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0 INTRODUCTION

Our main concern in this work is to provide concrete formulas for the invariant inner
products and hermitian forms on spaces of holomorphic functions on Cartan domains
D of tube type. As will be explained below, the group Aut(D) of all holomorphic
automorphisms of D acts transitively. Aut(D) acts projectively on function spaces
on D via f = UN(p)f := (fog) (Jp)MP, ¢ € Aut(D), X € C, but these actions
are not irreducible in general. The inner products we consider are those obtained
from the holomorphic discrete series by analytic continuation. The associated Hilbert
spaces generalize the weighted Bergman spaces, the Hardy and the Dirichlet space. By
“concrete” formulas we mean Besov-type formulas, namely integral formulas involving
the functions and some of their derivatives. Possible applications include the study
of operators (Toeplitz, Hankel) acting on function spaces and the theory of invariant
Banach spaces of analytic functions (where the pairing between an invariant space
and its invariant dual is computed via the corresponding invariant inner product).

Our problem is closely related to finding concrete realizations (by means of inte-
gral formulas) of the analytic continuation of the Riesz distribution. [Ri], [Go], [FK2],
Chapter VII.
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214 ARAZY AND UPMEIER

In principle, the analytic continuation is obtained from the integral formulas
associated with the weighted Bergman spaces (i.e. the holomorphic discrete series)
by “partial integration with respect to the radial variables”. This program has been
successful in the case of rank 1 (i.e. when D is the open unit ball of C?, see [A3]).
The case of rank r > 1 is more difficult, and concrete formulas are known only in
special cases, see [A2], [Y4], [Y1], [Y2].

This paper consists of two main parts. In the first part (Sections 2, 3, and 4) we
develop in full generality the techniques of [A2], [Y4], and obtain integral formulas
for the invariant inner products associated with the so-called Wallach set and pole
set. In the second part (section 5) we introduce new techniques (integration on
boundary orbits), to obtain new integral formulas for the invariant inner products
in the important special cases of Cartan domains of type I and IV. This approach
has the potential for further generalizations and applications, including the infinite
dimensional setup.

The paper is organized as follows. Section 1 provides background information on
Cartan domains, the associated symmetric cones and Siegel domains and the Jordan
theoretic approach to the study of bounded symmetric domains [Lo|, [FK2], [U2].
We also explain some general facts concerning invariant Hilbert spaces of analytic
functions on Cartan domains and the connection to the Riesz distribution. Section 2 is
devoted to the study of invariant differential operators on symmetric cones. We study
the “shifting operators” introduced by Z. Yan and their derivatives with respect to
the “spectral parameter”. Section 3 is devoted to our generalization of Yan’s shifting
method, to find explicit integral formulas for the invariant inner products obtained
by analytic continuation of the holomorphic discrete series. In section 4 we study the
expansion of Yan’s operators, and obtain applications to concrete integral formulas
for the invariant inner products. Some of these results were obtained independently
by Z. Yan, J. Faraut and A. Kordnyi, [FK2], [Y4]. We include these results and our
proofs, in order to make the paper self contained, and also because in most cases our
results go beyond the results in [FK2], [Y4].

In section 5 we propose a new type of integral formulas for the invariant inner
products. These formulas involve integration on boundary orbits and the applica-
tion of the localized versions of the radial derivative associated with the boundary
components of Cartan domains. We are able to establish the desired formulas in the
important special cases of type I and IV. The techniques established in this section
can be used in the study of the remaining cases.

Finally, in the short section 6 we use the quasi-invariant measures on the bound-
ary orbits of the associated symmetric cone in order to obtain integral formulas for
some of the invariant inner products in the context of the unbounded realization of the
Cartan domains (tube domains). These results are essentially implicitly contained in
[VR], where the authors use the Lie-theoretic and Fourier-analytic approach to analy-
sis on symmetric Siegel domains. We use the Jordan-theoretic approach which yields
simpler formulation of the results and simpler proofs.
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sending us drafts of their work and for many stimulating discussions. We also thank
the referee for valuable comments on the first version of the paper.
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INVARIANT INNER PRODUCTS 215

1 PRELIMINARIES

A Cartan domain D C C?is an irreducible bounded symmetric domain in its Harish-
Chandra realization. Thus D is the open unit ball of a Banach space Z = (C%, || - ||)
which admits the structure of a JB*-triple, namely there exists a continuous mapping
ZXZxZ> (x,y,2) — {x,y,2} € Z (called the Jordan triple product) which is
bilinear and symmetric in  and z, conjugate-linear in y, and so that the operators
D(xz,z) : Z — Z defined for every x € Z by D(z,2)z := {z,z,z} are hermitian,
have positive spectrum, satisfy the ”C*-axiom” ||D(z,z)|| = ||z||?, and the operators
0(x) := iD(x, ) are triple derivations, i.e. the Jordan triple identity holds

§(2){y, z,w} = {6(2)y, 2, w} + {y,6(x)z, w} + {y,z,0(x)w}, Vy,z,we Z.

The norm || - || is called the spectral norm. We put also D(x,y)z := {z,y,2z}. An
element v € Z is called a tripotent if {v,v,v} = v. Every tripotent v € Z gives rise to
a direct-sum Peirce decomposition

1
Z=7Z1(v)+ Zy(v) + Zo(v), where Z,(v) :={z € Z; D(v,v)z =vz}, v=1, 5,0.

The associated Peirce projections are defined for z, € Z,(v), k =1, %, 0, by

P,(v)(z1 + z1 +20) =2, v=1, %,O.

In this paper we are interested in the important special case where Z contains
a wunitary tripotent e, for which Z = Zj(e). In this case Z has the structure of a
JB*-algebra with respect to the binary product z o y := {z,e,y} and the involution
z* := {e, z,e}, and e is the unit of Z. The binary Jordan product is commutative,
but in general non-associative. The triple product is expressed in terms of the binary
product and the involution via {z,y, 2} = (zoy*)oz+ (zoy*)ox — (xoz)oy*. In this
case the open unit ball D of Z is a Cartan domain of tube-type. This terminology is
related to the unbounded realization of D, to be explained later.

Let X := {x € Z;2* = x} be the real part of Z. It is a formally-real (or
euclidean) Jordan algebra. Every x € X has a spectral decomposition x = 25:1 Ajej,
where {e;}7_; is a frame of pairwise orthogonal minimal idempotents in X, and
{A; }2:1 are real numbers called the eigenvalues of x. The trace and determinant (or,
“norm”) are defined in X via

tr(z) = Zx\j, N(z) := H Aj

respectively, and they are polynomials on X. The maximal number r of pairwise
orthogonal minimal idempotents in X is called the rank of X. The positive-definite
inner product in X, (z,y) =tr(zoy), xz,y € X, satisfies

<moy7z>:<m’y02>7 x’y7Z6X'

Equivalently, the multiplication operators L(z)y := z oy, z,y € X, are self-adjoint.
The trace and determinant polynomials, as well as the multiplication operators, have
unique extensions to the complexification X€ := X +iX = Z. Let

Q= {z*x € X, N(x) # 0}.

DOCUMENTA MATHEMATICA 2 (1997) 213-261



216 ARAZY AND UPMEIER

Then 2 is a symmetric, open convex cone, i.e.  is self polar and homogeneous with
respect to the group GL(2) of linear automorphisms of Q2. We denote the connected
component of the identity in GL(Q2) by G(Q2). Define

P(z) :=2L(x)* — L(2?), =€ X, (1.1)

then P(x) € G(Q) for every = € Q, and x = P(z'/?)e. Thus G(Q) is transitive on
Q. The map z — P(z) from X into End(X) is called the quadratic representation
because of the identity

P(P(x)y) = P(x)P(y)P(x), Vz,ye X. (1.2)

The domain T'(2) := X + i€, called the tube over . It is an irreducible symmetric
domain which is biholomorphically equivalent to D by means of the Cayley transform
c¢: D — T(R), defined by

c(z) := Z_e—i—z

This explains why D is called a tube-type Cartan domain.
Let eq,es,...,¢e, be a fixed frame of minimal, pairwise orthogonal idempotents
satisfying e; +es + ... + e, = e, where e is the unit of Z. Let

Z= > Zi

1<i<j<r

, ZEZ.
e—z

be the associated joint Peirce decomposition, namely Z;; = Zi(e;) N Zy(e;) for
1<i<j<randZ,,;:=Z(e) for 1 <i <r. The characteristic multiplicity is the
common dimension a = dim(Z;;), 1 <i < j <r,and d=r+r(r—1)a/2. The
number p:= (r —1)a+2 is called the genus of D. It is known that

Det(P(x)) = N(z)?, VxelX,

where “Det” is the usual determinant polynomial in End(Z). From this and (1.2) it
follows that
N(P(z)y) = N(z)*’N(y) Vr,y€ X. (1.3)
Let uj:=e1+ex+...+e¢jand let Z; := 3, Zix be the JB*- subalgebra
of Z whose unit is u;. Let IN; be the determinant polynomials of the Z;,1 < j <
they are called the principal minors associated with the frame {e;}’_,. Notice that
Z, = Z and N, = N. For an r-tuple of integers m = (m1, ma, ..., m,) write m > 0 if
my > mg > ... > m, > 0. Such r-tuples m are called signatures (or, “partitions”).
The conical polynomial associated with the signature m is

Nim(2) := N1(2)™ ™2 Ny(2)™2 =™ Ny(2)™ ™ N, ()™, 2 € Z.

Notice that Nm(>27_; tje;) = [Ij= t7*7, thus the conical polynomials are natural
generalizations of the monomials. Let Aut(D) be the group of all biholomorphic
automorphisms of D, and let G be its connected component of the identity. Let
K :={g € G;¢9(0) = 0} = GNGL(Z) be the maximal compact subgroup of G.

For any signature m let Py, := span{Nm o k;k € K}. Clearly, Py, C Py, where
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INVARIANT INNER PRODUCTS 217

{=|m|= Z;Zl m; and P, is the space of homogeneous polynomials of degree /.

By definition, Py, are invariant under the composition with members of K. Let
1 —— .2
(f,9) = 0s(g")(0) = F/Zf(Z)g(Z)e = dm(z) (1.4)

be the Fock-Fischer inner product on the space P of polynomials, where g#(z) :=
g(z*), 9y = f (%), |z| is the unique K-invariant Euclidean norm on Z normalized
so that |e1] = 1, and dm(z) is the corresponding Lebesgue volume measure. (Thus
(1,1)7 = 1). The following result (Peter-Weyl decomposition) is proved in [Sc|, see
also [U1]. Here the group K acts on functions on D via n(k)f := fok™, k€ K.
Notice that Py, £ =0,1,2,... and P are invariant under this action.

THEOREM 1.1 (1) The spaces {Pm}m>0, are K-invariant and irreducible. The rep-
resentations of K on the spaces Py are mutually inequivalent, the Py ’s are mutually
orthogonal with respect to (-,-) ., and P =3 < Pm.

(1) If H is a Hilbert space of analytic functions on D with a K-invariant inner
product in which the polynomials are dense, then H is the orthogonal direct sum
H =73 150 ®Pm. Namely, every f € H is expanded in the norm convergent series
[ =3 oo m, with fmm € Pm, and the spaces Pm are mutually orthogonal in H.
Moreover, there exist positive numbers {c¢m}m>0 so that for every f,g € H with

expansions [ = o fm and g=> -, 9m we have

<fag>H = Z Cm <fmagm>_¢'

m>0

For every signature m let K, (2, w) be the reproducing kernel of Py, with respect to
(1.4). Clearly, the reproducing kernel of the Fock-Fischer space F (the completion of
P with respect to (-,-),) is

F(z,w) := ZKm(z,w) = elzw),

An important property of the norm polynomial N is its transformation rule under
the group K
N(k(z)) =x(k)N(2), ke K, z€ Z (1.5)

where x : K — T := {\ € C;|\ = 1} is a character. In fact, x(k) = N(k(e)) =
Det(k)?/? Vk € K. Notice that (1.5) implies that Pinym,....m)y = CN™ for m =
0,1,2,. ...

The subgroup L of K defined via

L:={ke K;k(e) =1} (1.6)
plays an important role in the theory.

LEMMA 1.1 For every signature m > 0 the function

) = [ N2t (1.7)

is the unique spherical (i.e., L-invariant) polynomial in Py, satisfying ¢m(e) = 1.
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218 ARAZY AND UPMEIER

For example, ¢(m m,....m) = N™ by (1.5). The L-invariant real polynomial on X
h(z) = h(zx,z) := N(e — 2?)

admits a unique K-invariant, hermitian extension h(z,w) to all of Z. Thus,
h(k(z),k(w)) = h(z,w) for all z,w € Z and k € K, h(z,w) is holomorphic in z
and anti-holomorphic in w, and h(z,w) = h(w, z), [FK1]. The transformation rule of
h(z,w) under Aut(D) is

B =

h(e(z), p(w)) = Jgp(z)% h(z,w) Jo(w)?, ¢ € Aut(D), z,w € D, (1.8)

where Jp(z) := Det(¢’(2)) is the complex Jacobian of ¢, and p is the genus of D.
For s = (s1, 82,...,8,) € C" one defines the conical function Ng on Q via

Ns(z) := N 7°2(x) N2 73 (x) N3* % (z)...- N7 (z), ©z€Q,

which generalize the conical polynomials Ny,. In what follows use the following no-
tation: a
Aj = (]_1)55 1SJST

The Gindikin - Koecher Gamma function is defined for s = (s1, s2,...,s,) € C” with
%(Sj) > )\j, 1<5<r via

Ta(s) := / e @ Ny (z)dpg ().
Q
Here tr(z) = (z,e) is the Jordan-theoretic trace of z, and
dug(z) = N(a:)_%dx

is the (unique, up to a multiplicative constant) G()-invariant measure on . The
following formula [Gi] reduces the computation of I'q(s) to that of ordinary Gamma
functions:

To(s) = 2m) /2 T T(s; = M), (1.9)

1<j<r

and provides a meromorphic continuation of I'g to all of C”. In particular, I'q(\) :=
TCa(A A, ..., A) is given by

Ca(\) = /Q e ") N(x)* dpg(z) = 2m) /2 T T(A =),

1<j<r

and it is an entire meromorphic function. The pole set of I'q(\) is precisely

P(D) = U1§j§T(>\j — N) = {/\] —n; 1 <3< r, ne N} (110)
For A € C and a signature m = (mq,ma,...,m,) one defines
r r mj—1
To(m+ A
(Mm = % = H(A —Aj)m; = H H (n+X—\)),
j=1 j=1 n=0
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INVARIANT INNER PRODUCTS 219

where m + A := (mq1 + A\, ma + A, ...,m, + A).

We recall two important formulas for integration in polar coordinates [FK2],
Chapters VI and IX. The first formula uses the fact that K - = Z, namely the
fact that every z € Z can be written (not uniquely) in the form z = k(x), where
x € Q and k € K. This is the first (or “conical”) type of polar decomposition of x,
and it generalizes the polar decomposition of matrices. This leads to the formula

/Zf(z)dm(z):%/ﬂ</Kf(k(x%))dk) dx (1.11)

which holds for every f € L'(Z,m). Next, fix a frame ey, ...,e,, and define

T
R :=spang{e;}7_; and Ry := {Z tjej; t1 >t > ... >t, >0}
j=1

and
R :={t={(t1,...t;); t1 >ta > ... >t > 0}.

T
=1 tje;) for some

(again, not unique) Z;Zl tje; € R and k € K. This representation is the second
type of polar decomposition of z. Moreover, m(Z \ K - Ry) = 0, namely up to a
subset of measure zero, every z € Z has a representation z = k(Z§:1 t}/ 2€j) with
t1 >ty > ...>t, > 0. This leads to the formula

Then Z = K - R, namely every z € Z has a representation z = k(>

/Zf(z)dm(z):co/Ri /Kf(k(;tfej)) di | T @ —t)* dtydty .. dt,,

1<i<j<r
(1.12)
which holds for every f € L'(Z,m). The constant ¢y will be determined as a by-
product of our work in section 5 below. For convenience, we can write (1.12) in the
form

[ f@ame) =a [ rowor (1.13)
zZ RTF
where

LI
(1) ;:/ FRO t2ey)) dk, t=(t1,t2,....t) ER]
K -
j=1
is the radial part of F and

wt)y:= [ ti—t), t=(t,ta.... ) R} (1.14)

1<i<j<r
is the Vandermonde polynomial.

By [Hu], [Be], [Lal], [FK1], we have the binomial formula:

THEOREM 1.2 For A € C we have

N(e—z)=> () om(@) oy e qn (e —9Q), (1.15)

_ Om(a)
2™ o
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220 ARAZY AND UPMEIER

and
h(z,w)™ = (Nm Em(z,w), Vz,we D. (1.16)
m>0
The two series converge absolutely, (1.15) converges uniformly on compact subsets of

(Az) e Cx (2N (e—Q)), and (1.16) converges uniformly on compact subsets of
(A, z,w) € Cx D x D.

In particular, it follows that for fixed z,w € D, the function A — h(z,w)™> is analytic
in all of C (this can be proved also by showing that h(z,w) # 0 for z,w € D).

The Wallach set of D, denoted by W(D), is the set of all A\ € C for which the
function (z,w) — h(z,w)™ is non-negative definite in D x D, namely

Zaiﬁj h(zl, Zj)_)\ >0
i,J

for all finite sequences {a;} € C and {z;} C D. For X € W(D) let H) be the
completion of the linear span of the functions {h(-,w)™*; w € D} with respect to the
inner product (-,-)» determined by

(h(-;w) ™ h(-,2)"Ma = h(z,w) ™, z,w e D.

Since h(z,w)™* is continuous in D x D, it is the reproducing kernel of H,. The

transformation rule (1.8) implies that (-,-)x is K-invariant, namely (f o k,go k)» =
(fyg)x for all f,g € Hy and k € K. Thus, by Theorems 1.1 and 1.2, for every
f.9 € Hx with Peter-Weyl expansions f =3~ fm, § = 250 9m, we have

(f90, = {omoGm) (1.17)

m>0 (Mm

This formula defines A — (f, g)» as a meromorphic function in all of C, whose poles
are contained in the pole set P(D) of I'q, see (1.10) and (1.16). Of course, for
A€ C\W(D) (1.17) is not an inner product, but merely a sesqui-linear form; it is
hermitian precisely when A € R.

Using (1.16) and (1.17) one obtains a complete description of the Wallach set
W(D) and the Hilbert spaces Hy for A € W (D).

THEOREM 1.3 (1) The Wallach set is given by W (D) = Wq(D) U W (D) where
Wu(D) = {Nj = (j —1)§;1 < j <} is the discrete part, and W (D) :=
(Ar,00) s the continuous part.

(11) For A € W(D) the polynomials are dense in Hx and Hx = >~ ®Pm as in
Theorem 1.1; B

(1) For 1 < j <, let So(Aj) := {m > 0;m; = mj;1 = ... = m, = 0}. Then
Hy; = ZmeSO(Aj) Pry and

h(z,w)™N = Z (Aj)m Km(z,w), z,we D.
mESo(X]‘)
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INVARIANT INNER PRODUCTS 221

For A € C, ¢ € G and a functions f on D, we define
UN(p)f = (fop)- (Jp)?
Then, UM (idp) = I and for ¢,¢) € G we have
UM (o) = exlp, 1) UM () UM (),

where ¢y (g, 1) is a unimodular scalar which transforms as a cocycle (projective rep-
resentation of G). In particular, UM (p=1) = UM (p)~1.

Using (1.8) we see that

>

Jtp(z)% h(p(2), p(w))™ Jp(w) ? = h(z,w)™>, Vz,we D, Yo €G.

From this it follows that the hermitian forms (-,-), given by (1.17) are UM-invariant:

(UM, UN(p)g ), = (f.9),, Vf.g€H,, Ypeq.

In particular, for A\ € W(D) the inner products (-,-) are UM-invariant and
UM (), ¢ € G, are unitary operators on H.

There are other spaces of analytic functions on D which carry U™-invariant
hermitian forms, some of which are non-negative. For any signature m and A € C let
q(A,m) := deg,(-)m be the multiplicity of A as a zero of the polynomial £ — (£)m.
Notice that 0 < ¢(A\,m) < r for all A and m. Let

g(A) := max{g(A\, m);m > 0}. (1.18)

Let
PN = span{UMN (¢)f ; f polynomial ,¢ € G}

For 0 < j < q()) set

Si(N) = {m>0;q(Am) <j} MY ={fePV;f= 3 fu, fm€ Pu).

mESJ()\)
(1.19)
The following result is established in [FK1], see also [A1], [O].
THEOREM 1.4 Let A € C and let 0 < j < q(N).
(1) The spaces Mg-)‘), 0<j<q(\), are UM -invariant,
MG e MY c M <o M =P, (1.20)

and every non-zero UM -invariant subspace of P is one of the spaces
MV 0<j<q.

(11) The quotients M;A)/M()‘) 1 <j < q(N), are UM -irreducible.

j—1
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222 ARAZY AND UPMEIER

(111) The sesqui-linear forms (-,-), . on M;A), 1 <j <q(A), defined for f,g € Mg-)‘)

by

<fa g>>\,j = ghjg\ (5 - )‘)J <fa g>5
are UM -invariant and {f € Mg»)‘); (f,9),, =0,Yg € M;A)} = Mgi)l

(1v) For f,g € ./\/lg»)‘) with Peter-Weyl expansions f = fm and g = > gm,

we have ; >
(fr9)\, = Um; Im)»
mESj()%Sj_l()\) (A)m,j
where © .
(Vg = lim =207 = 5 (g ©Omiy (1.21)

(V) The forms (-,-), . are hermitian if and only if A € R.

2

(v1) The quotient M?)//\/lg-i)l is unitarizable (namely, (-,-), , is either positive def-

inite or negative definite on Mg-)‘)//\/l;i)l if and only if either: A € W(D) and
j=0, 0r: Ae P(D), j=¢q(\), and \, — X € N.

The sequence (1.20) is called the composition series of PX).

DEFINITION 1.1 Hy ; = Hx;(D) is the completion of Mg-)‘)//\/l?_)l with respect to

<'v .>)\,j'
Observe that Hy o = Hy for A € W(D). Also, ¢(A) > 0 if and only if A € P(D).

The main objective of this work is to provide natural integral formulas for the
UM-invariant hermitian forms (-, -) A,j» With special emphasis on the case where the
forms are definite, namely the case where H) ; is a UM-invariant Hilbert space. These
integral formulas provide a characterization of the membership in the spaces H ; in
terms of finiteness of some weighted L2-norms of the functions or of some of their
derivatives. We discuss now some examples which motivate our study.

The weighted Bergman spaces: It is known [FK1] that for A € R the integral ¢(\) ™! :=
[p h(z,2)*"Pdm(z) is finite if and only if A > p — 1, and in this case

7Td PQ ()\ — F)
For A > p — 1 we consider the probability measure
dux(2) == c¢(A) h(z, 2)* P dm(z) (1.23)

on D. The weighted Bergman space L2(D, uy) consists of all analytic functions in
L?(D, uiy). Using (1.8) one obtains the transformation rule of x) under composition
with ¢ € G:

2

dur(p(2) = |Tp(2)| 7 dpx(2).
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(The same argument yields the invariance of the measure dug(z) := h(z, z)"Pdm(z)).
From this it follows that the operators U () are isometries of L?(D, 1)) which leave
L2(D, py) invariant. It is easy to verify that point evaluations are continuous linear
functionals on L2(D, uy) and that the reproducing kernel of L2(D, uy) is h(z,w) ™.
(For w = 0 this is trivial, and the general case follows by invariance.) It follows that
Hy = Lz(Dv Hx)-

The Hardy space: The Shilov boundary S of a general Cartan domain D is the set of
all maximal tripotents in Z. S is invariant and irreducible under both of G and K.
Let ¢ be the unique K-invariant probability measure on S, defined via

/ £() do(€) == / F(k(e)) d
S K

The Hardy space H?(S) is the space of all analytic functions f on D for which

sy =l [ 1160 do(6)

is finite. The polynomials are dense in H2(S) and every f € H2(S) has radial
limits f(é) = lim,.1_ f(p€) at o-almost every £ € S. Moreover, for f € H?(S),
I fllm2cs) = |Ifllr2(s,0)- This identifies H2(S) as the closed subspace of L%(S, o)
consisting of those functions f € L?(S, o) which extend analytically to D by means of
the Poisson integral. Again, the point evaluations f — f(z), z € D, are continuous
linear functionals on H2(S). The corresponding reproducing kernel is called the Szegé
kernel and is given (as a function on S) by S.(€) = S(&,2) := h(£,2)~¥". See [Hul,
[FK1]. This non-trivial fact implies that Hg/, = H 2(S). The transformation rule of
the measure ¢ under the automorphisms ¢ € G is

do(p(€)) = |J(&)] do(§).

Hence, U™ (o) f = (f o @) (Jo)'/2, ¢ € G, are isometries of L?(S, ) which leave
H?2(S) invariant.

The Dirichlet space: The classical Dirichlet space Bs consists of those analytic func-
tions f on the open unit disk D C C for which the Dirichlet integral

1713, = /D /(=) dA(2) (1.24)

is finite. Here dA(z) := Zdady. Clearly, B, is a Hilbert space modulo constant
functions, and ||f o ¢||B, = ||f|lB, for every f € By and ¢ € Aut(D). Thus, Bs is
U©)-invariant. The composition series corresponding to A = A\; = 0is C1 = MSO) C
Ml(o) = PO, Hence By = Hp (D). The inner product in By can be computed also
via integration on the boundary T := 9D (which coincides with the Shilov boundary

in this simple case):

-, = 5 | €€ 500l (1.25)

Motivated by this example we call the spaces Hg 4(0) for a general Cartan domain
D the (generalized) Dirichlet space of D. The paper [A2] provides integral formulas
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generalizing (1.24) and (1.25) for the norms in H ) 4(») for A € W4(D), in the context
of a Cartan domain of tube type (in [A1] these formulas are extended to all A € P(D)).
Formula (1.24) says that f € By = Ho 1 if and only if f’ € Hs. Namely, differentiation
“shifts” the space corresponding to A = 0 to the one corresponding to A = 2. This
shifting technique is developed in [Y3] in order to get integral formulas for the inner
products in certain spaces H, with A < p — 1. The general idea is to obtain such
integral formulas via “partial integration in the radial directions”, see [Ri], [Go], and
[FK2], Chapter VIL. (For the open unit ball of C%, the simplest (i.e. rank-one) non-
tube Cartan domain, cf. [A3], [Pel]).

Finally, we describe the relationship between the invariant inner product and the
Riesz distribution. The Riesz distribution was introduced in [Ri] for the Lorentz
cone, i.e. the symmetric cone associated with the Cartan domain of type IV (the “Lie
ball”). It was studied in [Go] for the cone of symmetric, positive definite real matrices
(associated with the Cartan domain of type III) and for a general symmetric cone in
[FK2], chapter VII. Let 2 be the symmetric cone associated with the Cartan domain
of tube type D. For a € C with Ra > (r —1)3 let R, be the linear functional on the
Schwartz space S(X) of X defined via

1 a—4
Rolf) = Frics /Qf(a:)N(a:) da.
Then R, is a tempered distribution satisfying Oy Ro = Ra—1, Ra*Rg = Rat8, Ro =
0, i.e. Ry is the fundamental solution for the “wave operator” dy := N( a%). These
formulas permit analytic continuation of a — R, to an entire meromorphic function.
It is very interesting to find the explicit description of the action of R, for general «,
but this is still open. What is known is that the Riesz distribution R, is represented
by a positive measure if and only if « € W (D).

Writing the inner products (-, -), in conical polar coordinates (1.11), we get for

A

A>p—1
= o () 7)(x e— )P dx
<f,g>A—PQ( T (A__)/m(e U9 N(e =2 da, W7 g € HA(D),
where (fg)(z) == [, f(k(x%)) g(k(z?)) dk. Thus
(o), = 2 (Rasx () (o)

where the convolution of functions v and v on 2 is

(uxv)(x) = / M) d

Also, the inner product (-,-),, A > p — 1, in the context of the tube domain
T(Q) := X + i (holomorphically equivalent to D) is

o= e [ ([ s g ae) Newy dy
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See section 6 for the details. Thus
(f.9), =712 T By ((£9)).

where (f9)°)(y) := [y f(z +iy) g(z +iy) dz, y € Q.

In view of these formulas the problem of obtaining an explicit description of
the analytic continuation of the maps A — (f,g), is equivalent to the problem of
determining the analytic continuation of the maps A — R, _a(u).

2 G(f2)-INVARIANT DIFFERENTIAL OPERATORS

Let Q be the symmetric cone associated with the Cartan domain of tube type D,
i.e. the interior of the cone of squares in the Euclidean Jordan algebra X. In this
section we study G(€)-invariant differential operators that will be used later for the
invariant inner products. The ring Diff(Q)%®Y) of G(Q)-invariant differential opera-
tors is a (commutative) polynomial ring C[X1, Xo,...,X,], [He], [FK2]. By [FK2],
Proposition I1X.1.1, © is a set of uniqueness for analytic functions on Z (namely, if
an analytic function on Z vanishes identically on €, it vanishes identically on 7).
Similarly, 2N D = QN (e — Q) is a set of uniqueness for analytic functions on D.
Thus, if f,g and ¢ are polynomials on Z so that d;(g)(z) = f(iL)g(z) = q(z) for
every x € Q, then 9¢(g)(z) = f(%)g(z) = q(2) for every z € Z. We begin with the
following known result [FK2], Proposition VII.1.6.

LEMMA 2.1 For every s = (s1,82,...,5.) € C" and ¢ € N, we have
d
NZ(%)Ns(x) = ,Us(é) NS—E(Q:)’ Vo € Q,
where .
(d)s FQ S+ - a
ps(l) == —=¢ —v+(r—j)=),
0= " Tasr g L1 el
and p
Pa(s) N(—) Ns(z™!) = (=1)" Ta(s +1) Nsja(z™).

Let N7 be the norm polynomial of the JB*-subalgebra V; := 3" ..\ .cp o) Zik,
where Z; i, are the Peirce subspaces of Z associated with the ﬁxed frame {EJ —,. For
every s = (s1,...,5,) € C" let

Ng(x) == Ny (z)®* %2 Nj(x)%27% .. N} (x)°, x €,

S

and
* oo
5 = (ST7ST‘71787‘727"'781)'

Then we have Ns(z7!) = N*_.(z) for z € Q, [FK2],Proposition VIL.1.5.

DEFINITION 2.1 For £ € N and A € C let Dy(\) be the operator on C*°(S2) defined

by
d

dx)N“’\’%(a:). (2.1)

Dy(A) = N* ) N¥(
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In the special case of the Cartan domain of type II the operators D;(\) have been
considered by Selberg (see [T], p.208). The operators D;()\) were studied in full
generality in [Y3], see also [FK2], Chapter XIV. Notice that by Lemma 2.1 we have

De(3) Ns = Tao(s+ )

Ns. (2.2)
In section 4 below we will extend Dy(A) to a polynomial differential operator on
Z,i.e. De(N) = Qe (z, 82) for some polynomial Qg x.
LEMMA 2.2 The operator Dy(\) is K -invariant, i.e.
Dy N)(fok)=(De(N)f)ok VfeC>®(), VkeK.

PROOF: We have N (kz) = x(k)N(z) for every z € Z. Since the operator Oy = N(%)
is the adjoint of the operator of multiplication by NV with respect to the inner product
(-,*) 5, K-invariance of (-,-), implies Oy (f o k) = x(k)(On f) o k. It follows that

X NN ) (N ) 0)

De(N)(f(k2))

YA 0

= X NE W (MW ) )

0

= N (N D) () = (D).

Using (2.2) and the fact that QN D = QN (e — Q) is a set of uniqueness for analytic
functions on D, we obtain the following result.

COROLLARY 2.1 The spaces P are eigenspaces of Dg(X) with eigenvalues

Fom+X+¢)

Fo(m+ ) (23)

Nﬁ,m(/\) =

Thus for every analytic function f on D with Peter-Weyl expansion f =3 < fm,

f Z PQ m+ )\+€) fm = (/\)(Z,Z,...,E) Z % Jm- (2'4)

m>0 Ta(m+2) m>0

Indeed, for every signature m and every k € K,

Fom+X+¢)

D) (Nom 0 k) = (De(MNm) 0 b = =5 0=

Nmok.

Since Pm = span{Nm o k; k € K}, (2.4) follows from the continuity of D(\) with
respect to the topology of compact convergence on D.

COROLLARY 2.2 Let A€ C\P(D), £ €N, and w € D. Then

De(N) A w) ™ = (N eyp,...,0) B(,w) =T, (2.5)
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PRrooF: Using (1.16) and Corollary 2.2, we get

DN h(w)™ = Y (Nm De(X) K-, w)
m>0
A4 Om
= Wen g@mm(mrﬁ Kon(-1)
= Nty Z>O<A+e)me<-,w> = Nty hw) OO

Notice that the assumption that A is not in P(D) is used in the above proof to ensure
that (A)m # 0 for every m > 0. This is due to the fact that the zero set of the
polynomial (), is

Z((Ym) = Uy N — kik = 0,1,...,m; — 1}, (2.6)

while P(D) = Uj_; (Aj = N) = Um>0 Z((-)m). Similarly, for each m > 0 the zero
set of the polynomial defined by (2.3) is given by

Z(pem()) = Uiy {Nj — ks my <k <mj; +£—1} (2.7)

The multiplicities of the zeros are equal to the number of their appearances on the
right hand side of (2.7).

COROLLARY 2.3 Let A € C, £ € N be so that {m > 0;(A)m = 0} C {m > 0; (A +
O)m = 0}. Then (2.5) holds.

ProOF: Notice first that (A)ge,...0)(A +£)m = (A)mye for all A € C, £ € N, and
m > 0. Hence, using the fact that {m; (A + )m # 0} C {m; (A\)m # 0}, we get for
every w € D

DeMh(w)™ = De(d) D NmKm(-,w)
(N m#0

= Nty D, A+ OmEm(-,w)
(AN)m#0

= ()‘)(&...7@) Z (A+€)me(7w)
(MO m#0

e)h('aw)_()\+g)~ [ ]

Il
—
>
Nl

~

~

For A € P(D) let ¢ = g(\) be as in (1.18), and for 0 < j < g consider S;(A) and
MW asin (1.19).

LEMMA 2.3 Let A, and ¢ = q()\) be as above, and choose an integer ¢ so that A+ £ >
d— )\ +1. Then

T

(1) degx((-)ces,...00) = q-
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(11) For every j =0,1,2,...,q and every m € S;(A\) \ Sj—1(\), degr(pe,m) =q — J.
() If 0<j<gq and me S;_1(N), then degx(pem) >q—j+1.
PROOF: Using (2.6) it is clear that

gAdm)=¢ & N-mi+1<AVi & A-m.+1<A\

Since A, +1 > A+/£, we see that m = (¢, ¢, . .., ) satisfies the above condition, namely
degx((-),....p)) = a(\ (¢,...,£)) = q. This establishes (i). Next, m € Sj(-’\) \ Sj(-’l)l is
equivalent to g(A,m) = j. By the argument given above, ¢(A\,m + ¢) = ¢. Since
degx(f/g) = dega(f) — degx(g), we get

degx(e,m) = deg <(())ﬂ) =
= degr((")m+e) — dega(()m) = ¢(A, m + £) — q(A,m) = ¢ — j.
This yields (ii). Finally, (iii) follows by similar computations. (]

Let A € P(D), £ € N, and ¢ = g()\) as above. For every m > 0 and v € N we
define
14 1 8 v
MmN 1= 21 (50)" Hem(©je=-

Using Lemma 2.3 (ii), we have

Tl

COROLLARY 2.4 (1) Ifm € S;(A)\ Sj_1(X) then
r / m;+4—1

ma =111, +k=2),
i=1

’ ’I’I’Ljﬁ»é*l
k:mj

where the product ]
1 (A) # 0.

() Ifm € S;_1(\) then pf J(X) =0.

ranges over all non-zero terms. In particular,

DEFINITION 2.2 For A € C andv,l € N let Dj(X) be the operator on C*°(D) defined

by
1,0

Notice that if f = > -;fm is analytic in D, then Dj(\)f :=
ZmZO 17 m(A) fra-

By [FK2], Chapter VI the group G(€2) admits an Iwasawa decomposition G(Q) =
N AL, where L is the group defined via (1.6), and N A is a maximal solvable subgroup
of G(2) (called the triangular subgroup with respect to the frame {e;};_;) which acts
simply transitively on €2 and for which all the conical functions Ng, s € C", are
eigenfunctions:

DN T - ) (De(€)f)g=n- (2.8)

Ns(7(z)) = Ns(7(e)) Ns(z), VT e NA, Vel (2.9)
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LEMMA 2.4 The operators Dy(X) are G(Q)-invariant, i.e. Dy(A)(fop) = (De(N)f)o
o, VfeC®(), YoeGAQ).

PROOF: By the L-invariance of Dy(\) (see Lemma 2.2) it is enough to verify the
N A-invariance of Dy(X) for functions f of the form f = Ng o/ for some s € C” and
fe L. Let 7 € NA, and decompose £ o7 uniquely as fo1 = 7/ o' with 7/ € NA and
0" € L. Then, using (2.2) and (2.9), we get

De(N)(for) = De(N)(Nsolor)=DyX)(Nsor'ol)

= (De(N)(Nso7'))ol’ = Ns(r'(€))(De(A)Ns) o

_ ' Lo(s +A+1) ,_ Ta(s+A+10) I
= M@)oy Vol = Toeray MeeTeof
_ Ta(s+A+19) _ Ta(s+A+1)

T oty eeteT = Trosray ST

= (De(A)f)or ]

COROLLARY 2.5 The operators Dy (\) are G(2)-invariant.

3 INTEGRAL FORMULAS VIA THE SHIFTING METHOD

In this section we develop general shifting techniques (introduced in [Y3], for the case
of integer shifts). The simplest case where this technique is applied is the case of the
Dirichlet space D = Hp,1 over the unit disk D (see Section 2). For any o € C and
B € C\ P(D) we define an operator S, g on H(D) via

Sas( 3 fa) = 30 % fan

m>0 m>0

Theorem 5 of [A4] and the known estimate

g;m ~ H(mj +1)*7Y, Vr,yeR
m j=1

(an easy consequence of (1.9) and Stirling’s formula) ensures that S, g is continuous
on H(D). For 8 € P(D) we define operators Sq 5., 0 < j < ¢(8), on the space of
analytic functions on D of the form f =} s;(8) Jm by

. ; (@)m
Sap.if = (€= ) Sapf = fen,
T mesju%sj_l(m (Bm.;

where (8)m,; are defined by (1.21). Again, S, g,; is continuous in the topology of
H(D) AlSO7 Saﬁ)o = Saﬁ.
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PROPOSITION 3.1 Let a, > (r —1)§. Then (f,g), = (Sa,pf,9), for every f,g €
Hg.

PRroOF: By (1.17) the operator So%ﬁ : Hg — Hq defined by

S = Y (192

m>0 m>0

1
is a surjective isometry, and || f||3 = IS 3fII2 = (Sa,sf, f),.- Now the result follows
by polarization. B

In a similar way one proves the following result.

PROPOSITION 3.2 Let a > (r — 1)5 and let 3 € P(D). Then for every 0 < j < q(83)
and all f,g € Hg,j,

(£,9)8,5 = (Sap.if 9)a- (3.1)

The operators S, g,; allow the computation of the invariant hermitian forms
(f,9)5, by “shifting” the point 3 to the point . This is the “shifting method’. One
typically chooses either o = % or a > p — 1, so the forms (f, g), . can be computed
by the integral-type inner products of H2(D) or L2(D, uis). In order for the shifting
method to be useful, one has to identify the operators S, s,; as differential or pseudo-
differential operators. Essentially, this is our aim in the rest of the paper. Yan’s paper
[Y3] deals with the case where £ := o — 3 is a sufficiently large natural number. The
following result is a minor generalization of a result of [Y3].

THEOREM 3.1 Let A > A\, = g — 1 and let £ € N. Then for all f,g € H)
(f:9)5 = a(X O(De(N) f, 9) s s (3.2)

where Fa() .
a(\ b)) = L = .
6 Fa(A+£6) (M0

We include a short proof for the sake of completeness.

PROOF: Let f,g € Hy with expansions f = > o, fmand g =3 - gm respectively.
Then B B

//ff,m(/\)

(DN = 2 G

m>0

_ Ta0 0 5 Umgm)s _ oy o

<fmagm>f

COROLLARY 3.1 Let A > A\, = g —1, and £ € N be so that A+ > p—1. Then
Hote = L2(D, pixge), and for every f,g € L3(D, piate),

(f.9), = a(\ L) A+ 0) / (DeN)(2) 902 bz 2P din(z).

D
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Our main result in this section is a generalization of both Theorem 3.1 and the
other results of [Y3] to the case of invariant hermitian forms associated with the pole
set P(D) = U7_;(\; — N). Since W(D) C P(D), this covers cases not studied in
[A1].

THEOREM 3.2 Let A\ € P(D), £ € N and assume that A\ + £ > g = A+ 1. Let
g=¢q(N),0<j<gq, andv=gq—j. Then for all f,g € Hxj,

<f7g>/\,j = 7<DZ(/\)fag>x+w (33)

where v = v(\, £) is the non-zero constant

0
7= (G (©tnt) e (3.4
In particular, if X4+ >p—1, then
(f,9)5, =vc(A+10) /D(DZ(/\)f)(Z) 9(z) dm(2). (3.5)

Moreover, if \, — X\ € N and { is chosen so that \+ ¢ =% =\, + 1, then

T

{(f:9)x, =7/S(DZ(A)J‘)(§) 9(&) do(§). (3.6)

We shall also give a new proof of the following known result (see [FK1], Theorem
5.3) and of a part of Theorem 1.4 above, based on our analysis of the structure of
zeros of the polynomials (-)m. Recall that H) ; is said to be unitarizable if (-,-)» ; is
either positive definite or negative definite.

THEOREM 3.3 Let A\, ¢,q, and j be as in Theorem 3.2. Then H, ; is unitarizable if
and only if either

(a) j=q and A\, — X €N, or

(b) j =0 and A € Wq(D) = {\;}]_;.

For the proof of Theorems 3.2 and 3.3 we consider separately the cases j = 0,
j=q,and 1 <j<q—1.

CASE 1: j=0. Since A € P(D), there is a smallest & € {1,2,...,r} and a unique
s € N so that A = Ay — s. We claim that Sp(A) = {m > 0;m; < s}. Indeed,
if m > 0, then Hi:ll HT;EI(/\ + v — \;) # 0, by the minimality of k. The term
T A+ v = ) =TT, (v — 5) is non-zero if and only if my, < s. If my < s
and k < n <r then

myp—1 mp—1
ITO+v=2)= ] (e =A)+ (@ —s)#0
v=0 v=0
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because m,, < myj < s. This establishes the claim. Notice that since A +£ > A, + 1,
we have (A + £)m > 0 for any m > 0. Also, degx((-)(s,e,....r)) = ¢ by Lemma 2.3. It
follows that for m € So(A), dega(pe,m) = ¢, and

1,0 q _ 1.0 q %
E(a_f) fe,m () le=x — E(a_g) ( (E)m (5)(&@""’[)) le=A

_ A+Om1 0 O™
- (/\)m q|(8£) (5) l,...,0) le=x — Y W

147 m(A)

s

Hence, for f,g € Hxo,

<DZ(A)fag>A+K = Z uzam(/\)%\m—’i—igg)l:

me So()\)

= 7 Z <fmagm>f = 7<f’g>>\,o'

meS,(X) (M

This proves Theorem 3.2 in case j = 0. If A € Wy(D), i.e. A = Mg and s = 0,
then (A\)m > 0 for every m € Sp(A\), namely 0 = my = mgqq = -+ = my. If
A € P(D)\ Wy(D), then A = A\ — s with 1 < s. In this case (A\)m assumes both
positive and negative values as m ranges over So(A). Indeed, if m and n are defined
by mi=n;=0for 1 <i<k—1land k<i<r, and mp =0, np =s— 1, then (A\)m
and (A)n have different signs. Thus (-, ), , is not definite (positive or negative), and
thus Hy 0 is not unitarizable. This proves Theorem 3.3 in case j = 0.

CASE 2: j=q. In this case v = ¢ — j = 0. Also, Lemma 2.3 yields degx(fte,m) =0
if meS;(\) and degx(pem) >1 if me S;_1(A). It follows that for f,g € Ha 4,

<fma m>]-‘
<De(/\)fag>x+z = Z 'ug’mo\)ﬁ
mESq(A)
Now,

_ lim €+ Om e A+0m
pem(d) = i S Om ) g

where 7 is the non-zero constant defined in (3.4). It follows that

(DN @) =7 D fm’g"‘ = ([, 9.,

meS,(A) ) m.q

O yty = A+ E)mélgx}\

This proves Theorem 3.2 in case j = q. To prove Theorem 3.3 in this case, assume
first that A = A\, — s for some s € N. We claim now that

SeA)\ Sg—1(A) = {m > 0;m, > s+ 1}. (3.7)

Indeed, if m, > s+ 1 then [[7g'(A+u—A) =0. If A€\ —N, then
| 1(/\—i—u Ar) =0 because m; > m, > s+ 1. Thus degx((-)m) = ¢. Conversely,
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if dega((-)m) = ¢, then in order that Hum;al(/\ +u— Ar) =0 it is necessary that
s <m, — 1. This establishes (3.7).

Next, let m € Sy(\), and let 1 <i <rbesothat A€ A\;, —N,say A=\ —k;.
Then

mi—l ki—l mi—l
5hrr;(f—A)*l [TE+u-2)=J[a+u=2x) J] A+u—X)=7mbi
u=0 u=0 u=k;+1

with 3; #0 and v, m > 0. If A ¢ A, — N we let g; = Hud‘ik()\—i—u — ) #0 and
Yim =1, ,(A+u—2A;)>0. Then

e Om _yr. s
(/\)m,q - ghjg\ (f _ /\)q - 57z7m ﬁz'

Hence, all the numbers {(A)m,q}mes,(r) have constant sign (equal to sgn(IT;_, 5:)),
and thus H) 4 is unitarizable. Assume now that A ¢ A, — N. Then, necessarily, the
characteristic multiplicity a is odd and A € A\,_1 — N. Writing A = A\,_1 — s, s € N,
it is clear by the above arguments that

SqM)\ Sg—1(A) ={m = 0; my—1 = s+ 1}.

Letm = (s+1,s+1,...,s+1,1)andn = (s+1,s+1,...,5+1,0). Thenm,n € S;(A\)
and (A)m,g = (A= Ar)(Mn,q- Thus (A\)m,q and (A)n 4 have different signs, and so Hy 4
is not unitarizable. This proves Theorem 3.3 in case j = gq.

CasE 3: 1<j<q-—1. Put v = q—j. As before, £ € N is chosen so that A + ¢ >
Ar + 1, and this guarantees that degx((-)m+e) = ¢ and (A + £)m > 0 for all signatures
m > 0. Let f,g € Hy, ;. Then

<fma gm>]—'

(DY, @) ave = Z #Zm(A)m.

mES’J(A)

Ifme SJ(/\) \ ijl(/\), then

degx(pe,m) = degx <('()_r)n+é) =q—j=v

g Pem(©) o (EF Dm(€ - N E) et _ . A+ Om
=X (E=A) 6= (€= (Em (Mmj
If m € S;_1(A), then degx(pem) > q—j+1=v+1 andso puy,,(A) =0. Thus

Mmj A+ Om

(DEN 9 e = >

meS; (A\S;-1(N)

= 7 Z <fmagm>7: = 7<f7g>>\,j'

meS (NS, Mmi
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This proves Theorem 3.2 in case 1 < j < ¢ — 1. To prove Theorem 3.3 in this case
we need to show that as m varies in S;(A) \ S;—1(A), (A)m,; assumes both positive
and negative values. Notice first that there exists a unique pair (k, s) of integers with
1 <k <s<rsothat Ay — A and A; — A are positive integers and

me S;N)\Sj—1(A) = mp >N —A+1 and ms <Ay — A

In fact, s = k + 1 if the characteristic multiplicity a is even, and s = k4 2 if a is
odd. Next, A\s = A=A — A+ (s — k)5 > 1. Define m, n by m; =n; = A\ —A+1
if 1<i<km;=n=01if k+2<i<r, and mgy1 =0, ngy1 = 1. Then
m,nc SJ(/\) \ Sj_l(/\) and (A)n,j = (/\)m,](/\ — /\5) Thus (/\)n,j and (/\)m,j have
different signs, and so H,; is not unitarizable. This proves Theorem 3.3 in case
1<j<q¢-1 [ |

A special case of Theorem 3.2 is the following essentially known result.
COROLLARY 3.2 Let A € P(D) be so that s = s(\) :== £ — X € N. Then

(1) Ha,q is unitarizable, and

Foghrs = /S N*(€)(@% 1)(€) 9E) do(€), Vf.g € Hag.

Thus, an analytic function f on D belongs to Hy 4 if and only if (Nsafv)l/2f €
H2(S).

(11) Moreover, if £ € N is chosen so that A+ ¢ > p—1, then

g, = /D (Do) 7@ bz )P dim(z), Vf.g € Hag,

Consequently, an analytic function f on D belongs to Hy 4 if and only if
(De()V?f € L3(D, pate)-

In the last statement (D,(\))/? is the positive square root of the positive operator
Dy(X), see Corollary 2.1 Indeed, part (i) follows from Theorem 3.2 with j = ¢, v =
q—j=0,¢=sand Ds(\) = N°0%,. In this case Hyy+s = Ha is the Hardy space
H?2(S) on the Shilov boundary S. Corollary 3.2 (i) for A\ € \N}d(D) was proved in
[A2]. The proof of part (ii) is similar.

The case where A € P(D) and s := ¢ — X € N (i.e. the highest quotient of the
composition series of UM-invariant spaces is unitarizable) is of particular interest.

THEOREM 3.4 Let A € P(D) and assume that s := £ — X\ € N. Then, for each
p € Aut(D) and f € H(D)

XU (@) f) = U ()93 f)- (3-8)

Namely, the operator 0% intertwines the actions U and UP= of Aut(D). More-
over,

<f7 g>,\,q = <a]SVf7 8js\fg>p_xa vfag € H>\7Q7 (39)
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where

d
-1._ (Z ).
a (T)(S’S"“’S) H Huzo(/\ tu—A)), (3.10)
and the product H/Z;B ranges over all non-zero terms. In particular, if A < 1, then

(f:9)s, =crclp=2) /D(afvf)(z) (0% 9)(2) h(z,2)" dm(z), Vf.g € Hrg (3.11)

PROOF: (3.8) is proved in [Al], Theorem 6.4. For the proof of (3.9) and (3.11) we
define an inner product on the polynomials modulo Mff_)l by

[f,9] == (ON [, ONG)p—xs [r9 € Hag

We claim that [-,-] is UM-invariant. Indeed, using (3.8) we see that for every ¢ €
Aut(D) and polynomials f and g,
UM ) f,UN (0)g] = (O3 (UN (@) ), 03UV (9)9))p-x

= (UP ()% ), UP™M () (03 9))p-x
= (NS, 0NG)p—x = [f, gl

Since polynomials are dense in H) 4, the fact that its inner product is the unique
UM-invariant inner product (see [AF], [A1]) implies that

<fag>)\,q:cl [fvg]a Vf7g€H)\,q'

The value (3.10) of ¢; is found by taking f = g = N?®, and using the facts that
(N, N*) 7 = ($)(s,5,.09) [N*, N*] = (93 N*)* = (N*,N*)%, and
<NS’NS>]__ _ <NS7NS>]__
(6)(8,8...,8) H;Zl Hli;t(/\ +u— )‘J)

ExXaMPLE: In the special case where A = 0 and s := % € N, Hy,q is the generalized
Dirichlet space, and formula (3.11) is the generalized Dirichlet inner product

s s . H _ q
(N*,N*), , ghgi(é“ A)

(f:9)0, =c1c(p—2A) /D(afvf)(z) (Ox9)(2) dm(z), Vf,g € Hog

4 THE EXPANSION OF THE OPERATORS Djy(\)

Yan’s operators Dy(A\) = N %**ava M=% and their derivatives play an important

role in the previous section. In this section we obtain an expansion of Dy()) in powers
of A. This expansion will exhibit Dy()) as a polynomial in z, %, and A, showing that
Dy(X) is a differential operator (with parameters A and ¢) in the ordinary sense. It

also facilitates the computation of the derivatives

DY) = (o

5 DO
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needed in formulas (3.3), (3.5) and (3.6) for the forms (f,g),,. Another conse-
quence will be that for any r distinct complex numbers ag,...,a, the operators
Di(ay),...,Di(«a,) are algebraically independent generators of the ring of invariant
differential operators on the cone €2, a result obtained independently also by Koranyi
and Yan (see [FK2], Chapter XIV). We shall work in the framework of the cone €2,
but all the results will be valid for Z, because 2 is a set of uniqueness for analytic
functions on Z.

EXAMPLE 4.1. Let D C C%, d > 3 be a Cartan domain of rank r = 2 (called the Lie
ball). The associated JB*-algebra Z = C9, called the complex spin factor, is defined
via
Zw = (zlwl — 2w w +wid), 2= (L -2,

where z = (z1,2), = (29,23,...,24), and z - w := ijl zjw;j. The unit
of Z is e := (1,0,0 ,O), and the canonical frame is {ej, ez}, where e; :=
%(1,2‘,070, .o, 0), 62 = 2(1, —14,0,0,...,0). The norm polynomial and the asso-
ciated differential operator are given by

2

d
N(z)::z~z:ZzJ2» and Oy =N 8_ :iz

Qm

respectively, since (z|w) = 2z - w is the normalized inner product. Since r = 2 and
a = d — 2, the Wallach set is

d—2 d—2
W(D) =Wa(D) UWc(D), Wa(D)={0,—5~}, We(D) = (—5—,00).
One can show that D is given by
1
d 2 n
D={zeZ | Q15— INGP| < 1-) I%F}) (4.1)
j=1 j=1
For every a € C
0? 0 0
— N* = 2aN*"! N©
0z} azk( @ %+ sz)
= 2aN°! 4 4aN 1zki +4a(a — 1)N2z +Na8—2
8 Zk (92’]%
Since R = Z?Zl Zjaizj’ we obtain
oy N = Ed: a(a — 2YN1 4 aN“"R + Ny
4 = jQ 2 '

It follows that for every o € C and ¢ € N,

d—2
NliaaNNa = NOny + aR+ a(a+ ?)I = NOy + (a)(lyo)R + (Oé)(l,l)-[' (4.2)
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Since
Dy(X) = (Ng_)‘aNNl'M_%) (N%_)‘_laNNQ‘M—%) o (N%+1—Z—>\5NNZ+A—§) 7

we finally obtain
4
d . . d .
De(A) = [[(Vow + (A — g FDR+ (A =147)(A= 5 +5)D). (4.3)
j=1

Note that the factors on the right hand sides of (4.2) and (4.3) commute, since they
are G(Q)-invariant, and the entire ring of G({2)-invariant operators is commutative.
Also, the operators R and N0y are K-invariant. Hence the factors on the right hand
sides of (4.2) and (4.3) are multipliers of the Peter-Weyl decomposition of analytic
functions on D (see Corollary 2.1).

Consider a general Cartan domain of tube-type D C C¢ with rank 7. Let Q be
the associated symmetric cone in the Euclidean Jordan algebra X and fix a frame
{e1,...,e,} of pairwise orthogonal primitive idempotents in X, whose sum is the unit
element e. For 1 <v < r, let ¢, := ¢1, be the spherical polynomial associated with
the signature 1, := (1,1,...,1,0,0,...,0), where there are v “1”’s and r — v “0”’s.
Put also ¢o(z) = 1. Let {A,}],_, be the differential operators on © defined via

T (f(Pat)) (4.4)

dx |z=e

(Al,)f(a) = ¢u(

where for b € X, P(b) is defined via (1.1). Recall that P(b) € G(Q) for every b € Q,
and that Q = {P(b)e;b € Q} since P(a?)e = a. Moreover, the L-invariance of the
¢,’s and the “polar decomposition” for 2 imply that

(A)f(a) == o (—)(f(¥(x)) , a€Q (4.5)

dx |z=e

for every ¢ € G(Q) for which v(e) = a. This implies that the operators {A,}7_, are
G(€Q)-invariant, namely

Ay(fo)=(Avf)od, YW eG(Q), Vfel Q).

We remark that (4.4) and (4.5) are equivalent to
Al sy = (W ) eV = 9, (Plat)y) eV, ay Q. (4.6)

where ¢ € G(Q) C GL(X) satisfies 1(e) = a, ¥* is the adjoint of ¥ with respect to
the inner product (-,-) on X, and A, differentiates the coordinate x. Notice also that
the operators A, can be written as

0

Al/ - Cme(JZ, %)7

where m = (1,1,...,1,0,...,0) (v “ones” and r — v zeros), and ¢, is an appropriate
constant.
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For v = 0,1, r it is easy to compute A, . Clearly, Ay = I. Since N is L-invariant,
¢r = N. Using (4.6) and (1.3), we find that

A, = NOon.

Also, ¢1(z) = Ltr(z) = L (z,e). Indeed, using Ni(x) = (z,e1) and the fact that L is

T r

transitive on the frames, we get

¢1(x) = /wa,egde: %Z/L<ea:,ej>d£

I
| =
h\
—~
[0
8
(8]
~
U
~
Il
| =
b\
—~
8
()
8]
~
L
~
Il
|
—~
8
D
~

Using the fact that tr(P(a?)y) = (P(a?)y,e) = (y, P(a2)e) = (y,a), Va,y € Q, we
find that

where Rf(x):= %f(tx)‘tzl is the radial derivative.

Our main result in this section is the expansion of D;()) = N2y NFA—%,
This result was obtained independently by A. Kordnyi, see [FK2], Proposition
XIV.1.5.

THEOREM 4.1 For every A € C,

Di()\) = Z (Z) H (A=) A, (4.7)

v=0 j=v+1

PROOF: For x € Q, the function & — N (z)? is entire in a. Hence both sides of (4.7)
are entire in A, and it is therefore enough to prove (4.7) for A with R\ < 0. Let
a = A — A. Since RA > A, we get for every x € Q)

1

N(z) % = Tal@) @

/ e~ @ONB)® dua(t),
Q

where dpug (t) := N(t)~ 7 dt is the G(Q)-invariant measure on Q. Fix a,y € Q and put
fy(x) := ¥}, Then

(N“F1ONN"f,)(a)

N(a)a+1 d x,y—t «@
= T N(%)/Qe< >N(t) dpa(t) |o=a
_ N(a)a+1 e(a y—t) o
- 5 / N(y — )N()* dua ()
_ S@ [ e P N (prad )y — oo
- e N(P()(y — N (P(})0)* dual?)
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Letting b = P(a?)y, the substitution ¢ := P(a~2)P(b%)T gives

(V0NN ) @) = FAD NG N @) [ e OIN = DN duar).

Now, the well-known “binomial formula”

T

N(et+a)=Y (Z) 6 (z), z€X (4.8)

v=0

(which follows from Theorem 1.2 and the knowledge of the norms of the ¢,’s) and
the fact that for every s € C" and b € ()
1

— | ey (r ) = -1 .
moy L) dusal) = 6u(t7) 19)

(which follows from the analogous formula for the conical functions), imply

T

/Q e O TIN(e — IIN(T)® du(r) = 3 () / 0761, 1a(7) dua(r)

v=0

— ;J (Z) La(1, +a) ¢1,4a(b") = N(B)™@ ;J <Z> o1, +a) ¢, (b71).

We claim that for every b€ Qand 1 <v <r,
6, (071 = ¢p_, (b)) N(b) L. (4.10)

Indeed, using (4.8) we have N(e+tb~1) =" _ (1) ¢, (b~1) t¥, as well as

v

N(e+tb") = N(P@Ob ) (b+te)) = N(b)" " N(e+t'b)
= NO) Y (;) o (b) t7F.
k=0

Comparing the coefficients of ¢” in the two expansions, we obtain (4.10). It follows
that

(N“FLONNTf,)(a)
a 14+ a 1+a T r
0

v=

B u 4 (T Fo(l, + )

= nl Y () P e

= 5@ (1) I - o) ér(Plati)
v=0 7j=1
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Comparing this with (4.6), we conclude that

NoH gy N—@ = Z C) ﬁ(Aj —a) A, = Z <;> ﬁ(AJ — ) A

v=0 j=1 k=0
Using the relations & = A, — A and % =1+ \., we obtain (4.7). ]
REMARK: The “binomial formula” (4.8) yields that for every v = 1,2, ..., r and every
reX,

du(z) = > Aiy Aig -+ A,/ (Z) = Sru(N)/ (Z),

1<i1<i2<...<1, <1

where A = (A1, A2, ..., A,) is the sequence of eigenvalues of z, and S, ,, is the elemen-
tary symmetric polynomial of degree v in r variables.

Combining the definition Dy(\) = i;%) D1(A+ k) with Theorem 4.1, we obtain
COROLLARY 4.1 For every A € C and ¢ € N,

-1 r T
b= (Z) IT O +k—x) A, (4.11)

k=0 v=0 j=v+1

For any signature m > 0 let Ay, be the differential operator associated with the
spherical polynomial ¢, via

(Amf)(a) = ¢m(==) f(P(a?)) , a€Q. (4.12)

Equivalently, 1
Ame(%y)Iw:a = ¢m(P(a§)y) e(a,y)’ ac . (4'13)

Again, one can replace in (4.12) and (4.13) P(a?) by any ¢ € G(Q) satisfying v(e) =
a. Hence the operators Ay, are G(€2)-invariant, namely

Am(fot) = (Amf)ov, VY e G(Q).

THEOREM 4.2 For every A € C and ¢ € N,

© To@+0)Ta(¢—-XA—m*) dnp
De(A) = Z d_g_ d Am

S0 Talf+-m") To( N (Dm
(4.14)
d @ (—0)m dm
=(==A=0.. v Am.
r 0 2" D i
Here m* := (m,,my_1,...,m1), dm = dim(Py), and the summation Zm>0(£)
extends over all m = (my,ma,...,m;) € N" with £>my >mg>...>m, >0.

DOCUMENTA MATHEMATICA 2 (1997) 213-261



INVARIANT INNER PRODUCTS 241

PROOF: The general binomial formula (1.15) and the relations

m ()
Km(a:,e) = 2 H(bmH%' = =
| dmnllF
(see [FK2], Chapter XI) imply for £ € N and z € X
N(e+ ) —CZ ——————— ¢m(2), (4.15)
m>0 Z m* (;)m
where ¢ = (%)(l,l,---l)v and m* and Emzom are as in Theorem 4.2. Indeed, by

(1.15),
_1)lm|
N(e+a)' = (—e)m(l)didm Gm().

m>0 (F)m

From this (4.15) follows by the fact that (—¢)m = 0 if m; > ¢, whereas in case m; < ¢,

s

(_g)m (_1)|m| — (;3(2,2,...,@).
(;)E—m*
As in the proof of Theorem 4.1, it is enough to prove that for every a € C with
Ra > A, and every £ € N,

. Y © ()¢ dm
NH N =Y 2)7(1 Am. (4.16)
m>0 (;)me* (F)m

From this one obtains (4.14) by the substitution o = ¢ — ¢ — X. To prove (4.16), fix
a,y € Q and let f,(x) :=e®¥). Then

a)*tt f,(a
(N = SR T e i N dun)
N(b)a+£ fy(a) e—(b,u) e—u 14 w)e u
ot [ e N =) N () dun ()
by the substitutions b= P(a?)y and u= P(b~2)P(a2)t. Using (4.15), (4.9), and
$m(27") = de—m=(z) N(z)~* (4.17)

(a consequence of [FK2], Proposition VII.1.5), we obtain

N O N ) = e gy S TH G E we (Plat)
m>0 \r/fmm®iy/m

With the change of variables n := £ — m*, the fact that dm = dn (use (4.17) or the
general formula for dy, in [U1]), the definition (4.12), and

(NaJrza]ZVNfafy)(a) :ny(a) Z(Z) ( )Z = d

n>0 (%)Z—l’l* (F)

we obtain (4.16). ]

l\J|>—l

P+ (P(a?)y),
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COROLLARY 4.2 The operators {A}}_, are algebraically independent generators of
the ring Dif(Q)¢®) of G(Q)-invariant differential operators on €.

ProOF: Comparing the two expansions (4.11) and (4.14) of D¢()), we see that
Apn € C[Al, Ag, Ceey AT]

for every signature m > 0. Since {¢m}m>0 is a basis for the space of spherical
polynomials, the one-to-one correspondence between spherical polynomials and the
elements of Diff(Q)%(Y (see [FK2], Chapter XIV) implies that {Am tm>o0 is a basis
of Diff(Q)%(). Thus Diff(2)¢?) = C[A;, A, ..., A,]. Since the minimal number of
algebraic generators of Diff(Q)¢(? is r = rank(2) [He], it follows that Ay, As, ..., A,
are algebraically independent. [

The divided differences of a C'-function f on R are defined by

fto) — f(t1)

M(to, t1) :=
fH(to, t) P—

for to # t1, and fH(tg,t) :== f'(to). The higher order divided differences of a smooth
enough function f are defined inductively by

f[n] (t07t17 cee 7t’n) = g[l] (tnflat’n)a

where g(x) = f"U(tg,t1,...,tn_o,2). Then f(™(tg,t1,...,t,) is symmetric in
to,tl, P ,tn, and

1 d®
n! dtm

e ) = f(t).

Moreover, if f is analytic in a domain D C C, then

1 f(§)
f[n](tO;tla---vtn) = —/ = d§
2mi Jr T1j—o(€ — 1))
for all tg,t1,...,t, € D and every Jordan curve I' in D whose interior contains
to,t1,...,t, and is contained in D. The divided differences of vector-valued maps

are defined in the same way and have analogous properties. For convenience we put

also flO(t) := f(¢).

THEOREM 4.3 Let ay,az,...,a, € C be distinct. Then {D1(ay)}i_; are algebraically
independent generators of Diff(Q)¢ Y. Moreover, for £ =1,2,...,r,

_ r
Ag =DV 0 At A/ (u)’ (4.18)

where D:[LT_Z]()\K, ...y Ar) are the divided differences of order r — £ of D1()\), evaluated
at ()\g, Aotlye- oy )\T).
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PROOF: Let hy,(2) := (§) [T}_pys(z — A7), 0 < k < 7. Then A" (zo, 21,...,2m) =0

whenever m > r — k, and hgfk] (20, T1y ooy T ) = (;) for all choices of
To,T1,. .., Tr—k. By Theorem 4.2, Di(a) = ) _ hi(a) Ag. Hence, for 1 < ¢ <,

4
D[1T7€] (046, (0785 PR ;ar) = Z hE:ié] (OZ[, Qpily.--, O[T) Ak.
k=0

Solving this system of equations for the Ay’s, we see that Diff(Q)¢®) =
C[A1,Ag, .. A coincides with the ring generated by the operators

{Dgrﬁé] (o, i1,y ap) by If the {ay}]_; are distinct, then
D" Y ag, aps1,. .. ar) € C[Di(en), Di(aa), ..., Di(on)].
Hence,
Diff()¢®) = C[A1,As,...,A;] = C[Di(), Di(ag),...,Di(a,)].

The operators { D1 (a;}7_, are algebraically independent, since Diff(€2)¢(®) cannot be
algebraically generated by less than r elements. If a; = A; for j = 1,2,...,r, then
hg_e](ag, cooyap)=0for k< £ Thus, for ¢ =1,2,...,7,

r— r— r
D[l Z](ag,a“l, ‘e ,Oér) = hE Z](Oég,aprl, .. .,Oér) Ag = (é) Ag. [ ]

REMARK: The first statement in Theorem 4.3 was proved independently also by A.
Kordnyi [FK2] and Z. Yan [Y1]. Our result is slightly stronger, giving the exact
formula (4.18).

Combining Theorems 3.2 and 4.2 (or, 4.1) we obtain integral formulas for the
invariant hermitian forms (-,-)x ;, A € P(D), 0 < j <g(A).

COROLLARY 4.3 Let A € P(D), ¢ € N and assume that A+ ¢ > % = A\, + 1. Let
g=q(N\),0<j<gq, andv=q—j. Consider the G(Q)-invariant differential operator

O] dm
T = ’YZ cm(A, £) W Am, (4.19)
m>0 r/m

where 7y is given by (3.4), and for every m > 0 with m; < ¢

ay( Ta(4+0) Ta(4 — & —m") ) |
r le=A

(4.20)

1
Cm()‘ﬂe) = J(a_f Q(%-}-E—m*) FQ(%_g_g)

Then T ; is defined on all analytic functions on D, and for all f,g € Hx
<fa g>)\,j = <T>\7jf7 g>x+z' (421)

In particular, if \+0>p—1 or A+{= % then we have

(Frg)ng = /D (T2 s £)(2) 03 dunse(z) and (f.g)r; = /5 (T25 £)(€) 908 dor(€)

(4.22)
respectively.
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The case A = )\, is particularly simple, since then % — X\ = 1, and we can use
(4.7) rather than (4.14).

COROLLARY 4.4 Let D be a Cartan domain of tube type and rankr > 2 in C¢, d > 3.
Then

r—1
<f,g>Ar,0:<ﬂZ<Z) H/\ Auf.9)aps, where [3:= H)\Z (4.23)
v=0

=2

PROOF: In this case ¢ = ¢(\,) =1, =0, and v = g — j = 1. We choose ¢ = 1, so
Ar+ 4= %. In order to apply Theorem 3.2 we use Theorem 4.1, and compute

DHO) = ZDiO)eon = %(;() 11 (f—Ai)Ay>

et
=t le=Ar

_ VZ_;C) ﬁ(/\r—)\i)A,, Z(T) H)\A

i=v+1 v=0

Using this, (4.23) follows from

8 ks — ks
8= 85<H(§ A))é_A H/\—A 1;[2)\ n

=1

EXAMPLE 4.2. Let D be the Cartan domain of rank r» = 2 in C? (the Lie ball), d > 3.
Then

9 aa, = (g B DE0) o (4.24)

Namely, in this case A = Ay = %, g=qA\)=1,j=0,and v =¢—j =1. With
(=1, \+{= % =X+1= g we get by using Theorem 3.2 and Corollary 3.2,

) e, = UDHEGT0)

2 ¢
d
= V(R4 T2D1,0) i = (g B D 0) a0

Since the Shilov boundary S of D is given by

d
S = {eie(xl,ixg,ixg, cooizq);0 € R, fo =1}=5". g1

Jj=1

the unique K-invariant probability measure on S is do(e(z1,i2’)) = Ldvg_y(z),
where v4_1 is the unique O(d — 1)-invariant probability measure on S%~1. Thus

(4.24) provides a very concrete formula for the inner product (-,-) ,_, ,
—z
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5 INTEGRATION OVER BOUNDARY ORBITS OF Aut(D)

In this section we obtain formulas for the invariant inner products in terms of inte-
gration over an orbit of Aut(D) on the boundary dD. We focus on the inner products
(500 = ->%, and conjecture that our method can be generalized for the deriva-
tion of similar formulas for the inner products (-, -)MO = (, ->kj, A= (- 1g,
j = 3,4,...,r, in terms of integration on an appropriate boundary orbit. (Notice
that the case j =1 is trivial, since Ay = 0 and Hoo = Ho = C1).

In order to describe the facial structure of a Cartan domain of tube-type D C C?
[Lo], [Al], let S; be the compact, real analytic manifold of tripotents in Z of rank
¢=1,2,...,r. The group K acts transitively and irreducibly on Sy. Let o, be the
unique K-invariant probability measure on Sy given by

/S o = /K F(k(or)) dk, (5.1)

where vy is any fixed element of Sy. For any tripotent v let Z = Z1(v) + Z4 (v) + Zo(v)
be the corresponding Peirce decomposition. Then D, := DNZy(v) is a Cartan domain
of tube-type, which is the open unit ball of the JB*-algebra Zy(v). If v € Sy then the
rank of D, is r, := r — {, its characteristic multiplicity is a, := a if £ < r — 2 and
a, = 01if £ =r — 1, and the genus is p, = p — fa. The set v+ D, is a face of the
closure D of D. For any function f on D let f, be the function on D, defined by

fo(2) = fv+2), z€D,. (5.2)

The fundamental polynomial “h” of Zy(v) is defined by
hy(z,w) := h(z,w), z,w € Zy(v). (5.3)
For ¢ =1,2,...,7, 0¢D := Uyes, (v + D,) is an orbit of G: 9D = G(v;). If v € S,
is a maximal tripotent, then D, = Zy(v) = {0}. Hence 9,D = S, = S is the Shilov

boundary. In particular, S is a G-orbit. The only tripotent of rank 0 is 0 € Z, and
D = Dy is also a G-orbit. Thus the decomposition of D into G-orbits is

D=DU LTJ oyD.
=1

For every tripotent v € Z and A > p, — 1 consider the probability measure j, ) on
D, defined via

/ fduy = CU,A/ f(2) hy(z, 2)2 P2 dmy(2), (5.4)
D, D,

where m,, is the Lebesgue measure on D, and ¢, ) is the normalization factor. Simi-
larly, one defines a probability measure o, on the Shilov boundary S, of D,, via

/ Fdow = [ Fk@)) dk,
Sy K,
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where v’ is any tripotent orthogonal to v and K, := {k € K;k(Z,(v)) = Z,(v)}, v =
0,1/2,1, so that K,(v') = S,. The combination of u,  and o, yields K-invariant
probability measures pgy on 9¢D, 1 <{<r—1, A>p—~La—1,via

- fdpex = /Se (/Du fo(2) d/Lv)A(z)) dog(v).

Next, consider the “sphere bundle” By, 1 < ¢ < r, whose base is Sy and the fiber
at each v € Sy is v+ S, (where S, := 9,_¢D, is the Shilov boundary of D,). The
group K acts on By naturally, and this action is transitive. The combination of the
measures 0,, v € Sy and oy yields K-invariant probability measures vy on By via

[ gan = /S e ( /S S0+ 9 d%(&)) dory(v).

For v € Sy, consider the symmetric cone €2, in Zy(v), and let A:(L”), Agv), e A(”)g be

et
Qy

the canonical generators of the ring Diff(Q2,)¢(?) as in section 4. We also denote

AY =1, A = (A7, AP, AT, and Ay = (G- 15, 0< <.

CONJECTURE: For every2 < j <1 and every A > X\j_1 there exists a positive function
pix € C([0,00)771), so that the inner product (-, ->Aj = (") is given by

x;.0
(f, g>x]~ :»/S <pj>)\(A(U))fvvgv>H>\(Dv) dar—j+1(v)' (5.5)
1

Moreover, if A= X\j_1 + 1= dim(D,)/rank(D,,), then p; := p;  is a polynomial with
positive coefficients.

If X is chosen appropriately then (5.5) becomes an integral formula for (f, g) A
For instance, if A = A\;_1 + 1 in (5.5), then we have H,(D,) = H?(S,), and (5.5)
becomes

o, = [ ([ @00 @0} do sl 69
Sr—jr1 \J Sy
Also, if A > (j—2)a+11in (5.5) then Hx(D,) = L2(D,, uy,), and (5.5) becomes

von = [ ([ a6 0@ duns@)) dovyah 6

v

Note that the integral in (5.7) can be expressed as an integral on 0,_ ;1D with respect
to dpty—jy1,x. Similarly, (5.6) is an integral on B,_;41 with respect to v,_;1.
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INTEGRAL FORMULAS FOR (f,g),,, VIA INTEGRATION ON 9,_1D

In what follows we shall establish (5.5) for j = 2 (i.e. A2 = §) in two important
special cases, namely for Cartan domains of type I and IV. Our method suggests an
approach for the general case. For j = 2 (5.5) becomes

gy = [ a0 E) g o (58)

where pa(z) = p2.a(x) € C*([0,00)) is a positive function, A§”> = R™, where R
is the localized radial derivative (i.e. the radial derivative in Zy(v)), and D, =D =
{z € C;|z| < 1}. We will show that in our two cases

F(z+A)
@) = e+ 1
where ¢(z) is a polynomial with positive rational coefficients. In particular, for A =
1,2,..., pa(x) itself is a polynomial with positive rational coefficients. If A is chosen

appropriately, then (5.8) becomes an integral formula analogous to (5.6) or (5.7). For
A =1, (5.8) becomes

(f,9)

nlR

_ /S a0y -1 () (P1(R™) fuy 90) i (5.9)
and for A > 1, (5.8) becomes

(f,9)

NS

_ /S e 1 (0) AR for G - (5.10)

LEMMA 5.1 The right hand side of (5.5) is K-invariant. Consequently, the right
hand sides of (5.6), (5.7), (5.8), (5.9), and (5.10) are K -invariant.

PROOF: Let £ =r — j + 1, and note that for each fixed smooth function f the maps
N EX = Al(.v) (fv), 1 <i<j—1, are K-invariant, in the sense that

AMD (fr)) ok =AY ((fok)), VheK, YueS,.

From this it follows that if vy € Sy is any fixed element, then

/ A A s g0} doe(v)

Se

_ /K (i A A K)o (9.0 R)ur) o, Ik

The K-invariance of the right hand side of (5.5) follows from the invariance of the
Haar measure dk. |

Since /\/l(()%) = Z;ozo Pir0,0,...) and

<fvg> = Z %ﬂa

Dm0l Dosmen (2
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in order to establish (5.8) it is enough, by the K-invariance of both sides, to find
positive functions px(z) € C*([0,00)) so that (5.8) holds for the functions f(z) =
g(z) = N{"(z), m > 0. This is equivalent to

v m m m!
| o BN ) (V) 0, = 2 (1)
Sr—_1 2/m
Fix a frame ejy,e9,...,e, in Z. Then Ny(z) = (z,e1), where (-,-) is the unique K-

invariant inner product on Z for which (v,v) = 1 for every minimal tripotent v. Let
e :=exs+es+...+e.. Then for z = k(ey +¢') with k € K and £ € T, we have

NT"(2) = (Ek(er) + k(e), e1)™ = Z <TZ) (k(e1),e1) (k(e),en) €.

£=0

Thus, for v = k(e’), m > 0 and any continuous function f we have

JROWM () =3 ( ) Joen)! (k(e), e)™ £(£) €
L=
Let us define
¢ = / |(k(er), en) P [(k(e"), e) "9 dk, 0 << m < oo. (5.12)
K

It follows that the function py should satisfy

20
JARCECTAL I SRV RIRNES DEY (4 6 Rl

Thus (5.11) becomes

m 2 |
ij,f (TZ> Q= Zn. , TrL:()7:|_,27...7 (513)
=0 (5)m
where the numbers y
= ), £=0,1,2,... 5.14
“= o pa(0) (5.14)

do not depend on A. The infinite system of linear equations (5.13) in the unknowns
{qe}32, corresponds to the lower triangular matrix A = (am,g);’f’ 1—o» Where an, ¢ =

Im,e (72)2 for m > ¢, and ap, ¢ = 0 for m < £. Since am,m > 0 for m =0,1,2,.. .,
there exists a unique solution {g/}3°, to (5.13). There are many smooth functions
which interpolate the values {q¢}72,. We will show that g, > 0 for every £ > 0, and
prove that {g,}72, can be interpolated by a polynomial of degree r — 1 with positive
coefficients. For Cartan domains of type I and IV, we will solve the system (5.13) by
calculating explicitly the numbers .J,, , and applying powers of the difference operator

6(f)(t) == f(t) = f(t—1), teR.
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If f is defined only on [0,00) then we define §(f) := 6(F), where F(t) := f(t) for
0 <tand F(t) =0 for 0> ¢. Similarly, 6 can be defined on two-sided sequences (i.e.
on functions on Z) or on sequences (i.e. functions on N). The powers of ¢ are defined
inductively by §"t! := § o 6™,

CASE 1: CARTAN DOMAINS OF TYPE 1. Let D = D(I, ) := {z € M, ,.(C);||z| < 1}.
The rank of D is 7, the dimension is d = 72, the genus is p = 2r, and the characteristic
multiplicity is @ = 2. To every k € K there correspond u,w € U(r) (the unitary group)
so that det(u) = det(w), and

k(z) =uzw*, z€D. (5.15)

Thus [ f(k(2)) dk = [0 Ju () [(uzw®) dudw, where dk is the Haar measure of
K. Choose the canonical frame of matrix units e; :=e;;, 7 =1,2,...,r, and denote
e=3yjejande =e—e1 =3 e

PROPOSITION 5.1 Let D = D(I,,). Then for every integers m,£ with 0 < £ < m <

00, we have
B (r=1 N2 (m—0)'m—L+7r—2)
Jm,E — (’l")m (m+ r_ 1)' . (516)

PROOF: Let k € K be given by (5.15). Then (k(e1),e1) = uiwi1 and (k(e’),e1) =
Z;ZQ uq,;w1;. Thus, for 0 <4 <m < oo,

Jm,[ = / / |U1,1|23|U}1,1|2£| Zul,jwl,jf(m_@ du dw.
U(r) JU(r) j=2

This integral can be written as an integral on the product of the unit spheres 0B, C
C" with respect to the U(r)-invariant probability measure o:

_ 121,812 (¢! 0! [2(m—£)
T /8 . /8 IR )0 dof) do(),

where &' := (&2,...,&) and 1’ := (12,...,m,). Now, by the U(r)-invariance,

/ LRI 1) 20 do(€)

B,

= |2 /8 Pl doto

mf@)f!(m —0)!
(T)m '

'[P Ner€s" W3, oy = Il I

It follows by using [Ru], 1.4.5, that

Ime = % /a A o)

0(m — 0)!

_ r— ! ¥/ _ p\ym—L4r—2
= 1)/075(1 ) dt
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= ﬁ%%@v—an+Lm—uw—n
(r—1)(IH2(m — ) (m — L +1r —2)!
(M)m(m+r—1)! '

COROLLARY 5.1 For D = D(I,,) the system of equations (5.18) is equivalent to the
system

m _ —1\?
qug:(r_z)(m” ) m=012.... (517

r—1
=0

PROPOSITION 5.2 For every r > 2 there exists a polynomial q(z) = q,(x) of degree
r — 1 with positive rational coefficients, so that q(€) = qo for £ = 0,1,2,... , where
{ae}32, is the unique solution of (5.17).

For small values of 7 it is easy to solve (5.17) explicitly by applying powers of §. Thus,
1
@) =20+1, @(z)=32"+3z+1, and q(z)= 5(10333 + 1522 + 11z + 3).

The proof in the general case requires more preparation. Define
folx) = (x+ 1), H:E-l—j n>1, and g,(z Hx—l—j , n>0. (5.18)
j=1 7=0
Then g, (z + 1) = foy1(x)?, and
Sk f) @) =nn—1)-(n—k+1) fu_r(z), k>0, (5.19)

where ¢ is defined by 6(f)(z) := f(z) — f(z — 1). Indeed, (5.19) is trivial for k = 0.
For £k =1 and all n we have

“ [+ - [l -0 = [ +) @tn—2)=nfar(@)
j=1 j=1 Jj=1

Assuming (5.19) for k, let n > k and compute 6**1(f,,)(x) = n(n —1)---(n — k +
D6(frr)(x)=nn—1)---(n—k+1)(n—k)fn—g—1(x). This establishes (5.19).
Next, define an operator o, analogous to d, via

(cf)(x) :== f(x)+ f(x—1), z€R.

Clearly, dc = ¢4, and both ¢ and § commute with all the translation operators

(ref)(2) := f(z + ).

Denote by Py the set of polynomials in one variable with non-negative coefficients.
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LEMMA 5.2 Let f(x) be a polynomial and let n,m € N. If é"f € Py, then
5””7’m/2f € Py for every integer 0 < j < m.

PROOF: Since 6 commutes with translations, we may assume that n = 0 and m = 1.
It is therefore enough to check that d1q /2$k € P, for every k € N. This follows from
the binomial expansion:

(E71)

1 1 k 9 k_oi_

57’1/2$k:($+§)k_(33—§)k: g <2j+1)2 2 ph—2i-1 [ |
=0

LEMMA 5.3 Let f(z) be a polynomial and let n € N. Assume that §7a™ I f €
Py forevery 0<j<n. Then §c" 7 ((z+c)*f(z)) € Py for every k € N,
c>35 and 0< 5 <n.

PROOF: Again, since § and ¢ commute with translations, it is enough to assume that
k = 1. We shall prove the assertion by induction on n. The case n = 0 is trivial since
P+ is closed under sums and products. Assume that n > 0 and that the assertion
holds for n — 1. A computation yields

5 (w4 5)F@) = @+ 160 @) + 5(00)@) (5.20)
and n n—1 1
o (@+5)f@) = @+ 252N N)@) + 500 @). (5.21)
If 0 < j < n then using (5.20) we get
J n—J n _ gji—1_(n—1)—(5—-1) n—1 1
o (@@ + D) =6 (e + 5H60@ + 50NW).

By assumption,
§ g D=U"Ngr = 5371570V c P for0<j<n.

Similarly, _ _ 4 4
§1 g D=U-V5f = §igh=If e P, for0<j<n.

Thus, by the induction hypothesis on n — 1,

, . —1
§i—1gn=1)—=3G-1) ((x + 5 )5f(ac)> ePy, for0<j<n.

Next, using (5.21) we get

0" ((@+ (@) = o™ ((x + 1 Do f(@) + %5]“(3:)) .

By assumption, o"~'5f(z) € Py and §‘c" ' ~fof(z) € Py for 0 < ¢ <n — 1. Thus,
by the induction hypothesis, 60" 17 ((z + 251 )0 f(z)) € P4 for 0 < £ <n—1, and
in particular 0"~ ((z 4+ 251)o f(z)) € Py. It follows that o” ((z + 2)f(z)) € P4
This completes the induction step. [
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LEMMA 5.4 Let g,(x) be the polynomial defined by (5.18). Then 6'07g, € Py when-
everi+j < n.

PROOF: We proceed by induction on n. The case n = 0 is trivial, since go(z) =
2?2 € P4. Assume that n > 0 and that §'c7g, 1 € P, whenever i +j <n—1. A
computation yields

Sgn(x) = 2(n +1)(z + ”T_l) o (2) (5.22)
and . .
ogn(z) =2 <(x e (e )2) Gnr (). (5.23)

Now assume i + j <n. If i > 0, (5.22) yields

§'07 g (z) = 6" 107 (6gn(z)) = 2(n +1)6" 'o” <(9€ + nT_l)gnl(CC)) )

and by induction hypothesis and Lemma 5.3

77100 (4 "5 () € P

so that §'07g, € Py. If i =0 and 0 < j < n, then (5.23) implies

R R (R RS PIE) }

The polynomial 07~'g, ;1 belongs to Py by the induction hypothesis. Also, the
induction hypothesis (6°07~1g,_1 € P, whenever i + j < n) and Lemma 5.3 imply
that

i_j—1 n—1 L

0o’ (x + T)gn,l(x) € P, whenever i+ j <n.

In particular, /=1 ((z 4+ 25%)gn—1(z)) € P4. Hence 09g, € Py VO<j<n. ]

COROLLARY 5.2 (1) 8g, € Py for all j,n € N satisfying 0 < j < n.
(1) &7 ((x 4+ B)gn(z)) € P+ for all j,n,m € N satisfying 0 < j < n+m.
(111) 87 f(x)% € Py for all j,n € N satisfying 0 < j <n+ 1.

PROOF: (i) is a special case of Lemma 5.4, and (ii) follows by (i) and Lemma 5.2.
Since f,,(z)? = gn—1(z + 1), (iii) follows from Lemma 5.2 with m = 2. ]

REMARK The result in part (iii) of Corollary 5.2 is best possible in the sense that
8" T2(£2)?) need not be in P,. Indeed, 6°(fF)?) is not in P;.
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PROOF OF PROPOSITION 5.2: In terms of the polynomials (5.18), the system of
equations (5.17) with unknowns ¢, has the form

;f'r72(m -0 q = #((r)_l)!, m > 0. (5.24)

Applying powers of the operator 0 with respect to the variable m and using (5.19),
we get by induction on k that

o* <Z fr—2(m — 1) qe) =(r=2)(r=3)--(r—Fk- 1)Zfr—2—k(m—€) q
=0

=0
for 0 < k <r —2 (here fo(z) =1). From this it follows that

o1 (i fr—a(m —10) Qg> = —-2)qgn, m>0.
£=0

Applying 6”1 to both sides of (5.24), Corollary 5.2 (iii) implies that there exists
a polynomial ¢(z) of degree r — 1 with positive rational coefficients so that g, =
qg(m), ¥Ym > 0. ]

THEOREM 5.1 Let D = D(I,.,). Then for every f,g € Ha(D) and A > 0 we have

<fag>% = /S dorfl(v)@/\(R(v))fm9v>HA<D>v

where py(z) :=T(x+ ) T(\) "1 T(x+1)"1 g(x), and q(x) is the polynomial of degree
r — 1 with positive rational coefficients as in Proposition 5.2.

CASE 2: CARTAN DOMAINS OF TYPE IV. Let D C C%, d > 3, be the Cartan domain
of rank r = 2 (see Examples 4.1 and 4.2), and fix a frame {e1,ez}. Since a = d — 2,

(5.13) becomes

m 2 !

ST Jmeae = e, m >0, (5.25)

1 ’ (5 —Dm
=0

where for 0 </ <m
T = [ lten). )Pl (ea),en) P
K
Without computing the numbers J,, ; explicitly we show that

I = Imm—, 0= L <m. (5.26)

Indeed, let k' € K satisfy k’(e1) = e and k’(e3) = e1. Then, by invariance of the
Haar measure dk,

Ime = /K|(k(/€'(€1))a61)|%|(/€(/€'(62)),el)lg(m*“ dk

/ |(k(€2)a 61)|2£|(k(€1), e1)|2(Tn_£) dk = Jm,m—f-
K
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THEOREM 5.2 The polynomial

4
= — ]_:
q(z) s

1
d_2x+

satisfies q(£) = q¢ for every £ > 0, where {q¢}32, is the unique solution of (5.25).
Therefore, for every A > 0 and every f,g € Ha (D),

Py = [ AR A1 0),

where the functions py, 0 < A < 00, are given by

F(z+A) 4

=————> (= 1). 5.27
In particular, for A = 1,2,... px is a polynomial of degree A with positive rational
coefficients.
PROOF: We claim first that
m 2 !
(’Z) Jg = ——, m >0. (5.28)
£=0 (2)m

Indeed, it is clear that
m 2
, dt
S (7) dme= [ ([0 e+ eayenm ) ar.
—0 ;€ K T 27T

Interchanging the order of integration and using the transitivity of K on the frames,
we get

m 2

m m!
E Jml :/ |(k(€),€1)m|2 dk = ||NmH22 = , m=>0,
~ <€) K Hlazey (dy

by using the well-known fact that ||(-, 2)™||% = m!(z, 2)™ for every z € Z and m > 0.
Using (5.26) and (5.28) we see that

ée(’?)ng,g = i(m—e) <m”1 é)szmg

=0
i 2 m-m)! i m\ 2
= (m - E) < ) Jm7€ = a4 - — 12 < ) Jm7g.
=0 é (i)m =0 é
Thus )
m .m)
Zé(?) Tni = m>0 (5.29)
£=0 2(5)m
Combining (5.28) and (5.29), and using the fact that (%)m = (5)m %, we get
form >0 )
" /m 4 4 m-m! m! m!
Jm,E (_€+1):_ + = 7a .
Z; <‘€) a a 2(% m (g)m (§)m
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In view of (5.14), this completes the proof. ]

—Ilarge THE COMPUTATION OF (f, g) BY INTEGRATION ON 01D

p—1
We conclude this section with the derivation of a formula for (f,g),_, via inte-

gration on 01 D.

—1

PROPOSITION 5.3 Let F € C(D). Then

N RACTNG /5 (/ Fo(w) dptopr (w0 )) do(v),  (5.30)

where the measures f, p—1 are defined by (5.4).

PROOF: Using (1.13) and (1.14) as well as (1.22), (1.23), and (1.9), we can write

T

/D F(z)dux(z) = coe(N) F#(tyw(t)* [T —t,)" dt

RY j=1
1

= CQC(}\)/ ’Q/J(tl)(l—tl))\ipdtl,
0

where
¥(ty) ;:/ Fr,t) [ t—t)) H 1—t;)* P at,
[0,t)57! 1<i<j<r j=2

and c¢(\) = cp(A) is given by (1.22). Here t' := (t2,t3,...,t,), dt’ := dta dts ...dt,,
and [0, tl)r_1 ={t' e R"" Yty > t3 > ... >t > 0}. Since ¢ € ([ 1]), we have

limglo( fo (L —1t)~ 1dt) ¥(1). Since limyjp,—1 TA—p+1) (A —p+1)=1
and ¢(p —1)—0, we get

Jim [ GG = bu()

- b/ FEL) ] ti—t) Hl—t R
0,17 i

2<i<j<r

where b := ¢g ¢/ (p — 1). Using the definitions (5.1), (5.3) and the fact that for v € Sy
the genus of D, is p — a, we have (with the obvious meaning of the constants)

/s1 (/D Fo(w) d“vml(w)) dory (v)
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= CD,i1 (p - ]-) CO(D€1)

T 1 T
X F(k(er + K (> tZe; dk')) | w(t)® 1—t)tdt' | dk,
/ /[) | PR ey ar) | wie) [0~

el Jj=2

where K., := {k € K;k(e1) = e1} and w(t') := [[5<;-;<,(ti —t;)*. Interchanging
the order of integration, and using the fact that k’(e;) = e; and the invariance of the
Haar measure dk, we see that the last expression is equal to

ep.. (9 — 1) co(Der) /

L FRLE) w(t) [T —t) " ar.
[0,1)% j=2

Comparing the computations for the left and right hand sides of (5.30), we see they
are proportional. Taking F'(z) = 1, the proportionality constant is 1. [

COROLLARY 5.3 The constant co = co(D) in the formula (1.12) is
7 T(

r—1 ,)q r—1 a\2 '
(ITe=1 £5) T(r ) ITi=a T(€ 5)?

)'r72

[ISRINIISY

co(D) =

PROOF: Define v, = 0, vg :=e€1 + ...+ er—g, £ =1,2,...,r — 1, and v := ¢co(Dy,)-
Then the above proof (with r replaced by ¢) yields

Ye cD”H—l (([ - l)a + ].) 71-(f*l)a+1 P( )

Y1 cp, (C=Da+1)  T(({-1)5+ 1)%(%)

for £ =2,3,...,r. Therefore, using the easily proved fact that v; = m, we get
Yr r—1 72

CO(D) = YByp=———— "—mM
Yr—1 Vr—2 st
_ r 7T(éfl)aJrl 1—\(%) _ : 7Td F(%)r72 : . .
(=2 ME-Dg +HIF)  ( =1 L5) D 3) [[=, D0 5)?

Proposition 5.3 allows the computation of the inner products (f,g),_, by inte-
grating over the boundary orbit 0;(D) = G(e1) of G.

THEOREM 5.3 Let f,g € Hp—1. Then

o= [ ( [ sy duv,p_1<w>) 4o (v), (5.31)

PROOF: It is enough to establish (5.31) for polynomials f and g, and this case follows

from Proposition 5.3 with F'(2) = f(2) g(2). ]
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6 INTEGRAL FORMULAS IN THE CONTEXT OF THE ASSOCIATED SIEGEL DOMAIN

In what follows we shall use the fact [FK2] that D is holomorphically equivalent to
the tube domain
T(Q) := X +1iQ

via the Cayley transform ¢ : D — T(Q), defined by c(z) := i(e + z)(e — z) 7. For
A € W(D) the operator VN f := (foc™1)(Je~1)P maps the space Hy = H (D) iso-
metrically onto a Hilbert space of analytic functions on T'(Q2), denoted by H(T'(2)).
We will denote (f, g)s, (r()) simply by (f,g)x. It is known that the reproducing
kernel of H(T'(?)) is

z—w*

Ka(z,w) = (N( )) _A, 2w € T(Q). (6.1)

1
Recall that for A > p — 1 we have H)(D) = L2(D, u)), where uy is the measure on
D defined via (1.23). Using the facts that h(c™1(w),c 1 (w)) = 47| N (w +ie)| 72N (v)
and J(c Y (w) = (20)IN(w +ie)™P, Vw € T(Q), we get by a change of variables
that

HA(T(Q)) = L2(T(Q),vx) = L*(T(R),vy) N {analytic functions},

where
dva(2) == c(N)dx N2y  Pdy, z=z+iy, t€ X, y€Q, (6.2)

and ¢()) is defined by (1.22). In this case VM extends to an isometry of L?(D, juy)
onto L2(T(£2),vy).

In this section we obtain integral formulas for the invariant inner products in
the spaces H(T(Q)). Using the isometry VN : Hy (D) — HA(T(Q)) one obtains
integral formulas for the inner products in the spaces H (D). Our results are essen-
tially implicitly contained in [VR], where the authors determine the Wallach set for
Siegel domains of type II, using Lie and Fourier theoretical methods. The Jordan-
theoretical formalism allows us to formulate our results in a simpler way, avoiding
the Lie-theoretical details. Since the Fourier-theoretical arguments in our proofs are
contained in[VR], we omit all proofs.

For A > (r — 1)§ consider the measure oy on  defined by dox(v) :=
By N(v)7 dv where 8y := (2m) 2T (\).

PROPOSITION 6.1 Let X > (r —1)§ and let f be a holomorphic function on T(2).
Then the following conditions are equivalent:

(1) f € HA(T(2));

(11) The boundary values f(z) := limosy—o f(x + iy) exist almost everywhere on X,
and the Fourier transform f of f(x) is supported in Q and belongs to L?(£2, o).

Moreover, the map f — f is an isometry of Ha(T(Q)) onto L2(Q,0).

Proposition 6.1 yields the following result.
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THEOREM 6.1 Let A > (r —1)5 and let f,g € HA(T(Q2)). Then

(s 9 = (f, 9)L2(Q,0x) = %/ﬂﬂt)m N(t)%—A dt.

The group GL(Q) := {p € GL(X); () = Q} acts transitively on Q . It acts
also on the boundary 02, but this action is not transitive. The orbits of GL(2) on
0f) are exactly the r disjoint sets

O = GL(Q)(ex) = {x € Q; rank(z) =k}, k=0,1,...,r—1,

where {ci,..., ¢} is a frame of pairwise orthogonal primitive idempotents, e := 0,
and ey := 25”:1 cj, k=1,2,...,r—1. Consider the Peirce decomposition X, =
X,(ex) = {z € X;epz = va}, v = 0,1,1. Let Q(k) be the symmetric cone of
Xi(ex), and let Ixy be the associated Gamma function. Let GL(2) = LNqA be
the Iwasawa decomposition. Then NqA(ex) = {x € 9xQ; Ni(z) > 0} is an open
dense subset of 9;2, and every & € N A(ey) has a Peirce decomposition of the form
v=z1+zs+2(e— ek)(a:%(a:%ml_l)) [La2]. Let us define a measure vy on 05 with
support NoA(ex) by

dvi(x) = Ny(21)* 37 day dar . (6.3)
It has the following fundamental properties (see[VR] and [La2]).

THEOREM 6.2 Let 1 < k <r — 1. Then the measure vy satisfies
[ et dn ) = N ML wen (6.4)
NaA(ek)

where 7y, == (2m)Fr =05 T (k2), and
dvi(p(z)) = Det(p)#8)/ % duy(z), Yo € GL(Q). (6.5)

Since {2 is a set of uniqueness for analytic functions on T'(Q2), (6.4) implies by analytic
continuation

z—w*

—w* a _kE
/ e ) dyg(z) =y 2703 (N( - )) , V2w e T(Q).
NoA(er) ¢

—kg

Thus (N (z’i“’* )) is positive definite, and so kg is in the Wallach set W (D) =
W(T(Q)).

By complexification, GL(£?) is realized as a subgroup of Aut(7T(£2)) which nor-
malizes the translations 7,(2) := z + z, i.e.

Tt =Ty, Yz EX, Ve GL(Q).

Let G C Aut(T(£2)) be the semi-direct product of X and GL(). It acts transitively
on T(Q?). Let N C G be the semi-direct product of X and Ngq. Then the Iwasawa
decomposition of Aut(T'(£2))o is KAN. For

d
ap =24 kS k=0,1,2,...,r—1
r 2
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let Ha, = Hea, (T(Q)) be the Hilbert space of analytic functions on T'(€2) whose
reproducing kernel is K, (z, w) := (N(%)) *. Note that ar—1 =p—1 and for

k =0 we have g = % and vy = dg, the Dirac measure at 0.

THEOREM 6.3 Fork=0,1,...,r =1 Hqa, (T(Q)) consists of all analytic functions f
on T(Q) for which

teQ

oy =thsmp [ ([ i ar) an) ©0)

18 finite, where
FQ (ak)zrk%

Log (k3)
Moreover, for every f,g € Ha, (T(2)),

(27T)—(d+k(r—k) %)

B =

(f:@)or = By _lim ( [ ity 0) @ D) da:) ().

Q35t—0 NoA(er)
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