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MAPPING SPACES OF COMPACT LIE GROUPS 
AND p-ADIC COMPLETION 

DAVID BLANC AND DIETRICH NOTBOHM 

(Communicated by Frederick R. Cohen) 

ABSTRACT. If BG, BH are the classifying spaces of compact Lie groups, with 
H connected, then the mapping space functor map(BG, -) com- 
mutes with p-completion on BH: i.e., for each f: BG -- BH the 
component (map(BG, BH)f)A is p-complete, and is homotopy equivalent to 
map(BG, BHp)jof- 

1. INTRODUCTION 

In studying map(BG, BH), the space of maps between the classifying spaces 
of two compact Lie groups, it is often useful to know whether the p-adic com- 
pletion commutes with the functor map(BG, -); special cases where this occurs 
were used, for example, in [DZ, JMO, N2, NS]. Here we present a more general 
result in this direction: 

1.1. Theorem. Let G and H be compact Lie groups, with H connected; 
let p be a prime, and i: BH -* BHp the natural inclusion. Then for any 
map f: BG -- BH, the corresponding component of the mapping space, 
map(BG, BHp )i f, is p-complete, and 

(map(BG, BH)f)p - map(BG, BHp)i0f 

is a homotopy equivalence. 

The p-adic completion of a space X that we refer to is the (Fp)X,,X of 
[BK, I, ?4.2], which we denote by XA However, unless X is nilpotent (e.g., 
simply-connected), XP need not be p-complete in the sense of [BK, I, ?5 & 
VII, ?2], and so it enjoys few of the properties associated with completion. In 
particular, unless Xp is p-complete, the natural map i: X - p will not induce 
an isomorphism in IFp-homology, so XI will not be the H*(-; IFp)-localization 
of X (cf. [BK, ?2. 1]) and (XPA) A; XP. 

In ?2 we list some facts about ZA -modules needed to prove the theorem. In ?3 
we recall from [JMO] the mod-p approximation for BG, using p-toral groups. 
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In ?4 the Bousfield-Kan spectral sequence is used to prove p-completeness. The 
required homotopy equivalence is shown in ?5. 

2. FINITELY GENERATED Z'-MODULES 

Let Y denote the class of finitely generated Z'-modules, where Z A is the 
ring of p-adic integers, and let J' = Y U { G: G is a finite p-group } . 

2.1. Lemma. If X is a connected space with 7rkX E Y' for each k > 1, then 
(1) H*(X; Fp) is offinite type, that is, Hk(X; Fp) isfinite for each k > 0; 
(2) X is p-complete and Fq-acyclicfor any prime q :$ p, that is, H*(X; Fq) 

= 0. 

Proof. Any M E Y is isomorphic to N 0 ZpA, where N is a finitely generated 
abelian group. Thus K(M, n) K(N, n)A, which is p-complete (see [BK, VI, 
5.2]), and so H*(K(M, n); Fp) is of finite type for all n > 1. Therefore, if Y 
is a simply-connected space with each 7riY E 7, by induction on its Postnikov 
system, we see H*(Y; Fp) is of finite type. 

Now assume 7r1X = G E Y' and consider the universal covering fibration 
for X; 

(*) X -X-*K(G,1). 

The action of G on the universal covering space X makes Ht(X; ]Fp) into 
a G-module, and one has a Leray-Cartan spectral sequence (cf. [CE, XVI, ?9]), 
with 

ES2 t-Hs(G; Ht(i; Fp)) X:~ Ht+s(X; Fp). 

Now for fixed t, let V = Ht(X; FFp) and let q: G -* Aut(V) describe the 
7r,-action. Aut(V) is finite, and if G E Y then G is q-divisible for any q 
prime to p, so in any case Im(q) C Aut(V) is a finite p-group. Thus G acts 
nilpotently on V (cf. [BK, II, 5.2]): that is, there is a filtration 0 = Vo c V1 c 
* V... c V, = V of G-modules such that G acts trivially on each Vi/Vi-I . 

Using the short exact sequences 0 Vi-I - V- Vl/ViI - 0, we see by 
induction on i that each Hs(G; VJ)-and so in particular Hs(G; V) - Es2- tis 
finite. Thus H*(X; Fp) is of finite type. 

Furthermore, because G acts nilpotently on V, by the mod- FFp fiber lemma 
of [BK,II, 5. 1 ] the universal covering (*) remains a fibration after p-completion: 

(*)~~~~~~~A __p XA K (l)A K(G1', p 
X"~~~p' p ' p~ 

Since G = 7r1X E Y', K(G, 1) is p-complete; similarly X Xp (being 
nilpotent, with 7rkX E S ). The Five Lemma, applied to the natural map from 
the long exact sequence of (*) to that of (*)p, shows 7r*X -) 7rz*(Xp) is an 
isomorphism, so X is p-complete. Since H*X = 0 = H*K(G, 1) for q : p by 
[BK, VI, 5.6], the same holds for X. o 

2.2. Corollary. Let X be a pointed connected space such that 7rkX E 7 for 
k > 2, and suppose that r I X has a finite normal series 

1 = Go < G X < pcl< Gn et < a Gn = a crX 
where each GilGi- I E- 7'. Then X is p-complete and Fq -acyclic for q :A p. 
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Proof. For each i = 1, ..., n, let Xi-1 Xi - K(Gi/Gi 1, 1) be the cov- 
ering fibration corresponding to the short exact sequence 1 -Gi1 -- Gi - 

GilGi-, - 1 (where Xo = X and X, = X). As above, K(Gi/Gi-, 1), and 
by induction also Xi-, are p-complete and Fq-acyclic, with Fp-homology of 
finite type. The same then holds for Xi, too, by the covering-space argument 
in the proof of Lemma 2.1, and thus for X. o 

2.3. Lemma.ForA,CeSr: 

(1) If 0 -O A -- B -- C -O 0 is a short exact sequence of abelian groups, 
then B E S. 

(2) Any group homomorphism f: C -- A is Zi-linear. 

Proof. It is enough to show that the forgetful functor induces isomorphisms 

(1) ExtZA(C, A)- Ext1 (C, A) and HomzA(C, A) - Homz(C, A). 

As above, write A- A' Zp, C C' Zp, for finitely generated abelian 
groups A', C'. Since Ext and Hom commute with finite direct sums, it is 
enough to consider cyclic C and A, that is, each either ZA or Z/pr for some 
r. 

By the Change of Rings Theorem (see [HS, IV, Theorem 12.2]) we know 

ExtnA (C, A) - ExtnA (C' X Z>A) -~Extn (C',A) (n?O), 
ZpA ZpA )- z 5A n> 

so (1) is satisfied when C is torsion and thus C = C'. 

Now let C = Z7. 

(1) If A = ZA then Ext' (C, A) =0 by [Ha, Proposition 2.1]. 
(2) If A = Z/pr, tensor 0 Z Q --+Q /Z -O with ZpA to get the exact 

sequence 0 = Tor(Q/Z, 7/A) - A - Q & ZA - (Q/Z) ? Z'A - 0. Applying 
Ext (-, A) to this, we see that Extj (ZA, Z/pr) = 0 since ZA Q is a Q-vector 
space and Extj (Q, Z/pr) = 0. 

We clearly also have ExtZA (ZpA, A) = 0 for any A. 

Finally, HomzpA (ZA, A) A for any A E 7 while Homz(ZA, Z/pr)- 
Zpr , so 

Homz(ZA, ZA) -Hom(ZA limZ/pr) 

lim Homz(ZPA, 5 Z/p r) lim Z/p 
r Z,A 

Thus Homz(Z> A) - A for any A E , too. The required isomorphism is 
readily verified. 5 

3. THE MOD-P APPROXIMATION OF BG 

In order to prove Theorem 1.1 for more general G, we start with the known 
case when G is p-toral, i.e., 7roG is a finite p-group and the identity component 
of G is a torus. Then we have 
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3.1. Lemma. If P is a p-toral group and H is a connected compact Lie group, 
then for any f: BP -* BH, (map(BP, BH)f)p -^ map(BP, BHp')i,f is a ho- 
motopy equivalence. 

This is contained in [JMO, Theorem 3.2]; we give an outline of the proof: 

By [Ni, Theorem 1.1], f Bp for some homomorphism p: P -* H; 
let C(p) denote its centralizer. The homomorphism C(p) x P -* H passes to 
classifying spaces and has an adjoint BC(p) -* map(BP, BH)Bp, or if we first 
complete, 

BC(p)' -* map(BP, BHp')ioBp. 

The first map induces an H*(-; Fp)-isomorphism by [N 1], and so a homotopy 
equivalence after completion (see [BK, I, 5.5]), while the second is shown in 
[JMO, loc. cit.] to be a homotopy equivalence. Cl 

3.2. Remark. Since C(p) is compact and 7roC(p) is a finite p-group (cf. 
[JMO, Proposition A.4]), the homotopy groups 7rk(map(BP, BHp')i0Bp) are 
finitely generated ZpA-modules for k > 2 and a finite p-group for k = 1 . 

We now recall some results of Jackowski, McClure, and Oliver on the mod-p 
approximation of BG: 

For any compact Lie group G, let p (G) denote the full subcategory of the 
orbit category &(G) whose objects are homogenous spaces G/P where P is 
a p-toral group and whose morphisms are G-maps. In [JMO, 1.3], Jackowski, 
McClure, and Oliver define a full subcategory p (G) c p (G) (containing G/P 
only for certain "p-stubborn" P 's), which has the property that 

holim EG XG (G/P) -- BG 
gTp (G) 

is a H*(-; ]Fp)-isomorphism. Here holim denotes the homotopy direct limit 
of [BK, XII, ?2], and EG XG (G/P) - EG/P BP. 

Recall from [BK, I, ?4] that for any space X, the p-completion is obtained 
as the total space (i.e., homotopy inverse limit) of a certain cosimplicial space: 
Xp d fTot(FpX), where each space (FPX)k is homotopy equivalent to an Fp- 
GEM, i.e., a product of K(]Fp, ni) 's. Therefore, for any space Z, we have 

map(Z, XpA) = map(Z, Tot(FpX)) - Tot(map(Z, (]FpX)')) 

(see [BK, XI, 4.4, 7.6]), so the space of maps into a p-completion is the total 
space of a cosimplicial ]Fp-GEM, too. 

Now if f : Y -* Z is an H*(-; Fp)-isomorphism, it induces a homotopy 

equivalence map(Z, K(Fp, n)) J map(Y, K(Fp, n)), and so map(Z, (FpX)k) 

Ls map(Y, (FPX)k) is a homotopy equivalence for each k > 0. Therefore, by 

[BK, XI, 5.6] the same is true for the Tot's, and thus map(Z, XpA) map(Y, XpA) 
is a homotopy equivalence. Since 

map(holimYi, X) = holim map(Yi, X) 
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for any diagram {Y,} (cf. [BK, XII, 4.1]), we have a natural homotopy equiv- 
alence 

map(BG, BHp) -+ holim map(EG/P, BHp). 

Thus, if we restrict a map f: BG -* BH to BP )-* BG (for some G/P in 
p (G) ), we see that 

(2) map(BG, BHPA)i,f -p holim map(EG/P, BH A)iofIBP 

gWp (G) 

is the inclusion of a component (the homotopy inverse limit need not be con- 
nected!). 

4. COSIMPLICAL SPACES 

Let sk9p (G) be a skeleton of 3p (G), that is, a full subcategory of p (G), 
containing a single representative of each isomorphism type of its objects. This 
is a finite category, since Wp (G) has finitely many isomorphism types of objects, 
and finitely many morphisms between them (cf. [JMO, Proposition 1.6]). 

Given a map f: BG -* BH as above, consider the finite diagram of spaces 

X = {XP}G/PEskRp(G), where Xp = map(BP, BHPA)iOfIBP. 

By cosimplicial replacement (see [BK, XI, ?5]) we obtain a cosimplicial space 
Y, with/ 

yn i pO 
G/P,o * * * &G/PIn 

(where the product, over all possible sequences of n composable morphisms in 
sk9p(G), is finite), such that holimskMP(G)J{Xp} TotY . 

Now if Z is the cosimplicial replacement of the analogous infinite dia- 
gram of Xp's for the full category Rp(G), then the equivalence of categories 
sk3Wp (G) - ,p (G) (with noncanonical inverse 3p (G) -* sk3p (G) ) induces 
a homotopy equivalence Tot YV - Tot Z, so that up to homotopy the natural 
map of (2) above is the inclusion of one component in TotY: 

map(BG, BHpA)iof 
- holim{Xp} TotY. 

Mp (G) 

We choose a basepoint yo E Tot Y corresponding to the map i o f. 
4.1. Lemma. For any f: BG -* BH, the space map(BG, BHP)10f is p- 
complete and Tq-acyclic for q :$ p . 

Proof. Consider the Bousfield-Kan spectral sequence for Y as above (more 
precisely, for the component of yo in Tot V (cf. [B2, ?2])) with E2 t 
7rs7rtY . 

For t > 2, the construction of Y and Remark 3.2 imply that 7rtYs E J 
and all the cosimplicial morphisms of 7rtY are ZpA-linear by Lemma 2.3(b); 
hence Es, t E Y. For t = 1, E? 1 is a subgroup of 7r1Y0 - l7r,Xp, and so is 
itself a finite p-group by Remark 3.2. 

Moreover, if t > 2, the differentials dr: Ers,t _E+r, t+r- 1 are homomor- 
phisms, and thus Zp7-linear, for t > s > 0. Therefore, Er" t E Y for r < oo, 
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if t > s > 0 or t = s > r. For t = 1 we have E0 1 c E0? 1 C E0 (cf. [B2, 
?2.4]), so E? 1 is a finite p-group. 

Since E ' lim 7Stx by [BK, XI, 7.1], Lemma 4.2 below, applied to 
the functors 

7rt(EG XG -): 3fp(G) -- Z>-Mod, 

shows that there is an N such that E2 t = 0 for s > N and t > 2. 
This in turn implies the complete convergence of the spectral sequence (see 

[B2, ?4.5]): thus, for each t > 1 there is a finite tower of epimorphisms 

rt (Tot Y yo)- QN 7t "***Qs 7t -)) Qs - I t QO 7t --) Q-1z I 1, 

where Qsgrt = im{j7t(TotY, yo) -- 7rt(TotsY, yo)} (cf. [BK, IX, ?5.3]), and 
for each s > 0 there is a short exact sequence 

1 -* Es s+t -- Qs Q5-isrt I-7 1 

Now for t > 2 we have Ecss+t E 9S. Therefore, Lemma 2.3(a) implies (by 
induction on s ) that Qsgrt E Y for all s, and so 7rt(TotY, yo) is in Y, too. 

For t = 1 we obtain a finite normal series 

0 = GO < GI <J *** < GN < GN+I = 7r(TotY, yo), 

where Gi/Gi-1 = ENi+l ,N- i+2 is in Y for 1 < i < N and GN+1/GN = E? I 

is a finite p-group. Thus Corollary 2.2 applies, and the component of yo in 
Tot Y is p-complete, and Fq-acyclic for q $ p . 5 

The following lemma appeared in an earlier version of [JMO]. 

4.2. Lemma. If G is any compact Lie group and p a prime, there is an N 
such that for any contravariant functor 

F: 3p (G) __ ZA-Mod 

we have limS F=0 for s>N. 
'W g(G) 

Proof. The homotopy direct limit EWp$(G) = holimg (G)G/P is a G-space, and 
holims (GF HGs(Ep(G); F) for all s > 0 by [JMO, Theorem 1.7]. Here 

HG(-; F) denotes equivariant cohomology with the functor F as coefficient 
system (see [I, 2.2]). 

By [JMO, Proposition 1.2, Theorem 2.14], there exists a finite dimensional 
G-complex X with finitely many orbit types and a G-F -isomorphism f : X 
E3Wp(G); that is, a G-equivariant map f such that fH: XH -* (E3Wp(G))H is 
an H*(-; Fp)-isomorphism on H-fixed point sets for any H C G. 

Since each Hk((E$Wp(G))H; Z) is finitely generated (see [JMO, Proposition 
1.1]), fH is in fact an isomorphism in 7pA-homology for each H, and there- 
fore f is a G- 7A-homology isomorphism; by [JMO, A.13] this implies that 
H (E3p (G); F)- HG(X; F) for any ZpA-module valued coefficient system. 

Now one can filter X by G-skeleta XO c X C ...C Xi c * CXk=X so 
that Xi/Xi-, contains a single orbit type G/Pi. If N is the dimension of X, 
by induction on the Xi one then shows (as in the proof of [JMO, A. 13]) that 
HG(X;F) =0 for s>N. 5 
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5. THE HOMOTOPY EQUIVALENCE 

For a connected compact Lie group H, consider the arithmetic square 

BH i, BHA 

(3) it j', 
BHQ -- (BH A)Q 

(see [BK,VI, 8.1]), where XA = 7 XA is the product over all primes p of the 
p-completions and XQ is the Q-localization. 

Without loss of generality, i, is a fibration and (3) is a pullback diagram, so 
both horizontal maps have the same fiber F. Since H is compact and BHQ, 
(BHA),Q are rational H-spaces, they are even-dimensional rational GEMs (that 
is, products of even-dimensional rational Eilenberg-Mac Lane spaces) and F is 
an odd-dimensional rational GEM. 

For any map f: BG -* BH (where G is a compact Lie group), (3) induces 
another pullback diagram 

map(BG, BH)f - map(BG, BHA)iq 

(4) 1 1 
map(BG, BHQ)jOf - map(BG, (BHA)Q)j,oiof 

As for any compact Lie group, H2k-1 (BG; Q) = 0 for all k > 1 (cf. [Bo, 
Theorem 19.11). Since F H K(Q, 2r1 - 1) is an odd-dimensional rational 
GEM, map(BG, F) is an odd-dimensional rational GEM, too, by a direct cal- 
culation of its homotopy groups. In particular, map(BG, F) is connected, and 
IFp-acyclic for any prime p. 

Thus map(BG, F) is the fiber of map(BG, BHQ)C -4 map(BG, (BHA)Q)c, 
where c is the constant map. Because BHQ is an H-space and i4 is an H- 
map, this is in fact the fiber for all components and thus for the two horizontal 
maps in (4). 

Therefore, applying the q-completion functor to the top fibration sequence 
in the diagram 

map(BG, F) -- map(BG, BH)f map(BG, BHA)iof, 

we get another fibration (by [BK, II, 5.2]): 

map(BG, F) q (map(BG, BH)f)q - (map(BG, BHA)qOf) +, 

with g a homotopy equivalence (since the fiber is contractible). 
Finally, Lemma 4.1 implies that (map(BG, BHpA),Of)q' is homotopy equiv- 

alent to (map(BG, BHpA)iof) for q = p, and is contractible for q :$ p, so we 
get the desired homotopy equivalence 

(map(BG, BH)f p - map(BG, BHPA)iof. 

This completes the proof of Theorem 1.1. 0 



258 DAVID BLANC AND DIETRICH NOTBOHM 

REFERENCES 

[Bo] A. Borel, Sur la cohomologie des espaces fibres principaux et des espaces homogenes de 
groupes de Lie compacts, Ann. of Math. (2) 57 (1953), 115-207. 

[B1] A. K. Bousfield, The localization of spaces with respect to homology, Topology 14 (1975), 
133-150. 

[B2] , Homotopy spectral sequences and obstructions, Israel J. Math. 66 (1989), 54-104. 

[BK] A. K. Bousfield and D. M. Kan, Homotopy limits, completions, and localizations, Lecture 
Notes in Math., vol. 304, Springer-Verlag, Berlin and New York, 1972. 

[CE] H. Cartan and S. Eilenberg, Homological algebra, Princeton Univ. Press, Princeton, NJ, 
1956. 

[DZ] W. Dwyer and A. Zabrodski, Maps between classifying spaces, Algebraic Topology 
(Barcelona 1986), Lecture Notes in Math., vol. 1298, Springer-Verlag, Berlin and New 
York, 1989, pp. 106-119. 

[Ha] D. K. Harrison, Infinite abelian groups and homological methods, Ann. of Math. (2) 69 
(1959), 366-391. 

[HS] P. J. Hilton and U. Stammbach, A course in homological algebra, Springer-Verlag, Berlin 
and New York, 1971. 

[I] S. Illman, Equivariant singular homology and cohomology. I, Mem. Amer. Math. Soc. 156 
(1975). 

[JMO] S. Jackowski, J. E. McClure, and R. Oliver, Homotopy classification of self-maps of BG via 
G-actions, Aarhus Universitet Preprint Series, vol. 25, 1990. 

[Ni] D. Notbohm, Maps between classifying spaces, Math Z. 207 (1991), 229-257. 

[N2] , Maps between classifying spaces and applications, Math. Gott. Heft 20 (1991). 

[NS] D. Notbohm and L. Smith, Fake Lie groups and maximal tori. I, II, Math. Ann. 288 (1990), 
637-661, 663-673. 

DEPARTMENT OF MATHEMATICS, NORTHWESTERN UNIVERSITY, EVANSTON, ILLINOIs 60208 
Current address, D. Blanc: Department of Mathematics, The Hebrew University, 91904 

Jerusalem, Israel 
Current address, D. Notbohm: SFB 170, Mathematisches Institut, 3400 G6ttingen, Germany 


	Article Contents
	p. 251
	p. 252
	p. 253
	p. 254
	p. 255
	p. 256
	p. 257
	p. 258

	Issue Table of Contents
	Proceedings of the American Mathematical Society, Vol. 117, No. 1 (Jan., 1993), pp. 1-292
	Front Matter
	The Number of Solutions of a Certain Quadratic Congruence Related to the Class Number of [pp. 1-3]
	Modules and Rings Satisfying (ACCR) [pp. 5-10]
	Irregularities in the Distribution of Irreducible Polynomials [pp. 11-16]
	A Note on Almost Subnormal Subgroups of Linear Groups [pp. 17-21]
	Tricanonical System of a Surface of General Type in Positive Characteristic [pp. 23-25]
	Near-Rings of Invariants. II [pp. 27-35]
	Rational Elasticity of Factorizations in Krull Domains [pp. 37-43]
	On the Jacobian Conjecture [pp. 45-51]
	Topological Types of Quasi-Ordinary Singularities [pp. 53-59]
	Contravariantly Finite Subcategories and Irreducible Maps [pp. 61-65]
	When is F[ x, y] a Unique Factorization Domain [pp. 67-70]
	Holomorphic Mappings into Teichmüller Spaces [pp. 71-78]
	Products of Poincaré Domains [pp. 79-87]
	The Mountain Climbers' Problem [pp. 89-97]
	Proper Holomorphic Mappings and the Cowen-Douglas Class [pp. 99-105]
	A Generalization of the Punctured Neighborhood Theorem [pp. 107-109]
	Norms on Unitizations of Banach Algebras [pp. 111-113]
	On a Singular Value Inequality of Ky Fan and Hoffman [pp. 115-124]
	Nonresonance Conditions on the Potential for a Second-Order Periodic Boundary Value Problem [pp. 125-135]
	Fractional Differentiation in the Self-Affine Case III. The Density of the Cantor Set [pp. 137-144]
	A Note on the Cone Multiplier [pp. 145-152]
	Majorization and Domination in the Bergman Space [pp. 153-158]
	Refinements of Ky Fan's Inequality [pp. 159-165]
	On Nilpotency of the Separating Ideal of a Derivation [pp. 167-174]
	Nonuniqueness for the Radon Transform [pp. 175-178]
	Real Analytic Radon Transforms on Rank One Symmetric Spaces [pp. 179-186]
	L Function Decomposition on C Totally Real Submanifolds of C [pp. 187-194]
	Differentiation of Zygmund Functions [pp. 195-197]
	On the Nonautonomous Volterra-Lotka Competition Equations [pp. 199-204]
	Constructibility of the Set of Points where a Complex Analytic Morphism is Open [pp. 205-211]
	Regular Sets of Sampling and Interpolation for Weighted Bergman Spaces [pp. 213-220]
	Reducible Yang-Mills Connections on Kähler Surfaces and Moment Maps [pp. 221-226]
	Complexity of Winning Strategies for Δ Games [pp. 227-233]
	Boolean Isomorphism between Partial Orderings of Convergent and Divergent Series and Infinite Subsets of N [pp. 235-242]
	A-Annihilated Elements in H(ΩΣ RP) [pp. 243-250]
	Mappings Spaces of Compact Lie Groups and p-Adic Completion [pp. 251-258]
	Topological Completions of Metrizable Spaces [pp. 259-267]
	Periodic Orbits and the Continuity of Rotation Numbers [pp. 269-273]
	A Note on the Normal Generation of Ample Line Bundles on an Abelian Surface [pp. 275-277]
	Toward a Precise Smoothness Hypothesis in Sard's Theorem [pp. 279-283]
	Distinct 3-Manifolds with all SU(2) Invariants the Same [pp. 285-292]
	Back Matter



