abstract

Let G = (V, E) be a simple undirected graph and W_0 a subset of V . Consider the following repetitive polling game. At round 0 the vertices of W_0 are colored white and the other vertices are colored black. At each round, each vertex v is colored according to the following rule. If at round r the vertex v has more than half of its neighbors colored c, then at round r + 1 the vertex v will be colored c. If at round r the vertex v has exactly half of its neighbors colored white and half of its neighbors colored black, then we say there is a tie. In this case v is colored at round r + 1 by the same color it had at round r. Peleg considered other models for dealing with ties. We will refer to these models in section 5. Additional models and further study of this game may be found at [2], [3], [4], [5] and [6].

Note the famous result of Goles and Olivos (see [2]) that for finite graphs the behavior is eventually 2-periodic. That is, there exist a finite r_0 so that for every r > r_0 all vertices are colored at round r + 2 the same as they are colored at round r.

If there exists a finite r so that at round r all vertices in V are white, then we say that W_0 is a dynamic monopoly, abbreviated dynamo. If r = 1, that is, all vertices in V are white at round 1, we say that W_0 is a static monopoly. Peleg obtained many results regarding static monopolies (see for example [1], [5], [24] [25]). The work done so far on dynamic monopolies is less comprehensive. The main result so far is ([1] Corollary 2.5)

Theorem 1 A dynamo is called monotone if every vertex which is white at some round will stay white from this round on. For every n-vertex graph G, every monotone dynamo is of size Ω( √ n) In this thesis we prove that the above result is no longer valid when the monotonicity requirement is omitted.

Theorem 2 For every natural number n there exists a graph with more than n vertices and with a dynamic monopoly of 18 vertices.

The Structure of the Thesis

Section 1 is an introduction. It contains some definitions, and gives some motivation for the game. Section 2 gives the proof of Theorem 2. In section 3 we deal with the problem of finding the maximal size of the smallest monopoly over all connected graphs with n vertices. In Section 4 we deal with infinite graphs. In Section 5 we deal with other models of the game:

models with a different ways for dealing with ties, and models with handicaps.

List of Symbols

.................

[n] the set {1 . . .n} |A| the cardinality of the set A (V, E) the graph with the set V of vertices and the set E of edges N(v) the neighborhood of the vertex v (when using this notation we assume the graph to be known) d(v) the degree of the vertex v (d(v) = |N(v)|) W the white color B the black color C_r(v) the color of the vertex v at round r W_r the set of white vertices at round r B_r the set of black vertices at round r T_r the set of 2-in-a-row vertices (T_r = W_r ∩ W_{r−1}(r > 0)) S_r the set of historically 2-in-a-row vertices (S_r = T_1 ∪ . . . ∪ T_r) σ(n) the maximal size of the smallest static monopoly over all connected graphs with n vertices δ(n) the maximal size of the smallest dynamic monopoly over all connected graphs with n vertices δ_∞ the upper limit lim^{δ(n)}_n δ_∞ the lower limit lim^{δ(n)}_n σ_∞ the limit lim^{σ(n)}_n D the set of duplicated vertices U the set of unduplicated vertices J_n the graph obtained from the graph J by duplicating n times the vertices of D.

(when using this notation we assume D is known.) Ĝ the bipartate graph obtained from the graph G by

introducing two copies of every vertex and connecting them so that every vertex has an odd degree (S, S) the cut of set S (the set of all edges from the graph G with one vertex in S and one not in S. When using this notation We assume G is known)

1 introduction

1.1 definitions

A simple undirected graph is a pair G = (V, E), where V is a set, and E is a set of subsets of V of size 2. The elements of V are called vertices and the elements of E are called edges. If v ∈ V then N(v) denotes the set of neighbors of v (not including v itself), that is N(v) = {u : {v, u} ∈ E}. We call d(v) = |N(v)| the degree of v.

For every r = 0, 1 . . . we define C_r as a function from V to {B, W}. If C_r(v) = W we say that v is white at round r and if C_r(v) = B we say that v is black at this round. The definition of C_r is recursive. The function C_0 is chosen arbitrarily. For r > 0, and for every v ∈ V if |C^{−1}_{r−1}(B) ∩ N(v)| > |C^{−1}_{r−1}(W) ∩ N(v)| then C_r(v) = B. If |C^{−1}_{r−1}(W) ∩ N(v)| > |C^{−1}_{r−1}(B) ∩ N(v)| then C_r(v) = W. If |C^{−1}_{r−1}(B) ∩ N(v)| = |C^{−1}_{r−1}(W) ∩ N(v)| then C_r(v) = C_{r−1}(v). We also define W_r = C^{−1}_r (W), B_r = C^{−1}_r (B), T_r = W_r ∩ W_{r−1}(r > 0) and S_r = T_1 ∪ . . . ∪ T_r.

Note that once W_0 is known, the functions C_0, C_1, C_2 . . . are uniquely defined. If W_r = V for some finite r then we say that W_0 is a dynamic monopoly abbreviated dynamo. If W_1 = V we say that W_0 is a static monopoly.

1.2 Motivation

One of the central problems in distributed computing is the overcoming of failures. The applicability of the polling game described above to this purpose is well established by Peleg in the introduction to [5] (see also [24]). A common method for overcoming failures is the majority ruling. The assumption is that the number of failures is small, and therefore by performing a voting process one can eliminate, or at least restrict, the damage caused by failures.

Peleg brings many examples of this method used as a component of fault-tolerant algorithms in a wide variety of contexts, such as consensus and agreement problems ([7], [8], [9]), mutual exclusion ([10], [11]) and other quorum system applications ([12], [13], [14], [15], [16]), system level diagnosis ([17], [18], [19]), distributed database management algorithms ([20], [21]), and fault local mending ([22], [23]).

Let us elaborate on a few of the above problems: consensus

A typical consensus problem is the following (see [8]): Consider n processes p_1 . . . p_n out of which, at most t are malfunctioning (or controlled by hackers) and the other are correct. Each process p_i holds a value v_i. A consensus protocol is a protocol (usually probabilistic) with the following properties:

Decidability: If all correct processes obey the protocol, and assuming the worst about the malfunctioning processes, with probability 1, a finite time after the beginning of the protocol, every correct process makes an irreversible decision on some value.

Validity: If all correct processes start with the same initial value v, they all decide on v.

agreement: All correct processes decide on the same value. (Even if initially they have different values).

Note that we must assume the possibility that the malfunctioning processes deviate from the protocol. They may fail to send any message when required and may send different and contradicting messages to different processes.

If n ≤ 3t then it is easy to prove such a protocol does not exist. If n > 3t then a protocol exists. Actually, Bracha [8] introduced an O(log n) expected rounds consensus protocol when n ≥ (3 + ϵ)t for some constant ϵ.

A simple algorithm can be found at [29]. The main idea is repetitive voting, when action is determined according to the size of the majority. A big majority causes a decision, an intermediate majority determines the next vote and a small majority (or a tie) will be followed by a coin toss. Bracha’s algorithm is more complicated, but the basic building block is still repetitive voting.

A famous very related problem is the Byzantine Generals Problem. Consider a commanding general who wants to send an order to n − 1 lieutenant generals. Out of the n generals, at most t are traitors, the other are loyal. note that the commanding general himself may be a traitor. The problem is to bring all the loyal lieutenant general to obey the order. If the commanding general is himself loyal, we may assume he gives the same order to all his n − 1 lieutenant generals, and we want all loyal lieutenant generals to obey this order. If the commanding general is a traitor, he may send contradicting orders. In that case the loyal lieutenants should find a way to perform the same order. (Anything is good as long as they do the same thing.)

fault local mending Consider a graph G = (V, E). Each vertex represents an FSM (finite state machine) that can be in any state of the set S. Let S^V be the state space of the graph, that is, the set of functions from V to S. Let L ⊆ S^V be a set of states called legal states.

For example (see [22]), we may take S = {0, 1} and we may take L to be the set of all maximal matchings. That is, every F ∈ L assigns 1 and 0 to vertices, so that no two connected vertices u, v have F (u) = F (v) = 1, and if a vertex v has F (v) = 0 then v must have a neighbor u with F (u) = 1.

The problem of fault local mending is the following: Given F ∈ S^V and assuming there exists a legal state F^′ ∈ L obtained from F by changing the value in at most t of the vertices, find a legal state (not necessarily F^′) in a complexity which depends only on t. Of course, f^′ is not given. In one model of this problem, neither t is given.

In the algorithm given at [22], every vertex holds a record about every other vertex up to distance 2. The records are used to vote in polls done by these vertices.

quorum systems A quorum system (see e.g. [15]) is a collection of pair-wise intersecting sets in a finite universe. For example, {{a, b}, {b, c, d}, {a, d, e}, {a, c, e}} is a quorum in {a, b, c, d, e}. If we force that every change in a network will be on all members of one set at the quorum system, then we may be sure every change will override earlier changes. This property allows us to archive features such as mutual exclusion (see [10]), that is, preventing two processes from using the same resource at the same time, and replication control, namely, forcing the system to use the most up-to-date data, when the data is stored in several locations.

Note that if the universe size is 2n − 1 or 2n − 2 for some n = 2, 3, . . . then the collection of subsets of size n is a quorum system. Thus we may recognize this quorum simply by voting. Indeed, there exist other types of easy-to-use quorum systems, but voting systems are most favored due to their simplicity.

In most of the above algorithms, optimal results are archived, if all components of the system participate in all voting polls. However, in today’s networks, performing repetitive global polls may be very expensive. The hardware usually forces a certain graph, such that in t time units a vertex v (representing a processor) can collect data only from vertices with distance at most t from v. Therefore, in many cases we have to compromise on local voting, when a vertex performs a poll only among its neighbors.

The research made so far on static monopolies is a good model when voting is performed only once (simultaneously for all vertices). However, this is rarely the case. In most of the algorithms, voting are performed again and again, allowing a vertex to indirectly influence another vertex far away. This highly motivates the research on dynamic monopolies.

The game discussed above may also be used as a model of many social, financial and linguistic phenomena, such as the propagation of slang words, the pattern of use of new technologies, the creation of religions and so on. Of course, this may be a very rough model. Many factors in reality are ignored in the model, the continuous time is simplified to discrete time, and so on. However, the main theme of local majority repeats in a wide variety of phenomena. Still, much more research must be done before the results on dynamic monopolies can be used outside computer science, but the results of the models studied in this thesis may give a good hint on the behavior of other models, more complicated and more faithful to specific real-life phenomena.

2 Proof of Theorem 2

Figure 1: The graph J. (The small black circles are the vertices c_0 . . .c_{11}.)

Let J = (V_J, E_J ) be the graph in Figure 1. Let

W_0 = {w_0, . . . , w_9, x_0, . . . , x_2, y_0, . . . , y_4} and let U = W_0 ∪ {q} and D = V_J − U. We construct a graph J_n by duplicating n times the vertices in D. That is,

J_n = (V_n, E_n) where

V_n = U ∪ [n] × D and

E_n = {{u, v} ∈ J : u, v ∈ U} ∪ {{u, (i, v)} : {u, v} ∈ J, u ∈ U, v ∈ D, i ∈ [n]} ∪{{(i, u), (i, v)} : {u, v} ∈ J, u, v ∈ D, i ∈ [n]} (Here, as usual, [n] denotes the set {1 . . .n}).

Note that for reasons of symmetry, at a given round, all copies of a vertex in J have the same color. Thus we may write “e_0 is white at round 4” instead of “(i, e_0) is white at round 4 for every i ∈ [n]” etc.

The following table describes the evolution of J_n. The symbol 1 stands for white and 0 stands for black. Note that the table does not depend on n. (This property is peculiar to the graph J. In general graphs duplication of vertices may change the pattern of evolution of the graph).

Table 1

r a_{012} b_{01} c_0 . . . c_{11} d_{0123} e_{0123} f g_{01} q w_0 . . . w_9 y_{01234} 0 000 00 000000000000 0000 0000 0 00 0 1111111111 11111 1 111 00 111111111111 0000 1111 0 11 0 0000000000 00000 2 000 11 000000000000 1111 0000 1 00 1 1111111111 11111 3 111 00 111111111111 0000 1111 0 11 1 1100000000 10000 4 000 11 100000000000 1111 1000 1 00 1 1111111111 11111 5 111 00 111111111111 1000 1111 0 11 1 1100000000 11000 6 000 11 111000000000 1111 1100 1 00 1 1111111111 11111 7 111 00 111111111111 1000 1111 0 11 1 1111000000 11100 8 000 11 111100000000 1111 1111 1 00 1 1111111111 11111 9 111 00 111111111111 1100 1111 0 11 1 1111000000 11111 10 000 11 111111000000 1111 1111 1 11 1 1111111111 11111 11 111 00 111111111111 1100 1111 1 11 1 1111110000 11111 12 000 11 111111100000 1111 1111 1 11 1 1111111111 11111 13 111 00 111111111111 1110 1111 1 11 1 1111110000 11111 14 000 11 111111111000 1111 1111 1 11 1 1111111111 11111 15 111 00 111111111111 1110 1111 1 11 1 1111111100 11111 16 000 11 111111111100 1111 1111 1 11 1 1111111111 11111 17 111 00 111111111111 1111 1111 1 11 1 1111111100 11111 18 000 11 111111111111 1111 1111 1 11 1 1111111111 11111 19 111 00 111111111111 1111 1111 1 11 1 1111111111 11111 20 111 11 111111111111 1111 1111 1 11 1 1111111111 11111 21 111 11 111111111111 1111 1111 1 11 1 1111111111 11111

The table shows that at round 20 the entire system is white and therefore W_0 is a dynamo. The reader may go through the table by himself, but in order to facilitate the understanding of what happens in the table let us add some explanations as to the mechanism of “conquest” used in this graph.

We say that round j dominates round i if W_i ⊆ W_j. We shall make use of the following obvious fact:

Observation 1 If round j dominates round i (i, j = 0, 1 . . .) then round j + 1 dominates round i + 1.

By applying this observation k times, we find that if round j dominates round i then round j +k dominates round i+k (i, j, k = 0, 1 . . .). By looking at the table one can see that in the graph J_n round 2 dominates round 0 and thus we have

Corollary 1 Round k + 2 dominates round k in J_n for every k = 0, 1 . . .

We say that a vertex v blinks at round r if C_{r+2i}(v) = W for every i = 0, 1 . . .. We say that a vertex v is conquered at round r if C_{r+i}(v) = W for every i = 0, 1 . . .. Examining rounds 0 to 3 in the table and using Corollary 1 one can see that x_0, x_1 and x_2 are conquered at round 0, and in addition q, w_0, w_1 and y_0 are conquered at round 2. Furthermore, every vertex in J_n blinks either at round 1 or at round 2.

Finally, we have

Lemma 1 If at round r a vertex v in J_n has at least half of its neighbors conquered then v is conquered at round r + 2.

Proof: Every vertex in J_n blinks either at round 1 or at round 2, and hence v is white either at round r + 1 or at round r + 2. From this round on, at least half of the neighbors of v are white, so v will stay white.

2_{Now the vertices will be conquered in the following order:}

x_0, x_1, x_2, q, w_0, w_1, y_0, c_0, e_0, d_0, y_1, c_1, c_2, e_1, w_2w_3, y_2, c_3, e_2, e_3, d_1, y_3, y_4, c_4, c_5, g_0, g_1, f, w_4, w_5, c_6, d_2, c_7, c_8, w_6, w_7, c_9, d_3, c_{10}, c_{11}, w_8, w_9, a_0, a_1, a_2, b_0, b_1.

Eventually, the entire graph is colored white. J_n is a graph with 19 + 27n > n vertices and W_0 is a dynamo of size 18, proving Theorem 2.

3 Other Problems Related to the Game

For every natural number n, let δ(n) be the maximum of the minimum of the size of a dynamic monopoly, and let σ(n) be the maximum of the minimum of the size of a static monopoly, when in both cases, the maximum is taken over all the connected graphs with n vertices, and the minimum is taken over all the (dynamic or static) monopolies in those graphs.

Let δ_∞ = lim^{δ(n)}_n , δ_∞ = lim^{δ(n)}_n , σ_∞ = lim^{σ(n)}_n . The last limit exists because σ(n + m) ≥ σ(n) + σ(m) − 2 for every natural numbers m, n. Obviously δ_∞ ≤ δ_∞ ≤ σ_∞. The following theorem gives a lower bound for these three:

Theorem 3 Every natural number k > 1 and every i = 0, 1, 2, 3 satisfy δ(4k + 1 − i) ≥ 3k − i.

Figure 2: The graph used to proove δ_∞ ≥ 0.75. (Compare this graph with the graph in Figure 5 of [24])

Proof: Consider the graph in Figure 2. For every j = 1, . . . , k, if at any round b_j is black then b_j can never be conquered. Thus every dynamo must contain b_j and at least two of the three a_j , c_j and d_j. This proves δ(4k + 1) ≥ 3k. By eliminating d_k we have δ(4k) ≥ 3k − 1. By eliminating also c_k we have δ(4k − 1) ≥ 3k − 2. And finally, by eliminating also b_k we have δ(4k − 2) ≥ 3k − 3. 2

Corollary 2 δ_∞ ≥ 0.75

The following theorem shows that for trees the bound is tight:

Theorem 4 Let T be a tree with n vertices (n > 2), then T has a static monopoly with at most 0.75n vertices.

Proof: Choose one vertex r with d(r) > 1 to be the root. Every vertex v ≠ r has exactly one neighbor f(v) closer than v to r. The vertex f(v) will be called the father of v, and v will be called the child of f(v). Note that the neighbors of a vertex are exactly its father and its children.

Now apply the following algorithm:

1. If all vertices are colored, halt.

2. Let v be the vertex furthest from r which is not colored yet. Color it black.

3. If v = r goto stage 1. Otherwise, let u = f(v). If u is not colored yet, color it white.

4. If u ≠ r let w = f(u). If u = r and u has children not already colored, let w be one of these children. If there are no such children goto stage 1. If w is not colored yet, color it white.

5. If u has children not already colored, choose one of them and color it white.

6. Goto stage 1

Every time the algorithm goes through stage 2 a vertex is colored black, and at each of the next 3 stages, at most one vertex is colored white. Thus the set W of the vertices colored white when the algorithm halts satisfies |W | ≤ 0.75n. Note that the black vertices have 3 generations distance. That is, if v is black then f(v) and f(f(v)) if exist can not be black. Consider a vertex u ≠ r. We will show that u becomes white in one round. If f(u) is black then u is white and u has children all of which are white and we are done. If u has black children then u and f(u) are white and the number of black children is at most 1 more than the number of white children. Again this is enough to keep u white. If u = r then u has at most half of its children black, and if u has any black children then u is white and will stay white.

Therefore W is a static monopoly. 2 My conjecture is that δ_∞ = δ_∞ = 0.75. However, σ_∞ does not have this value.

Theorem 5

i. σ(14) ≥ 12

ii. σ_∞ ≥ 0.8

Proof:

Figure 3: The complete graph on 7 vertices divided to 7 triangles

i. It is known that the complete graph on 7 vertices can be divided to 7 triangles (see Figure 3). Form a bipartate graph by introducing vertices instead of the triangles. The obtain graph has 7 vertices on each side, each with degree 3, where every two vertices at the same side have exactly one common neighbor (see Figure 4). Every set with less that 6 vertices on each side can not be a static monopoly, and thus σ(14) ≥ 12.

Figure 4: The bipartate graph used to proove σ(14) ≥ 12. (This graph belongs to a class of graphs described at [24]. According to the notations there, this graph is G(B(7, 3, 1)). )

ii. For every k > 1 take k copies of the bipartite graph described above and connect them as in Figure 5. The obtained graph has 15k vertices and for reasons similar to the above, it has no static monopoly of size less than 12k. Thus, σ_∞ ≥ 0.8. 2

Figure 5: The graph used to proove σ_∞ ≥ 0.8

4 Infinite Graphs

4.1 The cardinal model

The game described at the introduction may be applied to infinite graph as well. The result of Goles and Olivos regarding periodic behavior is no longer valid for infinite graphs. Moran (see [26], [27], [28]) established sufficient conditions to ensure the periodicity. However, the definition of a dynamo stays as in finite graphs.

The result of Section 2 gives rise to the following question: Knowing that a constant number may be the size of

Question 1 Does there exist an infinite graph with a finite dynamo?

The answer is no. This follows from the following theorem:

Theorem 6 If W_0 is finite then T_r is finite for all r = 1, 2 . . .. Moreover, every vertex in T_r has a finite degree.

Proof: The proof is by induction on r.

For r = 1 note that W_0 is finite, and therefore T_1 = W_0 ∩ W_1 is also finite. Furthermore, every vertex v ∈ W_0 with an infinite degree becomes black at round 1, and thus v ∉ W_1, in other words, a vertex with an infinite degree can not be both in W_0 and W_1 and therefore can not be in T_1.

For r > 1, let v be any vertex.

First, suppose v has an infinite degree λ. We will show that v ∉ T_r. If C_{r−1}(v) = B we are done. If C_{r−1}(v) = W note that by the induction hypotheses v ∉ T_{r−1}, and therefore C_{r−2}(v) = B. In order to make v change color to white at round r − 1 it must have a majority of white neighbors at round r − 2, that is |N(v) ∩ B_{r−2}| < λ. By the definition of T_{r−1} we have W_{r−1} ⊆ B_{r−2} ∪ T_{r−1} and hence |N(v) ∩ W_{r−1}| ≤ |N(v) ∩ B_{r−2}| + |T_{r−1}| < λ. In other words, v has a majority of black neighbors at round r−1. Therefore at round r the vertex v will be colored black and again we have v ∉ T_r. In any case, T_r does not have a vertex with an infinite degree.

If v ∈ T_r has a finite degree we will show that either v ∈ T_{r−1} or v has a neighbor in T_{r−1}. By the induction hypotheses only finitely many vertices have such a neighbor, and this will prove that T_r is finite. If v is in T_r but not in T_{r−1} then by the definition C_{r−2}(v) = B, C_{r−1}(v) = W, C_r(v) = W. In order to have this, v must have more than half of its neighbors white at round r − 2 and at least half of its neighbors white at round r − 1. That is, |N(v) ∩ W_{r−2}| >^{|N (v)|}_2 and |N(v) ∩ W_{r−1}| ≥^{|N (v)|}_2 .

Hence |N(v) ∩ W_{r−2}| + |N(v) ∩ W_{r−1}| > |N(v)| and N(v) ∩ W_{r−2} ∩ W_{r−1} = N(v) ∩ T_{r−1} ≠ ∅, so v has a neighbor in T_{r−1}. This proves T_r ⊆ T_{r−1} ∪ [ u∈Tr�1 N(u) which is a finite set by the induction hypothesis. 2 4.2 The ordinal model

In the above theorem we assumed there is a tie when a vertex has the same cardinality of black neighbors and white neighbors. There is, however, the possibility to deal with these cases using ordinal number.

Let G be a graph and suppose the set of vertices is well ordered. Actually we may assume that the set of vertices is an ordinal number α. Note that every subset of α is isomorphic (as an ordered set) to some β ≤ α. This allows us to define another model of the game.

For any v ∈ α and r = 0, 1, . . ., let β be the ordinal number isomorphic to N(v) ∩ B_r and let γ be the ordinal number isomorphic to N(v) ∩ W_r. If γ > β then we say v has a white ordinal majority and at round r + 1 we color v to white. Respectively, if γ < β then we say v has a black ordinal majority and at round r + 1 we color v to black. If γ = β then we say there is a tie and at round r + 1 the vertex v stays with the color it had at round r. Theorem 7 Let λ be an infinite cardinality and let α be the minimal ordinal number of cardinality λ.

i. If G is a graph on α then G has no dynamo of cardinality less than λ.

ii. If β > α is another ordinal number of the same cardinality λ then there exists a graph on β with a finite dynamo.

Proof:

i. We will show by induction on r that if |W_0| < λ then |T_r| < λ for all r = 1, 2 . . .. Moreover, every vertex in T_r has a degree less than λ. For r = 1 note that |W_0| < λ, and therefore |T_1| = |W_0 ∩ W_1| < λ. Furthermore, every vertex v ∈ W_0 with degree λ becomes black at round 1, and thus v ∉ W_1, in other words, a vertex with degree λ can not be both in W_0 and W_1 and therefore can not be in T_1.

Figure 6: A grph with a dynamo of size 3 in the ordinal model

For r > 1, let v be any vertex.

First, suppose d(v) = λ. We will show that v ∉ T_r. If C_{r−1}(v) = B we are done. If C_{r−1}(v) = W note that by the induction hypotheses v ∉ T_{r−1}, and therefore C_{r−2}(v) = B. In order to make v change color to white at round r − 1 it must have an ordinal majority of white neighbors at round r − 2. By using the well known fact that every subset of α with cardinality λ is isomorphic to α, we have |N(v) ∩ B_{r−2}| < λ. As before, we use the fact W_{r−1} ⊆ B_{r−2} ∪ T_{r−1} to show |N(v) ∩ W_{r−1}| ≤ |N(v) ∩ B_{r−2}| + |T_{r−1}| < λ. In other words, v has a majority (even a cardinal majority) of black neighbors at round r − 1. Therefore at round r the vertex v will be colored black and again we have v ∉ T_r. In any case, T_r does not have a vertex with degree λ.

If v ∈ T_r has a degree less than λ we will show that either v ∈ T_{r−1} or v has a neighbor in T_{r−1}. By the induction hypotheses only less than λ vertices have such a neighbor, and this will prove that |T_r| < λ. If v is in T_r but not in T_{r−1} then by the definition C_{r−2}(v) = B, C_{r−1}(v) = W, C_r(v) = W. In order to have this, N(v) ∩ W_{r−2} must be isomorphic to an ordinal number greater than the ordinal number isomorphic to N(v) ∩ B_{r−2}. Suppose N(v) ∩ T_{r−1} = ∅ then N(v) ∩

W_{r−2} ⊆ N(v) ∩ B_{r−1}, N(v) ∩ W_{r−1} ⊆ N(v) ∩ B_{r−2}, and hence N(v) ∩ B_{r−1} must be isomorphic to an ordinal number greater than the ordinal number isomorphic to N(v) ∩ W_{r−1}. This makes v black at round r, in contradiction with the assumption v ∈ T_r. Thus N(v) ∩ T_{r−1} ≠ ∅, so v has a neighbor in T_{r−1}. This proves T_r ⊆ T_{r−1} ∪ [ u∈Tr�1 N(u)

which is a set of cardinality less than λ by the induction hypothesis.

ii. One way to prove this is by noticing that the proof of Theorem 2 is still valid if we take n to be an ordinal number rather than a natural number. However, the ordinal case is actually much easier than the finite case. In fact, in the ordinal case there exists a dynamo of size 3. Let β > α be an ordinal of cardinality λ. Divide the set {v : 3 < v < α} to two disjoint sets A and B, each of cardinality λ, and let C = {v : α < v < β}. Let f be a one-to-one function from C into B, and let g be a four-to-one function from A onto B. (That is, every v ∈ B satisfies |g^{−1}(v)| = 4.) Let G = (β, E) where

E = {{α, 0}, {α, 1}, {α, 2}, {α, 3}} ∪ {{0, v}, {1, v} : v ∈ A ∪ B} ∪{{v, f(v)} : v ∈ C} ∪ {{v, g(v)} : v ∈ A} Note that A and B are both isomorphic to α, A ∪ {α} and B ∪ {α} are both isomorphic to α + 1, every vertex in A has degree 3, every vertex in B has degree 6 or 7 and the vertex α has degree 4 (see Figure 6). Now if we take W_0 = {α, 0, 1} we have W_1 = {α, 2, 3} ∪ A, W_2 = {α, 0, 1, 2, 3}∪B, W_3 = {α, 0, 1, 2, 3}∪A∪C, W_3 = {α, 0, 1, 2, 3}∪A∪B and finally W_4 = β. 2

5 Other Models on Finite Graphs

5.1 Dealing with ties

The next question deals with other models considered by Peleg:

Question 2 Do we still have a dynamo of size O(1) if we change the rules of dealing with ties? (e.g. if a vertex becomes black whenever there is a tie.)

The answer here is yes. This follows from the following lemma:

Lemma 2 Let G = (V, E) be a graph, introduce a new vertex v^′ for every v ∈ V and consider the graph Ĝ = (V̂ , Ê) where V̂ = {v, v^′ : v ∈ V } and Ê = E ∪ {{u^′, v^′} : {u, v} ∈ E} ∪ {{v, v^′} : 2|d(v)} If W_0 is a dynamo of G according to the model in Theorem 2, then Ŵ_0 = {v, v′ : v ∈ W_0} is a dynamo of Ĝ.

Proof:

Let W_0, W_1, W_2 . . . denote the sets of white vertices in the evolution of G and respectively, let Ŵ_0, Ŵ_1, Ŵ_2 . . . denote the sets of white vertices in the evolution of Ĝ.

We will show by induction on r that {v, v^′ : v ∈ W_r} ⊆ Ŵ_r. (Actually there is an equation here.)

For r = 0 this is true by definition.

For r > 0 let v be any vertex in W_r. We will show that v^′ ∈ Ŵ_r If d(v) is odd then the neighbors of v^′ in Ĝ are exactly the neighbors of v in G. More than half of these vertices are in W_{r−1} and hence by the induction hypothesis in Ŵ_{r−1}. This implies v^′ ∈ Ŵ_r.

If d(v) is even then the neighbors of v^′ in Ĝ are the neighbors of v in G and v itself. Again, more than half of these vertices are in W_{r−1} and hence by the induction hypothesis in Ŵ_{r−1}. Still we have v^′ ∈ Ŵ_r.

The proof that v ∈ Ŵ_r is analogous.

2_{Note now that all vertices of Ĝ have odd degrees, and thus ties are not}

possible and Ŵ_0 is a dynamo of Ĝ according to any rule of dealing with ties.

Therefore, for every n = 1, 2 . . . the graph Ĵ_n has a dynamo of size 36.

5.2 The æ model

Let ρ > 1 be a real number. Consider the following model, which will henceforth be called the ρ-model. At every round, for every vertex v with b neighbors colored black and w neighbors colored white, if w > ρb then v is colored white at the next round, otherwise it is black. For the sake of simplicity we will assume that ρ is irrational and that there are no isolated vertices, so that w = ρb is impossible.

The most interesting question regarding this model is whether there exist graphs with O(1) dynamo like in Theorem 2. This question is as yet open. We only have some partial results, which can be summarized as follows:

i. If ρ is big enough then the size of a dynamo is Ω( √ n). ii. If ρ is small enough then there exist graphs in which the size of a dynamo is O(log n).

iii. If there exist graphs with O(1) dynamo then the number of rounds needed until the entire system becomes white is Ω(log n).

More explicitly:

Theorem 8 Let ρ > 3. If a graph with n vertices has a dynamo of size k in the ρ-model then n < k^2 proof:

For every r = 1, 2, . . ., let (S_r, S_r) be the set of edges with one vertex in S_r and the other not in S_r. Call s_r = |S_r| + |(S_r, S_r)|. Note that S_1 is the set of vertices which are white at both round 0 and round 1. Every v ∈ S_1 is connected to at most k − |S_1| vertices in W_0 \ S_1 and at most^{k−1}_ρ < k − 1 vertices outside of W_0. Therefore we have

s_1 < |S_1| + |S_1|(k − |S_1| + k − 1) = k^2 − (k − |S_1|)^2 ≤ k^2

Thus all we need is to show s_{r+1} ≤ s_r and we are done. Let r be fixed. By definition S_r ⊆ S_{r+1}. Let Δ = S_{r+1} \ S_r, and let v ∈ Δ. More than^3_4 of the neighbors of v are white at round r and more than 3 4 of the neighbors of v are white at round r − 1. Thus more than^1_2 of the neighbors of v belong to S_r. In other words |{u : {u, v} ∈ (S_r, S_r)}| − |{w : {v, w} ∈ (S_{r+1}, S_{r+1})}| ≥ 1.

Summing this inequality for every v ∈ Δ yields

|(S_r, S_r) \ (S_{r+1}, S_{r+1})| − |(S_{r+1}, S_{r+1}) \ (S_r, S_r)| ≥ |Δ|

which implies s_{r+1} ≤ s_r. By induction s_r < k^2 for all r. If we begin with a dynamo then for some finite m we have S_m = V and n = s_m < k^2 2

Theorem 9 Let ρ > 1. If |W_0| = k and W_m = V (the set of all vertices), then the number e of edges in the graph satisfies

e < k^2( 2ρ ρ − 1 )^m

proof:

Let d_r denote the sum of the degrees of the vertices in S_r. Recall that every v ∈ S_1 is white at both round 0 and round 1, and thus |N(v)∩B_0| < k and d(v) < k. Therefore, d_1 < 2k^2. Again, let r be fixed, let Δ be as in the proof of Theorem 8 and let v ∈ Δ. More than^ρ_{ρ+1} of the neighbors of v are white at round r and more than^ρ_{ρ+1} of the neighbors of v are white at round r − 1. Thus more than^{ρ−1}_{ρ+1} of the neighbors of v belong to S_r. Therefore, we have

d_{r+1} < d_r + ρ + 1 ρ − 1 d_r = 2ρ ρ − 1 d_r By induction d_r < 2k^2(^{2ρ}_{ρ−1} )^{r−1}. If the entire system is white at round m then d_{m+1} = 2e and thus we have

e < k^2( 2ρ ρ − 1 )^m 2 Theorem 10 Let 1 < ρ <^{257}_{256} . For every integer n > 5 there exists in the ρ model a graph with more than 2^n vertices and with a dynamo of size 30(n − 5) + 36.

Outline of proof:

Let Ĵ be as defined in the answer to Question 2. Construct J̃ by eliminating f from Ĵ and connecting f^′ to y_0 and g_1 (but not to g_0). Note that in J̃ the vertex g_0 is connected only to y_3 and to y_4.

In figure 7, the upper graph is a part of Ĵ. The lower graph is the corresponding part in J̃. The rest of J̃ is identical to the rest of Ĵ.

Figure 7:

Construct J̃_{32}, J̃_{64}, . . .J̃_2n as in the construction of J_n, where the duplicated vertices are all black vertices except for q and q^′. Note that the graphs are constructed separately, namely, the sets of vertices of J̃_2i and J̃_2j are disjoint for i ≠ j. In order to avoid ambiguity we will use the following notation: the triplet (v, i; 2^j) will refer to the i-th copy of v in J̃_2j . If v is not duplicated, the pair (v; 2^j) will refer to the single copy of v in J̃_2j .

Now connect the graphs in the following way. First, eliminate the copies of x_0, x_1, x_2 from all graphs except for J̃_{32}. Note that in J̃_2i there are 2^i copies of g_0 (when i = 5, . . .n − 1). Divide them into 32 disjoint sets P_0, . . .P_{31}, of size 2^{i−5} each. Now connect the vertices in P_0 to the copy of q in J̃_2i+1, connect P_1 to the copy of q^′, and connect each one of P_2 . . . P_{31} to a respective white vertex in J̃_2i+1 (see in figure 8).

Figure 8: This figure illustrates the graph used in the proof of Theorem 10. The vertices under the numeral 1 are the 32 copies of g_0 in J̃_{32}. Under the numeral 2 are the 32 unduplicated vertices in J̃_{64} (q, q^′ and the initially white vertices). Under the numeral 3 are the 64 copies of g_0 in J̃_{64}, under the numeral 4 are the 32 unduplicated vertices in J̃_{128}, under the numeral 5 are the 128 copies of g_0 in J̃_{128}, and so on.

More explicitly, we define the graph Ĵ = (V̂ , Ê) where V̂ = {v, v^′ : v ∈ V_J } Ê = E_J ∪ {(u^′, v^′) : (u, v) ∈ E} ∪ {(v, v^′)) : 2|d(v)} We define another graph J̃ = (Ṽ , Ẽ) where Ṽ = V̂ \ {f}

Ẽ = {e ∈ Ê : f ∉ e} ∪ {{f^′, y_0}, {f^′, g_1}} We divide the set Ṽ to three sets

X = {x_0, x_1, x_2, x^′_0, x^′_1, x^′_2} Ũ = {u, u^′ : u ∈ U} \ X D̃ = Ṽ \ Ũ \ X Note that |U| = 32. In some cases it may be convenient to write U = {u_0, . . . , u_{31}}. Finally we construct the graph K = (V_K, E_K) where V_K = {(v, i; 2^j) : v ∈ D̃, i ∈ [2^j], 5 ≤ j ≤ n} ∪{(u; 2^j) : u ∈ Ũ, 5 ≤ j ≤ n} ∪{(u; 32) : u ∈ X} E_K = {{(u; 32), (v; 32)} : v ∈ X, u ∈ U ∪ X, {u, v} ∈ Ẽ} ∪{{(u; 2^j), (v; 2^j)} : u, v ∈ Ũ, {u, v} ∈ Ẽ, 5 ≤ j ≤ n} ∪{{(u; 2^j), (v, i; 2^j)} : u ∈ Ũ, v ∈ D̃, {u, v} ∈ Ẽ, i ∈ [2^j], 5 ≤ j ≤ n} ∪{{(u, i; 2^j), (v, i; 2^j)} : u, v ∈ D̃, (u, v) ∈ Ẽ, i ∈ [2^j], 5 ≤ j ≤ n} ∪{{(g_0, i; 2^j), (u_{imod32}; 2^{j+1})} : i ∈ [2^j], 5 ≤ j ≤ n − 1} Table 1 is still valid for rounds 0,1,2. (However now one should read it a little differently. For example, the numeral 1 for a_2 at round 1 means that every vertex in V_K of the form (a_2, i, 2^j) or (a^′_2, i, 2^j) is white at round 1.)

Moreover, Observation 1 and Corollary 1 are still valid for K with the ρ-model, with similar proofs. Lemma 1 is no longer valid, but the following lemma can fill its place:

Lemma 3 Let G be a graph colored according to the ρ-model.

i. If at round r a vertex v has more than^ρ_{ρ+1} of its neighbors conquered then v is conquered at round r + 1.

ii. If v and v^′ are two connected vertices blinking at the same phase (that is, either they both blink at round 1 or they both blink at round 2), with the same odd degree 2k + 1 <^{ρ+1}_{ρ−1} and if at round r at least k of the neighbors of v and k of the neighbors of v^′ are conquered then v and v^′ are conquered at round r + 2.

Proof:

i. This is trivial.

ii. The two vertices blink at the same phase, and hence they are both white either at round r + 1 or at round r + 2. From this round on, at least k + 1 of the neighbors of each vertex are white, so v and v^′ will stay white.

Now the vertices of J̃_{32} will be conquered in the following order: (x_0; 32), (x^′_0; 32), (x_1; 32), (x^′_1; 32), (x_2; 32), (x^′_2; 32), (q; 32), (q^′; 32), (w_0; 32), (w^′_0; 32), (w_1; 32), (w^′_0; 32), (y_0; 32), (y^′_0; 32), (c_0, i; 32) and (c^′_0, i; 32) (for every i ∈ [32] at the same round), (e_0, i; 32) and (e^′_0, i; 32), (d_0, i; 32) and (d^′_0, i; 32), (y_1; 32), (y^′1; 32), (c_1, i; 32) and (c^′_1, i; 32), (c_2, i; 32) and (c^′_2, i; 32), (e_1, i; 32) and (e^′_1, i; 32), (w_2; 32), (w^′_2; 32), (w_3; 32), (w^′_3; 32), (y_2; 32), (y^′_2; 32), (c_3, i; 32) and (c^′_3, i; 32), (e_2, i; 32) and (e^′_2, i; 32), (e_3, i; 32) and (e^′_3, i; 32), (d_1, i; 32) and (d^′_1, i; 32), (y_3; 32), (y^′_3; 32), (y_4; 32), (y^′_4; 32), (c_4, i; 32) and (c^′_4, i; 32), (c_5, i; 32) and (c^′_5, i; 32), (g_0, i; 32), (g^′_0, i; 32), (g_1, i; 32), (g^′_1, i; 32), (f^′, i; 32), (w_4; 32), (w^′_4; 32), (w_5; 32), (w^′_5; 32), (c_6, i; 32) and (c^′_6, i; 32), (d_2, i; 32) and (d^′_2, i; 32), (c_7, i; 32) and (c^′_7, i; 32), (c_8, i; 32) and (c^′_8, i; 32), (w_6; 32), (w^′_6; 32), (w_7; 32), (w^′_7; 32), (c_9, i; 32) and (c^′_9, i; 32), (d_3, i; 32) and (d^′_3, i; 32), (c_{10}, i; 32) and (c^′_{10}, i; 32), (c_{11}, i; 32) and (c^′_{11}, i; 32), (w_8; 32), (w^′_8; 32), (w_9; 32), (w^′_9; 32), (a_0, i; 32), (a^′_0, i; 32), (a_1, i; 32), (a^′_1, i; 32), (a_2, i; 32), (a^′_2, i; 32), (b_0, i; 32), (b^′_0, i; 32), (b_1, i; 32), (b^′_1, i; 32).

Once (g_0, 1; 2^{j−1}), . . . , (g_0, 2^{j−1}; 2^{j−1}) are conquered, the vertices of J̃_2j will be conquered in the following order:

(q; 2^j), (q^′; 2^j) (Note that here the bound ρ <^{257}_{256} is used.), (w_0; 2^j), (w^′_0; 2^j), (w_1; 2^j), (w^′_0; 2^j), (y_0; 2^j), (y^′_0; 2^j), (c_0, i; 2^j) and (c^′_0, i; 2^j) (for every i ∈ [2^j] at the same round), (e_0, i; 2^j) and (e^′_0, i; 2^j), (d_0, i; 2^j) and (d^′_0, i; 2^j), (y_1; 2^j), (y^′1; 2^j), (c_1, i; 2^j) and (c^′_1, i; 2^j), (c_2, i; 2^j) and (c^′_2, i; 2^j), (e_1, i; 2^j) and (e^′_1, i; 2^j), (w_2; 2^j), (w^′_2; 2^j), (w_3; 2^j), (w^′_3; 2^j), (y_2; 2^j), (y^′_2; 2^j), (c_3, i; 2^j) and (c^′_3, i; 2^j), (e_2, i; 2^j) and (e^′_2, i; 2^j), (e_3, i; 2^j) and (e^′_3, i; 2^j), (d_1, i; 2^j) and (d^′_1, i; 2^j), (y_3; 2^j), (y^′_3; 2^j), (y_4; 2^j), (y^′_4; 2^j), (c_4, i; 2^j) and (c^′_4, i; 2^j), (c_5, i; 2^j) and (c^′_5, i; 2^j), (g_0, i; 2^j), (g^′_0, i; 2^j), (g_1, i; 2^j), (g^′_1, i; 2^j), (f^′, i; 2^j), (w_4; 2^j), (w^′_4; 2^j), (w_5; 2^j), (w^′_5; 2^j), (c_6, i; 2^j) and (c^′_6, i; 2^j), (d_2, i; 2^j) and (d^′_2, i; 2^j), (c_7, i; 2^j) and (c^′_7, i; 2^j), (c_8, i; 2^j) and (c^′_8, i; 2^j), (w_6; 2^j), (w^′_6; 2^j), (w_7; 2^j), (w^′_7; 2^j), (c_9, i; 2^j) and (c^′_9, i; 2^j), (d_3, i; 2^j) and (d^′_3, i; 2^j), (c_{10}, i; 2^j) and (c^′_{10}, i; 2^j), (c_{11}, i; 2^j) and (c^′_{11}, i; 2^j), (w_8; 2^j), (w^′_8; 2^j), (w_9; 2^j), (w^′_9; 2^j), (a_0, i; 2^j), (a^′_0, i; 2^j), (a_1, i; 2^j), (a^′_1, i; 2^j), (a_2, i; 2^j), (a^′_2, i; 2^j), (b_0, i; 2^j), (b^′_0, i; 2^j), (b_1, i; 2^j), (b^′_1, i; 2^j).

Thus all vertices of K are eventually conquered. The theorem follows upon noticing that K has more than 2^n vertices, and the size of the dynamo is 30(n − 5) + 36. 2

6 Conclusions

In this thesis we introduced several models of a game highly motivated by problem of overcoming failures in distributed systems. The results showed that in many cases it is possible for small sets of processes to affect the whole system. One conclusion is that one must be precocious when using repetitive local polls (especially when using heuristics that have no rigorous proof of validity). However, we believe that, when properly used, the graphs described in this thesis may be applied to systems such as neural networks, due to their ability to propagate information through a small number of channels.

We believe that the results obtained in this thesis can be extended to a wide variety of models, applicable in computer sciences and in social sciences.

References

[1] D. Peleg, Size bounds for dynamic monopolies, Discrete Applied Mathematics, Vol: 86, Issue: 2-3, September 1998 (262-273).

[2] E. Goles and J. Olivos, Periodic behavior of generalized threshold functions, Discrete Applied Mathematics, 30:187-189, 1980.

[3] S. Poljak and M. Sura, On periodic behavior in societies with symmetric influences, Combinatorica, 3:119-121, 1983.

[4] N. Linial, D. Peleg, Y. Rabinovich, and M. Saks, Sphere packing and local majorities in graphs. In 2nd ISTCS, pages 141-149, IEEE Computer Soc. Press, June 1993.

[5] J-C. Bermond and D. Peleg, The power of small coalitions in graphs, Proc. 2nd Colloc. on Structural Information and Communication Complexity, Olympia, Greece, June 1995, Carleton Univ. Press, 173-184.

[6] J-C. Bermond, J. Bond, D. Peleg, and S. Perennes, Tight bounds on the size of 2-monopolies, Proc. 3rd Colloc. on Structural Information and Communication Complexity, June 1996, Siena, Italy.

[7] L. Lamport, R. Shostak, and M. Pease. The Byzantine generals problem.

ACM Transactions on Programming Languages and Systems, 4(3):382- 401, July 1982.

[8] G. Bracha. An o(log n) expected rounds randomized Byzantine generals algorithm. J. of the ACM, pages 910-920, 1987.

[9] C. Dwork, D. Peleg, N. Pippenger and E. Upfal. Fault tolerance in networks of bounded degree. SIAM J. on Comput., 17:975-988, 1988.

[10] H. Garcia-Molina and D. Barbara. How to assign votes in a distributed system. J. ACM, 32(4):841-860, 1985.

[11] M. Raynal. Algorithms for Mutual Exclusion. MIT press, 1986.

[12] D. K. Gifford. Weighted voting for replicated data. In Proc. 7th Symp.

Oper. Sys. Princip., pages 150-159, 1979.

[13] P. Jalote, S. Rangarajan and S. K. Tripathi. Capacity of voting systems.

Technical Report UMIACS-TR-91-118, University of Maryland, 1991.

[14] M. Spasojevic and P. Berman. Voting as the optimal static pessimistic scheme for managing replicated data. IEEE Trans. on Parallel and Distr. Systems, 5(1):64-73, 1994.

[15] D. Peleg and A. Wool. The availability of quorum systems. Information and Computation, 123(2):210-223, 1995.

[16] A. Wool. Quorum Systems for Distributed Control Protocols. Ph.D.

Thesis, The Weizmann Institute, Rehovot, Israel, 1996.

[17] G. F. Sullivan. The complexity of system-level fault diagnosis and diagnosability. Ph. D. Thesis, Department of Computer Science, Yale University, 1986.

[18] D. Pelc. Efficient fault location with small risk. Proc. 3rd Colloq.

on Structural Information and Communication Complexity, June 1996, Siena, Italy.

[19] K. Diks and D. Pelc. System diagnosis with smallest risk of error.

22nd Int. Workshop on Graph-Theoretic Concepts in Computer Science, Como, Italy, June, 1996.

[20] S. B. Davidson, H. Garcia-Molina and D. Skeen. Consistency in partitioned networks. ACM Computing Surveys, 17(3):341-370, 1985.

[21] M. P. Herlihy. Replication Methods for Abstract Data Types. Ph. D.

Thesis, Massachusetts Institute of Technology, MIT/LCS/TR-319, 1984.

[22] S. Kutten and D. Peleg. Fault-local distributed mending. In Proc. 14th ACM Symp. on Principles of Distributed Computation, August 1995.

[23] S. Kutten and D. Peleg. Tight fault-locality. In Proc. 36th IEEE Symp.

on Foundation of Computer Science, October 1995.

[24] D. Peleg. Local majority voting, small coalitions and controlling monopolies in graphs: a review. Proc. 3rd Colloq. on Structural Information and Communication Complexity, 1996.

[25] D. Peleg. Graph Immunity Against Local Influence. Technical Report CS96-11, The Weizmann Institue of Science, 1996.

[26] G. Moran. The r-majority vote action on 0-1 sequences. Descrete Mathematics, 132:145-174, 1994.

[27] G. Moran. Parametrization for stationary pattern of the r-majority operation on 0-1 sequences. Descrete Mathematics, 132:175-195, 1994.

[28] G. Moran. On the period-two property of the majority operator in infinite graphs. Trans. A.M.S., 1994.

[29] M. Ben-Or. Another advantage of free choice: Completely asynchronous agreement protocols. In Proceeding of the 2nd ACM Symposium on Principles of Distributed Computing (Montreal, Quebec, Canada, Aug. 17- 19). ACM, New York, 1983.