Dynamic Monopolies of Constant Size

Eli Berger

Technion - Israel Institute of Technology E-mail: eberger@princeton.edu

The paper deals with a polling game on a graph. Initially, each vertex is colored white or black. At each round, each vertex is colored by the color shared by the majority of vertices in its neighborhood, at the previous round. (All recolorings are done simultaneously). We say that a set W_0 of vertices is a dynamic monopoly or dynamo if starting the game with the vertices of W_0 colored white, the entire system is white after a finite number of rounds. Peleg [7] asked how small a dynamic monopoly may be as a function of the number of vertices. We show that the answer is O(1).

Key Words: dynamic monopolies, majority process, voting, small coalition, fault handeling in distributed systems, graph

1. INTRODUCTION

Let G = (V, E) be a simple undirected graph and W_0 a subset of V . Consider the following repetitive polling game. At round 0 the vertices of W_0 are colored white and the other vertices are colored black. At each round, each vertex v is colored according to the following rule. If at round r the vertex v has more than half of its neighbors colored c, then at round r + 1 the vertex v will be colored c. If at round r the vertex v has exactly half of its neighbors colored white and half of its neighbors colored black, then we say there is a tie. In this case v is colored at round r + 1 by the same color it had at round r. (Peleg considered other models for dealing with ties. We will refer to these models in section 3. Additional models and further study of this game may be found at [8], [9], [10], [11] and [12].)

If there exists a finite r so that at round r all vertices in V are white, then we say that W_0 is a dynamic monopoly, abbreviated dynamo.

In this paper we prove

Theorem 1.1. For every natural number n there exists a graph with more than n vertices and with a dynamic monopoly of 18 vertices. 1

The study of the polling game described above is motivated by problems of fault handeling in distributed systems. One of the central problems in distributed computing is the overcoming of failures. The applicability of the polling game described above to this purpose is well established by Peleg in the introduction to [11] (see also [30]). A common method for overcoming failures is the majority ruling. The assumption is that the number of failures is small, and therefore by performing a voting process one can eliminate, or at least restrict, the damage caused by failures.

Peleg brings many examples of this method used as a component of fault-tolerant algorithms in a wide variety of contexts, such as consensus and agreement problems ([13], [14], [15]), mutual exclusion ([16], [17]) and other quorum system applications ([18], [19], [20], [21], [22]), system level diagnosis ([23], [24], [25]), distributed database management algorithms ([26], [27]), and fault local mending ([28], [29]).

We shall use the following notation: If v ∈ V then N(v) denotes the set of neighbors of v. We call d(v) = |N(v)| the degree of v. For every r = 0, 1 . . . we define C_r as a function from V to {B, W}, so that C_r(v) = W if v is white at round r and C_r(v) = B if v is black at this round. We also define W_r = C^{−1}_r (W), B_r = C^{−1}_r (B), T_r = W_r ∩W_{r−1}(r > 0) and S_r = T_1∪. . .∪T_r

2. PROOF OF THEOREM ??

Let J = (V_J , E_J ) be the graph in figure 1. Let

W_0 = {w_0, . . . , w_9, x_0, . . . , x_2, y_0, . . . , y_4}

and let U = W_0 ∪ {q} and D = V_J − U. We construct a graph J_n by duplicating n times the vertices in D. That is,

J_n = (V_n, E_n)

where

V_n = U ∪ ([n] × D) and

E_n = {(u, v) ∈ J : u, v ∈ U} ∪ {(u, (i, v)) : (u, v) ∈ J, u ∈ U, v ∈ D, i ∈ [n]} ∪{((i, u), (i, v)) : (u, v) ∈ J, u, v ∈ D, i ∈ [n]}

FIG. 1. The graph J. (The small black circles are the vertices c_0 . . . c_{11}.)

(Here, as usual, [n] denotes the set {1 . . . n}).

Note that for reasons of symmetry, at a given round, all copies of a vertex in J have the same color. Thus we may write “y_0 is white at round 3” instead of “(i, y_0) is white at round 3 for every i ∈ [n]” etc.

The following table describes the evolution of J_n. The symbol 1 stands for white and 0 stands for black. The vertices x_0, x_1, x_2 were omitted from the table to save space. These vertices are constantly white. Note that the table does not depend on n. (This property is special to the graph J. In general graphs duplication of vertices may change the pattern of evolution of the graph).

r a_{012} b_{01} c_0 . . . c_{11} d_{0123} e_{0123} f g_{01} q w_0 . . . w_9 y_{01234} 0 000 00 000000000000 0000 0000 0 00 0 1111111111 11111 1 111 00 111111111111 0000 1111 0 11 0 0000000000 00000 2 000 11 000000000000 1111 0000 1 00 1 1111111111 11111 3 111 00 111111111111 0000 1111 0 11 1 1100000000 10000 4 000 11 100000000000 1111 1000 1 00 1 1111111111 11111 5 111 00 111111111111 1000 1111 0 11 1 1100000000 11000 6 000 11 111000000000 1111 1100 1 00 1 1111111111 11111 7 111 00 111111111111 1000 1111 0 11 1 1111000000 11100 8 000 11 111100000000 1111 1111 1 00 1 1111111111 11111 9 111 00 111111111111 1100 1111 0 11 1 1111000000 11111 10 000 11 111111000000 1111 1111 1 11 1 1111111111 11111 11 111 00 111111111111 1100 1111 1 11 1 1111110000 11111 12 000 11 111111100000 1111 1111 1 11 1 1111111111 11111 13 111 00 111111111111 1110 1111 1 11 1 1111110000 11111 14 000 11 111111111000 1111 1111 1 11 1 1111111111 11111 15 111 00 111111111111 1110 1111 1 11 1 1111111100 11111 16 000 11 111111111100 1111 1111 1 11 1 1111111111 11111 17 111 00 111111111111 1111 1111 1 11 1 1111111100 11111 18 000 11 111111111111 1111 1111 1 11 1 1111111111 11111 19 111 00 111111111111 1111 1111 1 11 1 1111111111 11111 20 111 11 111111111111 1111 1111 1 11 1 1111111111 11111 21 111 11 111111111111 1111 1111 1 11 1 1111111111 11111 The table shows that at round 20 the entire system is white and therefore W_0 is a dynamo. The reader may go through the table by himself, but in order to facilitate the understanding of what happens in the table let us add some explanations as to the mechanism of “conquest” used in this graph.

We say that round j dominates round i if W_i ⊆ W_j . We shall make use of the following obvious fact:

Observation 2.1. If round j dominates round i (i, j = 0, 1 . . .) then round j + 1 dominates round i + 1.

By applying this observation k times, we find that if round j dominates round i then round j + k dominates round i + k (i, j, k = 0, 1 . . .). By looking at the table one can see that in the graph J_n round 2 dominates round 0 and thus we have

Corollary 2.1. Round k + 2 dominates round k in J_n for every k = 0, 1 . . . We say that a vertex v blinks at round r if C_{r+2i}(v) = W for every i = 0, 1 . . .. We say that a vertex v is conquered at round r if C_{r+i}(v) = W for every i = 0, 1 . . .. Examining rounds 0 to 3 in the table and using Corollary 2.1 one can see that x_0, x_1 and x_2 are conquered at round 0, and in addition q, w_0, w_1 and y_0 are conquered at round 2. Furthermore, every vertex in J_n blinks either at round 1 or at round 2.

Finally, we have

Lemma 2.1. If at round r a vertex v in J_n has at least half of its neighbors conquered then v is conquered at round r + 2.

Proof. Every vertex in J_n blinks either at round 1 or at round 2, and hence v is white either at round r + 1 or at round r + 2. From this round on, at least half of the neighbors of v are white, so v will stay white.

Now the vertices will be conquered in the following order: x_0, x_1, x_2, q, w_0, w_1, y_0, c_0, e_0, d_0, y_1, c_1, c_2, e_1, w_2w_3, y_2, c_3, e_2, e_3, d_1, y_3, y_4, c_4, c_5, g_0, g_1, f, w_4, w_5, c_6, d_2, c_7, c_8, w_6, w_7, c_9, d_3, c_{10}, c_{11}, w_8, w_9, a_0, a_1, a_2, b_0, b_1.

Eventually, the entire graph is colored white. J_n is a graph with 19 + 27n > n vertices and W_0 is a dynamo of size 18, proving Theorem 1.1.

3. QUESTIONS AND REMARKS

The result of Section 2 gives rise to the following questions:

Question 3.1. Does there exist an infinite graph with a finite dynamo?

The answer is no. This follows from the following theorem:

Theorem 3.1. If W_0 is finite then T_r is finite for all r = 1, 2 . . .. Moreover, every vertex in T_r has a finite degree.

Proof. The proof is by induction on r. For r = 1 the theorem is true because every vertex v ∈ W_0 with an infinite degree becomes black at round 1. For r > 1, if C_{r−1}(v) = W and v has an infinite degree λ then by the induction hypotheses C_{r−2}(v) = B and |N(v) ∩ B_{r−2}| < λ. Hence |N(v) ∩ W_{r−1}| ≤ |N(v) ∩ B_{r−2}| + |T_{r−1}| < λ and C_r(v) = B. If v ∈ T_r has a finite degree then v has a neighbor in T_{r−1}. By the induction hypotheses only finitely many vertices have such a neighbor, and thus T_r is finite.

The next question deals with other models considered by Peleg:

Question 3.2. Do we still have a dynamo of size O(1) if we change the rules of dealing with ties? (e.g. if a vertex becomes black whenever there is a tie.)

The answer here is yes. If G = (V, E) is a graph, introduce a new vertex v^′ for every v ∈ V and consider the graph Ĝ = (V̂ , Ê) where V̂ = {v, v^′ : v ∈ V } and Ê = E ∪ {(u^′, v^′) : (u, v) ∈ E} ∪ {(v, v^′) : 2|d(v)} If W_0 is a dynamo of G according to the model in Theorem 1.1, then it is easy to prove that Ŵ_0 = {v, v^′ : v ∈ W_0} is a dynamo of Ĝ. But all vertices of Ĝ have odd degrees, and thus ties are not possible and Ŵ_0 is a dynamo of Ĝ according to any rule of dealing with ties.

Therefore, for every n = 1, 2 . . . the graph Ĵ_n has a dynamo of size 36.

4. ANOTHER MODEL

Let ρ > 1 be a real number. Consider the following model, which will henceforth be called the ρ-model. At every round, for every vertex v with b neighbors colored black and w neighbors colored white, if w > ρb then v is colored white at the next round, otherwise it is black. For the sake of simplicity we will assume that ρ is irrational and that there are no isolated vertices, so that w = ρb is impossible.

The most interesting question regarding this model is whether there exist graphs with O(1) dynamo like in Theorem 1.1. This question is as yet open. We only have some partial results, which can be summarized as follows:

i If ρ is big enough then the size of a dynamo is Ω( √ n). ii If ρ is small enough then there exist graphs in which the size of a dynamo is O(log n).

iii If there exist graphs with O(1) dynamo then the number of rounds needed until the entire system becomes white is Ω(log n).

More explicitly:

Theorem 4.1. Let ρ > 3. If a graph with n vertices has a dynamo of size k in the ρ-model then n < k^2

Proof.

For every r = 1, 2, . . ., recall that S_r = T_1 ∪ . . . ∪ T_r. Let (S_r, S_r) be the set of edges with one vertex in S_r and the other not in S_r. Call s_r = |S_r| + |(S_r, S_r)|. Note that S_1 is the set of vertices which are white at both round 0 and round 1. Every v ∈ S_1 is connected to at most k − |S_1| vertices in W_0 \ S_1 and at most^{k−1}_ρ < k − 1 vertices outside of W_0. Therefore we have

s_1 < |S_1| + |S_1|(k − |S_1| + k − 1) = k^2 − (k − |S_1|)^2 ≤ k^2

Thus all we need is to show s_{r+1} ≤ s_r and we are done. Let r be fixed. By definition S_r ⊆ S_{r+1}. Let Δ = S_{r+1} \ S_r, and let v ∈ Δ. More than^3_4 of the neighbors of v are white at round r and more than^3_4 of the neighbors of v are white at round r − 1. Thus more than^1_2 of the neighbors of v belong to S_r. We therefore have

|(S_r, S_r) \ (S_{r+1}, S_{r+1})| − |(S_{r+1}, S_{r+1}) \ (S_r, S_r)| ≥ |Δ|

which implies s_{r+1} ≤ s_r. By induction s_r < k^2 for all r. If we begin with a dynamo then for some finite m we have S_m = V and n = s_m < k^2

Theorem 4.2. Let ρ > 1. If |W_0| = k and W_m = V (the set of all vertices), then the number e of edges in the graph satisfies

e < k^2( 2ρ ρ − 1 )^m

Proof.

Let d_r denote the sum of the degrees of the vertices in S_r. Recall that every v ∈ S_1 is white at both round 0 and round 1, and thus |N(v)∩B_0| < k and d(v) < 2k. Therefore, d_1 < 2k^2. Again, let r be fixed, let Δ be as in the proof of Theorem 4.1 and let v ∈ Δ. More than^ρ_{ρ+1} of the neighbors of v are white at round r and more than^ρ_{ρ+1} of the neighbors of v are white at round r − 1. Thus more than^{ρ−1}_{ρ+1} of the neighbors of v belong to S_r. Therefore, we have

d_{r+1} < d_r + ρ + 1 ρ − 1 d_r = 2ρ ρ − 1 d_r By induction d_r < 2k^2(^{2ρ}_{ρ−1} )^{r−1}. If the entire system is white at round m then d_{m+1} = 2e and thus we have

e < k^2( 2ρ ρ − 1 )^m

Theorem 4.3. Let 1 < ρ <^{257}_{256} . For every integer n > 5 there exists in the ρ model a graph with more than 2^n vertices and with a dynamo of size 30(n − 5) + 36.

Outline of proof. Let Ĵ be as defined in the answer to Question 3.2. Construct J̃ by eliminating f from Ĵ and connecting f^′ to y_0 and g_1 (but not to g_0). Note that in J̃ the vertex g_0 is connected only to y_3 and to y_4.

In figure 2, the upper graph is a part of Ĵ. The lower graph is the corresponding part in J̃. The rest of J̃ is identical to the rest of Ĵ.

Construct J̃_{32}, J̃_{64}, . . . J̃_2n as in the construction of J_n, where the duplicated vertices are all black vertices except for q and q^′. (Note that the graphs are constructed separately, namely, the sets of vertices of J̃_2i and J̃_{2j} are disjoint for i ≠ j.) Now connect the graphs in the following way. First, eliminate the copies of x_0, x_1, x_2 from all graphs except for J̃_{32}. Note that in J̃_2i there are 2^i copies of g_0 (when i = 5, . . . n − 1). Divide them into 32 disjoint sets P_0, . . . P_{31}, of size 2^{i−5} each. Now connect the vertices in P_0 to the copy of q in J̃_2i+1 , connect P_1 to the copy of q^′, and connect each one of P_2 . . . P_{31} to a respective white vertex in J̃_2i+1 (see in figure 3).

It is possible to verify the following:

i All vertices of the obtained graph blink either at round 1 or at round 2. ii All vertices of K_{32} are eventually conquered. (The evolution of this conquest is similar to the one in Theorem 1.1.)

iii If all copies of g_0 in J̃_2i are conquered at a certain round, then all vertices of J̃_2i+1 are eventually conquered. (Again, the evolution is similar to the one in Theorem 1.1. Note that we need the bound ρ <^{257}_{256} in order to have q and q^′ conquered.)

Thus all vertices are eventually conquered. The theorem follows upon noticing that our graph has more than 2^n vertices, and the size of the dynamo is 30(n − 5) + 36.

FIG. 2.

ACKNOWLEDGMENT

I would like to thank Ron Aharoni and Ron Holzman for helping me with the presentation.

REFERENCES

1. D. Peleg, Size bounds for dynamic monopolies, Discrete Applied Mathematics, Vol:

86, Issue: 2-3, September 1998 (262-273).

2. E. Goles and J. Olivos, Periodic behavior of generalized threshold functions, Discrete Applied Mathematics, 30:187-189, 1980.

10 ! Please write \authorrunninghead{<Author Name(s)>} in file !

FIG. 3. This figure illustrates the graph used in the proof of Theorm 4.3. The vertices under the numeral 1 are the 32 copies of g_0 in J̃_{32}. Under the numeral 2 are the 32 unduplicated vertices in J̃_{64} (q, q^′ and the initiallly white vertices). Under the numeral 3 are the 64 copies of g_0 in J̃_{64}, under the numeral 4 are the 32 unduplicated vertices in J̃_{128}, under the numeral 5 are the 128 copies of g_0 in J̃_{128}, and so on.

3. S. Poljak and M. Sura, On periodic behavior in societies with symmetric influences, Combinatorica, 3:119-121, 1983.

4. N. Linial, D. Peleg, Y. Rabinovich, and M. Saks, Sphere packing and local majorities in graphs. In 2nd ISTCS, pages 141-149, IEEE Computer Soc. Press, June 1993.

5. J-C. Bermond and D. Peleg, The power of small coalitions in graphs, Proc. 2nd Colloc. on Structural Information and Communication Complexity, Olympia, Greece, June 1995, Carleton Univ. Press, 173-184.

6. J-C. Bermond, J. Bond, D. Peleg, and S. Perennes, Tight bounds on the size of 2- monopolies, Proc. 3rd Colloc. on Structural Information and Communication Complexity, June 1996, Siena, Italy.

7. D. Peleg, Size bounds for dynamic monopolies, Discrete Applied Mathematics, Vol:

86, Issue: 2-3, September 1998 (262-273).

8. E. Goles and J. Olivos, Periodic behavior of generalized threshold functions, Discrete Applied Mathematics, 30:187-189, 1980.

9. S. Poljak and M. Sura, On periodic behavior in societies with symmetric influences, Combinatorica, 3:119-121, 1983.

10. N. Linial, D. Peleg, Y. Rabinovich, and M. Saks, Sphere packing and local majorities in graphs. In 2nd ISTCS, pages 141-149, IEEE Computer Soc. Press, June 1993.

11. J-C. Bermond and D. Peleg, The power of small coalitions in graphs, Proc. 2nd Colloc. on Structural Information and Communication Complexity, Olympia, Greece, June 1995, Carleton Univ. Press, 173-184.

12. J-C. Bermond, J. Bond, D. Peleg, and S. Perennes, Tight bounds on the size of 2- monopolies, Proc. 3rd Colloc. on Structural Information and Communication Complexity, June 1996, Siena, Italy.

13. L. Lamport, R. Shostak, and M. Pease. The Byzantine generals problem. ACM Transactions on Programming Languages and Systems, 4(3):382-401, July 1982.

14. G. Bracha. An o(log n) expected rounds randomized Byzantine generals algorithm.

J. of the ACM, pages 910-920, 1987.

15. C. Dwork, D. Peleg, N. Pippenger and E. Upfal. Fault tolerance in networks of bounded degree. SIAM J. on Comput., 17:975-988, 1988.

16. H. Garcia-Molina and D. Barbara. How to assign votes in a distributed system. J.

ACM, 32(4):841-860, 1985.

17. M. Raynal. Algorithms for Mutual Exclusion. MIT press, 1986.

18. D. K. Gifford. Weighted voting for replicated data. In Proc. 7th Symp. Oper. Sys.

Princip., pages 150-159, 1979.

19. P. Jalote, S. Rangarajan and S. K. Tripathi. Capacity of voting systems. Technical Report UMIACS-TR-91-118, University of Maryland, 1991.

20. M. Spasojevic and P. Berman. Voting as the optimal static pessimistic scheme for managing replicated data. IEEE Trans. on Parallel and Distr. Systems, 5(1):64-73, 1994.

21. D. Peleg and A. Wool. The availability of quorum systems. Information and Computation, 123(2):210-223, 1995.

22. A. Wool. Quorum Systems for Distributed Control Protocols. Ph.D. Thesis, The Weizmann Institute, Rehovot, Israel, 1996.

23. G. F. Sullivan. The complexity of system-level fault diagnosis and diagnosability. Ph.

D. Thesis, Department of Computer Science, Yale University, 1986.

24. D. Pelc. Efficient fault location with small risk. Proc. 3rd Colloq. on Structural Information and Communication Complexity, June 1996, Siena, Italy.

25. K. Diks and D. Pelc. System diagnosis with smallest risk of error. 22nd Int. Workshop on Graph-Theoretic Concepts in Computer Science, Como, Italy, June, 1996.

26. S. B. Davidson, H. Garcia-Molina and D. Skeen. Consistency in partitioned networks.

ACM Computing Surveys, 17(3):341-370, 1985.

27. M. P. Herlihy. Replication Methods for Abstract Data Types. Ph. D. Thesis, Massachusetts Institute of Technology, MIT/LCS/TR-319, 1984.

28. S. Kutten and D. Peleg. Fault-local distributed mending. In Proc. 14th ACM Symp.

on Principles of Distributed Computation, August 1995.

29. S. Kutten and D. Peleg. Tight fault-locality. In Proc. 36th IEEE Symp. on Foundation of Computer Science, October 1995.

30. D. Peleg. Local majority voting, small coalitions and controlling monopolies in graphs: a review. Proc. 3rd Colloq. on Structural Information and Communication Complexity, 1996.

31. D. Peleg. Graph Immunity Against Local Influence. Technical Report CS96-11, The Weizmann Institue of Science, 1996.

32. G. Moran. The r-majority vote action on 0-1 sequences. Descrete Mathematics, 132:145-174, 1994.

33. G. Moran. Parametrization for stationary pattern of the r-majority operation on 0-1 sequences. Descrete Mathematics, 132:175-195, 1994.

34. G. Moran. On the period-two property of the majority operator in infinite graphs.

Trans. A.M.S., 1994.

35. M. Ben-Or. Another advantage of free choice: Completely asynchronous agreement protocols. In Proceeding of the 2nd ACM Symposium on Principles of Distributed Computing (Montreal, Quebec, Canada, Aug. 17-19). ACM, New York, 1983.