ag is a group
homomorphism in each degree (if a € Z,Ae., € Z,Aes, then (o, () € ZpiqAe).

Now let X,, := X0S* IT ¥"S*, (where S* is the k-sphere for G — §2.17) and let
tor and ¢, be Il-algebra-generators for 7,Xp. and 7St C 7. X e, respectively, so
T« Xne 1s generated by {iok,tns}. Since dji,e =0 (0 <j < n), we have a short exact
sequence of [I-algebras

(3.15) 0— Z,7Xeo— F*(Sk I Sg) — 18" —0.

When k,¢ > 0, by [H, Theorem A] any element x € 7.X,, = 7.(SF 11 S*) can be
written as a sum of elements of the form (#w (g, tns) (Where w(z,y) = (... {(z,y),...) is
some iterated Samelson product), so @ can be obtained by means of the “internal” I1-Alg
operations from expressions of the form 7,(¢,0) (for a € 7.Xo,).

By passing to universal covers we have a similar description when ¢ > k = 0, since
then any 2 € 7;X,s (Jj > 1) can be written as a sum of elements of the form
CF(Tay (tnt)y -+ oy Tap(tng) (for a; € m.Xo,.), and any other a € 7.Xy, acts on this by
permuting the generators 7,,(tne, s0 again tau,(—) is a group homomorphism. When
k=10=0, we are reduced to the case C = Gp (see (II) below).

When k£ > 0 and ¢ =0, let us write ¢,(3) := {(8,a) for o € 7.Xp. and
B € 7 X,e, sothat we are thinking of the usual (internal) action of the fundamental
group mpX, e asafunction of 5. This is not a homomorphism, since we have ¢, (3-v) =
2alB) +pa(7) + (8, (1 G by [W, 1T, (L7) & X, (7.4)]

But (o, ) isa cycle (i.e.,in Z,m.Xeo), by (3.15), 50 ({0, 5N, ) ~0 in 7,7 X,
for any ~ € moX,e by [BS, 5.2.1], which means that ¢, induces a homomorphism on
T TxXe o

In summary, an J.-algebra (§3.9), for any J. € II-Alg, is just a ll-algebra K, together
with an action of each « € J., which may be expressed in terms of the (degree-shifting)
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homomorphisms 7,, or the functions ¢,, respectively, satisfying whatever relations hold
among these (and the internal II-algebra operations) in m.X,, .

A Ji.-module, on the other hand, is an abelian 1l-algebra K., together with homo-
morphisms 7, : K, — K. or ¢, : K, — K. for each « € J., satisfying the identities
occuring in 7, T Xo o.

These identities could be described more or less explicitly in the category II-Alg, in
terms of suitable Hopf invariants (cf. [Bal, 11, §3]). Compare [Ba2, §3]).

(IT) When C = Gp, sC models the homotopy theory of (connected) topological spaces,
and J.-Mod, defined (as noted above) through the usual action of the fundamental
group, is equivalent to the category of (left) modules over the group ring Z[roAs] (for
A € sCrG).

(IIT) When C = Lie, the situation is similar to C = Gp, with Samelson products replaced by
Lie brackets.

(IV) When C = dL =~ sLie, one has a generalized Lie bracket defined for bisimplicial Lie
algebras as in (3.13), with commutators replaced by Lie brackets (see [BI7, §2.6]).

(V) When C = R-Mod, sC is equivalent to the category of chain complexes over R, so there
is no action of w9 = Hy on the higher groups.

O

3.16. Remark. It is possible to write down general conditions on category of universal alge-
bras (or CUGA) C, defined in terms of operations and relations, which suffice to ensure that
assumptions 3.11 hold: all one really needs is a suitable Hilton-Milnor theorem in sC (see,
e.g., [Go]). However, it seems simpler to state the conditions needed as above, and verify them
directly in any particular case of interest.

4. COHOMOLOGY OF Il --ALGEBRAS

In this section we complete the description of the algebraic invariants used to distinguish
homotopy types. To do so, we recall Quillen’s definition of cohomology in a model category, in
the context of 1z Alg:

4.1. Definition. Let C be a model category with an abelianization functor Ab : C — Cu,
where C,; denotes of course the full category of abelian objects in C; we shall usually write
Xop for Ab(X) (see §2.10). In [Q1, II, §5] (or [Q4, §2]), Quillen defines the homology of an
object X € C to be the total left derived functor LAb of Ab, applied to X (cf. [Q1, I,
§4]). Likewise, given an object M € Cu/X, the cohomology of X with coefficients in M is
R Home,, x (X, M) := Home,, ,x (LAbX, M).

4.2. Quillen cohomology of Ilr-algebras. When J,. € C = llz-Alg, we have the model
category structure defined in §3.6 above, so we can choose a resolution A, — J, in sllz-Alg
as in §2.33, and define the i-th homology group of J. to be the i-th homotopy group =;(AbA,)
of the ﬁ—graded simplicial abelian group (As)as — i.e., of the associated chain complex (cf.
[D, §1]). One must verify, of course, that this definition is independent of the choice of the
resolution A, — J..

Similarly, if K, is an abelian J,-algebra, then the 2-th cohomology group of .J, with
coefficients in K., written H'(J,; K.), is that of the cochain complex corresponding to the
cosimplicial ﬁ—graded abelian group Homy, ai,(A., K.).

4.3. Remark. Here Homy, ai,(A, B) is the group of Il z-algebra homomorphisms which respect

~

the J.-action; because we are mapping into an abelian object K., Homy, ai,(Ae, Ki) =
Homy, aiy((As),, Ki) (where A’, denotes the abelianization of A € J.-Alg as an J,-algebra).

ab?
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However, in the simplicial abelian X-algebra (A,)!, we have a direct product decomposition
(Ap)l, = (Az)ab & (LrAs), for k>0, where (Ak)flb := Ck(As)!, is the the sub-abelian X-
algebra of (Ay)/, generated by (Az), (cf. [May, Cor. 22.2]) — and in fact (Cio)flb : (An)gb —
(A,-1),, factors through a map D, : (A’ Jab — (An 1)h, (see [May, p. 95(i)]).

Thus the n-cochains split as:
Homy, atg((An )i, Ke) 2= Homuy, iy (An)yy, K52) @ Homuy, arg(Ln(Aa)lp, K. ),

so by [BK, X, §7.1] any cocycle representing a cohomology class m H"(J; K.) may be
represented uniquely either by a map of abelian Ag-algebras f ( w)hy — Ki, or by a map
of Ap-algebras f: A, — K..

Since (,A, contains the sub-Ag-algebra of A, generated by A, (by assumption 3.11),
| determines its restriction fl¢, 4,: CnAs — K., which determines f, which determines
f in turn. We have thus shown that H*(J.; K.) may be calculated as the cohomology of
the (abelian) cochain complex Homa, aiy(CiAs, K.) (even though C.A, is not in general a
homotopy invariant of A,, in non-abelian categories).

4.4. obstructions to existence of resolutions. Given an object X € C, and a (suitable)
simplicial resolution A, — J. of the llr-algebra J, := 7£X, we have seen in Section 2 that
one can construct a resolution (), of X (in the resolution model category sC) realizing A,
in the sense that 7rQ)s = A,. It is thus natural to ask whether any simplicial [l r-algebra —
or at least, any resolution A, of an abstract [lz-algebra J. — is realizable in sC.

One approach to this question in the topological setting (i.e., for C = G), in terms of higher
homotopy operations, was given in [BI3]. However, a glance at the proof of Proposition 2.41
shows that one can instead consider obstructions to extending tr, (s to the next simplicial
dimension. For a homotopy-invariant description, we state this in terms of successive Postnikov
approximations to (,, since it is clear that, once we have constructed tr, (J,, it is always
possible to obtain Y, ~ Q " from it by successive choices of free objects Y41 € hoF
(k=mn,...) mapping to Z;Y, by a llr-algebra surjection.

4.5. constructing the obstruction. Assume given a CW resolution A, € sllz-Alg of J,,
with CW basis (A,)°%,, and choose corresponding free objects @, € F C C with 77Q, = A,.

We begin the induction with try; ¢),, and thus Q(.O), constructed as in the proof of Proposition
2.41. Note that to obtain tr; )y we do not in fact need to know X € C with 7nX = .J, -
or even to know that such an object exists! This implies that the J,-module structure on £.J,
is uniquely determined.

In the inductive stage we assume given tr, )y (equivalently: Q(.n_l)), satisfying 2.39(a)
and (b) for 0 < m < n. Our strategy is to try to attach (n + 1)-dimensional “cells”
tr, (Jo in such a way as to guarantee acyclicity of the resulting tr,;; ¢ in one more simplicial
dimension — using Lemma 2.39 above. The key to the construction of tr,;1 @)y from tr, (),
thus lies in the extension of Ag-algebras (2.40) (for Q., rather than F,); the two ends are
given to us. Observe that this extension determines the Ap-algebra structure on Q".J., if
more than one is possible.

We want this extension to be “trivial” (that is, split as a semi-direct product of Ag-algebras),
in order to be able to lift the given map of Agp-algebras Jg‘ : Ay — Z,A, to a map
JOQ : Qny1 — Z,Q., so the question is reduced from one about simplicial objects over C to
one of algebraic objects, namely: Ag-algebras. There is a close analagy to the classical theory
of group extensions, where the triviality of an extension £ : 0 — A — B — ( is measured
by the characteristic class ¢(F) € H*(G; A) (compare [Mc2, IV, §6]). Similarly, in our case
the triviality of the extension is measured by the vanishing of a suitable cohomology class in

H™"2(J.;Q"J,), defined as follows:
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Because (jn)g : 772, Qe —> Z,7rQe = Z, Ay is surjective, and A4y is a free Ilr-algebra,
we can choose a lifting A in the following diagram:

JAn-I-l

An+1 ZnA. —0
A ~

i (724
0— V), —71s2,Q¢ — > Z,mr7Qs — 0

FIGURE 2

and we can find a map £ : Qn-l—l — Z,Qe realizing A (again, because An+1 = 7r;:@n+1 is free).
Combined with the “tautological map” L,11Qe — M,11Q. (see §2.4), which depends only on
tr, Qe, by setting Qni1 := Qui1IL,11Q weobtain an extension dy : Q41 — @, of £ (which
isamap of Qo-algebras), and thus an (n-+1)-truncated simplicial object tr,41 Qo overC, with
Qi1 i= Qni1 T L, y1Q,, and mrtr,q Qo = trq Ao In particular, dOQ’“r1 FCh1Qe — 7,0
induces a map \ from TrCht1Qe = Cry1As to 777,Q. extending (and determined by) the
lifting A : Apy1 — 7£2,Q, of Jé"“. This is a map of Ag = 7xQo-algebras, by Assumption
3.11.

Since (j9)4 o0 (5\|Zn+1Ao) =0, the map 5‘|Zn+1A. factors through p: 7,114, — Ker(j@)y =
0" J,., and composing p with dg‘"+2 : Chp2Ae = Znp1 A defines €1 104y — Q7 — again,
a map of Ag-algebras:

d64n+2 ] d64n+1
Cfn-l—21404> Zn-l—l Ao —>Cn-|—1Ao ZnAo - 0
£ f A =
i (72)
0 Qrj, — FonQ. Znﬂ']:Q.—’ 0

The cochain ¢ = po d€"+2 is clearly a cocycle in the cochain complex Homj, aod(As, 2J.),
so it represents a cohomology class v, € H""?(J,;Q"J.), called the characteristic class of the
extension.

4.6. Lemma. The cohomology class x, is independent of the choice of lifting \.

Proof. Assume that we want to replace A in §4.5 by a different lifting M : A,41 — 757Z,Q.,
and choose maps (,{' : Q.41 — Z,Q, realizing A, ) respectively; their extensions to maps
Qnt1 — @ (which we may denote by dy, dj) agree on L,11Q.. We correspondingly having
W Za1Ae — Q. and ¢ =y o dg‘"“.

Because Qi1 := Qi1 II L,11Q, is a coproduct of the form [, M{«a;), by §2.13 the

underlying group structure on any X € C induces a group structure on

(4.7) Home(Q i1, X)

(and similarly for Homp, ai,( Ant1, 72X)).

Therefore, we can set h := (do)™" - (d})) : Qny1 — Qn, and h induces a map 7 : Chy1 Ay —
7r/,Qs such that 77|An+1: A7t X, Moreover, because dy and dj, agree outside of Qg1
(79)g on =0. Thus 5 factors through ¢ :C, 1A, — Q"J., which is a map of Ag-algebras
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because Q".J. is an abelian Ag-algebra (actually, a J.-module), and ( is induced by group
operations from the Ag-algebra maps do and dj.
Moreover, (|z,,,4,= p— ¢ in the abelian group structure on Homyj, ya(—, Q2" J.) (which

corresponds to the group structure of (4.7)). Thus ¢ —¢(=1o dg‘"+2 is a coboundary. O

4.8. Theorem. v, =0 if and only if one can extend Q(.n_l)

mation Q(.n) of a resolution of X.

to an n-th Postnikov approxi-

Proof. First assume that there exists Y, ~ Q(.nH) with tr, Y, = tr, ¢J,: by Lemma 2.39 we
know (jg)#|1m(dg+1)# is one-to-one (and onto Z,77Q,), for dit': C,.1\Y, — Z,Y, = Z,Q,,
and thus Im(d2+"), NIm 9%, = {0}. But then we can choose X : A, 1 — 757,Q, to factor
through Im(dg*')y, (and this will induce a map of Ag-algebras because of §3.10), so that
p =0 and thus ¢ =0.

Conversely, if v, = 0, we can represent it by a coboundary & =9 o d64 for some Ap-
algebra map o : C,11 Ay — Q"J,, and thus get 20 19|An+1: Api1 — 75 2,Q.. If weset X :=
A-(iod|g,,,)”", wehave Im A NQ"J, = {0}. We can therefore choose A2 Qi — ZnQs
realizing X, and then (d¢™')s avoids Im(9% ) = Q"J., so that tr,; Q. so constructed

yields Q(.n+1), as required. In particular, this determines a choice of J.-module structure on
Q**2 ], (if more than one is possible), via (2.40) for n + 1. O

n+2

4.9. notation. If we wish to emphasize the dependence on the choice of A, we shall write
Q(.n+1)[)\] for the extension of Q(.n) so constructed.

4.10. Proposition. The class v, depends only on the homotopy type of Q(.n_l) in sC.

Proof. Assume Q(.n_l) has been constructed, realizing a simplicial resolution of Il r-algebras
A, — J. through simplicial dimension n, and let B, — J. be any other Ilr-algebra
resolution: we then have a weak equivalence ¢ : B, — A, in sllz-Alg. Assume by induction
on 0 <m < n that we have constructed an m-truncated simplicial object tr,, R, over C, and
amap f:tr, Ry — tr, Q(.n_l) realizing tr,, . Moreover, assume that we have a map of the
(split) short exact sequences (2.40) (in dimension m) for R, and Q,:

0 (G5 )%
0— O, —> 157, Ri—— e 7 1Ry 0

= (Znf)s Zn(f4) = Zny
. -0
t Jm
0— Q" J, —’WmeQ.ﬂ’ LmTrQe— 0

Now, in order to extend f to dimension n 4+ 1, we must choose the map (d§m+1)#
TrRnt1 — 75y Ry (lifting o™ Byt — ZmBe) insuch a way that (7, f)s o(cié%m“)# =
(J§m+1)# 0 Zyp. Since By = wrR,41 is free, it suffices to show that the obvious map from

Q
wr/nRe to the pullback of #n£Z,0Q), M IrmTrQe = ZmAs Jme. ZmBe 1s a surjection:

given (a,b) € 757, QeX Zy By with (j2)u(a) = ¢(b), for any z € 77, Ry with (j2)u(2) =0
we have an w € Q™' J, C 7xZ,, R, such that (Z,f)s(z w) = (Znf)g(2') - w =1b in the
diagram above (where - is the group operation), so z-w maps to (a,b). Thus we can

choose ij’“l : Rypy1 — Z, R, in such a way that we can define tr,,; R,, together with a

map tr,a1 f:trpe Re — tr,,01 Qs realizing tr,4q .
Because ¢ was a weak equivalence of resolutions, it is actually a homotopy equivalence, with
homotopy inverse ¥ : A, — B,, say, and the above argument also yields a homotopy inverse
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for f") (or tr,41 f). Moreover, the characteristic classes we defined are clearly functorial
with respect to maps in sC; since the characteristic class Y11 € H™3(J; Q™1 ],), defined
for the resolution A, — J, by means of the lift c?ég’"“, must vanish, by Theorem 4.8, the
same holds for R,, so by Theorem 4.8 again we can extend R(.m) to R(.m+1)
the induction as long as m < n. O

, and continue

We deduce the following generalization of Proposition 2.41:

4.11. Corollary. Gwen X € C, any CW Il z-algebra resolution Ay — 7rX s realizable as
a resolution QQy — X in sC.

One could further extend Proposition 4.10 to obtain a statement about the naturality of the
characteristic classes with respect to morphisms of Il r-algebras 1 : J, — L.. However, such
a statement would be somewhat convoluted, in our setting, and it seems better to defer it to a
more general discussion of the realization of simplicial Il z-algebras, in [BG].

4.12. realization of ll-algebras. If G :S. — G denotes Kan’s simplicial loop functor (cf.
[May, Def. 26.3]), with adjoint W : G — S, the Eilenberg-Mac Lane classifying space functor
(cf. [May, §21]), and S : 7. — S. is the singular set functor, with adjoint || — | : S« — T.
the geometric realization functor (see [May, §1,14]), then functors

S G
(4:13) 5559

induce isomorphisms of the corresponding homotopy categories (see [Q1, I, §5]), so any homo-
topy-theoretic question about topological spaces may be translated to one in G. In particular,
in order to find a topological space X having a specified homotopy Il-algebra J. = 7. X, it
suffices to find the corresponding simplicial group X € G (with the Il r-algebra J. suitably
re-indexed). If J, is realizable by such an X, any free simplicial resolution Q4 — X evidently
provides a Il-algebra resolution 7.(), of J.= 7. X. But the converse is also true: it (), € sG
realizes some (abstract) Il-algebra resolution A, € sll-Alg of J., then the collapse of the
Quillen spectral sequence of [Q2], with

(4.14) E?, = 7y(mQs) = Tope diag Qo

converging to the diagonal diagQ, € G (defined (diagQ,)r, = (Qx){) implies that
7. diag Qs = J.. Thus .J. is realizable by a simplicial group (or topological space) if and only
if some [l-algebra resolution A, — J. is realizable.

The characteristic classes ()52, (whose existence was promised in [DKS2, §1.3] under the
name of the “k-invariants for .J.), thus provide a more succinct (if less explicit) version of the
theory described in [BI3, §5-6] (as simplified in [B16, §6]), for determining the realizablity of a
IT-algebra in terms of higher homotopy operations — which we summarize in

4.15. Theorem. Given an (abstract) ll-algebra J., the following conditions are equivalent:

(1) J. is realizable as 7. X  for some topological space X € T..
(2) Any CW l-algebra resolution A, — J. s realizable by a simplicial space Q.
(3) The (inductively defined) characteristic classes x, € H" ™ (J; Q") (m=0,1,...) all

vanish.

Of course, the characteristic class y,41 1s determined by the choice of some extension Q(.n)
of Q(.n_l), so as usual our obstruction theory requires back-tracking if at some stage we find
Xn # 0. We shall now show how we can use other cohomology classes to determine the choices
of extensions at each stage:



ALGEBRAIC INVARIANTS FOR HOMOTOPY TYPES 21

4.16. distinguishing between different resolutions. A more interesting question, perhaps,
is how one can distinguish between non-equivalent realizations @,, Re € sC of a fixed Ilz-
algebra resolution A, — J. of a realizable 1l r-algebra J. = 77X. Of course, it ), and
R. are both resolutions (in the resolution model category sC) of weakly equivalent objects
X ~ Y in the model category C, then by definition (), is weakly equivalent (actually:
homotopy equivalent) to R,. Thus we are looking for a way to distinguish between objects
in C, using the iterative construction of a resolution )4 — X (or equivalently, the Postnikov
system for Q,).

There are a number of possible approaches to this question: one could try to construct a
homotopy equivalence ), — R, by induction on the Postnikov tower for FR,, using an
adaptation to sC of the classical obstruction theory for spaces (cf. [W, V, §5]). Alternatively,
one could try directly to construct a map )y — Y realizing the augmentation wrA, — J.
(see [BI3, §7], and compare [B, §5]). A description more in this spirit will be given in [BG].

Here our strategy is similar to that of §4.4: rather than assuming that we are given X and
Y to begin with, we try to construct all different realizations (up to homotopy equivalence in
sC) of a given simplicial Il r-algebra A, (which is assumed to be a resolution of a realizable
[ r-algebra J.). We start our construction as in §4.5, and in the induction step we have assume

given tr, (), — or equivalently Q(.n_l), satisfying the assumptions of §4.5 (see the proof of
Proposition 2.41). We ask in how many different ways we can attach (n 4 1)-dimensional
“cells” to extend the realization one further dimension.

Again the key lies in the extension of Il z-algebras of (2.40). Of course, we may assume that
the characteristic class vy, € H""?(J,;Q"J.) vanishes, so that it is possible to find “splittings”
for (2.40), given by various liftings A in Figure 2 — all of which yield the same cohomology
class v, by Lemma4.6. As in the classical case of groups, we find that the difference between
two such “semi-direct products” is represented by suitable cohomology classes, in dimension
lower by one than the characteristic classes (see [Mc2, IV, §2]).

4.17. Definition. Assume given two liftings A\, X : A, ., — 7£7,Q, in Figure 2 above, which
define extensions of tr, (), — so that, as in the proof of Theorem 4.8, we may assume without
loss of generality that the corresponding maps p, ¢’ : Z,41Ae — Q"J, vanish. Asin the proof of
Lemma 4.6, we extend A, X to face maps do,dj : Qne1 — @n, define n:Coi1Ay — 75 2,Qs
with  (j@)g o = 0, and lift to a map of Ag-algebras ( : Cpi1As — QJ..  Again
(|Zp140= p — g/, which is zero, so ( is a cocycle in  Homy, no.q(As, QJ,), representing a
cohomology class 6, € H"(J,,Q"J.), which we call the difference obstruction for the
corresponding Postnikov sections Q(.n)[)\] and Q(.n)[)\’] (in the notation of §4.9).

Just as in the proof of Proposition 4.10, one can show that the classes (5An+17%+1 in question
do not in fact depend on the choice of Ilf-algebra resolution A, — J., but only on the

homotopy type of Q(.n_l) in sC. Their significance is indicated by the following

4.18. Theorem. If 6\ =0 then the corresponding Postnikov sections Q(.n)[)\] and Q(.n)[)\’]
are weakly equivalent.

Proof. It ( 1is a coboundary, there is a map o : C, A, — Q"J. such that ( = Vo dé".
Composing with the inclusion ¢ : Q"J, — 7x7,Q, yields a morphism of Agp-algebras ¢ :
A, — 75Z,Q,.. If, as in the proof of Proposition 2.41, we set Q' := Q, II L,Q,, we may
realize ¢ by a map 2z’ : Q) — Z,Q,. Since we assumed ' is actually a coproduct of
objects in .71", it is a cogroup object in C by §2.7(i), so using the resulting group structure on
Home(Q'!,Q,) we may set s :=k-z:Q — Q,, where k: Q' — @, is the inclusion. Since
k is a trivial cofbration and @), is fibrant in C, we have a retraction r:Q, — Q! (which is
a weak equivalence). Let s:=sor:Q, — Q,.
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Recall from §2.13 that we have a faithful forgetful functor U:.¢c— D, where for simplicity
we may assume D =G or D = sR-Mod (the other cases are trivial). We therefore have a
further forgetful functor U’ : D — S, and we denote U’ o U simply by U :C — §. The
group operation map, while not a morphismin C or D, isamap m:UQ, xUQ, — UQ, in
S. Thus the following diagram commutes in S:

idTU((Z' oroy) m|z.q.
UZ,Q UZ,Qe x UZ,Qs UZ,Q
Uj U@y % j) Uj
Ur UkTU(joz) m
UQ, o UQ! Q. % UQ, Q.
Us

Since U is faithful, this implies that soj : 7,0, — ¢, factors through a map ¢ :
Z2Qe — Z,Q in C. Moreover, because we assumed that each M({a) € F is of the form
M(a) = FM({a)" for some M{a) € § (where F = FoF' isadjoint to U:C — §), any map
b: M(a) — Z,0Q, corresponds under the adjunction isomorphism to b M(a) — UZ,Q.,
and thus t43 = B-(Co (j9)gB) for any B € 7x7S5,Q, (since the group operation - in
TrZnQe is induced by m — cf. [Gr, Prop. 9.9]).

Now if £: Q1 — Z,Q, realizes A\, we have (tol)y = ({-(20l))p =X (Vo (jQ)pol) =
A (AP Ny =N A — 75 7Z,Q.. Thus we have a comutative diagram

N Q
7"-]-'ZnC?o M ZnT‘-]:Qo - ZnAo

\@'d
Q
7"-]-'ZnC?o M’ ZnT‘-]:Qo - ZnAo

7T]:C?n—l—l = An—l—l
id \t#
A (

7T]:C?n—l—l = An—l—l

which yields a map of (n+1)-truncated objects p : tr 11 Qu[A] — trup1 Qu[N] (or equivalently,
Q(.n)[)\] — Q(.n)[)\’]). Clearly p induces an isomorphism in my7mr for £k <n+ 1.
Now for any choice of lifting A we have 7rn+27r]:Q(.n)[)\] >~ Im(9?), and since
(19 0 (jg)#)hm(ag_l): 0,

we find (t#)|lm(8Q )= id, so by 2.39(b) the diagram

o7
7Toz-|—1ZnQo 7TozZn-|—1 Qo
Ly id
o7
7Toz-|—1ZnQo 7TozZn-|—1 Qo

commutes. Thus p induces an isomorphism on Im(9%), so that (p). : Q(.n)[)\] — Q(.n)[)\’] is a
weak equivalence. O

4.19. Remark. Given a (realizable) Ilz-algebra J., a CW resolution A, € sllz-Alg of .J,,
and a fixed (but arbitrary) choice object X € C with #zX = J,, by Corollary 4.11 we have a
corresponding resolution Q4 — X. If X’ € C is another realization of .J. with corresponding
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Q) — X', we may assume without loss of generality that Y/ := (Q.)" ~ Y, := Q(.n) for some

n >0, with AN A = 7752, 11Q6 = 7r 2,110, the respective liftings.

4.20. different realizations of a Il-algebra. Assume given an abstract ll-algebra J,, which
is known to be realizable (e.g., by the cohomological criterion of Theorem 4.15). We wish
to distinguish between the various non-weakly equivalent realizations of J, by topological
spaces (or simplicial groups). The spectral sequence (4.14) implies that in order for two such
X, X" € G (with 7. X =2 J, 2 7.X’) tobe weakly equivalent, it suffices that their corresponding
resolutions Qs — X and @, — X’ be weakly equivalent (and thus homotopy equivalent)
in the resolution model category. This is in fact the main reason for considering this model
category structure on sG in the first case (and justifies its original name of “FE?-model
category” in [DKS1]).

Note, however, that this is not a necessary condition; an alternative model structure on s&
(or sG), defined in [Mo], has as weak equivalences precisely those maps in sC inducing an
equivalence on the realizations.

The difference obstructions 6, v, which yield an inductive procedure for distinguishing
between various realizations of a given Il-algebra resolution A, — .J., thus again provide an
alternative to the theory described in [BI3, §7] (as simplified in [Bl4, §4.9]) for distinguishing
between different realizations of a given Il-algebra, in terms of higher homotopy operations.

To state this explicitly, assume given an (abstract) Il-algebra .J., a CW resolution A, €
sll-Alg of J., and two realizations @,,Q, € sG of A,, determined as in §4.16 by
stuccessive choices of lifts A\yyy @ Appy — 772;,Q. and Mot Appr — 72 Z:QL. By §4.12,
we know that the realizations X := diag(), and X' := diag(@Q, are two realizations of
10~ Q(.O), which we can use to
push forward A] : Ay — 75 71Q) to AV Ay — 7£71Q, so it is meaningful to consider
O =0y € H?*(J.,Q.J.). Proceeding in this way we obtain the following

Joo T 0y, = 0, there is a weak equivalence fo : (Q

4.21. Theorem. Assume given a Ill-algebra J., a CW resolution A, € sll-Alg of J.,
and two topological spaces X, X' € T, realizing J., corresponding to X, X' € G under
(4.13). Let Q.. Q) € sG be CW resolutions of X, X' respectively, determined as in §4.16
by successive choices of lifts Apyq : Apyr — 77 7,Q¢ and Algq Anyr — 75 2,QL.  If the
difference obstructions 5An+17A;+1 € H" 2 (J., Q" J.) wvanish for all n >0, then X and X’

are weakly equivalent.

Again, these classes satsify certain naturality conditions, which are more easily stated for
simplicial Il r-algebras: see [BG].

4.22. Remark. Theorem 4.21 provides a collection of algebraic invariants — starting with the
homotopy Il-algebra 7.X — for distinguishing between (weak) homotopy types of spaces. As
with the ordinary Postnikov systems and their k-invariants, these are not actually invariant,
in the sense that distinct values (i.e., non-vanishing difference obstructions) do not guarantee
distinct homotopy types. Thus we are still far from a full algebraization of homotopy theory
— even if we disregard the fact that II-algebras, not too mention their cohomology groups, are
rather mysterious objects, and no non-trivial naturally occurring examples are fully known to
date.

Note, however, that we have a considerable simplification of the theory in the case of the
rational homotopy type of simply-connected spaces: in this case the Ilz-algebras in question
are just connected graded Lie algebras over @, and the cohomology theory reduces to the usual
Cartan-Eilenberg cohomology of Lie algebras. The obstruction theory we define appears to be
the Lie algebra version of the theory for graded algebras due to Halperin and Stasheff in [HS].
See also [O, §III] and [F].
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Another such simplification occurs when we consider only the stable homotopy type: in this
case Ilr-algebras are just graded modules over the stable homotopy ring 7 := 725° and
the cohomology groups in question are Ext?(J,,X7"J,). Here we have no action of the
fundamental group to worry about.

Furthermore, the spectral sequence of (4.14) implies that if Q(.n) > (@)™, then also
(diag Q)" = (diag Q.)™, so one can also use the theory described above “within a range”.
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