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`ean .0

-izrd mixvna dzligz ok`e ,"ux`d zcicn" zipeeia dyexit (γεωµετρια) "dixhne`ib"
zexev ly (zeizenk ,xnelk) zeixhn zepekza dwqr xzei xge`n .ziyrn dcicn zxezk dw
-xnd ly dpezp ze`ivn zx`znk dixhne`ibd dytzp ixehqid ote`a .agxnae xeyina
,zeax zeixhne`ib dyrnl opyiy xxazd 19-d d`nd jldna mle`e ;miig ep` ea ifitd ag
wx miniiw mwlge ,ifitd epnler jeza yeninl mipzip mwlg - mipey miagxn zex`znd
mr miizenk mihwtq` ly aeliyd `ed mlekl szeynd .mihyten miiihnzn milcenk

.ziagxn dyitz

z` zx`znd ,zixitqd dixhne`ibd `id ycg beqn dixhne`ibl dpey`xd `nbecd
mle` ,miakekd ly "zininyd dxitqd" ly xe`izk dwizrd zra dziy`x :xeckd zthrn
`le - dzellka ux`d ly dixhne`ibd mvra idefy lkl xxazd dycgd zrd ziy`xa
miphw migehy mixefi`l (aexiwa) wx dni`znd ,xeyind ly zicilwe`d dixhne`ibd
-rnd md "mixyi"d j` ,zieefe jxe` ly mibyen oiicr mpyi zixitqd dixhne`iba .ziqgi
dxitqd ,z`f lka .o`k zelg opi` xeyind ly zelibxd zeneiqk`d okle ,milecbd milb
jezn dizepekz z` wiqdl ozip okle ,R3 icnin-zlzd icilwe`d agxna oekiyl zpzip

.dlibxd zicilwe`d dixhne`ibd

-iiextd dixhne`ibd `id dycgd zrd ziy`xa dzlbzdy ztqep dycg dixhne`ib
mle` .zepey zeaihwtqxt zgz zexnypd agxnd ly zepekz oze`a zwqerd ,ziaihw
zgz mixnyp mpi` dl`y meyn ,mirhw e` zeieef ly lceb cecnl ozip `l ef dixhne`iba

.daihwtqxtd iiepiy

.19-d d`na dygxzd dixhne`ibd byen ly zihnznd dyitza zizin`d dkitdnd
,libxd "gehy"d xeyinl zixyt` dixhne`ib cer dpyiy zilbza dzid dkitdnd ziy`x
Georg Friedrich Bernhard) o`nix oiad z`f zeawra .zileaxtidd dixhne`ibd `id `ld
dixhne`ibd oepbqa zexg` zeax "zeixhne`ib" xicbdl ozip mvray (Riemann, [1826-1866]

(icnin-n icilwe` agxnl zinewn milewyd miibeleteh miagxn) zerixi xear ,zixitqd
.zepey

-`d `ed ,dlind ly zixewnd dxcbda enk ,elld zeixhne`ibd lkl szeynd oiit`nd
ziyrp ef dcicn ,o`nix ly dyiba .(migtpe mighy ly oke) wgxn ly zecicn rval zexyt
-ira zfkxzn `idy o`kn .divxbhpi` zxfra hxtae ,il`niqihipitpi`d oeaygd ly milka
riizqdl mb xyt` mle`e .dcewp ly daiaqa zervazn zecicnd :zeinewnd zepekza xw
.ezellka oezpd agxnd lr zeil`aelb zepwqn wiqdl ick dl`k zeinewn zeipae zepekza
-ew s` e` ,(zenly oebk) zeixhn ,(zeihwtnew oebk) zeibeleteh zepekz zeidl zeieyr dl`

.zeixehpian
oday ,xnelk - miipbened mpi`y miixhne`ib miagxna lthl mb epl zxyt`n ef dyib
xeck ipt lry miwnrle mixdl dneca ,inewn ote`a dpey zeidl ieyr ixhne`ibd dpand
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j` ,mdil`n mipaen inewn ote`a zepzyny zeixhne`iba lthl zlekiay zepexzid .ux`d
,zeipbenedd zeixhne`iba dligz oecp okl .zihnzn dpigan xzei jaeqn xacdy mb xexa
ly mi`wihnznl did diabl mb ,d`xpy itk .ziq`lwd zicilwe`d dixhne`ibd oy`xae

.`lne wiiecn ih`neiqk` qiqa dl zzl egilvd hxtae ,ycgl dn 19-d d`nd

dnxa od ,zeixhne`ib zel`ya lthl miax miihnzn mirvn` egzet mipyd jxe`l
oiivl i`ck .miihxe`izd miccva ode ,dnecke ,zepenz ceair ,ietin ,dcicn ly ziyrnd
llek - dl` mirvn`a ihnzn letihl ekf ,dxe`kl ,llk miixhne`ib mpi`y minegz mby
yebtp o`k eply zvnevnd zxbqna .zipxcend dwifitd s`e ,dxabl`d ,mixtqnd zxez

:ollkae ,elld zeihnznd zeyibd on dnk

;ziaihwiiextde ,zipit`d ,zileaxtidd ,zicilwe`d zeixhne`ibl miihilp` milcen (`)

;ziaihwiiexte ,zileaxtid ,zicilwe` :zih`neiqk`d dixhne`ibd (a)

;(miil`iviltniq miqwltnew) zixehpianew dibeletehe dixhne`ib (b)

;mighyne minewr ly zil`ivpxticd dixhne`ibd (c)

.zewlg zerixi ly zil`ivpxticd dixhne`ibde dibeletehd (d)

2



I wlg
xeyind ly zeixhne`ib

dkfy oey`xd ihnznd megzd dzid `id j` ,ixitn` rcn xeza dlgd dixhne`ibd ,xen`k
6-d d`na ,ql`z ly) epl zerecid zepey`xd zegkedd ,mvra - xzei wiiecn letihl
dbvdl dixhne`ibd dzkf q"dptl 3-d d`na .miixhne`ib mihtyn ly eid (dxitqd iptl

.[q"dptl 330-275] qcilwe` ly (Στoιχεια) "zeceqi"d ixtq 13 zxbqna ziz`neiqk`

Pierre de) `nxte (René Descartes [1596-1665]) hx`wc elib dycgd zrd ziy`xa
dixhne`ibd lk z` mbxzl epl zxyt`nd ,zihilp`d dixhne`ibd z` (Fermat [1601-1665]

mb zrd dze`a dgztzd qeanelew iielib zeawra .mixtqn ly dtyl agxnde xeyind ly
Gérard Desargues) bx`fc iztxvd i`wihnznd gzit onf eze`ae ,zixitqd dixhne`ibd
-d d`na ihilp` lcen `vnp dl s` xy` ,ziaihwiiextd dixhne`ibd z` ([1591-1661]

zneiqk` ly zelzd-i` zl`y ziteq dxztp mb 19-d d`na ,4.4 wxta d`xpy itk .19

`id `ld - xeyind ly ztqep dixhne`ib dzlbzd jk jezae ,zicilcwe`d miliawnd
.zileaxtidd dixhne`ibd

zeivnxetqpxh zxeage zeixhne`ib 1

zifitd ze`ivnd z` x`znd ihnzn rcn `id dixhne`ibd ik lkd exaq 19-d d`nd cr
ly sprk `eti` dytzp zixitqd dixhne`ibd .dcigie zg` mvra `id okle ,epze` zaaeqd
dgiyw" `qxb wx dzid ziaihwiiextd dixhne`ibd eli`e ,dlibxd zicilwe`d dixhne`ibd
,ef dyib dxrxrzp zileaxtidd dixhne`ibd ielib mr mle` .iynn mler eze` ly "zegt
jk meyn .cnrn zeey zeihnzn zexez - mixg`e - dl` lka d`exd dnbn dgztzde
1872 zpyn ely (Erlanger Program) obplx` zipkeza (Felix Klein [1846-1925]) oiilw xga

:d`ad dxcbdd z` rivdl

:dxcbd 1.0.1

-qpxh ly G dxeag mr cgi ,(space) agxnd zi`xwpd ,X dveaw `id 〈X, G〉 dixhne`ib
.X lr zlretd zeivnxet

zeivwpet ly G sqe` `id (group acting on X) X dveaw lr zlretd dxeag ,xekfk
:ze`ad zeyixcd z` zniiwnd ,(lre zeikxr-cg-cg gxkda) f : X → X

(g ◦f)(x) = g(f(x)) xy`k) G 3 g ◦f mb f` ,G 3 g, f m` :dakxd zgz zexibq (`)
.(X 3 x lkl

.G-a (X 3 x lkl IdX(x) = x zxcbend) IdX zedfd ziivwpet :yic` xai` meiw (a)
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.(f−1 ◦ f = IdX = f ◦ f−1 xy`k) G 3 f−1 mb f` ,G 3 f m` :ikted meiw (b)

,Φ : G → Aut(X) zexeag ly mfitxenenedk ef dlert lr aeygl xyt` ,lewy ote`a
f : X → X zeivwpetd lk sqe` ,xnelk) X lr zexenzd lk zxeag `id Aut(X) xy`k

.(dakxdd zgz dxeag idef ;lre zeikxr-cg-cg ody

lkl ,xnelk - (transitive) ziaihifpxh didz X lr G ly dlertdy mb yexcl ozip
lkl ,xnelk - (effective) ziaihwt` e` - f(x) = y-y jk G 3 f miiw ,X 3 y, x

.g(x) 6= x-y jk X 3 x yi G 3 g 6= Id

dveaw e` xai` ly dpekz lk `id 〈X, G〉 ly zixhne`ib dpekz ,ef han zcewpn :dxrd
.G zlert zgz zxnypd ,X-a

:oiilw ly dxcbdl zeni`zn zeixhne`ib ly zexken ze`nbec xtqny dzr d`xp

zicilwe`d dixhne`ibd 1.1

Pierre de) `nxt elib dze`y ,zihilp`d dzqxba ,dlibxd zicilwe`d dixhne`iba ligzp
-azn cvik d`xpe ,17-d d`na (René Descartes [1596-1650]) hxwce (Fermat ]1601-1665]

oze` z` zx`znk zicilwe`d dixhne`ibd lr aeygl xyt` .oiilw ly dyibd o`k zi`h
od dl`y xxazne - zehpicxe`ewd zkxrna miiepiy zgz zexnypd Rn-a zepekze zexev

:zecewp izy oia wgxnd byen zxfra (siwr e` xiyi) xe`izl zepzipy zepekzd weica

:dxcbd 1.1.1

:Rn-a y = (y1, · · · yn) ,x = (x1, · · ·xn) mixehwe xear

.‖x‖ :=
√∑n

i=1 xi
2 `id x xehwed ly (Euclidean norm) zicilwe`d dnxepd (`)

x · y :=
∑n

i=1 xiyi zxcben y-e x ly (scalar product) zix`lwqd dltknd (a)

midfn ep` libxk xy`k) dE(x,y) = ‖x−y‖ `ed zecewp izy oia icilwe`d wgxnd (b)
.d-a heyt eze` onqp llk jxca .(ely dvwd zcewp mr xehwee

:d`ad drecid d`vezd on zraep zicilwe`d dnxepd ly xzeia daeygd dpekzd

Cauchy-Schwartz oeieey-i` 1.1.2

m` wxe m` ~x · ~y = ‖~x‖ · ‖~y‖ miiwzne ,|~x · ~y| ≤ ‖~x‖ · ‖~y‖ miiwzn Rn 3 ~y, ~x lkl
.0 ≤ λ xear ~y = λ~x e` ~x = λ~y

xicbp .α 6= 0-y gippe ,α := ~x · ~y onqp ,mireaw Rn 3 ~x, ~y xear :dgked

p(t) := ‖~x‖2t2 + 2αt + ‖~y‖2 =
n∑

i=1

(txi + yi)
2
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m` .p zireaixd divwpetd ly .α2 − ‖~x‖2 · ‖~y‖2 dhppinixwqicd z` ∆-a libxk onqpe
- miilily mikxr mb lawn mepiletd okle ,mipey miiynn miyxey ipy p(t)-l f` ,0 < ∆

,α2 ≤ ‖~x‖2 · ‖~y‖2 xnelk ,0 ≥ ∆-y o`kn .mireaix ly mekq `ed p(t)-y jkl dxizqa
¤ .yxcpk

:(yleynd oeieey-i`) dpwqn 1.1.3

.‖~x + ~y‖ ≤ ‖~x‖+ ‖~y‖ miiwzn Rn 3 ~y, ~x lkl

:dxcbd 1.1.4

-iwnd T : Rn → Rn divwpet `id zicnin-n (Euclidean motion) zicilwe` divnxetqpxh
.Rn 3 y,x lkl d(T (x), T (y)) = d(x, y) zni

zxcbend ,Ta : Rn → Rn (translation) dffdd ,Rn 3 a reaw xehwee lkl :`nbec
.zicilwe` divnxetqpxh `id ,Ta(x) := x + a

:dnl 1.1.5

`id .Rn lr zlretd dxeag deedn zeicnin-n-d zeicilwe`d zeivnxetqpxhd lk sqe`
.Eucn-a oneqz

¤ .libxz :dgked

efk divnxetqpxhy d`xn miyleyn ztitga "rlv-rlv-rlv" htyny al eniy :dxrd
-ra oe`t ly gtpe rlevn ly ghy xicbp m` .zerlv ikxe` lr wx `le ,zeieef lr mb zxney
ze`xdl lkep ,dn`zda ,zeiyleyn zecinxite zeiaew e` miyleyne mireaixl mzwelg zxf
lr zexney mb od ,ok lr xzi .migtpe mighy lr mb zexney zeicilwe` zeivnxetqpxhy

:mipey micinina zeixyi oia dlig iqgi

:dxcbd 1.1.6

mdici-lr rawpd L xyid ,oeeik xehwee Rn 3 v 6= 0-e ,edylk xehwee Rn 3 u0 m` ,xekfk
:`ed

. L := {u0 + tv | t ∈ R}
.oze` liknd xyi yi m` (collinear) zeix`pilew ze`xwp Rn-a zecewp yely

:dnl 1.1.7

f` ,xyi Rn 3 L m` okle ,zeix`pilew lr zxney T : Rn → Rn zicilwe` divnxetqpxh
.Rn-a xyi T (L) mb

¤ .libxz :dgked
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:zeicnin-n-d zeicilwe`d zeivnxetqpxhd lk odn zedfl dqpp dzr

:dxcbd 1.1.8

,xnelk - A · At = In m` (orthogonal) zil`pebezxe` zi`xwp R lrn A n× n dvixhn
.dly ziktedd `id A ly ztlgend dvixhnd

:zix`pild dxabl`d ly d`ad d`veza xkfip

:dprh 1.1.9

:R lrn A n× n dvixhn xear milewy mi`ad mi`pzd

.zil`pebezxe` A (`)

.Rn 3 x lkl ‖Ax‖ = ‖x‖ (a)

.Rn 3 y,x lkl (Ax) · (Ay) = x · y (b)

lke ,efl ef zeavip zepey zexey ,xnelk) zil`nxepezxe` zkxrn zeedn A ly zexeyd (c)
.(1 dnxep zlra zg`

.zil`nxepezxe` zkxrn zeedn A ly zecenrd (d)

¤ .libxz :dgked

:dpwqn 1.1.10

TA(x) := Ax zxcbend TA : Rn → Rn dwzrdd ,n × n zil`pebezxe` dvixhn A m`
.zicilwe` divnxetqpxh `id

:dnl 1.1.11

zeivnxetqpxhd lk sqe` ,lewy ote`ae) n × n zeil`pebezxe`d zevixhnd lk sqe`
dxeagd zi`xwpe On zpneqnd ,dxeag deedn (TA dxevdn zeicnin-n-d zeicilwe`d

.n cninn (orthogonal group) zil`pebezxe`d

¤ .libxz :dgked

:dxcbd 1.1.12

-xhnd lk sqe` .Det(A) = ±1 :miiwzn A zil`pebezxe` dvixhn lkly raep 1.1.8 dxcbdn
zcgeind zil`pebezxe`d dxeagd zi`xwp Det(A) = 1-y jk A n×n zeil`pebezxe` zevi

.SOn zpneqne ,n cninn (special orthogonal group)
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:dnl 1.1.13

.(dxen mydy itk) On ly dxeag-zz `id SOn

¤ .libxz :dgked

:dxrd 1.1.14

:miiwzn m` wxe m` zil`pebezxe` A f` ,R lrn 2× 2 dvixhn A =

(
a c
b d

)
m`

AtA = I2 ⇔





a2 + b2 = 1

ac + bd = 0

c2 + d2 = 1

jk 0 ≤ θ < 2π yi xnelk ,dcigid lbrn lr zi`vnp (a, b)-y dyexit dpey`xd d`eeynd
:zeiexyt` izy opyiy d`xp zexg`d ze`eeynd izyn .b = sin θ-e a = cos θ-y

A ici-lr zbveind TA zix`pild dwzrdd ,xnelk - A = Rθ =

(
cos θ − sin θ
sin θ cos θ

)
(`)

.ziy`xd aiaq θ zieefa aeaiq `id

eixg`e x-d xiva sewiy `ed TA ,xnelk - A = Rθ

(
1 0
0 −1

)
=

(
cos θ sin θ
sin θ − cos θ

)
(a)

mr θ
2

zieef xveid ziy`xd jxc L xyia sewiy :lewy ote`a e` ,θ zieefa aeaiq
.x-d xiv ly iaeigd oeeikd

:zeillk xzia

:dprh 1.1.15

Rn-a mi`zn il`nxepezxe` qiqal qgia dbvdl zpzip A n×n zil`pebezxe` dvixhn lk
:dxeva

A =




Ik 0
−I`

Rθ1

. . .
0 Rθm




.lirlk aeaiq zvixhn `id Rθi
=

(
cos θi − sin θi

sin θi cos θi

)
lke ,k + ` + 2m = n xy`k

¤ .libxz :dgked
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:dprh 1.1.16

A xy`k ,T (x) = Ax + a dxevd on `id T : Rn → Rn zicilwe` divnxetqpxh lk
.reaw dffd xehwee Rn 3 a-e zil`pebezxe` dvixhn

qiqad (e1, . . . , en) xy`k) i = 1, . . . , n-l ci = T (ei)-e a = T (0) onqp m` :dgked
mixivd ziy`x `id a day Rn-a zehpicxe`ew zkxrn xegal xyt` f` ,(Rn-l ihxcphqd
mieedn md hxtae ,i = 1, . . . , n-l mixivd ly oeeikd ixehwee md ~vi := ci−a mixehweede
beviid z` lawp A ly zecenrd xeza mze` rawp m` okle ,Rn-a zil`nxepezxe` zkxrn
¤ .yexcd

:dxcbd 1.1.17

divnxetqpxh zi`xwp SOn 3 A xear T (x) = Ax+a dxevd on zicilwe` divnxetqpxh
.oeeik-zkted zi`xwp zxg` zicilwe` divnxetqpxh lk .oeeik-zxney e` (direct) dxiyi

.Eucn
+ oneqn zexiyid zeicnin-n-d zeicilwe`d zeivnxetqpxhd lk sqe`

:dnl 1.1.18

.Eucn ly dxeag-zz `id Eucn
+

¤ .libxz :dgked

oeeik-zektedd zeicnin-n-d zeicilwe`d zeivnxetqpxhd lk ly Eucn
− sqe`d :dxrd

?recn - Eucn ly dxeag-zz deedn epi`

zxvep zeicnin-ecd zeicilwe`d zeivnxetqpxhd zxeag ,1.1.14 dxrde 1.1.16 dprh itl
,xn`p - cg` sewiy mvra witqne) mitewiye ,(ziy`xd aiaq) miaeaiq ,zeffd ici-lr
zelert ly iteq xtqn ly dakxd `id zicilwe` divnxetqpxh lky df oaena ,(x-d xiva

:xzei xnel mileki ep` mvra mle` .l"pk

:dprh 1.1.19

:mi`ad zyelyn cg` `ed Euc2-a xai` lk

.R2 3 a edylk xehweea Ta dffd (`)

.R2 3 P edylk fkxn aiaq θ zieefa R(P,θ) aeaiq (a)

lkend ~a xehweea dffd mr L xyia sewiy ly dakxd ,xnelk - G(L,~a) (glide) dwlgd (b)
.L-a

ezlert ici-lr cigi ote`a rawp Euc2-a T xai` ,1.1.16 dprh zgkeda epi`xy itk :dgked
P1 = (1, 0) zecewpd izyle P0 = (0, 0) ziy`xl ,xnelk - R2-a zehpicxe`ew zkxrn lr
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dcigi xehwee `ed
−→

Q0Q2 f` ,(i = 0, 1, 2) Qi := T (Pi) onqp m` .P2 = (0, 1)-e

e` oeeik-zxney divnxetqpxh T m` rcpy rbxa cigi ote`a rawp `ed okle ,
−→

Q0Q1-l avip
:oeeik-zkted

.a =
−→
P0Q0 xehweea dffd `id T f` ,e1 =

−→
P0P1-l liawn

−→
Q0Q1-e oeeik-zxney T m` (`)

dcewpd aiaq 180o-a aeaiq T f` ,−e1 =
−→
P1P0-l liawn

−→
Q0Q1-e oeeik-zxney T m` (a)

.1
2
Q0

P0P1-e Q0Q1 mixyid f` ,x-d xivl liawn epi`
−→

Q0Q1 j` ,oeeik-zxney T m` (b)
O dcigi dcewp dpyi P0Q0 rhwd ly irvn`d jp`d lre ,idylk θ zieefa mikzgp

.T = RO,θ df dxwna .∠P1P0O = ∠Q1Q0O mbe ∠P0OQ0 = θ-y jk

P1P0 mixyid oia wgxnd d `di ,e1 =
−→
P0P1-l liawn

−→
Q0Q1-e oeeik-zkted T m` (c)

oia `vnp `ede ,
−→

Q0Q1 `ed (L-a lkend ,~a xehweed lye) L ly oeeikd f` .Q1Q0-l

.L lr
−→
Q0P0 lhid `ed ~a dffdd xehwee .mdn cg` lkn d/2 wgxna mixyid ipy

-l
−→
P1P0 oia zieefd φ `dz ,,e1 =

−→
P0P1-l liawn epi`

−→
Q0Q1-e oeeik-zkted T m` (d)

~v := (cos φ
2
, sin φ

2
) `ed (L-a lkend ,~a dffdd xehwee lye) L ly oeeikd f` .

−→
Q1Q0

.(
−→

Q1Q0-l
−→
P1P0 oia zieefd dveg ,xnelk)

.d(P0,L) = d(Q0,L) :miiwnd ~v oeeik xehwee ilra dl` oian xyi eze` `ed L xyid

¤ .T = G(L,~a)-e ,~a :=
−→
AB f` ,L lr dn`zda Q0 ,P0 ilhid md B ,A m`

:cala mitewiy ici-lr zxvep Euc2-y cgia zexne` ze`ad zecaerd izy

:dnl 1.1.20

, θ
2

zieefa P dcewpa mikzgpd mixyi ipya R`-e Rk mitewiyd z` miaikxn m` (`)
.P aiaq θ-a aeaiq milawn

dffd deedn a
2

mdpia wgxndy k ‖ ` miliawn mixyi ipya mitewiy ly dakxd (a)
.a wgxna mixyid ipyl avipd oeeika

sewiy deedn dfl df mikpe`n `-e k mixyia mitewiy ipy ly dakxdy xne` (`) hxta
.(T := Rk ◦R` ici-lr zrawpd dcigid dcewpd mb `idy) P jezigd zcewpa

¤ .libxz :dgked
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zicilwe`d dixhne`ibd lr mihtyn ly miyxn qetxew dpap mipy itl` jyna :dxrd
-nae ,(4 wxt 'x) zeneiqk` zkxrn jezn ,ihzpiq ote`a egked maex .(xeyind ly xwira)
mixwn yi mle` .zihilp`d dixhne`ibd ly dl`n zeliri xzei dl`k zegked miax mixw

:miiq`lw mihtyn ly mzgked lr lwdl leki zeivnxetqpxh zexeaga yeniyd mday

:htyn 1.1.21

.1800 `ed yleyna zeieefd mekq ,〈R2, Euc2〉 xeyind ly zicilwe`d dixhne`iba

`die , ~AC xehweea dffdd z` T -a onqp ,xeyina 4ABC yleyn ozpida :dgked
d(B,B′) = d(A,C) ,sqepa .mitteg miyleynd ipyy jk ,4A′B′C ′ := T (4ABC)

-y o`kn .4BA′B′ ∼= 4ABC okle ,(C = A′ ik)

, ∠BAC + ∠ABC + ∠ACB = ∠B′A′C ′ + ∠BCB′ + ∠ACB = 1800

¤ .cg` xyi lr od C ′-e ,C ,A ik

,libxd icilwe`d wgxnd lr zexney zeicilwe`d zeivnxetqpxhd lk dxcbdd itl :dxrd
m` (T (A) = B-y jk Eucn 3 T yi ,xnelk) Eucn ici-lr zedefn B ,A zexev izy okle

:z`f znerl .zetteg od m` wxe

:dxcbd 1.1.22

licadl dleki ,〈Rn, Eucn
+〉 ici-lr zrawpd ,(oriented) zpeeknd zicilwe`d dixhne`ibd

dxiyi zicilwe` divnxetqpxh oi` lynl jk - dly sewiyd oial Rn ⊇ A dxev oia
.oini ci sk ly dxevl l`ny ci sk ly dxev dxiarnd

:dxcbd 1.1.23

xear) Tr(~x) := r~x (dilations) zegiznde Eucn ici-lr zxvep Simn oeincd zxeag
`eti` dxqg `id ;zenec zexev izy lk ddfn 〈Rn, Simn〉 oeincd ly dixhne`ibd .(0 < r

oia qgidy al eniy .cala zeieefd it-lr ,lynl ,miyleyn oia dlican mle` ,jxe` zcin
mihehxyl dni`znd dixhne`ibd idef dyrnle - oeincd ly dixhne`iba xnyp mirhw
- 〈Rn, Eucn〉 `le - `idy dwcvd ly zniieqn dcina xnel ozip okle ,mipey dcin-ipwa

.(zih`neiqk`d) zihzpiqd zicilwe`d dixhne`ibl oiilw ly ezxcbda dni`znd `id

:dprh 1.1.24

.efl ef zelewy zelea`xtd lk zixeyind oeincd ziixhne`iba

¤ .libxz :dgked

-xhpvqw`) zeqigt dze` odl yi m` wxe m` efl ef zenec zeqtil` izy ,z`f znerl
-ehtniq`d izy oia zieef dze` odl yi m` wxe m` efl ef zenec zeleaxtid izy eli`e ,(zei

.zeh
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zipit`d dixhne`ibd 1.2

z` (zeffde ,mitewiy ,miaeaiql sqepa) ellkiy jk zexzend zeivnxetqpxhd z` aigxp m`
zicnin-n-d (affine group) zipit`d dxeagd z` lawp ,zekitdd zeix`pild zewzrdd lk

:ici-lr zxvepd ,Affn

;reaw Rn 3 ~a xear ,T~a(~x) := ~x + ~a zeffd (`)

dreaw GLn 3 A dkitd dvixhn xear ,TA(~x) = A · ~xt zekitd zeix`pil zewzrd (a)
.(Det(A) 6= 0 zniiwnd) idylk

:xnelk - xyid ly oeincd ziixhne`ibl ddf mvra xyid ly zipit`d dixhne`ibd

:dnl 1.2.1

milina - xyi eze`a milkend mirhw ly mikxe` iqgi lr zxney zeipit` zeivnxetqpxh
yely C-e ,B ,A-e ,xyi Rn ⊇ L ,zipit` divnxetqpxxh T : Rn → Rn m` ,zexg`

.AB : AC = T (A)T (B) : T (A)T (C) f` ,L lr zepey zecewp

¤ .libxz :dgked

:dxrd 1.2.2

e` xyil dcewp zekiiy) dlig zepekza wx mipiiprzn ep` zicnin-n-d zipit`d dixhne`iba
zekiiyd zecewp oia miwgxnd iqgi oke ,xcqd iqgi ,(dnecke ,xeyina xyi ly dlkd ,xeyin

.xeyina (zicilwe`d) zeliawnd qgi mb xnyp hxta .oezp xyil
opyi ipit`d oeina ok`e ,efl ef zelewy xeyina zeqtil`d lk zipit` dpigan ,ipy cvn
.zeleaxtide ,zelea`xt ,zeqtil` :zeliwy ick cr ,xeyina zepeepn-`l zeipeipy yely wx

:xeyina zipit`d dixhne`ibd ly mihtynl ze`nbec izy

:dprh 1.2.3

.zg` dcewpa miybtp yleyna mipekizd zyely

,4ABC yleynd icewcew zyely ly mewind ixehwee z` ~c-e ,~b ,~a-a onqp m` :dgked
,~r := 1

2
(~b+~c)-e ,~q := 1

2
(~a+~c) ,~p := 1

2
(~a+~b) md zerlvd ifkxn ly mewind ixehwee f`

miiwzny meyn ,mipekizd ybtn zcewp `id ~s := 1
3
(~a + ~b + ~c) dcewpd .dn`zda

,~r-e ~a z` xagnd xyid lr zi`vnp ~s (xehweed ly dvwd zcewp) okle ,lynl ,~s = 1
3
~a+ 2

3
~r

.mixg`d mipekizd ipyl dnecae - BC rlvl A-n oekizd weica `edy

yleyn lkle ;dixhniq inrhn ,zerlv deey 4ABC m` dpekp i`ceea dprhd ,oiteligl
¤ .zerlv deey yleynl eze` dxiarnd zipit` divnxetqpxh dpyi ,xg`
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mirhw oia miqgi wx yxec oekiz ly byend ik ,ipit` htyn ok` edfy al eniy :dxrd
zyely e` miirvn`d mikp`d zyelyy dcaerd ,z`f znerl .(1.2.1 dnl) oezp xyia milkend
elit` xyt`-i`e ,zeicilwe` ze`vez ok` od zg` dcewpa miybtp yleyna zieefd iveg

.zipit`d dixhne`ibd zxbqna ogqpl

:dprh 1.2.4

AB-l miliawnd E-a mixzind lk ifkxn f` ,E dpezp dqtil`a reaw xzin AB m`
.(fkxnd jxc xaerd xzin ,xnelk) dqtil`d ly xhew lr mi`vnp

ifkxn jp`a sewiyl qgia dixhniqd llba ,lbrn `ed E m` dpekp i`ceea dprhd :dgked
,(jtidle) xeyina zipit` divnxetqpxh zgz lbrn ly dpenz `id dqtil` lk j` .AB ly
¤ .zeipit` zeivnxetqpxh zgz zexnyp dprha zepekzd lke

ly agxnd xear X = R2 libxd ifhxwd lcena epynzyd dk cr ze`nbecd lka :dxrd
R2 xeyind lr aeygl gep xzei zenieqn zepigany xazqn mle` .zeixeyind zeixhne`ibd
X = R2 × {1}-a dcewp lr miayeg epgp` ,xnelk - 1 daeba R3 jeza okeyn `ed eli`k

.R3 3 (x, y, 1) dyly xeza

-ne`iba mb okle) xeyind ly zipit`d dixhne`ibay `vnp ,z`fd dnkqena ynzyp m`
:ze`ad zeprhd zeniiwzn (oeincd ziixhne`ibae zicilwe`d dixh

:dprh 1.2.5

xyi lr ze`vnp) zeix`pilew od R2-a (x3, y3)-e ,(x2, y2) ,(x1, y1) zepey zecewp yely
m` wxe m` (cg`

(1) , Det




x1 x2 x3

y1 y2 y3

1 1 1


 = 0

axi + byi + c = 0-y jk R3 3 (a, b, c) 6= (0, 0, 0) dyly zniiwy jkl lewy df :dgked
oeliawnd ghy z` zaygn 3 × 3 dvixhn ly dhppinxhcdy xekfp m` .i = 1, 2, 3-l
- oeepn dfd oeliawndy jkl lewy (1) i`pzdy ixd ,dly zecenrd ici-lr yxtpd R3-a
¤ .(?recn) cg` xyi lr od X-a zecewpd yelyy xne`y dn

dpwqn 1.2.6

:(a2, b2)-e (a1, b1) zepezp zecewp izy jxc xaerd L xyil zyxetn d`eeyn

L = {(x, y, 1) ∈ R2 × {1} : Det




x a1 a2

y b1 b2

1 1 1


 = 0}

¤ .libxz :dgked
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:dprh 1.2.7

e`) miliawn (i = 1, 2, 3) Li = {(x, y) ∈ R2 : aix + biy + ci = 0} mixyi dyely
m` wxe m` (micklzn

Det




a1 a2 a3

b1 b2 b3

c1 c2 c3


 = 0

¤ .libxz :dgked

:dprh 1.2.8

on dvixhn ici-lr cig` ote`a zeixeyind zeipit`d zeivnxetqpxhd lk z` x`zl ozip
:dxevd

, A =




a11 a12 a13

a21 a22 a23

0 0 1




.Det(A) 6= 0 xy`k

¤ .libxz :dgked

:dpwqn 1.2.9

.zeipit` zeivnxetqpxh zgz zxnyp (cg` xyi lr zecewp yely zeid ,xnelk) zeix`pilew

:dprh 1.2.10

dvixhn ici lr dpezp xeyina (zicilwe` divnxetqpxh ,xnelk) dixhnefi` dl` migpena

, A′ =




a b c
b −a d
0 0 1


 e` A =




a b c
−b a d
0 0 1




.oeeik dtilgn A′ dxevd eli`e ,oeeik zxney A dxevd ;a2 + b2 = 1 zniiwnd

¤ .libxz :dgked

zixitq dixhne`ib 1.3

dixhne`ibd :mcw inia dreci dzid zicilwe`-`l dixhne`ib ly dpey`xd `nbecd dyrnl
dxitqd z` zihnzn dpigane ,ux`d xeck ipt z` zx`znd ,zixitqd

. S2 := {(x, y, z) ∈ R3 | x2 + y2 + z2 = 1}
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zyxei mb `id ,icnin-zlzd icilwe`d agxna dzxcbd it-lr zpkeyn dxitqdy oeeikn
dxeag-zzd heyt `id zeixitqd zeivnxetqpxhd zxeag hxta .dly dixhne`ibd z` epnn
,zeffd zellek opi` dl` :dxitqd lr zexneyd Euc3-a zeicilwe` zeivnxetqpxh oze` ly
.(1.1.11 dnl 'x) 3×3 zeil`pebezxe`d zevixhnd ly O3 dxeagd ici-lr zebvein ode ,oaenk

:dxcbd 1.3.1

lk .dxitqd fkxn `ed efkxn xy` dxitqa lkend lbrn `ed S2-a (great circle) lecb lbrn
.S2 mr R3-a ziy`xd jxc E xeyin ly jezig `ed dfk lbrn

.qeaelba jxe`d ieewe deeynd ew :ze`nbec

mle` .〈S2, O3〉 zixitqd dixhne`iba xyid ciwtz z` mi`lnn milecbd milbrnd :dxrd
:miicilwe`d mixyid ly dl`n zvwna zepey mdizepekz

:dnl 1.3.2

P jxc lecbd lbrnd ,xg` dxwn lka ;milecb milbrn seqpi` yi zeiahw zecewp izy jxc
xzi .(dxitqd fkxn) O-e ,Q ,P jxc xeyind mr S2 ly jezigl deey `ed ik ,cigi `ed Q-e
R3 3 O jxc mipey mixeyin ipy ik ,zecewp izya mikzgp milecb milbrn ipy lk ,ok lr

.zeiahw zecewp izya S2 z` jzegd ,O jxc xyia mikzgp

:dxcbd 1.3.3

S2 dxitqd lr Q-e P zecewp izy oia dS(P, Q) (spherical distance) ixitqd wgxnd
.mdpia xagnd lecbd lbrnd lr mdpia zywd jxe` zeidl xcben

,mip`icxa ∠POQ zieefd lcebl deey zywd jxe` ,dcigi lbrna xaecny oeeikn :dxrd
:xnelk - o`icxd zxcbd itl

(2) dS(P,Q) = ∠POQ = arccos(
−→
OP · −→OQ)

.(dcigi ixehwee okle ,miqeicx md
−→
OQ-e

−→
OP mewind ixehwee ik)

:dxcbd 1.3.4

S2 3 P dcewpa mikzgnd `-e k milecb milbrn ipy oia (spherical angle) zixitqd zieefd
mixeyind ipy oia zieefd ,lewy ote`a e` - P -a `-e k-il miwiynd oia zieefd zeidl xcben

.(` = L ∩ S2-e k = K ∩ S2-y jk) mini`znd K-e L

:dprh 1.3.5

γ = dS(P, R)-e ,β = dS(P,Q) ,α = dS(Q,R)-e ,dxitqd ipt lr yleyn 4PQR m`
:f` ,∠QPR zixitqd zieefd `id θ-e ,zeni`znd zeifkxnd zeieefd

. cos α = cos β cos γ + sin β sin γ cos θ

14



R′ ,Q′ edie ,ipetvd ahewd `ed P = (0, 0, 1)-y gipdl xyt` zeillkd zlabd ila :dgked
ici-lr) gipdl xyt` .deeynd-ew mr dn`zda PR ,PQ zezywd (ikynd) ly mikezigd
zehpicxe`ewa f` .R′ = (cos θ, sin θ, 0)-e Q′ = (1, 0, 0)-y (xivd aiaq mi`zn aeaiq

:eli`e Q = (sin β, 0, cos β)-y `vnp R3-a zeicilwe`

. R = cos γ · P + sin γ ·R′ = (sin γ cos θ, sin γ sin θ, cos γ)

¤ .yexcd z` lawp ,dcigi ixehwee
−→
OR ,

−→
OQ-e α = ∠QOR-y oeeikn

:dnl 1.3.6

mr ,dS(P, Q) ≤ dS(P,R) + dS(R,Q) f` ,dxitqd ipt lr zecewp yely R-e ,Q ,P m`
.(cg` lecb lbrn lr ze`vnp) zeix`pilew zecewpd yely m` wxe m` oeieey

¤ .libxz :dgked

:dprh 1.3.7

lr zxney `id m` wxe m` zixitq divnxetqpxh `id T : S2 → S2 divwpet (`)
.(S2 3 Q,P lkl dS(T (P ), T (Q)) = dS(P,Q) ,xnelk) ixitqd wgxnd

milbrnl milecb milbrn dxiarne zeixitq zeieef lr zxney zixitq divnxetqpxh (a)
.zeiahw zecewp ly zebefl zeiahw zecewp ly zebefe milecb

¤ .libxz :dgked

ziyrn zeaiyg dl`l .zixitq dixhnepebixhl zeni`zn ze`gqep gztl oaenk ozip :dxrd
ilbp`d i`wihnznd ly iq`lw htyn dzr bivp .dnecke ,il`aelb dcin dpwa heeipa dax

:(Thomas Harriot [1560-1602]) heixd

:htyn 1.3.8

:`ed ∆ ixitqd yleynd ghy f` ,γ-e ,β ,α zeieef mr S2 dxitqd ipt lr yleyn ∆ m`

(3) . Area(∆) = α + β + γ − π

:weica `id α zieef mdpia mixveid S2 lr milecb milbrn ipy oiay dxfbd ghy :dgked

,
α

2π
Area(S2) =

α

2π
· 4πR2 = 2α

.(R = 1 `ed dxitqd qeicx ik)
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oke ,dn`zda ,γ-e ,β ,α zeieef mr ,dl`k zexfb ly zebef dyely zexvei ∆ zerlv mle`
,∆′ z` e` ∆ z` e` dlikn elld zexfbd on zg` lky oeeikn .∆-l steg ∆′ iahw yleyn
.d`ld oke ,2α−Area(∆) ghy yi α zieef mr dxfbd jeza ∆ yleynd ly Dα milynl
∆′-e ∆ ,Dγ ly miwzerd ipy ,Dβ ly miwzerd ipy ,Dα ly miwzerd ipyy oeeikn

-y ixd ,dxitqd z` miqkn cgi

, 2(2α− Area(∆)) + 2(2β − Area(∆)) + 2(2γ − Area(∆)) + 2 Area(∆) = 4π

α
α

ββ

γ

γ

∆

Dα

Dβ

Dγ

¤ .yxcpk ,Area(∆) = α + β + γ − π-y `eti` d`xn heyt oeayge

1 wxtl milibxz 1.4

.dxeag deedn zeicnin-n-d zeicilwe`d zeivnxetqpxhd lk sqe`y i/d`xd 1.4.1
zepey zecewp yelyy yleynd oeieey-i`a oeieeyd i`pz zxfra i/d`xd 1.4.2

.(xcq ick cr) d(x,y) + d(y, z) = d(x, z) m` wxe m` cg` xyi lr ze`vnp Rn 3 z,y,x

.zeix`pilew lr zexney zeicilwe` zeivnxetqpxhy i/d`xd 1.4.3
R 3 t-e Rn 3 y,x lkl f` zicilwe` divnxetqpxh T : Rn → Rn m`y i/d`xd 1.4.4

.T ((1− t)x + ty) = (1− t)T (x) + t T (y) miiwzn

,xnelk - miipxw lr zxney T : Rn → Rn zicilwe` divnxetqpxhy i/d`xd 1.4.5

.T (y) oeeika T (x)-n oxwd `id T zgz y oeeika x-n oxwd zpenz ,Rn 3 y 6= x lkl

.dxeag deedn n× n zeil`pebezxe` zevixhnd lk sqe`y i/d`xd 1.4.6
dxeag-zz deedn zecgeind n× n zeil`pebezxe` zevixhnd lk sqe`y i/d`xd 1.4.7

.On ly
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.1.1.15 dprh z` i/gked 1.4.8
deedn zexiyid zeicnin-n-d zeicilwe`d zeivnxetqpxhd lk sqe`y i/d`xd 1.4.9

.Eucn ly dxeag-zz

dyely xzeid lkl ly dakxd `id xeyind ly zicilwe` divnxetqpxh lky i/d`xd 1.4.10

.mitewiy

divnxetqpxh f : R2 → R2-e ,R = (1, 0)-e ,Q = (0, 0) ,P = (0, 1) eidi 1.4.11

(1.1.19 dprh 'x) G(L,~a) dwlgd e` ,R(P,θ) aeaiq ,Ta dffd `id f m`d i/`vn .zicilwe`
:mi`ad mixwnd on cg` lka

.f(R) = (2.4, 1)-e ,f(Q) = (1.4, 1) ,f(P ) = (1.4, 2) (`)

.f(R) = (1.8, 1.6)-e ,f(Q) = (1, 1) ,f(P ) = (0.4, 1.8) (a)

.f(R) = (0.4, 1.8)-e ,f(Q) = (1, 1) ,f(P ) = (1.8, 1.6) (b)

`id a
2

mdpia wgxndy k ‖ ` miliawn mixyi ipya mitewiy ly dakxdy i/d`xd 1.4.12

.a wgxna avipd oeeika dffd

P dcewpa mikzgpd mixyi ipya R`-e Rk mitewiyd z` miaikxn m`y i/d`xd 1.4.13

.P aiaq θ-a aeaiq milawn , θ
2

zieefa

0 < M reaw yi T : Rn → Rn zicilwe` divnxetqpxhl m`y i/d`xd 1.4.14

.dffd `id T f` ,Rn 3 x lkl d(T (x),x) < M-y jk

R-e ,Q ,P zecewp yelya zenikqnd xeyina oeinc zeivnxetqpxh izy S-e T eidi 1.4.15

.T = S-y i/d`xd .cg` xyi lr opi`y

miybtp yleyna miirvn`d mikp`d zyely zicilwe`d dixhne`ibay i/d`xd 1.4.16

.zg` dcewpa

mdly jezigd zcewpy ze`xdl ick miirvn`d mikp`dn miipya mitewiya i/ynzyd :fnx
.mqegd lbrnd fkxn `id

.miiwey-deey `ed mitteg midab ipy eay yleyn zicilwe`d dixhne`ibay i/d`xd 1.4.17
-deey `ed mitteg mipekiz ipy eay yleyn zicilwe`d dixhne`ibay i/d`xd 1.4.18

.miiwey
dcewpa miybtp yleyna zieefd iveg zyely zicilwe`d dixhne`ibay i/d`xd 1.4.19

.zg`
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.efl ef zelewy zelea`xtd lk zixeyind oeincd ziixhne`ibay i/d`xd 1.4.20
yi m` wxe m` efl ef zenec zeqtil` izy zixeyind oeincd ziixhne`ibay i/d`xd 1.4.21

.zeqigt dze` odl

m` wxe m` efl ef zenec zeleaxtid izy zixeyind oeincd ziixhne`ibay i/d`xd 1.4.22

.zehehtniq`d izy oia zieef dze` odl yi

mixicq mirlevna xeyind z` svxl ozip zixeyind oeincd ziixhne`ibay i/d`xd 1.4.23

mr Pn ly midf miwzer ly cegi`k R2 z` bivdl ,xnelk) zerlv n ilra Pn mitteg
.n = 6 e` ,n = 4 ,n = 3 m` wxe m` (mixf minipt

dakxddy i/d`xd .` xyia sewiy S-e xeyina oeinc ziivnxetqpxh T idz 1.4.24

.T (`) xyia sewiy `id T−1 ◦ S ◦ T

.xeyind ly zicilwe` dixhnefi` S-e xeyina oeinc ziivnxetqpxh T idz 1.4.25

oeeik zxney `idye ,xeyind ly zicilwe` dixhnefi` `id T−1 ◦S ◦T dakxddy i/d`xd
.oeeik zxney S m` wxe m`

.efl ef zelewy zeqtil`d lk xeyind ly zipit`d dixhne`ibay i/d`xd 1.4.26

.efl ef zelewy zeleaxtidd lk xeyind ly zipit`d dixhne`ibay i/d`xd 1.4.27

.efl ef zelewy zelea`xtd lk xeyind ly zipit`d dixhne`ibay i/d`xd 1.4.28

.1.2.6 dprh z` i/gked 1.4.29

.1.2.7 dprh z` i/gked 1.4.30

.1.2.8 dprh z` i/gked 1.4.31
S : Rn → Rn dwzrdd f` ,zipit` dwzrd `id T : Rn → Rn m`y i/d`xd 1.4.32

.zix`pil dwzrd `id S(x) := T (x)− T (0) zxcbend

Rn ⊇ L xyi lkl m` wxe m` zipit` dwzrd `id T : Rn → Rn divwpety i/d`xd 1.4.33

R 3 t-e Rn 3 y,x lkl m` wxe m` ,xnelk - zipit` dwzrd `id T |L dwzrdd
.T ((1− t)x + ty) = (1− t)T (x) + t T (y) miiwzn

L 3 C, B, A ,xyi Rn ⊇ L ,zipit` divnxetqpxxh T : Rn → Rn m`y i/d`xd 1.4.34

AB mirhwd ikxe` oia qgid f` ,T (C) = C ′-e ,T (B) = B′ ,T (A) = A′ ,zepey zecewp
.A′C ′-l A′B′ oia qgil deey AC-e
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:dvixhn ici lr dpezp xeyina oeeik zxney zicilwe` divnxetqpxh lky i/d`xd 1.4.35




a b c
−b a d
0 0 1




.(1.2.10 dprh 'x) a2 + b2 = 1 zniiwnd

:dvixhn ici lr dpezp xeyina oeeik-zkted zicilwe` divnxetqpxh lky i/d`xd 1.4.36




a b c
b −a d
0 0 1




.(1.2.10 dprh 'x) a2 + b2 = 1 zniiwnd

.2π-n ohw zerlvd ikxe` mekq S2 dxitqa yleyn lkay i/d`xd 1.4.37
.zg` dcewpa miybtp mipekizd zyely S2 dxitqa yleyn lkay i/d`xd 1.4.38
zikxr-cg-cg divwpete S2 dxitqa U dwix-`l dgezt dveaw zniiw m`d 1.4.39

?R2-a xyi rhwl U-a zlkend (lecb lbrn ly wlg) zyw lk dwizrnd f : U → R2

.jzaeyz z` i/gked

.(dxitql yleynd oeieey-i`) 1.3.6 dnl z` i/gked 1.4.40
.1.3.7 dprh z` i/gked 1.4.41
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ziaihwiiextd dixhne`ibd 2

-ihnzne mipne` ly oeiqip jezn dycgd zrd ziy`xa dgnv ziaihwiiextd dixhne`ibd
zepey zelhd zgz zexnypd zeixeyin zeixhne`ib zexev ly zepekzd z` x`zl mi`w
zifkxn dlhd zgz zexnyp zeixhne`ib zepekz eli` oiadl eqip hxta .(zeaihwtqxt)
ly xeyind) Π icnin-ec xeyin lr (icnin-zlzd mlerd) agxnd ly (one`d ly epirn)

.(xeivd
,Π-a xyi ewl jted O dlhdd fkxn jxc xaerd E xeyin lk efk dlhd zgzy xexa
.Π-a dcewpl jted (Π-l liawn epi`y) O jxc L xyi eli`e ,Π-l liawn epi` E-y i`pza
dcewp" siqedl yxcp jkitl .dlhdd zgz bevii oi` Π-l miliawnd mixyie mixeyinl mle`
xyi" zeedn ozellka dl` zeycg zecewpe ,Π-l liawnd O jxc xyi lk xear Π-l "seqpi`a
z` miaigxn ep` df ote`a .Π-l liawnd O jxc xeyinl ef dagxd zgz mi`znd ,"seqpi`a

.Π̂ iaihwiiext xeyinl Π libxd (ipit`d) xeyind
ipy lke ,(seqpi`a ile`) xyia mikzgp mixeyin ipy lk iaihwiiextd agxnay al eniy

.(seqpi`a ile`) dcewpa miybtp xeyin eze`a mipey mixyi
dgekn daxd cai` Π̂-y zexnly dpaeza `id ziaihwiiextd dixhne`ibd ly dgek
ixd - lynl ,zeieef e` miwgxn ea oi` - zipit`d elit` e` ,zicilwe`d dixhne`ibd ly
rcind z` mibcp ep` .zepiiprn zepekz xtqn cere ,zecewpe mixyi oia dligd iqgi mixnypy
dixhne`ibd zxbqna ,mgikedl s`e ,mgqpl ozipy) mihtyn ipya Π̂-a melbd ixhne`ibd
zipkza ziaihwiiextd dixhne`ibd zalzyn cvik d`xp jk xg`e ,(zihzpiqd zicilwe`d

.oiilw ly

ziaihwiiextd dixhne`ibd ly mihtyn ipy 2.1

i`wihnznd ,(wgxn ly byen da oi`) zixhn dpi` ziaihwiiextd dixhne`ibdy zexnl
-xtqn zeivwpet dzxbqna xicbdl xyt`y dlib (Michel Chasles [1798-1880]) lf`y iztxvd

:zeniieqn zei

:dxcbd 2.1.1

(cross ratio) raexnd qgid ,(df xcqa) cg` xyi lr D-e ,C ,B ,A zecewp rax` ozpida
.[A,B; C, D] := [AC ·BD]/[AD ·BC] :lcebd `ed zecewpd rax` oia

:dxcbd 2.1.2

dni`znd T : R2 → L divnxetqpxhd ,R2\L 3 O dcewpe xeyina R2 ⊃ L xyi ozpida
zifkxnd dlhdd zi`xwp L mr OP xyid ly jezigd z` (O dpi`y) R2 3 P dcewpl

.L lr O-n (central projection)
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:dprh 2.1.3

.xeyina zifkxn dlhd zgz xnyp raexnd qgid

qgi okle ,h daebd eze` 4BCP -e ,4BDP ,4ADP ,4ACP miyleynd lkl :dgked
.dn`zda BC-e BD ,AD ,AC miqiqad qgik `ed mdly mighyd

rP p p p p p p p p p p p p p p p p p p p p p
h

90o

©©©©©©©©©©©©©©©©©©©©

»»»»»»»»»»»»»»»»»»»»

XXXXXXXXXXXXXXXXXXXX

rA

rB

rC

rD

£
£

£
£

£
£

£
£

£
£

£
£

££

rA′

rB′

rC ′

rD′

,lynl - y`xd zieef qepiq zxfra elld miyleynd ighy z` aygl ozip ,ipy cvn
:lkd jqa okle ,d`ld oke ,sin(∠APC) · PA · PC/2 `ed A(4ACP ) yleynd ghy

[A,B,C,D] =
AC ·BD

AD ·BC
=
A(4ACP ) · A(4BDP )

A(4ADP ) · A(4BCP )
=

[sin(∠APC) · PA · PC] · [sin(∠BPD) · PB · PD]

[sin(∠APD) · PA · PD] · [sin(∠BPC) · PB · PC]
=

sin(∠APC) · sin(∠BPD)

sin(∠APD) · sin(∠BPC)

¤ .yexcd oeieeyd z` lawp D′-e ,C ′ ,B′ ,A′ xear dnec aeyig ici-lr

-xtd dixhne`ibl mikiiyk meik mze`xl ozipy mihtyn egqep ziq`lwd dtewza xak
d`ndn (Pappus) qet`t ipeeid i`wihnznd ly htyn `ed df beqn oey`xd - ziaihwiie

:dxitql ziriax

htyn 2.1.4

ly zeyly izy L′ 3 C ′, B′, A′ ,L 3 C, B, A-e xeyina mipey mixyi ipy L′-e L edi
jezig Q ,A′B-e AB′ mixyid ly jezigd zcewp P idze ,L∩L′-a opi`y) zepey zecewp

.cg` xyi lr od R-e ,Q ,P f` .B′C-e BC ′ jezig R-e ,A′C-e AC ′

.(2.3.14 libxz 'x) zeihilp` zehiya dgikedl lw xzei j` ,dyw dpi` zihzpiqd dgkedd

iztxvd hwhikx`d ly xen`k did dycgd dixhne`ibd gezita izernynd lecbd crvd
:`ad gepinl wwcfp ,egqpl ick .bxfc
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:dxcbd 2.1.5

X zitvzd zcewpn (perspective) daihwtqxta md 4A′B′C ′-e 4ABC miyleyn ipy
.X-a miybtp CC ′-e ,BB′ ,AA′ mixyid zyely m`

BB′-e AA′ mixyid m` X-n daihwtqxta md A′B′-e AB mirhw ipy ,ote` eze`a
.X-a miybtp

cigi xeyina `vnp (cg` xyi lr opi`y zecewp yely ,xnelk) 4ABC yleyn lk
.Π(ABC) oneqnd ,agxna

:bxfc htyn 2.1.6

zerlvd ly ybtnd zecewp f` ,daihwtqxta md 4A′B′C ′-e 4ABC miyleyn ipy m`
.cg` xyi lr od (B′C ′ mr BC-e ,A′C ′ mr AC ,A′B′ mr AB) zeni`znd

.daihwtqxtd ly zitvzd zcewp z` X-a onqp :dgked

.xeyin eze`a mpi` miyleynd ipyy gipp :oey`x dxwn
dcewpa miybtp A′B′-e AB mixyid okle ,Π(ABX) xeyina olek B′-e A′, B, A f`
mixyid dnec ote`a .Π(A′B′C ′)-e Π(ABC) mixeyinl oaenk mbe ,df xeyinl zkiiyd ,P
od R-e Q-e ,R dcewpa miybtp B′C ′-e BC mixyide Q dcewpa miybtp A′C ′-e AC

miybtp Π(A′B′C ′)-e Π(ABC) mipeyd mixeyind ipyy oeeikn .Π(ABC) ∩ Π(A′B′C ′)-a
.yxcpk ,` 3 R, Q, P -y ixd ,` xn`p ,xyia

tX
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¡
¡

¡
¡

¡
¡

tQ t
R
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.E = Π(ABC) = Π(A′B′C ′) xeyin eze`a miyleynd ipy m` :ipy dxwn

tX »»»»»»»»»»»»»»»»»

XXXXXXXXXXXXXXXXXXX
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rZ

,B′C ′ xyid on dpey BC xyid zeillkd zlabd ilae ,mipey miyleyndy gipdl xyt`
.E 3 R dcewpa miybtp md okle

zcewp z` a′-a onqp .Z-l A oia a dcewpe ,E 63 Z dycg zitvz zcewp xgap dzr
.Z-n daihwtqxta md A′A-e a′a mirhwd y jk ,Xa-e A′Z mixyid ly jezigd

eze`a mpi` mde - X-n daihwtqxta md a′B′C ′-e aBC miyleynd eiykr mle`
okl .a z` likn epi` `ede ,B′C ′- BC mixyid ici-lr rawpd xeyind `ed E ik ,xeyin
q = aC ∩ a′C ′-e ,p = aB ∩ a′B′ ,R = BC ∩ B′C ′ zecewpd yely oey`xd dxwnd itl

.`′ cg` xyi lr mi`vnp
,xyi `ed ` := π(`′) f` ,E xeyind lr Z dcewpdn π zifkxnd dlhda opeazp m`
.P = π(p) = AB ∩A′B′-e ,Q = π(q) = AC ∩A′C ′ ,R = π(R) zecewpd yely z` liknd

¤
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zihilp`d ziaihwiiextd dixhne`ibd 2.2

19-d d`na wxe ,zihzzpiq dyiba dzligza dgzet ziaihwiiextd dixhne`ibd ,xen`k
.(1 wxt 'x) oiilw ly dyiba alzydl dl xyti`y ,ihilp` lcen dl `vnp

:dxcbd 2.2.1

:dpnd zveaw `l` ,Rn epi` ziaihwiiextd dixhne`ibd ly agxnd ,iepiy myl

. RPn := (Rn+1 \ {~0})/ ∼

-yd qgi f` ,R dcya 0-n mipeyd mix`lwqd ly ziltkd dxeagd z` R×-a onqp m`
.Rn+1 \ {~0} 3 ~x-e R× 3 λ lkl ~x ∼ λ · ~x :xcben ∼ zeliw

.Rn+1 \ {~0}-a (x0, x1, . . . , xn) ly zeliwyd zwlgn z` [x0; x1; . . . ; xn]-a onql bedp

(n + 1)× (n + 1) zevixhn ly GLn+1(R) dxeagd libxk zlret Rn+1 \ {~0} lr :dxrd
:∼ zeliwyd qgi z` zcakn `id ,zix`pil dlertdy oeeikne ,zekitdd

f` (~y = λ · ~x-y jk R× 3 λ miiw ,epiidc) ~x ∼ ~y-e GLn+1(R) 3 A m` ,xnelk
dlert mle` .RPn lr mb zlret GLn+1(R)-y o`kn .A · ~yt ∼ A · ~xt okle A · ~yt = λA · ~xt

eze`a RPn lr zelret λA-e A zevixhndy df oaena ,(1.0.1 dxcbd) ziaihwt` dpi` ef
.R 3 λ 6= 0 lkl ote`

:dxcbd 2.2.2

:zeidl zxcben zicnin-n-d zeiaihwiiextd zeivnxetqpxhd zexeag

PGLn+1(R) := GLn+1(R)/R×

.〈RPn, PGLn+1(R)〉 `id zicnin-n-d ziaihwiiextd dixhne`ibde ,(dpn zxeag)

:dxcbd 2.2.3

m` k dbxcn ipbened `xwp mipzyn n-a p(x1, . . . , xn) mepilet

. R 3 λ lkl p(λ · x1, . . . , λ · xn) = λk · p(x1, . . . , xn)

dxevdn xaegn) mepen lky `ed yxcpy dn ,dyrnl - iyteg xai` p-l oi`y xne` df hxta
.weica k =

∑n
i=1 ti dlrnn didi p-a (axt1

1 . . . xtn
n

:`nbec

:`ed mipzyn n-a (1 dbxcn=) ix`pil ipbened mepilet .`

, p(x1, . . . , xn) = a1x1 + . . . + anxn

.miqt`zn mincwnd lk `l xy`k
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:`ed mipzyn 3-a (2 dbxcn=) ireaix ipbened mepilet .a

, p(x, y, z) = Ax2 + Bxy + Cy2 + Dxz + Eyz + Fz2

.miqt`zn mincwnd lk `l xy`k

,mipzyn (n + 1)-a (idylk dbxcn) ipbened mepilet p(x0, x1, . . . , xn) m`y al eniy
,xnelk - p(x0, x1, . . . , xn) = 0 m`d dl`yl zernyn yi f` ,RPn 3 [x0; x1; . . . ; xn]-e

.([x0; x1; . . . ; xn]-l xgapy Rn+1 \ {~0} 3 (x0, x1, . . . , xn) bivpa ielz epi` df

:dxcbd 2.2.4

mipzyn (n+1)-a p(x0, x1, . . . , xn) ipbened mepilet ly RPn-a (zero set) miqt`d zveaw
:`ed

. {[x0; x1; . . . ; xn] ∈ RPn : p(x0, x1, . . . , xn) = 0}

:dxcbd 2.2.5

xeyin-lr zi`xwp mipzyn (n + 1)-a ix`pil ipbened mepilet ly miqt`d zveaw .`
xeyina iaihwiiext xyi zi`xwp `id n = 2 m` hxta .RPn-a (hyper-plane)
(projective plane) iaihwiiext xeyin zi`xwp `id n = 3 m`e ,RP2 iaihwiiextd

.RP3 icnin-zlzd iaihwiiextd agxna

.RP3-a mipey miiaihwiiext mixeyin ipy ly jezigk xcben RP3-a iaihwiiext xyi

zipeipy zi`xwp p(x, y, z) mipzyn 3-a ireaix ipbened mepilet ly miqt`d zveaw .a
xyt`-i` ,xnelk) wixt-i` p mepiletd m` .xeyina (projective quadric) ziaihwiiext
miipbened minepilet r-e q xy`k p(x, y, z) = q(x, y, z) · r(x, y, z) dxeva eze` aezkl

.(non-degenerate) zpeepn-`l xicbn `edy zipeipydy xn`p ,(miix`pil

:dprh 2.2.6

ze`vnp RP2 iaihwiiextd xeyina (i = 1, 2, 3) [xi
0; x

i
1; x

i
2] zepey zecewp yely (`)

m` wxe m` cg` iaihwiiext xyi lr

, Det




x1
0 x1

1 x1
2

x2
0 x2

1 x2
2

x3
0 x3

1 x3
2


 = 0

-yly jkl ,cg` iaihwiiext xeyin lr RP3-a zecewp rax` zeidl dnec i`pz miiw (a)
-xeyin drax`ly lkle ,ztzeyn jezig zcewp yi xeyina miiaihwiiext mixyi dyel

.ztzeyn dcewp didz RP3 agxna miiaihwiiext mi

¤ .libxz :dgked
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:dxcbd 2.2.7

:dveaw-zzd
A2 := {[x0; x1; x2] ∈ RP2 : x2 6= 0}

A2 3 dcewp lkl .(Affine plane) ipit`d xeyind zi`xwp RP2 iaihwiiextd xeyina
okyl ozip df ote`a .(x, y, 1) = (x0

x2
, x1

x2
, x2

x2
) dxevdn cigi bivp xegal xyt` [x0; x1; x2]

.(x, y) 7→ [x; y; 1] ici lr ,RP2 jeza R2 libxd ihilp`d xeyind z`

:iaihwiiextd xyid `ed RP2-a A2 ly milynd

, L̂∞ := {[x0; x1; x2] ∈ RP2 : x2 = 0}

.seqpi`a xyid `xwpd

"seqpi`a xyi" milawn epiid f`e ,x2 mewna zxg` dhpicxe`ew xegal epleki ,oaenk
.(mipey mipte` (n + 1)-a) RPn jeza Rn z` okyl ozip dnec ote`a .xg`

:dxcbd 2.2.8

eli`e ,X ly (affine part) ipit`d wlgd X ∩ A2-l `xwp ,RP2 ⊇ X dveaw-zz lkl
.(part at infinity) seqpi`a wlgd `xwii X ∩ L̂∞

xeyina L̂ := {[x0; x1; x2] ∈ RP2 : ax0 + bx1 + cx2 = 0} iaihwiiext xyi lkl :`nbec
,L := L̂ ∩ A2 := {[x0; x1; 1] : ax0 + bx1 + c = 0} `ed ipit`d wlgd ,iaihwiiextd
ok m` `l`) ,{(x, y) ∈ R2 : ax + by + c = 0} libxd (icilwe`d) xyid mr ezedfl ozipe
.(L̂ = L̂∞ ok m` `l` ,aey) zccea dcewp `ed L̂ ly seqpi`a wlgd z`f znerl .(L̂ = L̂∞

:dxcbd 2.2.9

(n + 1)-a ipbened mepilet mi`zdl xyt` p(x1, . . . , xn) mipzyn n-a (libx) mepilet lkl
dpzynd ly dni`zn dwfga p-a mepen lk militkny jk ici-lr ,p̂(x0, x1, . . . , xn) mipzyn
dbxcd ,xnelk) p ly zixewnd dlrnl deeyd dbxcn didi mepen leky ote`a ,x0 ycgd

.p ly (homogenization) divfipbened `xwp p̂ .(p ly minepend ly ziaxind

dxfg lawl xyt` mipzyn (n + 1)-a p̂(x0, x1, . . . , xn) ipbened mepilet lkn ,jtidle
.x0 = 1 davdd ici lr mipzyn n-a libx mepilet

m` df ote`a
X := {(x1, . . . , xn) ∈ Rn : p(x1, . . . , xn) = 0}

dniyx ly zeillk xziae ,mepilet ly miqt`d zveaw ,xnelk) Rn-a zixabl` dveaw
ly dveaw-zz `idy ,X̂ dly divfipbnedd z` X-l mi`zdl lkep ,(minepilet ly ziteq

.A2 ∼= Rn iedifd zgz ,ixewnd X-d mr iedifl ozip dly ipit`d wlgd xy` ,RPn
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ly miqt`d zveawl deeyd ,RPn-a ziaihwiiext zixabl` dveaw X̂ m` ,jtidle
`ed X̂ ly ipit`d wlgd f` ,p̂(x0, x1, . . . , xn) ipbened mepilet

, {[1; x1; . . . ; xn] ∈ RPn : p̂(1, x1, . . . , xn) = 0}

xear) Rn ipit`d xeyina {(x1, . . . , xn) ∈ Rn : p(x1, . . . , xn) = 0} mr ezedfl ozipy
.(p(x1, . . . , xn) := p̂(1, x1, . . . , xn) = 0}

.p̂(x0, x1, x2) = ax1 + bx2 + cx0 f` ,ix`pil mepilet p(x, y) = ax + by + c m` :`nbec

ici-lr xcbend L := {(x, y) ∈ R2 : ax + by + c = 0} libxd ipit`d xyidy al eniy
iaihwiiextd xyid ly ipit`d wlgd mr iedifl ozip p(x, y)

L̂ := {[x0; x1; x2] ∈ RP2 : ax1 + bx2 + cx0 = 0}

.p̂(x0, x1, x2) ici-lr xcbend

:dprh 2.2.10

.(PGL3(R) zlert zgz) ziaihwiiext milewy xeyina miiaihwiiext mixyi ipy lk (`)

-iiext zelewy (zewix opi`y) xeyina zepeepn-`ld zeiaihwiiextd zeipeipyd lk (a)
.{x2 + y2 − z2 = 0}-l ziaihw

.libxz (`) :dgked

dbxcn ipbened mepilet ly miqt`d zveaw `id P ziaihwiiext zipeipy 2.2.5 'bd itl (a)
ipeivixhn aizka e` ax2 + 2bxy + 2cxz + dy2 + 2eyz + fz2 = 0-k dze` aezkl xyt`y ,2

-e v = (x, y, z) xy`k ,~v ·M · ~vt = 0

. M =




a b c
b d e
c e f




hxta) O3 3 R (zil`pebezxe` dvixhn zniiw ,zixhniq ziynn dvixhn M-y oeeikn
:onqp .oeqkl`a λ1, λ2, λ3 mixai` mr ,zipeqkl` Λ := Rt ·M ·R-y jk (dkitd

qi :=





1√
λi

λi > 0 m`
1√−λi

λi < 0 m`
1 λi = 0 m`

f` ,oeqkl`a q1, q2, q3 mr zipeqkl`d dvixhnd Q `dze ,i = 1, 2, 3-l

N := Q · Λ ·Q = (RQ)t ·M · (RQ)
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P zipeipyd z` zbviind ,oeqkl`a {0, 1,−1} jezn mixai` mr zipeqkl` dvixhn
.v̂ ·N · v̂t = 0 xeza v̂ = (x̂, ŷ, ẑ) zeni`zn zehpicxe`ewa

{v̂ | x̂2 + ŷ2 + ẑ2 = 0} zipeipya xaecn ,xnelk - 1 mlek N ly oeqkl`d ixai` m`
mb jke ;RP2-a dcewp bviin epi`y ,v̂ = (0, 0, 0) `ed cigid oexztd ik ,dwix P f` -
.zpeepn zipeipy lawp miqt`zn oeqkl`d ixai`n wlg m` .−1 mlek oeqkl`d ixai` m`

:lynl

{v̂ | x̂2 − ŷ2 = 0} = {v̂ | (x̂ + ŷ)(x̂− ŷ) = 0} = {v̂ | x̂ = ŷ} ∪ {v̂ | x̂ = −ŷ}

.iaihwiiext xyi `ed {v̂ | x̂2 = 0} = {v̂ | x̂ = 0} ,z`f znerl .mixyi ipy ly cegi` edfe

:md wix epi`e oeepn epi` P mday micigid mixwnd okl

, {v̂ | x̂2 + ŷ2 − ẑ2 = 0} -e {v̂ | x̂2 − ŷ2 − ẑ2 = 0}

¤ .(−1-a dltkd ici-lr) dfl df milewy oaenk dl`e

:`vnpy ixd (1.2.2 dxrd 'x) recid ipit`d oeina ynzyp m` ,ihxwpew xzei ete`a :dxrd

-de ,p(x, y) = x2

a2 + y2

b2
− 1 mepiletd ly miqt`d zveawk dpezp zipit` dqtil` (`)

divnxetqpxh) davdd ici-lr .p̂(x, y, z) = x2

a2 + x2

a2 − z2 `id ely divfipbened
:lawp ẑ = z ,ŷ := y

b
,x̂ := x

a
(ziaihwiiext

(4) . x̂2 + ŷ2 − ẑ2 = 0

mr ,q(x, y) = x2

a2 − y2

b2
− 1 ly miqt`d zveaw `id zipit` dleaxtid ,z`f znerl (a)

ẑ = z ,ŷ := y
b

,x̂ := x
a

davdd ici-lr aey .q̂(x, y, z) = x2

a2 − x2

a2 − z2 divfipbened
.(4) zipep`wd dxevl dze` xiarp

r̂(x, y, z) = `id r(x, y) = ax2 − y dlea`xtd z`eeyn ly divfipbenedd ,seqal (b)
lawp (45o-a aeaiq) z = ŷ − ẑ ,y = ŷ + ẑ ,x̂ =

√
ax davdd ici-lre ,ax2 − yz

.(4) z` aey

:dxcbd 2.2.11

F lrn icnin-n-d (projective space) iaihwiiextd agxnd ,F (welig mr beg e`) dcy lkl
.0 6= λ ∈ F m` wxe m` ~x ∼ λ · ~y xy`k ,FP n := (F n+1 \ {~0})/ ∼ dveawd `ed

.F n+1 ly miicnin-1-d miagxn-zzd zveaw `ed FP n ,xnelk

F n+1-l ozip - (mipeipxh`ewd) H e` C ,F = R m` ,lynl - dibeleteh yi F -l m`
.dpnd ziibeleteh z` FP n-le ,dltknd ziibeleteh z`
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iaihwiiextd xyid eli`e ,S1 lbrnl itxene`ined RP 1 iynnd iaihwiiextd xyid :`nbec
.S2 dxitql itxene`ined CP 1 akexnd

(dnxep) hlgn jxr ici-lr zixyend dibeleteh mr dcy H e` C ,R `ed F m` :dxrd
`xwpd agxn lawp jke ,‖ − ‖ : F n → [0,∞) dnxep xicbdl lkep ,| − | : F → [0,∞)

heyt idef ,F = R xear .Sn
F = {~x ∈ F n+1 : ‖~x‖ = 1} :xcbend ,F n-a dcigi zxitq

.Sn
H
∼= S4n+3-e Sn

C
∼= S2n+1 eli`e ;Sn dlibxd dcigid zxitq

:dprh 2.2.12

Sn
F / ∼ dpnd agxnl itxene`ined FP n iaihwiiextd agxnd ,H e` ,C ,R `ed F m`

.S1
F 3 λ xear ~x ∼ λ · ~x :zeliwyd qgi zgz

¤ .libxz :dgked

:dnl 2.2.13

∂D2 3 (x, y)-l (x, y) ∼ (−x,−y) xy`k ,D2/ ∼ dpnd agxnl itxene`ined RP 2

.(dcigid lebir zty lr zeiahw zecewp zedfl witqn ,xnelk)

RP 2 D2 ∂D2
³³)

r~v = (x, y)

r
−~v = (−x,−y)

¤ .libxz :dgked

dxrd 2.2.14

dixhne`ibl zeneiqk` zkxrn (Mario Pieri) ixiite (Gino Fano) ep`t egzit 19-d d`na
:dligd qgi `ed cigid qgid day ,ziaihwiiextd

.cg` xyi lr opi`y zecewp yely opyi .A1

.zecewp yely zegtl yi xyi lka .A2

.odizy z` liknd `(AB) cigi xyi yi A 6= B zepey zecewp izy lkl .A3

mb f` ,`(AB) ∩ `(CD) 6= ∅-e (agxna) zecewp rax` D-e ,C ,B ,A m` .A4

.`(AC) ∩ `(BD) 6= ∅
.df xeyina dpi`y dcewp yi Π xeyin lkl .A5

.zetzeyn zecewp izy zegtl mixeyin ipy lkl .A6

oeqkl`d zecewp yely cg` xyi lr opi` yely s`e ,zecewp rax` D-e ,C ,B ,A m` .A7
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xyi lr opi` R := `(AD)∩ `(BC)-e ,Q := `(AC)∩ `(BD) ,P := `(AB)∩ `(CD)

.cg`

:dxcbd 2.2.15

P jxc mixyid sqe` oia lre zikxr cg-cg dn`zd dpyi ,` xyi lr dpi`y dcewp P m`
zcewp z` P jxc m xyil dni`znd ,` ly zecewpd oial ,(P ly (pencil) dnel`d `xwpd)
.(elementary projection) zixhpnl` divwiiext zi`xwp ef dn`zd .` mr m ly M jezigd

.(projectivity) divwiiext zi`xp zeix`hpnl` zeivwiiext ly dakxd

- ` edylk xyi lr C ,B ,A zepey zecewp yely lr zxneyd divwiiext T m` .A8

.` 3 X lkl T (X) = X f` - T (C) = C-e ,T (B) = B ,T (A) = A ,xnelk

htyn z` gikedl ick icnin-zlzd agxnl xearl epwwcfdy dcaerdy oiivl oiiprn :dxrd
`ll) xeyina lirl zeneiqk`d zkxrna ynzyp m`y xazqn :zixwn dpi` xeyina bxfc
dixhne`ibd ly milcen yi ik ,2.1.6 htyn z` gikedl xyt`-i` ,(A6-e ,A5 ,A4 zeneiqk`

.siwz epi` `ed mday zixeyind ziaihwiiextd

zeneiqk`d xear lcen deedn 2.2.1 sirqa xcbedy itk RP2 iaihwiiextd xeyind ,oaenk
.bxfc htyn miiwzn ok` eae ,xeyind ly zih`neiqk`d ziaihwiiextd dixhne`ibl

2 wxtl milibxz 2.3

,iaihwiiextd xeyinl (2.1.2 'bd) zifkxnd dlhddd byen z` aigxdl ozipy i/d`xd 2.3.1

ipit`d wlgd lr L̂1 cg` iaihwiiext xyi ly L1 ipit`d wlgd ly dlhdd df dxwnaye
,Li lr ti odylk zeipit` zehpicxe`ewl qgia) ozip L̂2 ipy iaihwiiext xyi ly L2

:ici-lr (i = 1, 2

.seqpi`a dcewp O-e L1 ‖ L2 m` ,reaw α xear t1 7→ t2 + α (`)

.ziteq dcewp O-e L1 ‖ L2 m` ,reaw 0 6= β xear t1 7→ β · t2 (a)

.ziy`xd O = (0, 0)-e ,y-d xivl liawn L2 ,x-d xivl liawn L1 m` t1 7→ 1/t2 (b)

T : RP2 → L̂2 zifkxn dlhd lk L̂2-e L̂1 miiaihwiiext mixyi ipy lkly i/d`xd 2.3.2

zeipit` zehpicxe`ew xegal xyt` (mixyid ipy lr dppi`y dcewpn) iaihwiiextd xeyina
:y jk zeni`zn

, ad− bc 6= 0 ,R 3 d, c, b, a xear t2 = T (t1) =
at1 + b

ct1 + d

.(linear fractional mapping) zixay zix`pil dwzrd ici-lr zbvein T : L1 → L2 ,xnelk

30



qgidy jk cigi R 3 w miiw ,α xtqne R 3 z, y, x zecewp yely ozpiday i/d`xd 2.3.3

raexnd
[x, y; z, w] :=

(x− z)(y − w)

(x− w)(y − z)

.α-l deey (2.1.1 'bd)

:f` α := [x, y; w, z] m` ,R 3 w, z, y, x zecewp rax` lkly i/d`xd 2.3.4

[x, y; w, z] = 1/α (`)

[y, x; z, w] = 1/α (a)

[x, z; y, w] = 1− α (b)

mi`ad mikxrd zyy z` lawl ozip (x, y, w, z) lr zeixyt`d zexenzd 24 lkay wqde
:raexnd qgil

. α,
1

α
, 1− α, 1− 1

α
,

1

1− α
,

α

1− α

.2.2.6 dprh z` i/gked 2.3.5
.ziaihwiiext milewy xeyina miiaihwiiext mixyi ipy lky i/d`xd 2.3.6
xf cegi`k icnin-n-d iaihwiiextd agxnd z` bivdl ozipy i/d`xd 2.3.7

.(cala zg` dcewp likn A0-e) Ri-l itxenefi` Ai xy`k ,RPn =
⊔n

i=0 Ai

T (x, y) = (3x− 2, 4y − 3) zxcbend T : R2 → R2 zipit`d dwzrdly i/d`xd 2.3.8

.(T (v) = v-y jk cigi R2 3 v ,xnelk) dcigi zay zcewp yi
lk z` i/`vne ,T z` daigxnd T̂ : RP2 → RP2 ziaihwiiextd dwzrdd z` i/`vn

.T̂ ly zayd zecewp
dxevdn zix`pil ziaihwiiext dwzrd ly zay zcewp v̂ = (x; y; z)-y i/d`xd :fnx

.A ly invr xehwee v̂ m` wxe m` T (v̂) = A · v̂t

,T (x, y) = (x− y + 2, x + y + 3) zipit`d dwzrd ly zayd zecewp z` i/`vn 2.3.9

.T̂ ly zayd zecewp lk z`e ,T z` daigxnd T̂ ziaihwiiextd dwzrdd z`

y = (1− s)z + sz-y jk s-l `gqep i/`vn ,(R 3 t) z = (1− t)x + ty ozpida 2.3.10

lr idylk dxenz mirvan xy`k t = z−x
y−x

qgid dpzyn cvik i/`vn .t ly divwpetk
miixyt`d mikxrd zveaw lr S3 zixhniqd dxeagd ly dlert zlawzny jk - (x, y, z)

.t-l
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iaihwiiextd xyia zecewp yely R = (1; 1)-e Q = (0; 1) ,P = (1; 0) ozpida 2.3.11

P, R, Q-l P, Q,R z` zexiarnd zeix`pild zeiaihwiiextd zewzrdd z` i/`vn ,RP1

?dl` zewzrd zgz RP1 3 S = (1; t) zillk dcewpl dxew dn .(df xcqa) Q, P,R-le
A-y i/d`xd .dn`zda B-e A 2 × 2 zekitd zevixhn ici-lr zebvein dl` zewzrd

.S3 zixhniqd dxeagl zitxenefi`d GL2(R) ly G dxeag-zz zexvei B-e

.2.2.12 dprh z` i/gked 2.3.12
.2.2.13 dnl z` i/gked 2.3.13

.ihilp` ote`a 2.1.4 htyn z` i/gked 2.3.14

-e A′ = [0; 0; 1] ,B = [0; 1; 0] ,A = [1; 0; 0]-y gipdl xyt`y dligz i/d`xd :fnx
.P = [0; 1; 1]-y i/wqde ,B′ = [1; 1; 1]

.dgep zehpicxe`ew zkxrn zxiga ici-lr aey ,ihilp` ote`a 2.1.6 htyn z` i/gked 2.3.15
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zileaxtidd dixhne`ibd 3

dliaen dzlilya zicilwe`d miliawnd zneiqk` ztlgd ,jynda 4.4 wxta d`xpy itk
dixhne`ibd zpigan) dietv-`l zebdpzd miliawn mixyil yi day ,zpiiprne dycg dxezl
Girolamo) ixk`q ici-lr 18-d d`na xak elbzd dl` zertez .(eplbxed dl zicilwe`d
xzei xearl mieleki oezp xyil uegn dcewp jxcy dgpddy d`xdy ,(Saccheri [1667-1733]

.exack ,"xyid ewd ite` z` zexzeqd" zepwqnl dliaen cg` liawn xyin

iwqa'v`ael eixg`e ,(Carl Friedrich Gauss [1777-1855]) qe`b oiad 19-d d`nd ziy`xa
ozipy ,(]János Bolyai [1802-1860]) i`iieae (Nikolai Ivanovich Lobachevski [1792-1856])
dxez .dzlilya qcilwe` ly miliawnd zniqk` z` mitilgn m` dycg dixhne`ib gztl

.(hyperbolic geometry) zileaxtidd dixhne`ibd zi`xwp ef dycg

ly eteqa `ny e` - ziawr `id efd dycgd dixhne`ibd m`d dl`yd dxzep oiicr
d`nd rvn`a dpexztl dribd ef dira .ixk`q xaqy itk ,zinipt dxizq da dlbzz xac
Henri Poincaré) dx`wp`ete ,oiilw ,(Eugenio Beltrami [1835-1900]) in`xhla xy`k ,19-d
dbvdl mipzip dl`d milcend lk .zileaxtidd dixhne`ibl milcen xtqn elib ([1854-1912]

eze`a `id zileaxtidd dixhne`iba dxizq lky o`kne - zicilwe`d dixhne`ibd jeza
ihilp`d lcend gqepn day ,mixtqnd zxeza :mvrae) zicilwe`d dixhne`iba dxizq onf

.(zicilwe`d dixhne`ibd ly

miax mitpra ifkxn ciwtz zwgyn zileaxtidd dixhne`ibdy xxazd xzei xge`n
ihilp` lcena fkxzp ep` .meid cr ihnzn xwgn ly lirt megz deedn `ide ,dwihnzna

.minicwn mibyen xtqnl wwcfp ,ex`zl ick .dx`wp`et dliby miipyd jezn ,cg`

dx`wp`et lcen 3.1

-xkend xcqde dligd iqgi miniiwzn mday zileaxtidd dixhne`ibd ly milcen xvil lw
:sqepae ,xeyina mixyie zecewp ly mi

"xeyin"a mixaer L oezp "xyi"l uegn P dcewp lk jxc :zileaxtidd miliawnd zneiqk`
.L mr mikzgp mpi`y mipey "mixyi" seqpi`

.migeztd mixzind z` "mixyi" xezae ,gezt lebir "xeyin"d xeza zgwl lkep ,lynl
lr dni`zn dcin sqepae ,(mirhw lr dni`zn jxe` ziivwpet) dwixhn xicbdl `id dirad
mle` .oiilw `vn eze`y ,"mixzin"d lcen xear z`f zeyrl mpn` ozipy xazqn .zeieefd

.dx`wpxet ly df `ed xzei ihpbl` lcen
ornl .ileaxtidd xeyinl dx`wp`et rivdy milewy milcen ipy dyrnl mpyi ,xen`k
xeyin"d eay ,(upper half plane) oeilrd xeyind ivg lcen :mdn cg`a fkxzp ,zehytd
i`vg md "mixyi"d eli`e ,H := {(x, y) ∈ R2 : y > 0} dveawd `ed "ileaxtidd
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od zecewpd .millken milbrn-i`vg mdipy e`xwiiy ,x-d xivl miavip mixyi e` milbrn
.H ly zecewpd oaenk

dcind `id zeieefd ly dcind ,xnelk - inxetpew lcen ezeid `ed df lcen ly oexzid
zcewpa miwiynd oia zieefk minewr ipy oia zieef miyxtn xy`k) dlibxd zicilwe`d

.(jezigd

:dxrd 3.1.1

ep` xy`k ,akexn aizka ynzydl gep ,dwixhnd z` xicbdl ick mbe ,mixyia lthl ick
.(o`nix ly dxitqd) Ĉ := C∪{∞} agxend akexnd xeyind ly dveaw-zzk H lr miayeg
- ((α, β) 6= (0, 0) xear) αx + βy + γ = 0 `id R2 ihilp`d xeyina xyi z`eeyn xekfk

:akexn aizkae
az + āz̄ + b = 0

.Ĉ agxend xeyina xyil jiiy z = ∞ mb xy`k ,R 3 b = 2γ ,C 3 a = α− iβ xear

`id ihilp`d xeyina (x0, y0) aiaq 0 < r qeicxa lbrn z`eeyn ,z`f znerl
,r2 = |z − z0|2 = (z − z0)(z − z0) akexn aizka e` ,(x − x0)

2 + (y − y0)
2 = r2

:xnelk
zz̄ + az + āz̄ + b = 0

:`id Ĉ-a llken lbrn zgqepy mi`ex ep` o`kne ,R 3 b := |z0|2−r2 ,C 3 a := −z̄0 xear

(5) Azz̄ + Bz + B̄z̄ + C = 0

.A = 0 m` wxe m` lawzn (libx) xyi .(A,B) 6= (0, 0) xy`k ,C 3 B-e R 3 C,A xear
∞ mr) S2 dxitqd mr Ĉ z` ddfp m`y ixd ,∞ z` mb llek Ĉ-a xyiy oeeikny al eniy

.S2-a milbrn xeza miriten ok` "millkend milbrn"d lky ixd ,(xn`p ,zipetvd ahewa

qeian zewzrd 3.2

zxeag z`ivn ici-lr ,xnelk - oiilw ly dyiba zileaxtidd dixhne`ibd z` bivp ep`
elld zeivnxetqpxhd zxigal oey`x i`pz .H dveawd lr zlretd dni`zn zeivnxetqpxh

.xg` llken lbrnl cg` llken ilbrn dpxarz ody `ed

lr zxney (α 6= 0 ,C 3 β, α xear) w = f(z) = αz + β dxevdn dffd lky xexa
f` w = αz + β m` ok`e ,(xyil xyie lbrnl lbrn dxiarn s` mvrae) millken milbrn

:lawp (5)-a aivp m` okle ,z = w−β
α

0 = Azz̄ + Bz + B̄z̄ + C = A
w − β

α
· w − β

α
+ B

w − β

α
+ B̄

(
w − β

α

)
+ C

=
A

αᾱ
ww̄ +

(
B

α
− AB̄

ᾱ

)
w +

(
B̄

ᾱ
− Aβ

α

)
w̄ +

(
ββ̄

αᾱ
− Bβ̄

α
− B̄β̄

ᾱ
+ C

) (6)
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.llken lbrn aey edfe

oeeikne ,J(∞) = 0 ,J(0) = ∞ miiwn J(z) := 1
z

xcbend ,dcigid lbrna jetidd ,dneca
:lawp (5)-a davd ici-lr ,z = 1

w
m` wxe m` w = 1

z
-y

, 0 = Azz̄ + Bz + B̄z̄ + C = A
1

ww̄
+ B

1

w
+ B̄

1

w̄
+ C

m` xyi didiy) llken lbrn aey - Cww̄ + Bw̄ + B̄w + A = 0 lawp ww̄-a ltk ixg`e
.(C = 0

:dxcbd 3.2.1

T (z) = az+b
cz+d

dxevdn T : Ĉ → Ĉ dwzr `id (Möbius transformation) qeian zwzrd
zixay zix`pil dwzrd mb mizirl zi`xwp z`fk T .ad−bc 6= 0-y jk C 3 d, c, b, a xear

.2.3.2 'bxz 'yd - (linear fractional mapping)

:qeian zewzrd ly zeiqiqad zepekzd 3.2.2

.qeian zewzrd od lbrna jetide dffd (1)

.qeian zwzrd `id qeian zewzrd ly dakxd (2)

.llken lbrnl Ĉ-a llken lbrn dxiarn T qeian zwzrd (3)

zepey zay zecewp izy xzeid lkl yi ,zedfd dpi`y ,T dpezp qeian zwzrdl (4)
.(T (z) = z-y jk Ĉ-a z zecewp izy xzeid lkl yi ,xnelk)

.zedfd `id Ĉ-a zepey zecewp yely zraewd qeian zwzrd (5)

.qeian zwzrd `ed mb iktedde ,dkitd qeian zwzrd lk (6)

:dgked

.b = c = 1 ,a = d = 0 xear lawzn jetid ;a = d-e c = 0 xear zlawznd dffd (1)

.libxz (2)

dna ynzydl f`e ,zeffde miketid ly dakxdk qeian zwzrd lk bivdl xyt` (3)
.lirl epi`xdy

`ed z okle ,cz2 + (d− a)z − b = 0 xnelk ,z = az+b
cz+d

f` ,T ly zay zcewp z m` (4)
.dl`k miizy xzeid lkl yie ,2 ≥ dlrnn d`eeyn ly yxey

.(4)-l lewy (5)

.S(z) = dz−b
−cz+a

`ed T (z) = az+b
cz+d

ly iktedd (6)
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:dprh 3.2.3

zwzrd zniiw ,Ĉ-a zepey zecewp ly (z1, z2, z3)-e (z1, z2, z3) zexecq zeyly izy lkl
.i = 1, 2, 3-l T (zi) = wi-y jk T dcigie zg` qeian

(z1, z2, z3) dyly lk xiardl ozipy ze`xdl witqn ,lirl (6)-e (2) zepekz itl :dgked
:zxcbend qeiand zwzrd zervn`a z`fe ,(1, 0,∞) dylyl

(7) . T(z1,z2,z3)(z) :=
(z − z2)(z1 − z3)

(z − z3)(z1 − z2)

¤ .lirl (5) dpekzn zraep zecigid

:dpwqn 3.2.4

z` dxiarnd (dcigi `l) qeian zwzrd dpyi ,Ĉ-a C2-e C1 millken milbrn ipy lkl
.C2 lr C1

¤ .lirl (3) dpekzne 3.2.3 dprhn raep df :dgked

:dxcbd 3.2.5

:zeidl xcben Ĉ-a (z0, z1, z2, z3) zepey zecewpd rax` ly (cross ratio) raexnd qgid

[z0, z1; z2, z3] :=
(z0 − z2)(z1 − z3)

(z0 − z3)(z1 − z2)

.(2.1.1 dxcbd 'yd)

dxrd 3.2.6

zwzrd T(z1,z2,z3) : Ĉ → Ĉ xy`k ,T(z1,z2,z3)(z4) weica `ed [z1, z2; z3, z4]-y al eniy
{z0, z1, z2, z3} oian cg` m` mb) 1-e 0-n dpey iteq akexn xtqn edfy o`kn .(7) ly qeiand

.(∞ `ed

dprh 3.2.7

zepey zecewp rax` lk ly raexnd qgid lr zxney S : Ĉ → Ĉ qeian zwzrd lk
.Ĉ-a (z0, z1, z2, z3)

zwzrd lawp ,S−1 mr (7) ly T(z1,z2,z3) qeiand zwzrd ly dakxd ici-lr :dgked
(1, 0,∞) dylyl (S(z1), S(z2), S(z3)) dylyd z` dxiarnd U := T(z1,z2,z3)◦S−1 qeian
(S(z0), S(z1), S(z2), S(z3)) zecewpd ly raexnd qgid 3.2.6 dxrd itl okle ,(df xcqa)

-l deey

¤ . [S(z0); S(z1); S(z2); S(z3)] = U(S(z0)) = T(z1,z2,z3)(z0) = [z1, z2; z3, z4]
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dprh 3.2.8

qgid m` wxe m` llken lbrn eze` lr ze`vnp Ĉ-a (z0, z1, z2, z3) zepey zecewp rax`
.iynn [z1, z2; z3, z4] odly raexnd

f` ,z3-e ,z2 ,z1 zecewpd yely jxc xaerd Ĉ-a llkend lbrnd z` C-a onqp m` :dgked
.R̂ := R∪ {∞}-l ,xnelk - ∞-e ,0 ,1 jxc xaerd llkend lbrnl C z` dxiarn T(z1,z2,z3)

qetz xak ∞ jxrdy oeeikn ;T(z1,z2,z3)(z0) ∈ T(z1,z2,z3)(C) = R̂ m` wxe m` z0 ∈ C okl
iynn xtqn `ed [z1, z2; z3, z4] = T(z1,z2,z3)(z4) m` wxe m` dxew df ,T(z1,z2,z3)(z3) ici-lr
¤ .(iteq)

llken lbrn xiarn - R(z) = z̄ dwzrdd :akexn aizka - x-d xiva sewiyd mb :dxrd
.llken lbrnl

:dxcbd 3.2.9

mr qeian zwzrd ly dakxd `id (conjugate Möbius transform) dcenv qeian zwzrd
:dxevd on dwzrd ,xnelk - l"pk sewiy

T (z) =
az̄ + b

cz̄ + d

generalized Möbius) zllken qeian zwzrd .ad − bc 6= 0-y jk C 3 d, c, b, a xear
.dcenv e` dlibx qeian zwzrd `id (transform

,elek C-a `le ,oeilrd xeyind ivg ly H dx`wp`et lcena mipiipern epgp`y oeeikn
:`ad byenl wwcfp

:dxcbd 3.2.10

divnxetqpxh zi`xwp - T (H) = H ,xnelk - H-lH z` dwizrnd zllken qeian zwzrd
.xeyind ly (hyperbolic transformation) zileaxtid

:htyn 3.2.11

:dxevd on od xeyind ly zeileaxtid zeivnxetqpxh

(ad− bc = 1 , R 3 d, c, b, a) T (z) =
az + b

cz + d

(ad− bc = −1 , R 3 d, c, b, a) T (z) =
iaz̄ + ib

icz̄ + id
:e`

z` dxiarn mb T zetivx inrhn .zeileaxtid zeivnxetqpxh T : Ĉ → Ĉ idz :dgked
z` mb okle ,envrl - R = {z ∈ C : =m(z) = 0} iynnd xivd ,xnelk - H ly dtyd

.envrl R̂ := R ∪ {∞} agxend iynnd xyid
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z` zedfl witqn okle ,dcnvd ixg` mb oekp didi df ,T (R) = R m`y al eniy
:zeniiwnd (ad − bc = 1 ,C 3 d, c, b, a) T (z) = az+b

cz+d
dxevdn ,zelibxd qeian zewzrd

:micgein mixwn ipy dligz wecap .T (R̂) = R̂

zakexn zipit` dwzrd `id T ,xnelk - (ad = 1) T (z) = a
d
z + b

d
f` ,c = 0 m` (`)

miaiig T (R̂) = R̂ miiwziy ick .dffde ,dgizn ,aeaiq ly dakxd dpidy ,(dkitd)
.miiynn zeidl b

d
-e a

d
mincwnd

`ed akexn xtqn ly 1/w iktedy oeeikne ,T (z) = J( c
b
z + d

b
) f` ,a = 0 m` (a)

z 7→ c
b
z+ d

b
zix`pild dwzrddy jkkl be`cl epilry ixd ,iynn w m` wxe m` iynn

.miiynn eidi aey d
b
-e c

b
mincwndy aiign dfe ,R̂ lr xenyz

,T (∞) = a
c

,T−1(0) = − b
a

hxta ,T (R̂) = R̂-y oeeikn .a 6= 0 6= c-y gipp dzr (b)
:okle ,∞ 6= zeiynn zecewp od dl` s` .R̂-a md T−1(∞) = −d

c
-e

. T (z) =
az + b

cz + d
=

(
a
c

)
cz − (− b

a

) (
a
c

)
c

cz − (−d
c

)
c

=
T (∞)cz − T−1(0)T (∞)c

cz − T−1(∞)c

R 3 c okle ,1 = c2[T (∞)(T−1(0)−T−1(∞))] lawp ad− bc = 1-y i`pzd mr cgi
.(iR-a ,xnelk) mixedh minecn mlek o` miiynn mlek T incwny o`kn .iR 3 c e`

mixedh minecn mlek e` miiynn mincwnd lk day zllken qeian zwzrdy epi`xd (c)
zg` dcewp wecal witqn ,T (H) = H miiwziy ick .envrl ∂H = R̂ z` dxiarn
xeyind ivg) T (H) = C\H e` T (H) = H-y (zetivx inrhn aey) xexa ik ,H jezn

:`vnp ,ad− bc = 1-e R 3 d, b, c, a-l T (z) = az+b
cz+d

m` ok`e .(oezgzd

T (i) =
ai + b

ci + d
=

(ai + b)(d− ci)

(d + ci)(d− ci)
=

(bd + ac) + i(ad− bc)

c2 + d2

xnelk ,iaeig T (i) ly dnecnd wlgdy `vnp ,ad− bc = 1-e c2 + d2 > 0-y oeeikne
.T (i) ∈ H

:`vnp ,ad− bc = −1-e R 3 d, b, c, a-l T (z) = iaz̄+ib
icz̄+id

m` dnec ote`a

T (i) =
i(−ai + b)

i(−ci + d)
=

(b− ai)(d + ci)

(d− ci)(d + ci)
=

(bd + ac)− i(ad− bc)

c2 + d2

,iaeig T (i) ly dnecnd wlgdy `vnp ,ad − bc = −1-e c2 + d2 > 0-y oeeikne
.T (i) ∈ H xnelk

¤ .zileaxtid dwzrd eplaw `l okle ,T (i) 6∈ H-y `vnp mixzepd mixwnd ipya

,llken lbrn ivg ,xnelk) H-a L1 "xyi" lk xiardl xyt` dl`k zewzrd zxfra :dxrd
zxgap dcewpl xearz L1 3 z1 zxgap dcewpy ote`a ,xg` oezp "xyi" lkl (x-d xivl avipd

.L2 3 z2
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-a L2 ly dvwd zecewpl zxeaer R ∪ {∞}-a zepezpd dvwd zecewp izy ,oaenk
miipxwd befl z1 ici-lr zerawpy miipxwd bef z` mb mixiarn ep` mvray jk ,R∪ {∞}

.dvxpy xcq dfi`a ,z2 ici-lr zerawpd

:zellken qeian zewzrd ly zetqep zepekzd 3.2.12

.(envrl R2 icilwe`d xeyind on zewzrdk) dtivx `id zllken qeian zwzrd lk .1

.zeieef lr zxney ,xnelk - zinxetpew `id zllken qeian zwzrd lk .2

`id ,llken lbrnl llken lbrn dxiarnd ,Ĉ lr Ĉ-n zikxr-cg-cg ,dtivx dwzrd lk .3
.zllken qeian zwzrd

:dgked

.dtivx okle ,dxifb `id zihilp` divwpet lk .1

z`veid oxw lk zaaeqn `id - f : C → C zihilp` divwpet ly dpekz ef ,aey .2
.arg(f ′(z0)) ly zieefa z0 dpezp dcewpn

¤ .[2, Theorem 2.21] e`x .3

,(3.1.1 dxrd 'x) Ĉ = C ∪ {∞} o`nix ly dxitqd mr S2 z` midfn m` :dxrd
zecgeind zeil`pebezxe`d zevixhnl zeni`znd) S2 ly miaeaiqd z` x`zl lkepy ixd

:dxevd on qeian zewzrdk (SO3 := {A ∈ O3 : Det(A) = 1}-a

, a2 + b2 = 1 xy`k T (z) =
az + b

−b̄z + ā

c, b, a xear) {ax + by + cz = 0} xeyina mitewiy ody zeixitqd zeivnxetqpxhd eli`e
on mrtd ,qeian zewzrdk akexn aizka od mb zex`ezn ,(a2 + b2 + c2 = 1 mr R-a

:dxevd
. T (z) =

(a− ib)z̄ − c

−cz̄ − (a− ib)

Ĉ-a x`ezz dl` zewzrd zgz zexnypd zeiqiqad zexevd zg`y jkl zetvl irah okl
.lirl 1.3.1 dxcbd z` xiaqny dn ,(3.1.1 dxrd 'x) llken lbrnk

zileaxtidd jxe`d zcin 3.3

,milibxd xcqde dligd iqgi z` xexiaa miiwn ileaxtidd xeyinl dx`wp`et lcen ,xen`k
ly byen miizpia epl xqg mle` .(lirl 'x) zileaxtidd miliawnd zneiqk` z` sqepae

.df lcena miniiwzn milibxd dtitgd iqgi mby `ceel epl xyt`iy ,"jxe`"
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zg` dxev "zffd" ly iaihi`ehpi`d byend zxfra xcben icilwe`d dtitgd byen ,xekfk
,(R2 ,xnelk) icilwe`d xeyinl libxd ihilp`d lcena ok`e :zxg` dxevl setgzy dxeva
mlekl xy` - zeipeeik zeffde ,mitewiy ,miaeaiq revia ici-lr dl`k "zeffd" rval ozip

.mixehwee zevixhn zxfra heyt ihilp` xe`iz yi

:dxrd 3.3.1

xeyinl dx`wp`et lcena zeni`zn (zeileaxtid zeivnxetqpxh) "zeffd" xicbdl dvxp m`
llken lbrn exiari ,xnelk - eply "mixyi"d lr dpxenyz ody dvxp i`ceea ,ileaxtidd
zewzrd zeidl zeaiig od ,(4) 3.2.12-a xen`d on okle ,zetivx dpiidz odye - llken lbrnl
xnyiiy ote`a (H lcena) "ileaxtid wgxn" ly byen xicbdl dvxp okl .(zellken) qeian

.qeian zewzrd ici-lr

witqn ,xg` "xyi" lkl H-a "xyi" lk xiardl xyt` 3.2.4 dpwqn itly oeeikn ,mvra
.L := {it : t > 0} oxwd lr ,lynl - cg` ileaxtid xyi lr miwgxnd z` xicbdl

z` gweld T : H→ H lke ,qeian zewzrd ici-lr xnyii wgxndy dvxp L lr mb j`
.T (z) = az `id ezxev okl .jtidl e` - (zeevwd ipy) ∞-l ∞-e 0-l 0 xiarn hxta L-l L
[ia, iae] rhwd mby ixd ,1 jxe`a didi L-a [i, ie] rhwdy izexixy ete`a rawp m`
icnin-cgd bixyl mi`zny dny mi`ex ep` o`kn .iaeig iynn R+ 3 a lkl 1 jxe`a didi

:`ed L-a R icilwe`d xyia Z

0
. . . ¾ r

1
e2

-r
1
e

r
1

r
e

r
e2

r
e3 ∞

. . .

.(a iaeig iynn reawa ltkn zlawznd dffd lk e`)

zeidl jixv (0 < λ < µ xear) L-a iλ-l iµ oia ileaxtidd wgxndy o`kn

(8) dH(iλ, iµ) := ln
(µ

λ

)

.(dvxpy iaeig reaw lka z`f litkdl epleki oaenke)

ote`a ,H-a z2-e z1 zecewp izy lk oia ileaxtidd wgxnd z` zraew (8) dgqep
:`ad

.mdpia xaery Γ cigid (llken lbrn ivg=) "xyi"d z` mi`ven (`)

`ed xcqdy ote`a R̂ := R ∪ {∞}-a Γ ly dn`zda z1 ,z0 zeevwd z` mi`ven (a)
m` ,dlrnl dhnln e` ,lbrn ivga xaecn m` ,oeryd oeeik mr) z0 ≺ z1 ≺ z2 ≺ z3

.(R̂-l zavip oxwa xaecn

,T (z0) = 0-y jk T : H → H dcigid (zllkend) qeian zwzrd z` mi`ven (b)
.(7) `gqep ly mipeniqa ,T = iT−1

(z1,z0,z3) mvra idef) T (z3) = ∞-e ,T (z1) = i
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:rawpe ,R 3 µ edyfi` xear T (z2) = iµ xnelk ,T (z2) ∈ L gxkda f` (c)
.dH(z0, z1) := ln |µ|

dprh 3.3.2

.dH(z1, z2) = ln([z2, z1; z0, z3] lirl mipeniqa

,z2 = ti ,z1 = i ,z0 = 0 mr ,dnecnd xivd ly ziaeigd oxwd `id Γ = L m` :dgked
:`vnp (8) itl f` ,z3 = ∞-e

. dH(z1, z2) = ln t = ln

(
(it− 0)(i−∞)

(it−∞)(i− 0)

)
= ln(([it, i; 0,∞]) = ln(([z2, z1; z0, z3])

diriaxd z` hxtae Γ-l L z` dxiarnd iT−1
(z1,z0,z3) qeiand zwzrd ,zillk Γ-l dzr

lr mb zxney `id okle ,zileaxtid dixhnefi` `id (z0, z1, z2, z3)-l (0, i, it,∞) dxecqd
¤ .(dxcbdd itl) ileaxtidd wgxnd lr mbe (3.2.7 dprh itl) raexnd qgid

:dxcbd 3.3.3

m` (z0z1 ≡ w0w1 :oeniq) w0w1 rhwl (congruent) steg z0z1 rhwdy xn`p H lcena
eze` lr ze`vnp z2, z1, z0 zecewpd m` z0 ∗ z1 ∗ z2 oaenk onqpe .dH(z0, z1) = dH(w0, w1)

.oezpd xcqa (llken lbrn-ivg) "xyi"

:dnl 3.3.4

(zllken) qeian zwzrd dpyi m` wxe m` z0z1 ≡ w0w1 miiwzn H 3 z1, z0, w1, w0 xear
.T (z1) = w1-e T (z0) = w0-y jk T : Ĉ→ Ĉ

zecewp zyly dxiarnd qeian zwzrd zecigine ,lirl dH ly dxcbddn raep :dgked
.(3.2.3 dprh) zxg` dylyl dpezp

:dxcbd 3.3.5

v = (x, y) : divwpet ici-lr ixhnxt ote`a oezpd ,oeilrd xeyind izga xlg mewr γ m`
:`ed ely (hyperbolic length) ileaxtidd jxe`d ,[a, b] → H

(9) LH(γ) :=

∫ b

a

√
dx2 + dy2

y

:dprh 3.3.6

wgxnl deey γ ly jxe`d f` ,(H-a llken lbrn ivg) ileaxtid xyi ly iteq wlg `ed γ m`
.LH(γ) = dH(v(a),v(b)) :ely dvwd zecewp oia ileaxtidd

¤ .[Stahl, Theorem 4.7] 'x :dgked
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:dxrd 3.3.7

zixitqd dixhne`ibl il`nxet ote`a ce`n dnecd ,H ileaxtidd xeyinl xg` lcen epyi
ileaxtidd xeyina z` xicbp :(1.3 sirq)

H2 := {(t, x, y) ∈ R3 | − t2 + x2 + y2 = −1, t > 0}

.(t =
√

1 + x2 + y2 divfixhnxtd mr) izrixi-ecd ci`eleaxtidd ly dpeilrd drixid zeidl
mb .z =

√
1− x2 − y2 zinewnd divfixhnxtd mr ,S2 dxitql ibel`p` dfy mi`ex ep`

:dnec zlawznd dwixhnd

(10) , dH(P, Q) := arccosh(−P ·L Q)

.(cosh t)′ = sinh t-e (sinh t)′ = cosh t okle sinh t = et−e−t

2
,cosh t = et+e−t

2
xekfk xy`k

:zxcben R3-a zivpxeld ziniptd dltknd

. (t1, x1, y1) ·L (t2, x2, y2) := t1t2 − x1x2 − y1y2

mvra edf) zileaxtid dixhnepebixh ly dxez gztl xyt` ,zixitqd dixhne`iba enk
:1.3.5 dprh ly `ad bel`p`d z` gikedle ,(sinh-e cosh zeivwpetd xewn

:dprh 3.3.8

zeieefd γ = dH(P,R)-e ,β = dH(P, Q) ,α = dH(Q,R)-e ,H2-a yleyn 4PQR m`
f` ,zeni`znd zeifkxnd

. cosh α = cosh β cosh γ − sinh β sinh γ cos α

¤ .libxz :dgked

3 wxtl milibxz 3.4

ila) dnvrl {0, 1,∞} dveawd z` zexiarnd T qeiand zewzrd lk z` i/`vn 3.4.1
.(xcqd lr xenyl

.qeian zwzrd `id qeian zewzrd ly dakxdy i/d`xd 3.4.2
?cg` llken lbrnl zekiiy {2 + 3i,−2i, 1− i, 4} zecewpd rax` m`d 3.4.3

lbrnl zekiiy {2 + 3i,−2i, 1− i, t} zecewpd rax` t miiynn mixtqn eli` xear 3.4.4

?cg` llken
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dppi` T f` ,ad− bc = 0-y jk C 3 d, b, c, a xear T (z) := az+b
cz+d

m`y i/d`xd 3.4.5

.zikxr cg-cg

:od odly zayd zecewpy qeian zewzrd i/`vn 3.4.6

.(dletk zay zcewp) −3 (`)

.7-e 5 (a)

.(zg` cere) 1 + i (b)

.[z1; z2; z3; z4] raexnd qgid lr `id s` zxney zllken qeian zwzrd lky i/d`xd 3.4.7
zwzrde w akexn xtqn yi Ĉ-a {z1, z2, z3, z4} zepey zecewp rax` lkly i/d`xd 3.4.8

.1,−1, w,−w-l dn`zda z1, . . . , z4 z` dxiarnd T qeian

llken lbrn eze` lr ze`vnp Ĉ-a zepey zecewp rax`y ixhne`ib ote`a i/d`xd 3.4.9

.arg([z1; z2; z3; z4]) aeyig ici-lr ,iynn odly raexnd qgid m` wxe m`

.3.3.8 dprh z` i/gked 3.4.10
zieefa ileaxtid aeaiq `id z 7→ cos θz+sin θ

− sin θz+cos θ
dxevd on qeian zwzrdy i/d`xd 3.4.11

.i aiaq 2θ

on qeian zwzrd f` ,T (z) := bz + a onqp m`y 3.4.11 libxz zxfra i/d`xd 3.4.12

:dxevd
z 7→ T

(
cos θ · T−1(z) + sin θ

− sin θ · T−1(z) + cos θ

)

.ai + b dcewpd aiaq 2θ zieefa ileaxtid aeaiq `id

mr) x-d xivl zkpe`n H-a Γ oxw lr zecewp izy z2 = (x, y2)-e z1 = (x, y1) eidi 3.4.13

.dH(z1, z2) = ln y2

y1
-y (3.3.6 dprh zxfra e` 3.3.3 'bdn zexiyi) i/d`xd .(0 < y1 ≤ y2

Γ lr zecewp izy z2 ,z1-e ,c := (x0, 0) fkxne R qeicx lra H-a lbrn ivg Γ idi 3.4.14

xiv ly iaeigd oeeikd mr miqeicxd ly zeieefd) arg(z1 − c) = α-e arg(z2 − c) = β-y jk
-y 3.3.6 dprh zxfra i/d`xd .(α < β mr ,x-d

. dH(z1, z2) = ln

(
csc β − cot β

csc α− cot α

)
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ly dixhne`iba (inversion in a circle) lbrna jetid ly dlert xicbdl xyt` 3.4.15

:icilwe`d xeyind
:jk T = TC : R2 ∪ {∞} → R2 ∪ {∞} xicbp ,r qeicxe Q fkxn mr R2-a lbrn C m`
lr dcewpd P ′ xy`k ,T (P ) = P ′ f` ,R2 \ {Q} 3 P m`e ,T (∞) = Q ,T (Q) = ∞
i/gked .xyia sewiyd z` dlilkn ef dlert .|QP | · |QP ′| = r2 :zniiwnd

−→
QP oxwd

:(xeyind zqcpd ly mireci mihtyn zxfra)

.zeieef lr xney j` ,oeeik jted lbrna jetid (`)

.R2 ∪ {∞}-a llken lbrnl R2 ∪ {∞}-a llken lbrn lk wizrn lbrna jetid (a)

qeian zewzrd eli`) T : Ĉ→ Ĉ qeian zwzrd ici-lr lbrna jetid lk bviil ozip (b)
.(?dl`k miketid zebviin

lr H oeilrd xeyind-ivg z` dwizrn U(z) := iz+1
z+i

qeiand zwzrdy i/d`xd 3.4.16

.D := {z ∈ C : |z| < 1} dcigid lebir

-ne`ibd ly (inxetpew) lcen `ed D dcigid lebir mby 3.4.16 libxz zxfra i/d`xd 3.4.17

dcigid lbrnl miavipd milbrn ly zezyw e` mixhw md "mixyi"d day ,zileaxtidd dixh
.(D ly dtyd)

zeixhnefi`d (3.4.17 'bxz) zileaxtidd dixhne`ibl dcigid lebir lcenay i/d`xd 3.4.18

:dxevdn zelkken qeian zewzrd od

z 7→ az + b̄

bz + ā
e` z 7→ −az̄ + b̄

−bz̄ + ā

.|a| > |b| mr C 3 b, a xear

-efi`d zxeag (3.4.17 'bxz) zileaxtidd dixhne`ibl dcigid lebir lcenay i/d`xd 3.4.19

.(3.4.15 'bxz) milbrna miketidd ici-lr zxvep zeixhn

ici-lr zxg` dcewp lkl D geztd dcigid lebira dcewp lk xiardl xyt` i/d`xd 3.4.20

zeixhnefi`d zxeagy i/wqde ,(3.4.15 'bxz) milbrna miketid ipy xzeid lkl ly dakxd
?D 3 Q dcewp ly aviind edn .iaihifpxh ote`a D lr zlret (3.4.18 'bxz) zeileaxtidd

dcewp ly (stabilizer) aviind ,(1.0.1 'bd) X dveaw lr zlret G dxeag m` xekfk :dxrd
.G ly Stab(x) = {g ∈ G | g(x) = x} dxeagd-zz `ed X 3 x

dxecqd dylyd ,C lbrn lr ze`vnp z4-e ,z3 ,z2 ,z1 zecewpd rax` m`y i/d`xd 3.4.21

m` wxe m` (z2, z3, z4) dxecqd dylyd enk lbrnd lr oeeik eze` z` zraew (z1, z2, z3)

.iaeig [z1; z2; z3; z4] raexnd qgid
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zih`neiqk` dixhne`ib 4

z` gqip xy` ,qcilwe` ly "zeceqi"d lr dixhne`ibd dqqazd mipy miitl` jyna
x`y z` wiqdl did xyt` odny ,zeneiqk` ly ohw xtqn lr dixhne`ibd zxez lk
z` dyniy `id ,qcilwe` ly zkxrna miniieqn mixqg zexnl .ibel ote`a mihtynd
ly "miliawnd zneiqk`"y jkn ecxhed miax mle`e ,19-d d`nd cr ahid mi`wihnznd

:zeneiqk`d x`y enk dil`n zpaen dz`xp `l qcilwe`

:(qcilwe` ly miliawnd zneiqk`) iyingd h`lehqetd
izyn ohw onekqy ,cv eze`a zeinipt zeieef xvei ,p 6= q mixyi ipy jzegd ` xyi m`
zephw zeieefd ea cv eze`a eybtii ,dlabd ila mkiynp m` ,mixyid ipy f` ,zexyi zeieef

.zexyi zeieef izyn

p

hhhhhhhhhhhhhhh
q

r

r

£
£
£
£
£
£
££̀

zeneiqk`d on raepd htynk dgked dl `evnl ,mcw inia cer ,miax mi`wihnzn eqip okl
xacdy i`iieae iwqa'v`ael ,qe`b epiad 19-d d`nd ziy`xa wx ,lirl xen`ke ,zexg`d
mitilgn m` ,oihelgl ziawr ,dycg dixhne`ib gztl ozipye ,zibel dpigan ixyt` izla
-xtidd miliawnd zneiqk`" zi`xwpd ,dzlilya qcilwe` ly miliawnd zniqk` z`

."zilea

:zeih`neiqk`d zeixhne`ibd ly xzeia zeaeygd ze`nbecd izya dligz fkxzp ep`
oey`x alya .(zicilwe`-`ld) zileaxtidd dixhne`ibde ,zxkend zicilwe`d dixhne`ibd

.qcilwe` ly zixewnd dyiba ,ih`neiqk` ote`a odizy z` x`zl ozip cvik d`xp

ly zixewnd zeneiqk`d zkxrna miniieqn mixqg elbzd mipyd jldna ,epiivy itk
z` x`zl oeiqp `l` ,zhyten zibel zkxrn da d`x `l `edy meyn xwira - qcilwe`
ibeld weica rbty dn ,mixeiv lr eizegkeda jnzqd jk meyn .miig ep` eay ifitd mlerd

.odly
-ae ,qcilwe` ly zkxrna dl` mixqg milydl mipey zepeiqp eyrp 19-d d`nd jldna
odny ,zicilwe`d dixhne`ibl zeneiqk` (David Hilbert [1862-1945]) hxalid gqip 1898

.zeienq zegpda ynzydl ila ,cala ibel wqid ici-lr ,agxnd zqcpd lk z` gztl ozip

zih`neiqk`d dixhne`ibl miipey`x mibyen 4.1

xyt` ,evxz m` .dxcbdl mipzip mpi`y miniieqn mibyen mpyi zih`niqk` zkxrn lka
zkxrn lkl dl` zenya `exwl epl xzen :mibyend ly dxcbd onvr zeneiqk`a ze`xl
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,dxabl`a "dcy" e` "dxeag" ly dxcbda dxew jk) zeneiqk`d z` miniiwnd minvr ly
ly zxeqnl jynda ,hxalid xga xeyind zqcpd ly dxwna .("ibeleteh agxn" ly o`
ozip zibel dpigany zexnl) "miipey`x mibyen" ly d`ad dniyxa ynzydl ,qcilwe`

:(zegta wtzqdl did

.(A, B, . . . , P,Q, . . . :zelecb zeipihl zeize`a epneqi) zecewp .1

.(a, b, . . . , k, `, . . . :zephw zeipihl zeize`a epneqi) mixyi .2

. (P ∈ ` :oneqi) ` lr P e` ,` xyil zkiiy P dcewpd dlig .3

.(A ∗B ∗ C :oneqi) C-e A zecewpd oia z`vnp B dcewpd xcq .4

.(AB ∼= CD :oneqi) D-e C oia rhwl steg B-e A oia rhwd dtitg .5

:zexcbd 4.1.1

lr aeygl xyt` ,evxz m` .mixg` miax mibyen xicbdl ozip miipey`xd mibyend zxfra
,jynda o`k xcbend byend riteny mrt lka ,zibel dpigan :cala mixeviwk dl` zexcbd

.o`k zpzipd dxcbda etilgdl ozip

oi` m` (∼ Coll(A, B, C) :oeniq) cg` xyi lr opi` C-e B ,A zecewpd ylyy xn`p .1
.C ∈ ` mbe B ∈ ` mbe A ∈ `-y jk ` xyi

:onqpe ,P ∈ ` mbe P ∈ k-y jk P dcewp oi` m` ` xyil liawn k xyidy xn`p .2
k ‖ `

:(B 6∈ `-e A 6∈ `) ` lr opi`y zecewp A,B-e xyi ` `di .3

,` ici lr zecxten B-e A-y xn`p ,A ∗C ∗B-y jk C ∈ ` dcewp zniiw m` .`
.A ∗ ` ∗B :onqpe

ly cv eze`n ze`vnp B-e A-y xn`p ,A ∗C ∗B-y jk C ∈ ` dcewp oi` m` .a
.AB ∗ ` :onqpe ,`

:zecewpd sqe` `ed B-l A-n rhwd ,(A 6= B) zepey zecewp izy B-e A m` .4

. AB = {C | C = A e` C = B e` A ∗ C ∗B}

:zecewpd sqe` `id B-l A-n oxwd ,(A 6= B) zepey zecewp izy B-e A m` .5

.
−→
AB= {C | C = A e` A ∗ C ∗B e` C = B e` A ∗B ∗ C}
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.C ∈ AB mbe C ∈ `-y jk C dcewp zniiw m` AB rhwd z` jzeg ` xyidy xn`p .6

.(dnecke ,"AB rhwd z` zkzeg
−→
PQ oxwd" :xicbp dnec ote`a)

jk E dcewp yi m` (AB > CD :oeniq) CD rhwdn lecb AB rhwdy xn`p .7
.AE ∼= CD-e A ∗ E ∗B-y

∼ Coll(A,B, C) m`
−→
AD oxwde

−→
AB oxwd oia zi`vnp

−→
AC oxwdy xn`p .8

C dcewpdy mb xn`p df dxwna .CD ∗ `(AB) mbe BC ∗ `(AD) :miiwzne
.∠BAD zieefl zinipt

.!"zieef" byend z` xicbdl jxev oi` :al i/miy

m` (∠ABC ∼= ∠DEF :onqp) ∠DEF zieefl ztteg ∠ABC zieefdy xn`p .9
:mi`ad mi`pzd ipyn cg` miiwzn

:e` ;(dgehy ∠ABC zieefdy xn`p df dxwna) D ∗ E ∗ F mbe A ∗B ∗ C .`

jk C ′ ∈−→EF ,A′ ∈−→ED zecewp zeniiwe ∼ Coll(D, E, F )-e ∼ Coll(A,B, C) .a
.AC ∼= A′C ′-e BC ∼= EC ′ ,BA ∼= EA′-y

A ∗B ∗D-y jk D dcewp zniiwe ∼ Coll(A,B,C) m` dxyi zieef ∠ABC-y xn`p .10
.∠ABC ∼= ∠DBC-e

`(B,C) ⊥ :onqpe ,`(B,C) xyil jpe`n `(A,B) xyidy mb xn`p df dxwna
.`(A,B)

yi m` (∠ABC > ∠DEF :oeniq) ∠DEF zieefdn dlecb ∠ABC zieefdy xn`p .11

.∠ABG ∼= ∠DEF -e ,
−→
BC oxwde

−→
BA oxwd oia zi`vnp

−→
BG oxwdy jk G dcewp

m` (4ABC ∼= 4DEF :oeniq) 4DEF yleynl steg 4ABC yleyndy xn`p .12
z` mixicbn eppi` ,aey) .BC ∼= EF -e AC ∼= DF ,AB ∼= DE-e ∼ Coll(A,B,C)

.("yleyn" byend

m` (4ABC ∼ 4DEF :oeniq) 4DEF yleynl dnec 4ABC yleyndy xn`p .13
.∠ACB ∼= ∠DFE-e ∠BCA ∼= ∠EFD-e ∠ABC ∼= ∠DEF -e ∼ Coll(A,B,C)

hxalid ly zeneiqk`d 4.2

ziyingde ,ziyilyd ,dpey`xd oday ,zeveaw yngl ely zeneiqk`d z` wlig hxalid
-xde dipyd dveawd eli`e ,milw miiepiya ,qcilwe` ly zeixewnd zeneiqk`d z` zellek

.mipyd jxe`l elbzipy mixqgd z` milydl zexen`d ,zeycg zeneiqk` od ziria
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o`k eyrp okle ,xeyinl `le ,icilwe`d agxnl dqgiizd hxalid ly zixewnd zkxrnd
gqpl did ozip - zniieqn zetcer dpyi miiwd geqipa mb dxwn lka .miniieqn miiepiy

.`xewl dtewy zegt e` ,yeniyl dgep zegt j` ,xzei zipkqg dxeva zeneiqk`d z`

:dligd zeneiqk` .I

Q ∈ ` mbe P ∈ `-y jk ` cigi xyi miiw P 6= Q zepey zecewp izy lkl .I1

.Q ∈ ` mbe P ∈ `-y jk P 6= Q zepey zecewp izy zegtl zeniiw ` xyi lkl .I2

.∼ Coll(P, Q, R) ,xnelk - cg` xyi lr opi`y R ,Q ,P zecewp yely zegtl zeniiw .I3

:xcqdd zeneiqk` .II

:f` A ∗B ∗ C m` .II1

.A 6= C-e B 6= C ,A 6= B (`)

.C ∈ ` mbe B ∈ ` mbe A ∈ `-y jk ` xyi miiw (a)

.C ∗B ∗ A :mb miiwzn (b)

.A ∗Q ∗B-e A ∗B ∗ P -y jk Q-e P zecewp izy zegtl zeniiw if` A 6= B m` .II2

jk ` xyi miiwe (A 6= C ,B 6= C ,A 6= B) zepey zecewp yely C ,B,A m` .II3
.B ∗ A ∗ C-y e` A ∗ C ∗B-y e` A ∗B ∗ C-y e` if` - A,B,C ∈ `-y

.B ∗ A ∗ C `l mbe A ∗ C ∗B miiwzn `l f` A ∗B ∗ C m` II4

:zepey zecewp yely C ,B,A -e xyi ` `di II5

.BC ∗ ` f` ,AC ∗ ` mbe AB ∗ ` m` (`)

.AC ∗ ` f` ,B ∗ ` ∗ C mbe A ∗ ` ∗B m` (a)

:dtitgd zeneiqk` .III

:F ,E ,D ,C ,B ,A zecewp lkl .III1

.AB ∼= BA (`)

.B = C m` wxe m` AA ∼= BC (a)
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.CD ∼= AB m` wxe m` AB ∼= CD (b)

.AB ∼= EF f` CD ∼= EF -e AB ∼= CD m` (c)

-y jk E ∈−→CD dcigi dcewp zniiw C 6= D-y jk D ,C ,B ,A zecewp lkl .III2
.AB ∼= CE

.AC ∼= PR f` ,BC ∼= QR-e AB ∼= PQ ,P ∗Q ∗R ,A ∗B ∗ C m` .III3

.AD ∼= BC :miiwzn `l f` ,B ∗ C ∗D-e A ∗B ∗ C m` .III4

dcewp zniiw if` ,AB ∼= PQ :miiwzne ,∼ Coll(P,Q, R)-e ∼ Coll(A,B, C) m` .III5
(RS ∗ `(P,Q) ,xnelk) `(P, Q) xyid ly cv eze`n S-e R-y jk S dcigi

.QS ∼= BC ,PS ∼= AC :miiwzne

,P ∗Q ∗R ,A ∗B ∗ C :miiwzne ,∼ Coll(P,Q, S) mbe ∼ Coll(A,B, D) m` .III6
.CD ∼= RS if` - BD ∼= QS-e AD ∼= PS ,BC ∼= QR ,AB ∼= PQ

:zetivxd zneiqk` .IV

Q ∈ Y-e P ∈ X lkle ,
−→
AZ oxwl zekiiyd zecewp ly zeveaw izy Y-e X dpiidz

Q ∈ Y-e P ∈ X zecewp izy lkly jk B ∈−→AZ dcewp zniiw if` .A ∗P ∗Q :miiwzn
.(Y-l X oia dcixtn B ,xnelk) .P ∗B ∗Q :miiwzn (P 6= B 6= Q) B-n zepeyd

:zicilwe`d miliawnd zneiqk` .V

.P jxc `-l cg` liawn xzeid lkl miiw ` lr dpi`y P dcewp lkle ` xyi lkl

ziheleqa`d dixhne`ibd 4.3

dixhne`ibd `xwp miliawnd zneiqk` zxfr `ll dgkedl ozipy dixhne`ibd ly wlg eze`
mihtynd z` zllek `id .(absolute geometry e` neutral - zil`xhipd :e`) ziheleqa`d

.libxzk `xewl daexa zx`yen (hxalid ly zeneiqk`d zxfra) mzgked xy` ,mi`ad

avnl e` ,xyi lr zecewp ly xcql zeqgiiznd dl` - ze`vezd on wlgy al eniy
rbxa epl zeyxcp od j` ,odil`n zepaen qcilwe`l e`xp - xeyina xyie zecewp ly iccd
qqazn epi`e ,zeneiqk`d ly zibel d`vez `ed migiken ep`y dn lky gihadl mivex ep`y

.cala zizefg divi`ehpi` lr
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:dprh 4.3.1

:miiwzn P 6= Q zepey zecewp izy lkl

.
−→
PQ ∩ −→QP = PQ .`

.X ∈−→PQ ∪ −→QP ⇔ X ∈ `(P,Q) .a

:dprh 4.3.2

.A ∗B ∗D miiwzn ,B ∗ C ∗D-e A ∗B ∗ C-y ozpida (`)

.)A ∗B ∗D mb okle) B ∗ C ∗D miiwzn ,A ∗ C ∗D-e A ∗B ∗ C-y ozpida (a)

.P ∈−→BA e` P ∈−→BC miiwzn ,P ∈ `(A,B)-e A ∗B ∗ C m` (b)

cvik .ipey`x byen didiy mewna ,xcqd qgi zxfra xyid byen z` xicbdl ozip :dxrd
?df dxwna dligde xcqd zeneiqk` egqepi

:dprh 4.3.3

.zepey zecewp seqpi` yi xyi lk lr

:dnl 4.3.4

.ahid xcben "
−→
AD oxwde

−→
AB oxwd oia zi`vnp

−→
AC oxwd" byend

:Pasch htyn 4.3.5

xyid ,A∗D ∗B :zniiwnd ` 3 D dcewpe ,` xyi , C-e B ,A zepey zecewp yly ozpida
.(cgi mdipy z` jzeg epi` ` f` ,C 6∈ ` m`e) BC rhwd z` e` AC rhwd z` jzeg `

:dnl 4.3.6
−→
AC oxwd f` ,

−→
AD oxwd oial

−→
AB oxwd oia zi`vnp

−→
AC oxwd m` (`)

.BD rhwd z` zkzeg

m` D ∈ `(B,C) f` ∠CAB zieefl zinipt D dcewpde ,∼ Coll(A,B,C) m` (a)

.B ∗D ∗ C m` wxe

:dnl 4.3.7

.zeliwy qgi deedn zeieef ztitg
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:["rlv-zieef-rlv"] htyn 4.3.8

,AC ∼= DF -e ,∠BAC ∼= ∠EDF ,AB ∼= DE ,∼ Coll(D,E, F ) ,∼ Coll(A,B, C) m`
.4ABC ∼= 4DEF f`

:["zieef-rlv-zieef"] htyn 4.3.9

∠ABC ∼=-e ,∠BAC ∼= ∠EDF ,AB ∼= DE ,∼ Coll(D, E, F ) ,∼ Coll(A,B, C) m`
.4ABC ∼= 4DEF f` ,∠DEF

:dprh 4.3.10

zewlgn lr ix`pil xcq qgi deedn "CD rhwdn lecb AB rhwd" qgid (`)

.(mirhw ztitg qgi zgz) mirhwd ly zeliwyd

zewlgn lr ix`pil xcq qgi deedn "∠DEF zieefdn dlecb ∠ABC zieefd" qgid (a)

.zeieefd ly zeliwyd

:dprh 4.3.11

deey yleyna qiqad zeieef) AB ∼= AC ⇔ ∠ABC ∼= ∠ACB f` ∼ Coll(A,B,C) m`
.(jtidle ,zetteg miiwey

:dprh 4.3.12

.dn`zda mitteg minilynd mb f` ∠ABC ∼= ∠DEF m` (`)

.zetteg zeicewcew zeieef (a)

:dnl 4.3.13

.efl ef zetteg zexyid zeieefd lk

:dprh 4.3.14

.P jxc xaerd `-l jp` miiw ,` 63 P dcewpe ` xyi lkl (`)

.P jxc xaerd `-l jp` miiw ,` 3 P dcewpe ` xyi lkl (a)

:htyn 4.3.15

p mixyid f` ,180o onekqy zeinipt zeieef xveie q-e p mipey mixyi ipy jzeg ` xyi m`
.miliawn q-e

dcewpa mikzgp q-e p-y dlilyd jxca gippe ,B-a q z`e A-a p z` jzeg `-y gipp :dgked
:P
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Q

,dgpdd itl ∠ABP ∼= ∠QAB f` .BP -l stegd AQ rhw P -n jetdd oeeika p lr dvwp
∠PBA-e ∠QBA f` j` .rlv-zieef-rlv itl mitteg 4PBA-e 4QAB miyleynd okle
mixyid okle - cg` xyi lr od Q-e B ,P zecewpd xnelk ,dgehy zieefl df z` df minilyn
¤ .dxizq - micklzn q-e p

:dpwqn 4.3.16

e` zeinipt) zeitelig zeieef xveid m iyily xyi i"r mikzgp ` ,k mipey mixyi ipy m`
.k ‖ ` f` ,zetteg (zeipevig

:dpwqn 4.3.17

.P jxc `-l cg` liawn zegtl miiw f` ,` xyid lr dpi` P dcewpd m`

.P -a PQ-l PR jp` dlrpe ,`-l PQ jp` cixep :dgked

`
r

Q

90o

rP

90o

mrR

:["zieef-zieef-rlv"] htyn 4.3.18

∠BCA ∼=-e ,∠BAC ∼= ∠EDF ,AB ∼= DE ,∼ Coll(D, E, F ) ,∼ Coll(A,B, C) m`
.4ABC ∼= 4DEF f` ,∠EFD

:htyn 4.3.19

.dl dcenv dpi`y zinipt zieef lkn dlecb yleynl zipevig zieef

dpi`y zinipt zieef ∠BAC-e ,4ABC yleynl zipevig zieef γ := ∠ACD idz :dgked
htyn itl ,miliawn AB-e CD mixyid eid f` ik ,γ = ∠BAC-y okzii `l .dl dcenv
lr E dcewp zniiw f` ,γ < ∠BAC-y gipp m` .B-a mikzgp mdy jkl dxizqa ,4.3.15
- 4.3.15 htyn itl miliawn CD-e AE mixyid f`e ,∠CAE = γ-y jk BC rlvd

.E-a mikzgp mdy jkl dxizqa

52



r
B

¡
¡

¡
¡

¡
¡

¡
rA

γ
@

@
@

@
@

@
@

¤
¤
¤
¤
¤
¤
¤r

E
rγ

C
r
D

:dpwqn 4.3.20

.180o-n ohw yleyna zeieef izy lk ly mekqd

.∠BAC + ∠ACB < ∠ACD + ∠ACB = 180o :4.3.19 htyn zgked ly mipeniqa :dgked
¤

:dprh 4.3.21

zieefd) ∠BAC > ∠ACB ⇔ BC > AB f` ∼ Coll(A,B,C) m` (`)

.(dlecbd rlvd len yleyna dlecbd

f` AC ∼= DF ,AB ∼= DE-e ∼ Coll(D, E, F ) ,∼ Coll(A,B,C) m` (a)

.∠BAC > ∠EDF ⇔ BC > EF

:[yleynd oeieey-i`] dprh 4.3.22

,A ∗ B ∗ D-y jk D dcewp zniiw ,∼ Coll(A,B,C)-y jk C-e B ,A zecewp yly lkl
.AD > AC-e BD ∼= BC

:[rhw rvn`] dprh 4.3.23

.AC ∼= CB-e A ∗ C ∗B-y jk C dcewp zniiw A 6= B zecewp izy lkl

:diipaa i/ynzyd :dgked

rA rC rB¡
¡

¡
¡

rD

¡
¡

¡
¡r E

p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p

:[zieef dveg] dprh 4.3.24
−→
AD oxwdy jk D dcewp zniiw ,∼ Coll(A,B, C)-y jk C-e B ,A zecewp yly lkl

.∠BAD ∼= ∠CAD-e ,
−→
AC oxwde

−→
AB oxwd oia zi`vnp
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:[qcnikx` ly dneiqk`d] htyn 4.3.25
−→
AF -a En . . . ,E1 ,E0 zecewpe 1 ≤ n mly xtqn miiw ,C 6= D ,A 6= F zecewp ozpida

.A ∗ F ∗ En-e ,i = 1, . . . n-l A ∗ Ei ∗ Ei+1-e Ei−1Ei
∼= CD ,E0 = A-y jk

Ei−1Ei
∼= CD-y jk . . . ,En ,. . . ,E1 ,A = E0 zecewp zxcq

−→
AF oxwd lr dvwp :dgked

.Y :=
−→
AF \X-e ,X :=

⋃∞
n=1 E0En :

−→
AF -a zecewp ly zeveaw izy xicbpe ,A ∗Ei ∗Ei+1-e

i"r ghaen dneiwy
−→
AF3 B dcewpde ,IV dneiqk` ly zegpdd zeniiwzn ,Y 6= ∅ m`

¤ .dxizq - Y-l `le X-l `l zkiizyn dpi` IV dneiqk`

:htyn 4.3.26

B ,A zecewp izy lkl mi`zdl ozip Y 6= X (zereaw) zepey zecewp izy ly dxiga lkl
:miiwzny ote`a ,AB :oneqie ,AB rhwd ly jxe`d `xwiiy ,ilily-i` iynn xtqn

.1 = XY .`

.0 = AB ⇔ A = B .a

.AB ∼= CD m` wxe m` AB = CD .b

.A ∗B ∗ C m` wxe m` B ∈ AC xear AC > AB .c

.AB + BC = AC f` A ∗B ∗ C m` .d

:htyn 4.3.27

zieefd ly dcind `xwpd ,iynn xtqn A 6= B 6= C zecewp yely lkl mi`zdl ozip
:miiwzny ote`a ,(∠ABC)◦ :oneqie ,∠ABC

.(∠ABC)◦ = 0◦ ⇔−→BA=
−→
BC .`

.(∠ABC)◦ = 180◦ ⇔ A ∗B ∗ C .a

.0 < (∠ABC)◦ < 180◦ f` ∼ Coll(A,B, C) m` .b

.∠ABC ∼= ∠DEF m` wxe m` (∠ABC)◦ = (∠DEF )◦ .c

oxwd oia zi`vnp
−→
AC oxwdy e` ,∼ Coll(A,B, C) mbe B ∗ A ∗D miiwzn m` .d

.(∠BCA)◦ + (∠CAD)◦ = (∠BAD)◦ :if` ,
−→
AD oxwde

−→
AB

Adrien-Marie Legendre) xcp'fle ixk`q ici lr ielz-izla ote`a gked `ad htynd
zxbqna zicilwe`d miliawnd zneiqk` z` gikedl mdizepeiqp jldna ,([1752-1833]

:ziheleqa`d dixhne`ibd
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:htyn 4.3.28

.180o-n lecb epi` yleyna zeieefd yely ly mekqd

xzeia dphwd zieefdye ,180o + ε `ed 4ABC yleyna zeieefd mekqy gipp :dgked
xarn AD xyid lr dcewp E idz ,BC rlvd rvn` D m` .∠BAC = α `id yleyna
,rlv-zieef-rlv itl mitteg 4ECD-e 4ABD miyleynd f` .AD = DE-y jk D-l
-e ∠EAC zeieefd izyn zg` mle` .180o + ε aey `ed 4ACE yleyna zeieefd mekqe
ylyenay epi`xd ,diipad itl ∠AEC = ∠BAD-y oeeikne ,α/2-l deey e` dphw ∠BAD

.α/2 xzeid lkl `id xzeia dphwd zieefd 4ACE

r
A

α
?

¡
¡

¡
¡

¡
¡

¡

!!!!!!!!!!!!!!!!!!!

rD

rB
@

@
@

@
@

@
@r
C
·
·
·
·
·
·
··

rE

ea zeieefd mekqy yleynl ribp qcnikx` ly dneiqk`d it-lr ,ef dipa lr dxfg ici-lr
¤ .4.3.20 dpwqnl dxizqa - ε-n dphw ea xzeia dphwd zieefd la` ,180o + ε

:dpwqn 4.3.29

.360◦ ≥ xenw raexna zeieefd mekq

:dxcbd 4.3.30

:xtqnd zeidl 4ABC yleynd ly (defect) xqgd z` xicbp

. Def(4ABC) := 180◦ − (∠ABC)◦ − (∠BCA)◦ − (∠CAB)◦

.180◦ ≥ ilily-i` xtqn `ed xqgd ,4.3.28 htyn itl :dxrd

:dnl 4.3.31

Def(4ABC) = f` A∗D∗B-e ,(∼ Coll(A,B,C)) cg` xyi lr opi` C-e B ,A zecewpd m`
.Def(4ACD) + Def(4BCD)

:htyn 4.3.32

mekqy yleyn miiw f` ,`-l cigi liawn xaer dkxcy ,`-l uegn P dcewpe ` xyi miiw m`
.180o-l deey ea zeieefd

β := ∠TPQ = ∠PQR-e α := ∠SPR = ∠PRQ idze ,` lr R-e Q m` :dgked
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Q
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r
R

α

rT rS

mdipy PS-e PT mixyid f` .β := ∠TPQ = ∠PQR-e α := ∠SPR = ∠PRQ idz
∠TPS zieefd ,xnelk - (zecigid llba) micklzn md okle ,(1 htyn itl) `-l miliawn
¤ .α + β + ∠QPR = 180o-y xne` df la` .dgehy

:htyn 4.3.33

ea zeieefd lky raexn ,xnelk) oaln miiw f` ,180o zeieefd mekq eay yleyn miiw m`
.(zexyi

.180o zeieefd mekq eay 4ABC cg` yleyn miiwy gipp :dgked

-xed ici-lr .yleyna xzeia dlecbd zieefd `id ∠ABC-y gipp zeillkd zlabd ila
on cg` lka zeieefd mekqy d`xp 4.3.28 htyn itl ,AC rlva D dcewpl B-n jp` zc

.180o-l deey 4BCD-e 4ABD zieefd-ixyi miyleynd

r
A

´
´

´
´

´
´

´́
rB
@

@
@

@
@r

C
r

D

90o

:AB rlvd ly ipyd ecivn 4ABD-l steg yleyn ly dipa ici-lr

rA ´
´

´
´

´
´

´́

α
β

rBα

β

rD90o

rE
90o

¤ .AEBD oaln lawp

:htyn 4.3.34

.180◦ `ed yleyn lka zeieefd mekq f` ,oaln miiw m`

-kx` ly dneiqk`d itl ,ikp`de iwte`d oeeika minrt xtqn oalnd letky ici-lr :dgked
lkep ,4FGH edylk zieef xyi yleyn ozpida ,hxta .eppevxk lecb oaln lawl lkep qcni

.GKLM oaln jeza epkyl
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d`xp 4.3.28 htynn ,zexyi ∠LMG-e ,∠KLM ,∠GKL ,∠KGM zeieefd lky oeeikn
.180o `ed 4GKM-e 4MLK miyleynd on cg` lka zeieefd mekqy

rG rK

rM rLQ
Q

Q
Q

Q
Q

Q
Q

Q
Q

Q
Q

Q
Q

Q

rF HHHHHHHHHHHH

aaaaaaaaaaaaaaar
H

4MFK miyleynd on cg` lka zeieefd mekqy `vnp zeieef oeayg ly lewiy eze`n j`
.180o `ed 4FGH-e 4FHK-a zeieefd mekq ote` eze`ae ;180o `ed 4KFG-e

.180o `ed zieef-xyi yleyn lka zeieefd mekqy ,`eti` ,epi`xd

r
A

´
´

´
´

´
´

´́
rB
@

@
@

@
@r

C
r

D

90o

zieef-ixyi miyleyn ipyl ewlgp jp` zcxed ici-lr ,4ABC edylk yleyn ozpida dzr
¤ .4ABC-a mb jk okle ,180o mdn cg` lka zeieefd mekqy

:dpwqn 4.3.35

.180o-l deey yleyn lka zeieefd mekq f` ,180o zeieefd mekq eay cg` yleyn miiw m`

:[Wallis ly dneiqk`d] dprh 4.3.36

.180o-l deey yleyn lka zeieefd mekqy xxeb mitteg mpi`y minec miyleyn ipy meiw

A′C ′ < zeillkd zlabd ilae ,mitteg mpi` j` ,minec 4A′B′C ′-e 4ABC-y gipp :dgked
jk

−→
CB oxwd lr dcewp Q m` .CP = C ′A′-y jk A-l C oia P dcewp zniiw f` .AC

okle ,(rlv-zieef-rlv itl) mitteg 4A′B′C ′-e 4PQC miyleynd f` ,CQ = C ′B′-y
Q hxtae ,4.3.15 htyn itl ,miliawn AB-e PQ mixyid xnelk ,α := ∠CAB = ∠CPQ

.B-l C oia zi`vnp
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180o − α

r Qβ
180o − β

mekq ,180o = ∠CBA + ∠BQP -e 180o = ∠CPQ + ∠APQ = ∠CAB + ∠APQ-y oeeikn
¤ .180o `ed 4APB yleyna zeieefd mekq okle ,360o `ed APQB ftxha zeieefd

:dprh 4.3.37

:f` .zexyi zeieef ∠BCD-e ∠ABC eay ,xenw raexn ¤ABCD `di

;∠BAD ∼= ∠ADC f` ,AB ∼= CD m` (`)

;∠BAD > ∠ADC f` ,AB < CD m` (a)

.AB < CD f` ,∠BAD > ∠ADC m` (b)

:dxcbd 4.3.38

.AB ∼= CD-e zexyi zeieef ∠BCD-e ∠ABC ,¤ABCD xenw raexn `ed ixk`q raexn

:dprh 4.3.39

zneiqk` zniiwzn f` ,dxyi zieef ∠BAD :miiwzn ¤ABCD ixk`q raexna m` (`)
.V miliawnd

,xnelk) ¤ABCD ixk`q raexna dn`zda BC-e AD mirhwd irvn` F -e E edi (a)
zeieef ∠DEF -e ∠EFC if` .(B ∗ F ∗ C-e ,BF ∼= FC ,A ∗ E ∗D ,AE ∼= ED

.BF ≤ AE-e EF ≤ AB-e zexyi

-liawnd zneiqk` zniiwzn f` ,(a)-a BF ∼= AE e` EF ∼= AB oeieey miiw m` (b)
.V mi

:dprh 4.3.40

:d`ad dprhl dlewy V miliawnd zneiqk`

jk ,` lr D ∗ E ∗ F ,k lr A ∗ B ∗ C zecewpe k ‖ ` miliawn mixyi ipy miniiw
.` xyil mikpe`n `(C, F )-e ,`(B, E) ,`(A,D) mixyide AD ∼= BE ∼= FC-y
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zih`neiqk`d zileaxtidd dixhne`ibd 4.4

x`yl iyingd h`lehqetd zlily ztqedn zlawznd ef `id zileaxtidd dixhne`ibd
:qcilwe` ly zeneiqk`d

:V’ zileaxtidd miliawnd zneiqk`

.`-l mipey miliawn ipy zegtl xiardl ozip dkxc xy` ,`-l uegn P dcewpe ` xyi miiw

sqepa) V’ dneiqk` lr miknzqn ,zileaxtidd dixhne`ibd ly ,mi`ad mihtynd
dkxcd wx `l` ,ze`ln zegked ozip `l llk-jxca .(oaenk ,I-IV zeveawn zeneiqk`l

.`xewl

:htyn 4.4.1

.180o-n ohw zeieef mekq mr yleyn miiw

PR-e `-l jp`d PQ-y gipp ,zileaxtidd miliawnd zneiqk`ak `-e P ozpida :dgked
,sqep liawn `ed PS xyid eli`e ,4.3.17 dpwqn zgkedak ,"ihxcphqd" liawnd xyid

.0o < ∠SPR < 900 okle ,∠SPQ < 90o zeillkd zlabd ilae

.∠T0PQ < ∠SPQ f` .S enk PQ ly cv eze`n ` xyid lr idylk dcewp T0 idz
htynne ,∠PT1Q = ∠T0PT1 okle ,miiwey deey 4T1PT0 f` ,T0T1 = T0P dvwp m`
wiqdl -y `vnp ,T1T2 = T1P dvwp m` dzr .∠PT0Q ≥ 2 · ∠PT1Q-y wiqdl xyt` 4
itl ,df ote`a jiynp m` .∠PT0Q/4 ≥ ∠PT2Q-y wiqdl okle ∠PT1Q ≥ 2 · ∠PT2Q-y
,∠SPR > ∠PTnQ-y jk ` lr Tn dcewp xac ly eteqa lawp qcnikx` ly dneiqk`d

:okle
, 90o = ∠SPR + ∠SPQ > ∠PTnQ + ∠TnPQ

¤ .yxcpk ,180o-n ohw 4QPTn yleyna zeieefd mekq ,xnelk

`
r

Q

90o

rP rRhhhhhhhhhhhhhhhhhhhhhhhhhh
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Q
Q
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Q
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:dpwqn 4.4.2

.180o-n ohw yleyn lka zeieefd mekq
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,m∩ ` 3 P zecewp yie k 6= m m` m ,k mixyil szeyn jp` `xwp ` xyid (`) :zexcbd
.k-l ode m-l od jpe`n ` = `(P, Q)-y jk k ∩ ` 3 Q

.szeyn jp` mdl yie miliawn md m` mixcazn miliawn mi`xwp m ,k mixyid (a)

jp` mdl oi`e miliawn md m` miihehtniq` miliawn mi`xwp m ,k mixyid (b)
.szeyn

:dprh 4.4.3

.cg` szeyn jp` xzeid lkl yi miliawn mixyi ipyl (`)

`(A,C) mixyidy jk ` lr C 6= D ,k lr A 6= B zecewp yie k ‖ ` m` (a)

.mixcazn miliawn `-e k f` AC ∼= BD-e k xyil mikpe`n `(B, D)-e

zeniiwe (Q ∈ ` ,P ∈ k) `(P, Q) szeyn jp` yi `-e k miliawn mixyil m` (b)

`(A,C)-e AP ∼= PB ,C ∗Q∗D ,A∗P ∗B-y jk C, D ∈ `-e k 3 A,B zecewp

.CQ ∼= QD-e AC ∼= BD f` `-l mikpe`n `(B, D)-e

:dprh 4.4.4

`(P,Q)-y jk dcewpd ` 3 Q m` ,` lr dpi`y P dcewp lkle ` xyi lkl
`(P,A) ‖ ` ,A∗ `(P, Q)∗B-y jk B ,A zecewp izy zeniiw f` (lirl `-l jpe`n

:mi`ad mi`pzd miniiwzne `(P,B) ‖ `-e

zkzeg
−→
PC oxwd m` wxe m`

−→
PB oxwd oial

−→
PA oxwd oia zi`vnp

−→
PC oxwd (`)
.` xyid z`

.∠APQ ∼= ∠BPQ (a)

.dcg ∠APQ zieefd (b)

¤ .(IV dneiqk`a ynzyp ,(`)-l :fnx

:dxcbd 4.4.5

.zeileab zeliawn miipxw ze`xwp 4.4.4 dprha gked mneiwy
−→
PB-e

−→
PA miipxwd

AD∗`(P, Q) m`
−→
QD oxwl zileab dliawn

−→
PA oxwdy mb xn`pe ,P jxc ` xyil

.P -a `-l zeliawnd zieef ze`xwp ∠APQ zieefd .D ∈ `-e
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:dprh 4.4.6

:` xyil zileab dliawn oxw
−→
PA `dz

.` xyil zileab dliawn oxw
−→
RA oxwd mb f` R ∈−→PA m` (`)

.` xyil zileab dliawn oxw
−→
RA oxwd mb f` R ∗ P ∗ A m` (a)

jk E dcewp yi ,∠PRS-l zinipt dcewp D-e `-l jp` `(R,S) ozpida ,(a)-l :dgked
¤ .(E ∗ `(P, Q) ∗ A-y i/d`xd .D ∗R ∗ E-y

oeeik eze` odl yiy xn`p .` xyi eze`l zeiwlg miipxw
−→
CD-e

−→
AB dpiidz (`) :zexcbd

.miketd mipeeik odl yiy xn`p zxg` ;
−→
CD⊆−→AB e`

−→
AB⊆−→CD m`

yi m` (
−→
PA

◦‖ −→QC :oeniq)
−→
QC oxwl zihehtniq` dliawn

−→
PA oxwdy xn`p (a)

jk
−→
QC enk oeeik eze` zlra

−→
SD oxwe

−→
PA enk oeeik eze` zlra

−→
RB oxw

.
−→
SD-l zileab dliawn

−→
RB-y

:dprh 4.4.7

`(Q,R)-y jk R ∈ `(P, A)-e ,
−→
QC oxwl zileab dliawn oxw

−→
PA `dz

.`(P,A)-l jpe`n

.
−→
PA z` zkzeg

−→
QD oxwd f` ,∠RQC-l zinipt dcewp D m` (`)

qgiye ,zeliwy qgi `ed (` oezp xyil zeiwlg miipxw oia) "oeeik eze` zelra" qgid (a)
.miipxw ly zeliwy zewlgn lr xcben zihehtniq`d zeliawnd

.
−→
PA

◦‖ −→QC⇔−→QC
◦‖ −→PA :ixhniq `ed zihehtniq`d zeliawnd qgi (b)

.AC ∗ `(P,Q) f`
−→
QC-l zihehtniq` dliawn

−→
PA m` (c)

:zeniiwnd L-e ,K ,H ,G ,F ,E zecewp ly oneiw d`xp ,(`)-l :dgked

;∠PEQ = 90o-e E ∈−→QD .1

;PF ∼= PE-e P ∗ F ∗Q .2

;GD ∗ `(P, Q)-e ∠PFG = 90o .3

;∠APE ∼= ∠HPQ-e H ∈−→QC .4
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;K ∈−→FG-e P ∗K ∗H .5

;PL ∼= PK-e L ∈−→PA .6

¤ .L ∈−→QD okle ∠PEL = 90o .7

:dprh 4.4.8

S ∈ `(Q,C) ,P ∗R ∗ A ,
−→
QC oxwl zileab dliawn oxw

−→
PA m`

.PQ > SR-e S ∈−→QC f` (∠RSQ)◦ = 90◦-e

:dprh 4.4.9

AB rlvl irvn`d jp`d k ,(∼ Coll(A,B,C) ,xnelk) yleyn 4ABC `di
jp`d ` ,(`(A,B) ⊥ k-e D ∈ k ,AD ∼= DB ,A ∗D ∗B ,xnelk) D dcewpa

.F dcewpa AC rlvl irvn`d jp`d m-e ,E dcewpa BC rlvl irvn`d

.P ∈ m mb f` ,P dcewpa mikzgp `-e k m` (`)

.AC rlvd z` jzeg ` xyid f` AC ≥ AB m` (a)

.mikzgp cinz `-e k mixyid (V dneiqk` zgpda ,xnelk) zicilwe`d dixhne`ba (b)

4ABC miyleyn miniiw (V’ dneiqk` zgpda aey ,xnelk) zileaxtidd dixhne`ba (c)
.mikzgp mpi` `-e k miirvn`d mikp`d mday

:dprhl dlewy zicilwe`d miliawnd zneiqk` (d)

.zg` dcewpa mikzgp zerlvd yely ly miirvn`d mikp`d 4ABC yleyn lka

C ∈ m-e A ∈ k lkle ,` ‖ m ,k ‖ m ,k ‖ ` miiwzn m` k ∗ ` ∗m-y xn`p :dxcbd
.A ∗B ∗ C-y jk B ∈ ` dcewp yi

:dprh 4.4.10

.k ∗m ∗ ` e` m ∗ k ∗ ` miiwzn `le ,m ∗ ` ∗ k mb f` k ∗ ` ∗m m` (`)

A ∗B ∗C-y jk C ∈ M-e B ∈ ` ,A ∈ k zecewp zeniiwe ,` ‖ m ,k ‖ m ,k ‖ ` m` (a)
.k ∗ ` ∗m f` -

,m = `(R,C)-e ,` = `(Q,B) ,k = `(P, A) xear f`
−→
QB

◦‖ −→RC mbe
−→
PA

◦‖ −→QB m` (b)
,m∗k∗` ,k∗`∗m :miqgid oian cg` (weica) miiwzn ,mipey mlek m-e ` ,k mixyide

.k ∗m ∗ ` e`
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:dprh 4.4.11

-e
−→
AB

◦‖ −→CD m` ,xnelk .ziaihifpxh `id miipxw oia zihehtniq`d zeliawnd qgi

.`(A,B) = `(E,F )-y e`
−→
AB

◦‖ −→EF f` ,
−→
CD

◦‖ −→EF

:dprh 4.4.12

.∠ECD > ∠CAB f` -
−→
AB

◦‖ −→CD-e A ∗ C ∗ E miiwzn m`

:dprh 4.4.13

"ihehtniq` ote`a zeaxwzn" miipxwd f`
−→
QC oxwl zileab dliawn

−→
PA oxwd m`

jk
−→
QC3 Q′-e

−→
PA3 R′ zecewp zeniiw P ∗ R ∗ Q-y jk R dcewp lkl :`ad oaena

.∠R′Q′Q = 90o-e R′Q′ ∼= RQ-y

didz R′ .
−→
BQ-l zileab dliawn

−→
SR-y jk B ∈−→QC ,S ∈−→PA zecewp `vnp :dgked

¤ .RS ∼= R′S-e P ∗ S ∗R′-y jk dcewpd

:dprh 4.4.14

ipyn cg` s`a `-l zileab dliawn oxw likn epi` k f` mixcazn miliawn ` ,k m`y (`)
.mipeeikd

ipyn cg` s`a) `-l zileab dliawn oxw likn epi` k-e k ‖ ` m` :oekp jtidd mb (a)
.mixcazn miliawn ` ,k f` (mipeeikd

.`-n wgxn eze`a k lr zecewp izy meiw ze`xdl witqn (a) 4.3.39 dprh itl :dgked
miiwzny gippe ,(∠BQP )◦ = 90◦-e (∠APQ)◦ = 90◦-y jk ` 3 P,Q-e k 3 A,B dpiidz

-y jk . . . ,E ,D ,C zecewp meiw d`xp .AP > BQ

.∠FCP ∼= ∠ZBQ mr FB ∗ `(A,P ) ,A ∗B ∗ Z-e ,CP ∼= BQ mr A ∗ C ∗ P .1

.
−→
PK

◦‖ −→AZ -e ,
−→
QH

◦‖ −→BZ ,
−→
PG

◦‖ −→CF .2

.∠BQH ∼= ∠APG .3

.∠GPY ∼= ∠HQY -e P ∗Q ∗ Y .4

.
−→
PK

◦‖ −→QH .5

.∠KPA-l zinipt G okle ,∠KPY < ∠HQY .6

.D dcewpa
−→
AB z` jzeg

−→
CF .7

.DR ∼= ES-e (∠DRP )◦ = (∠ESP )◦ = 90◦-e BE ∼= CD ,R, S ∈−→PQ ,E ∈−→BZ .8
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:dprh 4.4.15
−→
BC mbe `-l ileab liawn

−→
BA-y jk ` (cigi) xyi miiw f` ∼ Coll(A, B, C) m` (`)

.`-l ileab liawn

zileab liawn
−→
PA-e `(P, B) ⊥ `-y jk ` (cigi) xyi miiw f` (∠APB)◦ < 90◦ m` (a)

.`-l

H ∗ G ∗K-e E ∗ D ∗ F B ∗ A ∗ C-y jk K ,H ,G,F ,E,D,C ,B,A zecewp zeniiw (b)

.
−→
AC

◦‖ −→GK-e ,
−→
DF

◦‖ −→GH ,
−→
AB

◦‖ −→DE-e

mixyidn cg` lk mr jzgpd n xyi oi` f` (b)-ak . . .,B,A zecewp zeniiw m` (c)
.`(G,H)-e ,`(D, E) ,`(A,B)

cg` s` miiwzn `l z`f lkae ,` ‖ m-e k ‖ m ,k ‖ `-y jk k, `, m mixyi miniiw (d)
.k ∗m ∗ ` e` ,m ∗ k ∗ ` ,k ∗ ` ∗m miqgid on

:dgked

-y jk D, E, F, . . . zecewp zeniiw f` .BA ∼= BC-y gipp zeillkd zlabd ila (`)

.
−→
CE

◦‖ −→BA-e
−→
AD

◦‖ −→BC .1

.∠ECG zieefd dveg
−→
CK-e ∠FAD zieefd dveg

−→
AH ,B ∗C ∗G ,B ∗A ∗F .2

.C ∗M ∗K-e C ∗M ∗K dneca ;A ∗ L ∗H xn`pe ,
−→
AH ∩ −→CE= {L} .3

.∠HLC ∼= ∠KMA ∼= ∠CMD .4

.((`)4.3.21 dprh) CL ∼= AM > CM .5

.
−→
NP

◦‖ −→CK okle ∠CNP ∼= ∠HLC ,CN ∼= CM ,C ∗N ∗ L .6

.(4.3.5 htyne 4.3.16 dpwqn) `(C,K) ‖ `(A,H) .7

.(4.4.14-e 4.4.13 zeprh)
−→
LH

◦‖ −→CK okzi `l .8

.(∠AHK)◦ = 90◦ = (∠CKH)◦ = xn`pe `(A,H) ⊥ ` ⊥ `(C, K) .9

`-e `(A,D) mb f` ,(G-a xn`p) ekzgp `-e `(B, C) eli` okle ,AH ∼= CK .10

.
−→
AD

◦‖ −→BG-y jkl dxizqa ,(∠ADH)◦ = (∠GCK)◦ f`e (D-a xn`p) mikzgp

miiwzn `l okle ,(∠RKC)◦ = (∠CHA)◦ f`e
−→
HS

◦‖ −→AD-e
−→
KR

◦‖ −→BC .11

.(4.4.13 dprh) ` = `(H,S) = `(K, R) f`e ,
−→
KR

◦‖ −→HS

.(`)-a ynzyp dzr .∠APB ∼= ∠A′PB-e A′ ∗ `(P, B) ∗A-y jk A′ dcewp zniiw (a)

¤ .(∠ABC)◦ = 90◦-l (a)-a ynzyp (b)
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:dprh 4.4.16

(∠ABC)◦ = (∠ADE)◦ = ,A∗C ∗E ,A∗B∗D :zeniiwnd zecewp E,D,C ,B,A edi (`)
.DE ≥ 2BC-e AB ≥ BD f` .AC ∼= CE-e 90◦

jezigd zcewp P m` :`ad oaena ,"seqpi`l lcb mikzgp mixyi ipy oia wgxnd" (a)
jk ` 3 B-e k 3 A zecewp zeniiw X 6= Y lkl f` ,`-e k mipey mixyi ipy ly

.BA > XY -e (∠BAP )◦ = 90◦-y

lkl f` ,(Q ∈ `-e P ∈ k mr) `-e k miliawnd mixyil szeyn jp` `(P,Q) m` (b)
.AB > XY -e (∠ABP )◦ = 90◦-y jk ` 3 B-e k 3 A zecewp zeniiw X 6= Y

:dgked

dprha xfrpe ,(∠CFE)◦ = 90◦-e ,BC ∼= CF ,B ∗ C ∗ F -y jk F dcewp xgap (`)
.(a) 4.4.4

.4.3.19 htynae (`)-a ynzyp (a)

oxw
−→
PC `dze ,(∠A′B′Q)◦ = 90◦-y jk mdylk ` 3 Q 6= B′-e 3 P 6= A′ xgap (b)

.(a)-a ynzype ,A′B′ rhwd z` zkzeg
−→
PC-y d`xp ,

−→
QB′-l zileab dliawn

:mekiq 4.4.17

:ze`ad zeprh on zg` lkl dlewy zileaxtidd miliawnd zneiqk`

.P jxc `-l miliawn ipy zegtl yi ,` 63 P dcewp lke ` xyi lkl (`)

.180o-n ohw zeieefd mekq eay yleyn miiw (a)

.180o-n ohw yleyn lka zeieefd mekq (b)

.mitteg - minec miyleyn ipy lk (c)

.mikzgp mpi` miirvn`d mikp`d mday 4ABC miyleyn miniiw (d)

jk ,` lr D ∗ E ∗ F ,k lr A ∗ B ∗ C zecewpe k ‖ ` miliawn mixyi ipy oi` (e)
.` xyil mikpe`n `(C, F )-e ,`(B,E) ,`(A,D) mixyide AD ∼= BE ∼= FC-y

-eiqk` ote`a dligzkln zileaxtidd dixhne`ibd dgzet ixehqid ote`a ,xen`k :dxrd
xake xg`n .ziawr `idy ze`xdl ecrep dl ervedy mipeyd miihilp`d milcende ,ih`n

:`ceel wx epl xzep ,3 wxta dfk cg` lcen epgzit
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:htyn 4.4.18

-xtidd dixhne`ibd ly zeneiqk`d lk zeniiwzn H xeyind-ivg ly dx`wp`et lcena
.zilea

zepekz jezn iciin ote`a zeniiwzn V’-e ,IV ,II ,I zeneiqk`d zeveaw ,xen`k :dgked
milbrn zepekz it-lr od mb zeniiwzn III dtitgd zeneiqk` eli`e ,R2 icilwe`d xeyind

.3.2.3 dprha zecigid zxfrae icilwe`d xeyina mixyie

4 wxtl milibxz 4.5

wx ynzydl xzen mpexzta okle ,ziheleqa`d dixhne`ibl miqgiizn mi`ad milibxzd
.IV-e ,III ,II ,I zeveawn zeneiqk`a

.4.3.1 dprh z` i/gked 4.5.1

.4.3.2 dprh z` i/gked 4.5.2

.4.3.3 dprh z` i/gked 4.5.3

.4.3.4 dprh z` i/gked 4.5.4

.4.3.5 dprh z` i/gked 4.5.5
.4.3.6 dnl z` i/gked 4.5.6
.4.3.7 dnl z` i/gked 4.5.7
.4.3.8 dnl z` i/gked 4.5.8

.4.3.9 htyn z` i/gked 4.5.9
.4.3.10 dprh z` i/gked 4.5.10
.4.3.11 dprh z` i/gked 4.5.11
.4.3.12 dprh z` i/gked 4.5.12
.4.3.13 dnl z` i/gked 4.5.13

.4.3.14 dprh z` i/gked 4.5.14

.4.3.24 dprh z` i/gked 4.5.15
.4.3.31 dnl z` i/gked 4.5.16

.4.3.37 dprh z` i/gked 4.5.17

.4.3.39 dprh z` i/gked 4.5.18

zeneiqk`a ynzydl xzen mpexzta okle ,zileaxtid dixhne`ibl miqgiizn mi`ad milibxzd
.V’-e IV ,III ,II ,I zeveawn
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.4.4.3 dprh z` i/gked 4.5.19

.4.4.4 dprh z` i/gked 4.5.20
.4.4.7 dprh z` hexita i/gked 4.5.21

.4.4.8 dprh z` i/gked 4.5.22

.4.4.9 dprh z` i/gked 4.5.23
.4.4.10 dprh z` i/gked 4.5.24
.4.4.11 dprh z` i/gked 4.5.25
.4.4.12 dprh z` i/gked 4.5.26

.4.4.18 htyn z` hexita i/gked 4.5.27

67


